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Preface 

Physics is a fundamental science, and those 
who study it will gain an understanding of the 
basic laws that govern everything from the very 
small subatomic to the very large cosmic scale. 
‘The study of physics provides us with an 
unparalleled power of analysis that is useful in 
the study of the other sciences, engineering and 
‘mathematics, as well as in daily life. 

“This fifth edition of Physics for the IB Diploma 
follows the previous edition, but contains 
‘material for the new syllabus that will be 
examined for the first time in May 2009. It 
covers the entire International Baccalaureate 
(1B) syllabus, including all options at both 
standard level (SL) and higher level (HL). It 
includes a chapter on the role of physics in the 
theory of knowledge (TOK), along with many 
discussion questions for TOK. Each chapter 
opens with a list of objectives, which include 
the important formulae that will be covered in 
that chapter. The questions at the end of each 
chapter have been increased, and there are 
answers at the end of the book for all those 
involving calculation (and for some others too). 

Part I of the book covers the core material and the 
additional higher level (AHL) material. The title 
and running heads of each chapter clearly 
indicate whether the chapter is part of the core o 
AHL. Part Il covers the optional subjects. There are 
‘now four options that are available to SL students 
only (Option A, Sight and wave phenomena; 
Option B, Quantum physics; Option C, Digital 
technology: and Option D, Relativity and particle 
physics). The material for these is the same as the 
corresponding AHL material, and so these four 
S1. options are neither repeated nor presented 
separately (except for one chapter, Option A1, The   

  

eye and sight, which is not part of the AHL core). 
“Three options (Option E, Astrophysics; Option F, 
Communications; and Option G, Electromagnetic 
‘waves) are available to both SLand HL students. 
Finally, there are three options (Option H, Special 
and general relativity; Option I, Biomedical 
‘physics; and Option . Particle physics) that are 
available to HL students only. 

‘The division of this book into chapters and 
sections usually follows quite closely the 
syllabus published by the International 
Baccalaureate Organization (BO). This does not 
mean, however, that this particular order 
should be followed in teaching, Within reason, 
the sections are fairly independent of each other, 
and so alternative teaching sequences may be 
used. It must also be stressed that this book is 
not an official guide to the IB syllabus, nor is 
this book connected with the IBO in any way. 

The book contains many example questions and 
answers that are meant to make the student 
more comfortable with solving problems. Some 
are more involved than others. There are also 
questions at the end of each chapter, which the 
student should attempt to answer to test his or 
her understanding. Even though the IB does not 
require calculus for physics, I have used 
calculus, on occasion, in the text and in the 
questions for the benefit of those students 
taking both physics and mathematics at higher 
level. They can apply what they are learning in 
‘mathematics in a concrete and well-defined 
context. However, calculus is not essential for 
following the book. It is assumed that a student 
starting a physics course at this level knows the 
basics of trigonometry and is comfortable with 
simple algebraic manipulations.  



    

Preface 
— 

In many questions and examples I have not 
resisted the temptation to use 10 m s? as the 
numerical value of the acceleration due to 
gravity. I have also followed the conventions of 
symbols used by the IBO in their Physics Data 
Booklet, with one major exception. The Data 
Booklet uses the symbol s for displacement. 
Almost universally, the symbol s is reserved for 
distance, and 5o s stands for distance in this 
book, not displacement. Also, I have chosen to 
call initial velocities, speeds, etc. by vo rather 
than the IBO's u. 

I wish to thank my wife, Ellie Tragakes, for her 
great help and support. | am indebted to fellow 
teacher Wim Reimert for his careful reading of 
the book and his extensive comments that have 
improved the book - I thank him sincerely. I 
would like to thank Geoff Amor, who has edited 
the new material for the fifth edition, 
implemented my changes, and made many 
suggestions for its improvement. 

K. A. Tsokos 
Athens 

May 2007 

A note to the reader 
‘The main text of each chapter contains a 
number of different features, which are clearly 
identified by the use of headings or by other 
typographical means, as outlined below. 

Learning outcomes/objectives 
‘These are provided as bullet lists at the 
beginning of each chapter, and indicate what 
you will have learned or be able to do when you 
have finished studying the chapter. 

  

Important results, laws, definitions and 

significant formulae 
Particularly important material, such as 
important results, laws, definitions and 
significant formulae, appear in a shaded box. 

Example questions 
These occur in nearly all of the chapters. They 
are indicated by the heading ‘Example 
question(s)' and all have a full answer. It is a 
good idea to attempt to solve these problems 
before reading the answers. There are over 500 
such example questions in this book. 

Material for higher level students 
‘This material is highlighted in a shaded box 
that is labelled ‘HL only'. 

      

Material that is outside the 1B syllabus 
Some material is included that is outside the I3 
syllabus and will not be examined in the I 
exams. It is included here for two reasons. The 
first is that I believe that it clarifies syllabus 
material and in some cases it does so in 
essential ways. The second is that it gives the 
interested student a more rounded view of the 
subject that is not bounded by the rigid 
syllabus content. Such material is highlighted 
in a shaded box that is labelled ‘Supplementary 
‘material’. There is also a small amount of other 
similar material with different labels. 

Questions, 
Each chapter ends with a set of numbered 
questions. Answers to all those that involve 
calculation are given at the end of the book. 
Answers are also provided for some other 
questions where it is useful for students to be 
able to check their answers.  



Core and AHL



CHAPTER 

  

The realm of physics 
Physics s an experimental science in which measurements made must be expressed in 
units I the International System of units used throughout this book, the S1 system, there 
are seven fundamental units, which are defined in this chapter. All quantiies are expressed 
in terms of these units directly o as a combination of them. 

Objectives 
By the end of this chapter you should be able to: 
+ appreciate the order of magnitude of various quantities; 
+ perform simple orderof magnitude calculations mentally; 
+ state the fundamental units of the SI system. 

  

Orders of magnitude and units 

How many molecules are there in the sun? This 
may sound like a very difficult question with 
which to start a physics textbook, but very basic 
physics can give us the answer. Before we try to 
‘work out the answer, guess what you think the 
answer is by giving a power of 10, The number 

of molecules in the sun is 10 to the power...? 

  

To answer the question we must first have an 
idea of the mass of the sun. You may know this, 
or you can easily look it up (t0 save you doing 
this for this example, we can tell you that it is 
about 10% kg). Next, you will need to know 
what the chemical composition of the sun is. It 
is made up of 75% hydrogen and 25% helium, 
but as we are only making a rough estimate, we 
‘may assume that it is made out of hydrogen 
entirely. The molar mass of hydrogen is 2 g 
mol " and so the sun contains 10%/2 mol = 5 x 
10* mol. The number of molecules in one mole 

of any substance is given by the Avogadro 
constant, which is about 6 X 10%, 5o the sun 

has around 5 X 102 X 6 X 10% = 5 X 10% 
molecules. How close was your guess? 

    

‘The point of this exercise is that, first, we need 
units to express the magnitude of physical 
quantities. We must have a consistent set of 
units we all agree upon. One such set is the 
International System (S system), which has 
seven basic or fundamental units. The units 

of all other physical quantities are combinations 
of these seven. These units are presented later 

in this section. The second point is that we 
‘have been able to answer a fairly complicated 
sounding question without too much detailed. 
knowledge - a few simplifying assumptions 
and general knowledge have been enough. The 
third point you may already have experienced. 
How close was your guess for the number of 
molecules in the sun? By how much did your 
exponent differ from 562 Many of you will have 
guessed a number around 10 and that is way. 
off. The number 10®* is a huge number - you 
cannot find anything real to associate with 
such a number, The mass of the universe is about 
10% kg and so repeating the calculation above we 
find that the number of hydrogen molecules in 
the entire universe (assuming it is all hydrogen) 
is about 107 - a big number to be sure but 
nowhere near 10, Part of learning physics is  



10 appreciate the magnitude of things - whether 
they are masses, times, distances, forces or just 
pure numbers such as the number of hydrogen 
molecules in the universe. Hopefully, you will be 
able to do that after finishing this course. 

The SI system 
‘The seven basic S1 units are: 
1 The metre (m). This is the unit of distance. It is 

the distance travelled by light in a vacuum in a 
time of 1/299 792 458 seconds. 

2 The kilogram (kg). This is the unit of mass. It is 
the mass of a certain quantity of a platinum- 
iridium alloy kept at the Bureau International 
des Poids et Mesures in France. 

3 “The second (5. This s the unit of time. A second is 
the duration of 9 192 631 770 full oscillations of 
the electromagnetic radiation emitted in a 
transition between the two hyperfine energy 
levels in the ground state of a caesium-133 atom. 

4 The ampere (A). This is the unit of electric 
current. It is defined as that current which, 
when flowing in two parallel conductors 1 m 
apart, produces a force of 2 X 107 Non a 
length of 1 m of the conductors. 

5 The kelvin (K). This is the unit of temperature. It 
i$ 3797 of the thermodynamic temperature of 
the triple point of water. 

6 The mole (mol). One mole of a substance 
contains as many molecules as there are atoms 
in 12 g of carbon-12. This special number of 
molecules is called Avogadro’s number and is 
approximately 6.02 x 10, 

7 “The candela (cd). This is a unit of luminous inten- 
sity.Itis the intensity of a source of frequency 
540 X 10" Hz emitting zfs W per steradian. 

The details of these definitions should not be 
memorized. 

In this book we will use all of the basic units 
except the last one. Some of these definitions 
probably do not malke sense right now - but 
eventually they will. 

Physical quantities other than those above have 
units that are combinations of the seven 
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fundamental units. They have derived units. For 
example, speed has units of distance over time, 
metres per second (i.e. m/s or, preferably, m s~ 
Acceleration has units of metres per second 
squared (i.e. mJs?, which we write as m s ). In 
other words, we treat the symbols for units as 
algebraic quantities. Similarly, the unit of force 
is the newton (N). It equals the combination 
kg m s~ Energy, a very important quantity in 
physics, has the joule (]) as its unit. The joule is 
the combination N m and so equals (kg m s m). 
or kg m* s~ The quantity power has units of 
energy per unit of time and so is measured in 
J ™. This combination is called a watt. Thus, 
TW=(1Nms)=(1kgms?>ms™) 

=1kgm’s™. 

    

  

Occasionally, small or large quantities can be 
expressed in terms of units that are related to 
the basic ones by powers of 10. Thus, a 
nanometre (symbol nm) is 10~* m, a microgram 
(ug)is 10-* g = 10 kg, a gigaelectron volt 
(GeV) equals 10° eV, etc. The most common 
prefixes are given in Table 1.1. 

  

dekada” 

    
“Rarely used. 

Table 1.1 Common prefixes. 

When we write an equation in physics, we have 
to make sure that the units of the quantity on 
the lefthand side of the equation are the same 
as the units on the righthand side. If the units 
do not match, the equation cannot be right. For 
example, the period T (a quantity with units of 
time) of a pendulum s related to the length 
of the pendulum | (a quantity with units of
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length) and the acceleration due to gravity g 
(units of acceleration) through 

T :Z.Vr‘/Z 
9 

‘The units on the righthand side must reduce to 
units of time. Indeed, the righthand side units 
are 

  

as required (note that 27 is a dimensionless 
constant). The fact that the units on both sides 
of an equation must match actually offers a 
powerful method for guessing equations. 

For example, the velocity of a wave on a string is 
related to the length [ and mass m of the string, 
and the tension force F the string is subjected to. 
How exactly does the velocity depend on these 
three variables? One guess is to write 

=cFl'm* 

  

‘where ¢ is a numerical constant (a pure number 
‘without units) and x, y and z are numbers to be 
determined. There could be some confusion 
here because m stands for mass but we also use 
the symbol m for the metre. To avoid this we 
will use the notation [V to stand for the unit of 
mass, [L] for the unit of length, [T] for the unit 
of time, etc. Then, looking at the units of the 
last equation we have that 

  
w i . 7 = (MILITI2) LMy 

LTI = M 

  

o 

  

[M]and [T] match - that is, if 

  

| 
| 
| 

‘The two equations match if the exponents of [L], 

  

In other words, the original formula becomes 

‘/'f‘l 

Obviously this method cannot give the value of 
the dimensionless constant c. To do that we 
have to learn some physics! 

V=cF R 
   

‘Tables 1.2-1.4 give approximate values for some 
interesting sizes, masses and time intervals. 

Expressing a quantity as a plain power of 10 
gives what is called the ‘order of magnitude’ of 
that quantity. Thus, the mass of the universe 

Distance to edge of observable universe 10 
Distance to the Andromeda galaxy 10% 
Diameter o the Milky Way galaxy 107 
Distance to nearest star 10% 
Diameter of solar system 10 
Distance to sun 10" 
Radius of the earth 107 
Size ofa cell 107 
Size of a hydrogen atom 10" 
Size of a nucleus 10" 
Size of a proton 107 
Planck length 107 

‘Table 1.2 Some interesting sizes, 

‘The universe 10% 
‘The Milky Way galaxy 107 
The sun 107 
The earth 104 
Boeing 747 (empty) 10° 
An apple 025 

0 
0" 

  

A bydrogen atom 
An electron 

  

Table 13 Some interesting masses.



  

  

  

  

  

  

Age of the universe 107 
‘Age of the earth 107 
“Time of travel by light to nearby star 10° 
One year 107 
One day 10° 
Period of a heartbeat 1 
Period of red light 10" 
Time of passage of light across a nucleus 10 
Planck time 10 

‘Table 14 Some interesting time intervals, 

has an order of magnitude of 10% kg and the 
mass of the Milky Way galaxy has an order of 
‘magnitude of 10 kg. The ratio of the two 
masses is then simply 10 

Fundamental interactions 

‘There are four basic or fundamental 

interactions in physics. However, in 1972, the 
electromagnetic and weak interactions were 
unified into one - the electroweak interaction. 
In this sense, then, we may speak of just three 
fundamental interactions (see Figure 1.1). 

  

Gravitational Graviutional 

Electromagnetic  —— 
» * Electroweak 

Weak (nuclear force) | 
Colour (orstrong nuclear force) Colour 
Figure 1.1 The fundamental interactions of 

physics. Since 1972, the electromagnetic and 
weak interactions have been shown to be part of 
a generalized interaction called the electroweak 
interaction. 

  

Example questions 
Let us close this chapter with a few problems 
similar to the one we started with. These 
problems are sometimes known as Fermi 
problems, after the great physicist Enrico Fermi, 
who was a master in this kind of estimation. 
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Q1 e ET— 
How many grains of sand are required to il the 
eartht (This is a classic problem that goes back to 
Avistotle.) 

Answer 
“The radius of the earth is about 6400 ka, which we 
may approximate to 10 000 km. The volume of the 
carth s thus approximately 8 x (10 x 10°)’ m’ = 
8x 107 m". We are assuming a cubical earth of 
side equal 1o twice the radius. This is a simplifying 
assumption. The true volume s 47R* = 1.1 x 
10" m’, which agrees with our estimate (we are 
only interested in the power of 10 not the number 
in fron). The diameter of a grain of sand varies of 
course but we will take 1 mm as a fair estimate. 
Then the number of grains of sand required to fill 
the earth is 

    

  810" M 8x 10"~ 10" = ax1o 
     

Q) e 
Estimate the speed with which human hair grows. 

Answer 
1 cut my hair every 2 months and the barber cuts 
alength of about 2 cm. The speed is thus 

  2x10 
Zx30x24x60x6(|m" o 

  

Q3 rITEeITIES ST TIT I VITSIMAIEITI I 

1f all the people on earth were to hold hands in a 
straight line, how long would the fine be? How 
many times would it wrap around the earth? 

Answer 

Assume that each person has his o her hands 
streiched out 1o a distance of 1.5 m and that the 
population of earth is 6 x 10" people. Then the 
Tength would be 6 x 10° x 1.5 m =9 x 10° m. 
The circumference of the earth is 27R = 6 
6 10°m = 4 x 107 m and so the line would 
wrap 2% ~ 200 times around the equator.
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Q4 smenernranRDRRRUDaESIY 

How many revolutions do the wheels of a car 
make before it is junked? 

Answer 
We assume that the car runs 250 000 km before 
itis junked and that the wheels have a radius of 
30 cm. Then the number of revolutions is 
25%10° _ 25 
2w x03  2x1 

  10° = 10 

Q) BRI R S I TSI TN 

What depth of car tyre wears off with each turn? 
(This is another classic problem.) 

Answer 

We assume that a depth of 5 mm wears off every 
60 000 k. (These numbers are ‘standard’ for 
people who own cars) Then, for a wheel of 
radius 30 cm the number of revolutions is (see 
previous problem) £~ -£-107 3 x 107 
and so the wear per revolution s ;=% mmirev ~ 
1077 mm/rev.   

Have a look through these questions and answer 
any that you can. However, don't worry about 
any you can't answer; leave them for now and 
come back to them when you reach the end of 
the course. 

1 How long does light take to travel across a 
proton? 

2 How many hydrogen atoms does it take to 
make up the mass of the earth? 

3 What is the age of the universe expressed in 
units of the Planck time? 

4 What is the radius of the earth (6380 km) 
expressed in units of the Planck length? 

5 How many heartbeats are there in the lifetime 
of a person (75 years)? 

6 What is the mass of our galaxy in terms of a 
solar mass? 

7 What is the diameter of our galaxy in terms of 
the astronomical unit, i.e. the distance 
between the earth and the sun? 

8 The molar mass of water is 18 g mol-'. How 
‘many molecules of water are there in a glass 
of water (of volume 0.3 1)? 

9 Assuming that the mass of a person is made 
up entirely of water, how many molecules are 
there in a human body (of mass 60 kg)? 

10 Assuming the entire universe to be made up of 
hydrogen gas, how many molecules of 
hydrogen are there? 

11 Give an order-of-magnitude estimate of the 
density of a proton. 

12 How long does light from the sun take to 
arrive on earth? 

13 How many apples do you need to make up 
the mass of an average elephant? 

14 How many bricks are used o build an 
average two-storey family house? 

15 (2) How many metres are there in 5.356 nm? 
(b) How many in 1.2 fm? 
(c) How many in 3.4 mm? 

16 (a) How many joules of energy are there in 
4.834 MJ2 

(b) How many in 2.23 pf? 
(@) How many in 364 GJ? 

17 (a) How many seconds are there in 4.76 ns? 
(b) How many in 24.0 ms? 
(c) How many in 8.5 as? 

18 What is the velocity of an electron that covers 
a distance of 15.68 mm in 87.50 ns? 

19 An electron volt (€V) is a unit of energy equal 
1016 x 10°" J. An electron has a kinetic 
energy of 2.5 eV. 
(a) How many joules is that? 
(b) What is the energy in eV of an election 

that has an energy of 8.6 x 107" J¢ 

20 What is the volume in cubic metres of a cube 
of side 2.8 cm? 

21 What i the side in metres of a cube that has a 
volume of 588 cubic millimetres? 

22 One inch is 2.54 cm and one foot has. 
12 inches. The acceleration due to gravity is 
about 9.8 m -7, What s it in feet per square 
second? 

23 One fluid ounce is a volume of about 
2.96 x 10°* m’. What s the side, in inches, of  



a cube whose volume is 125 fluid ounces? 
(One inch is 2.54 cm.) 

24 A horsepower (hp) is a unit of power equal to 
about 746 W, What is the power in hp of a 
224 kW car engine? 

25 Give an order-of-magnitude estimate for the 
mass of: 
(a) an apple; 
(b) this physics book; 
(©) a soccer ball. 

26 Give an order-of-magnitude estimate for the 
time taken by light to travel across the 
diameter of the Milky Way galaxy. 

27 A white dwarf star has a mass about that of 
the sun and a radius about that of the earth. 
Give.an order-of-magnitude estimate of the 
density of a white dwarf. 

28 A sports car accelerates from rest 10 100 km per 
hour in 4.0 s. What fraction of the acceleration 
due to gravity s the car’s acceleration? 

29 Give an order-of-magnitude estimate for the 
number of electrons in your body. 

30 Give an order-of-magnitude estimate for the 
gravitational force of attraction between two 
people 1 m apart. 

  

31 

32 

33 
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Give an order-of-magnitude estimate for the 
ratio of the electric force between two 
electrons 1 m apart 1o the gravitational force 
between the electrons. 
The frequency £ of oscillation (a quantity with 
units of inverse seconds) of a mass m attached 
t0 a spring of spring constant k (a quantity 
with units of force per length) s related to m 
and k. By writing f = cm*k” and matching 
units on both sides show that 

f 

constant. 
where s a dimensionless 

  

Without using a calculator estimate the value 
of the following expressions and then 
compare with the exact value using a 
calculator: 

  

243 @ o 

(b) 2.80 x 1.90; 
312 x 480 © === 9 e 

(@ BEIXI0 X7 X 10 x7 10 
®x 1007 ’ 

6.6% 107" x 6 x 104 [ 6.4 x 1007



  

Uncertainties and errors 
This chapter introduces the basic methods of dealing with experimental error and 
uncertainty in measured physical quantities. Physics is an experimental science and 
often the experimenter will perform an experiment to test the prediction of a given 
theory. No measurement will ever be completely accurate, however, and o the result of 
the experiment will be presented with an experimental error. Thus, in comparing the 
fesults of an experiment with the prediction of the theory being tested, the 
experimenter will have to decide if the disagreement between theory and experiment 
is due to failure of the theory or whether the disagreement fals within the bounds of 
experimental erfor and 5o can be tolerated 

Objectives 
By the end of this chapter you should be able to: 
« state the various types of errors that may arise in the measurement of a 

physical quantity; 
« state the difference between accuracy and precision; 
+ draw a line of best fit; 
« appreciate the importance of significant digits. 

  

Errors of measurement 

There are two main types of error of 
measurement or observation. They can be 
grouped into random and systematic even though 
in many cases it is not possible to sharply 
distinguish between the two. We may say that 
random errors are almost always the fault of 
the observer whereas systematic errors are due 
to both the observer and the instrument being 
used. In practice, all errors are a combination of 
the two. 

  

A random error is characterized by the fact that 
it is revealed by repeated measurements (the 
measurements fluctuate about some value - they 
are sometimes larger and sometimes smaller) 
whereas a systematic error is not. Random 
errors can be reduced by averaging over 

repeated measurements, whereas errors that 
are systematic cannot. 

‘We may also consider a third class of errors 
called reading errors. This is a familiar type of 
error that has to do with the fact that it is often 
difficult to read the instrument being used 
with absolute precision. This type of reading 
error is inherent in the instrument being used 
and cannot be improved upon by repeated 
measurements. If a length is measured using a 
ruler whose smallest division is a millimetre 

and the end of the object to be measured falls 
in between two divisions on the ruler, it is easy 

to determine that the length i, say, between 
145 cm and 14.6 cm, but there is some 
‘guesswork involved in stating that the length is 
1454 cm, It is standard practice to assume that 
the reading error is half the smallest division 

sical mea&us&me&t



interval on the instrument. For the ruler, this 
interval is 1 mm, and half of this is 0.5 mm or 
0.05 cm. We may state the position of the right 
end of the object we are measuring as 
(14,54 £0.05) em. In practice, though, to 
‘measure the length means also finding the 
position of the left end of the object, and there 
is a similar uncertainty in that measurement. 
Suppose that the left end is recorded at 
(1.0040.05) cm. The length is then the 
difference of the measurements for the 
positions of the right and left ends of the 
object, and this is 13.54 cm. As we will see later, 
the subtraction of the two meastrements 
implies that the uncertainties will add, so that 
we end up with a length measurement that s 
uncertain'by 0.1 cm. In that case it does not 
make sense to quote the answer for the length 
to more than one decimal place, and we may 
quote the length as (13.5%0.1) cm. 

For digital instruments we may take the 
reading error to be the smallest division that 
the instrument can vead. So  stopwatch that | 
reads time to two decimal places, e.g. 2538 5, 
will have a reading error of 0015, and a 
weighing scale that records a mass as 184.5 g 
will have a reading error of =0.1g. The typical 
reading errors for some common instruments 
are listed in Table 2.1, 

Ruler =05 mm | 
  

Vernier calipers| =005 mm 

      

Micrometer 0005 mm | 
Volumetric (measuring) cylinder =05 mL. 
Hlectronic weighing scale =01y 
Stopwatch “o01s 

‘Table 2.1 Reading errors for some common 
instruments. 

Random errors 
If a measurement s repeated many times, it can 
be expected that the measurement will be too 

large as often as it will be too small. So, if an 
average of these measurements is taken, the 
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error will tend to cancel. The experimental 
result of the measurement of a given quantity X 
will thus be the average of the individual 
measurements, i.e. 

X kXt 
N 

where N is the total number of measurements. 
We then define the deviation of each individual 
‘measurement from the average by AX; = X; ~ X. 
If the absolute magnitudes of all these 
deviations are smaller than the reading error, 
then we can quote the experimental result as 

  

+xy 
    

% & reading error 
However, if the deviations from the mean are 
larger in magnitude than the reading error, the 
experimental error in the quantity x will have 
to include random errors as well. To estimate 
the random error we calculate the quantity 
   

  

2    + (Axy) 

which is called the unbiased estimate of the 
standard deviation of the N measurements ;. 
(With graphic calculators this can be done quite 
easily and quickly) The result of the experiment 
is then expressed as 

Xte 

To illustrate these points consider the 
measurement of a length using a ruler. The 
reading error according to one observer is 
0.1 cm. The experimenter produces a table of 
results and, after computing the average of the 
measurements, the deviation and its square are 
also inserted in the table - sce Table 2.2. 

  

  

1488 00081 
18t 00025 
1502 00529 

1457 00484 
176 00009 

1466 00169 
Table 22 A table of results.
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The average is 14.79 cm and the standard 
deviation of these measurements is 0.1611 cm. 
The random error is larger than the reading error 
and so it must be included in the result. The 
result of the measurement is thus expressed as 
14.8 4 0.2 em. This is much more realistic than 
simply quoting the average and the reading error, 
14.79 0.1 cm. Note that it does not make sense 
10 quote the average to more than one decimal 
point as the error makes even the first decimal 
point uncertain. Note also that once a large 
number of measurements are accumulated, 
further measurements do not appreciably change 
the estimate of the error. Thus, it is of little use to 
take, say. 50 measurements of the length of the 
object in the example above. 

Note also, finally, that even the calculation of a 
standard deviation is not all that necessary. The 
largest deviation from the mean in Table 22 is 
0.23 cm, which we may round to 0.2 cm and 
accept that as a rough estimate of the error. 

Systematic errors 
‘The most common source of a systematic error 
is an incorrectly calibrated instrument. For 
example, consider a digital force sensor. When 
the sensor is to be used for the first time, it 
must be calibrated. This means that we must 
apply a force whose value we are confident we 
know, say 5.0 N, and then adjust the sensor so 
that it too reads 5.0 N. If we apply the 5.0 N force 
and then adjust the instrument to read 49 N, 
the instrument will be incorrectly calibrated. It 
will also be incorrectly calibrated if the sensor is 
adjusted to read 5.0 N when the *known’ force 
that we apply is not really 5.0 N. If we use this 
sensor to verify Newton's second law, we would 

observed 
expected 

. e 
2] omst ) 
Figure 2.1 The types of systematic error that arise from incorrectly 

calibrated instruments and instruments that have a zero error. 

expect to get a straightline graph through the 
origin if we plot the net force on the body versus 
its acceleration. Since all measurements of the 
force will be off by the same amount, the 
straight line will not pass through the origin. 
‘The systematic error in the force would then be 
the vertical intercept (see Figure 2.1a). 

A systematic error will also arise if we use an 
instrument that has a zero error. For example, if an 
ammeter shows a current of 0.1 A even before it is 
connected to a circuit, it has a zero error. It must 
be adjusted to read zero. If the adjustment is not 

done, every measurement of current made with 
this ammeter will be larger than the true value of 
the current by 0.1 A. Thus, if this ammeter is used 
to investigate the voltage-current characteristic of 
an ohmic resistor, we will not get the expected 
straight line through the origin but a straight line 
that misses the origin. The systematic error in the 
current would then be the horizontal intercept 
(see Figure 2.1b). 

Systematic errors are not always easy to 
estimate but sometimes the direction of the 
error is. Thus, suppose that an experimenter 
assumes that no friction is present in an 

| experiment on an air track, where the velocity 
| of an object sliding on it is measured after 

‘having travelled a certain distance. A small 
amount of friction will slow down the object 
and so the velocity measurements will be 
consistently lower than their true values. It is 
difficult though to estimate by how much. 

A systematic error will also arise if the 
experimenter makes the same error for all the 
‘measurements she takes. For example, consider 

  

  measuring a length with a ruler. The ruler is 
aligned with the abject to be 
measured and the experimenter 
must then position her eye 
directly above the ruler. If, 

  

el however, tie experimenter 
consistently stands to the side, 

, as shown in Figure 2.2, the 
/A measured value will always be 

larger than the true length. If 
she stands on the other side, the  
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Figure 2.2 An example of a systematic error that is 
due to the observer. 

measured value will always be smaller than 
the true length. 

A similar systematic error would occur in 
measuring the volume of a liquid inside a 
graduated tube if the tube is not exactly 
vertical. The measured values would always be 
larger than the true value. 

Accuracy and precision 
In everyday language, the words ‘accuracy’ and 
“precision” are usually taken to mean the same 
thing, but this is not the case in physics. 

    

       precise but 
ot accurate 

notprecise, 
ot accurate 

accurate 
Figure 2.3 The meaning of accurate and precise 

measurements. Four different sets of six 
measurements each are shown. 

Measurements of a physical quantity can be 
accurate but not precise, or precise but not 
accurate, Consider, for example, measurements 
of voltage taken with a high-quality digital 
voltmeter that suffers from a systematic error. 
‘The voltmeter allows us to record the voltage 
to many significant figures and repeated 
measurements of the same voltage give 
essentially the same reading. These 
measurements are very precise but they are 
not accurate, since the systematic error in 
the readings means that they are not   

representative of the true voltage. Similarly, 
readings can be accurate in that their average 
gives the correct reading, but if individual 
readings differ wildly from each other, they are 
not precise. 

Significant digits 

Let us multiply the numbers 24 and 328, The 
answer is 7872, However, if these numbers are 
the result of a measurement, then at the very 
least we would expect that the last digit of each 
is uncertain. In other words, the first number 
could be anything from 23 to 25 and the other 
from 327 to 329. The product could thus range 
from 7251 to 8225. Thus, it makes no sense to 

retain so many digits in our answer for the 
product of 7872. The first number has been given 
1o two significant digits, the second to three. 
‘Thus, the answer for the product must be given 
t0 no more than two significant digits - that is, 
as 7900 or 79 % 10°. Keeping only two significant 
digits in the answer for the product ensures that 
the process of multiplication does not introduce, 
incorrectly, additional significant figures. 

  

‘The rules for significant figures are as follows 

‘The leftmost non-zero digit is significant and is 
in fact the most significant digit in the number. 
If the number has no decimal point, the 
rightmost non-zero digit is significant and is in 
fact the least significant. If the number does 
have a decimal point, the least significant digit 
s the rightmost digit (which may be zero). The 
number of significant digits of a number is the 
number of digits from the most to the least 
significant. Thus, 0345 has 3 as the most 
significant digit and 5 as the least. The number 
thus has three significant digits. In the number 
0.000 0006 the most and least significant digit 
is 6 and so we have one significant digit. The 
number 5460 has three significant digits (no 
decimal point hence the last zero does not 
count), 54 has two and 300 000 has one. 

similarly, 3.450 has four significant digits, 
54.0 has three and 0.000 500 has three.
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» I multiplicdtion or division (or raising & 
‘number to a power or taking a root) the 

* result must have as many significant 
digits as those of the number with 
least significant digits ;ntennm 
 operation. - 

            

Line of best fit ‘ 

If we have reason to suspect that the data 
points we have plotted fall on a straight line, 
we must draw the best straight line through | 
the points. This means using a ruler and 
choosing that line which goes through as many 
data points as possible in such a way that the 
distances between the line and the points on 
one side of it are, on average, the same as the 
distances between the line and points on the 
other side of it. 

‘Thus, suppose that in an experiment to verify 
Hooke’s law, data for the tension and extension 
of a spring are collected and plotted as shown 
in Figure 2.4. The experimenter has included 
vertical uncertainty bars representing an 
uncertainty of 410 N in the values of the tension 
(the length of the vertical bar is thus 20 N). 

Uncertainties in the extension could also be 

shown by placing horizontal bars at the 
positions of the data points, but we will not do 
this here. 

™ 

20 4 

B pot 
60F | 

0 { 
20 

o o 02 6" " 03 04 05 

  

re 2.4 Data points plotted together with ‘ 
uncertainties in the values for the tension. 

‘The experimenter then draws the line of best fit 
through the data points and obtains a straight 
line in the graph shown in Figure 2.5. The line 
of best fit will ideally pass through the error 
bars of all the data points. Note that we never join 
‘points by straightline segments. The slope of this 
line is 200 N m™" and this represents the spring 
constant. 

   
     1y S 

03 05 06    02 0 04 
Figure 2.5 The line of best fit through the data 

points. 

In many experiments it will be necessary to 
obtain the slope (gradient) of the graph. Here 
the slope of this line is 200 N m™' and 
represents the spring constant. To find the 
slope one must use the line of best fit and not 
data points (see Figure 2.6). We must take two 
points on the line of best fit, which must be 
chosen to be as far apart as possible and then 
apply the formula 

Ay slope = 2. 
Ax 

    

  

line of best fit 

Figure 2.6 Finding the slope of a straight line uses 
the line of best fit and two widely separated 
points on the line of best fit.  



  

A student measured a given quantity many 
times and got the results shown in Figure 2.7. 
“The true value of the quantity is indicated by 
the dotted line. Should she continue 
accumulating more data in the hope of getting 
a result that agrees with the true value? 

  

“data obtained 

Figure 2.7 For question 1. 

In the data of question 1, is the source of error 
systematic or random? 
In an experiment to measure current and 
Voltage across a device, the following data 
was collected: (V, 1) = [(0.1, 26), (0.2, 48), 

(0.3,65), (0.4, 90)). The current was measured 
in mA and the voltage in mV. The uncertainty 
in the current was £4 mA. Plot the current | 

versus the voltage and draw the fine of best fit 
through the points. Does the line pass through 
the origin? 
In a similar experiment, the following data 
was collected for current and voltage: (V, 1) = 
1(0.1,27),(0.2, 44), (0.3, 60), (0.4, 78)} with 

an uncertainty of 4 mA in the current. Plot 
the current versus the voltage and draw the   
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line of best fi. Can it be claimed that the line 
passes through the origin? 

5 In yet another experiment, the following data 
was collected for current and voltage: (V, 1) 
1(0.1,29), (0.2, 46), (0.3, 62), (0.4, 80)), with 

uncertainty of 4 mA in the current. Plot the 
current versus the voltage and draw the line of 
best fit. Can it be claimed that the line passes 
through the origin? The experimenter is con- 
vinced that the straight line fiting the data 
should go through the origin. What can allow 
for this? 

6 The velocity of an object after a distance x is 
given by v? = 2ax where a s the constant 
acceleration. Figure 2.8 shows the results of 

  

an experiment in which velocity and distance 
travelled were measured. Draw a smooth 
curve through the points. Estimate the 
acceleration, and the velocity of the object 
after a distance of 2.0 m. 

  

03, 

L m 
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Figure 2.8 For question 6.
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Mathematical and graphical 
techniques 
“This chapter is an introduction to the basic techniques of graphical analysis in 
physics, in particular how to graph variables in order to obtain straight-line graphs. 

Objectives 
By the end of this chapter you should be able to: 
« find the change in a variable given the changes in other variables related 

| i 

|« transform the variables of an equation so that a linear relationship and graph 
are obtained; 

* extract relevant information from a graph; 
+ understand the need for assumptions in simplifying various situations 

  

Multiplicative changes 

Given an equation that relates one variable, say 
. to one or more other variables, it is essential 
that we learn how the value of y changes when 
one (or more) of the other variables change 
‘multiplicatively. Consider as a simple first 
example the equation 

y=cx 
where ¢ is a constant. How does the value ofy 
change if.x is tripled? Obviously, the value ofy 
is also tripled since y and x are directly 
proportional to each other. More formally, let 
us call y’ the new value of y; then y' = c(3x) = 
3(cx) = 3y. That s, the value of y is tripled as 
expected. The answer in this case is simple since 
the direct proportionality of the variables is 
clear. When the variables are not so simply 
related, the answer can still be easily found. 

  

Suppose that we are given the variation with 
tension T of frequency f 

ST 
2y 

(the other variables in this equation are 
constants). How does the frequency change if 
the tension is tripled? Again we call the new 
value of the frequency f'and then 

    

AV w 
TR -o(i) 

=V3f 

that is, the value of the frequency is increased 
by a factor of root 3. Equivalently we could have  
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written 

1 
[ wy 
=3 

since all the common variables cancel out. 

Similarly, the average kinetic energy of the 
molecules of a gas depends on absolute 
temperature through 

  

If the temperature is doubled what happens to 
the speed ¢? Taking ratios 

) 3k@T) 
  

      

  

The speed increases by v/2. 

The pressure, volume, temperature and number 
of molecules of an ideal gas are related by 

pV = NKT 

where k is a constant. If the pressure of a gas is 
doubled while the temperature is halved and 
the number of molecules is left unchanged, 
what will be the new volume of the gas? 

In this case the ratio method gives 

  

Straight-line graphs 

The easiest graph to deal with is that of the 
straight line: y = mx +¢. In this form, the 
constant m represents the slope (also known as 
the gradient) of the straight line and ¢ the   

AN 

  

Figure 3.1 The straightline graph of tension 
versus extension. 

intercept on the y (vertical) axis. Figures 3.1-3.3 
show three examples of straight-line graphs. 
Figure 3.1 represents a force F (plotted on the 
vertical axis and measured in newtons, N) as a 
function of distance x (measured in metres, m). 
We can read off the intercept on the F axis as 
1.2 N. The gradient can be measured (o be 
0.4 N-m™". Note that the units for the gradient 
‘must be given. Thus, the equation of this line is 
F =04(Nm™)x+12N.Itis usually 
convenient not to mention units in the 
equation of the line so that we can write the 
simpler F = 0.4x + 1.2, but it is then crucial to 
note that x must be expressed in metres o that 
F ends up being expressed in newtons. 

  

Figure 3.2 shows distance X on the vertical axis 
(measured in metres) plotted as a function of 
time ¢ (measured in seconds). The intercept on 
the vertical axis is 1.6 m and the gradient is 
0.6 m s, Thus, the equation of this line is 

.6(m s~')t — 1.6 m, or simply x = 0.6t — 1.6. 

    Figure 3.2 Graph of distance versus time.
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rement 
-—— . _ 

‘The third example (Figure 3.3) is a graph of 
velocity v (measured in metres per second) versus 

time f (measured in seconds). The intercept on the 
vertical axis is 2 m s~' and the gradient is 

~02ms % Thusv 0.2(m st 4 2(ms™), or 

justy =02t +2 

  

  

  

vim s 

  

Figure 3.3 Graph of velocity versus time. 

As we will see in our study of motion in 
mechanics, the area under a velocity-time graph 
represents the displacement change of the moving 
object. 

Suppose that initially the object is at a 
displacement of 20 m from the origin. To find the 
displacement of the object 5 5 after the start we 
need to find the area that is bounded by the 
graph and the time axis from t =0stof = 55. 
This shape is a trapezoid and its area is 
(2") % 5= 7.5 m. Note that the units of the area 
in this graph are units of distance, since we 
multiply a velocity (m s~') by time (s). (If the 
vertical axis represented a force measured in 
newtons and the horizontal axis distance 
measured in metres, the area in that case would 
have units of N x m, i.e. joules.) This means that 
the displacementat{ =55is20m +7.5m = 
27.5 m. The displacement at t = 10 s is found by 
calculating the area bounded by the graph and 
the time axis from { = 0 to t = 10 s. This area has 
the shape of a triangle and so the area is 
(%) = 10 m. The displacement at = 105 is 
thus 20m + 10m = 30 m. After = 105, the 
‘graph goes below the time axis. This means that 
areas will now be counted as negative. Thus, to find 
the displacement at { = 15 5 we proceed as follows: 

  

      

  

first find the area from { = 0 to! = 105, which is 
10 m. Then find the area from { = 10sto! = 155, 
Itis —7.5m. The area from t = 0 to = 15 s is thus 
10m 7.5 m = 2.5 m. The displacement at 
t=15sisthus 20m+25m=225m. 

  

Getting a linear graph 

In an experiment it is more than likely that when a 
measured quantity y is plotted against another 
measured quantity x on which it depends, a 
straightline graph will not result. Thus, suppose 
that the expected theoretical relationship between 
the variables is y = ax? + b, as in Figure 3.4. 

  

  

g 
8 10 0 2 K 

Figure 3.4 Graph of the parabola y = ax® +b. 

Then if we call the variable x” = w, the expected 
relationship becomes y = aw + b, which is the 
equation of a standard straight line with gradient 
@ and intercept b. Hence, we must plot y versus i 
(i.e.x?) to get a straight line (see Figure 3.5). 

  

0 

0] 

0f 

B s 
o % 40 6 %0 10 

Figure 35 By graphing against the variable x* we 
get a straight line.  
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0 2 4 o ¥ 10 
Figure 3.6 Graph of the hyperbola xy = ¢ 

Similarly if the expected relationship is xy 
(Figure 3.6), we call | = w in which case the 
expected relationship is y w, which 
again is a straight line going through the origin 
with gradient ¢. Thus we must plot y versus ! to 
get a straight line (Figure 3.7). 

      

E 
e 

0 2 ¥ 6 s 10 
Figure 3.7 We get a straight line by plotting 

against the variable | 

Ify and x are related by y = ae* + b, a straight 
line is obtained by plotting y versus e*. The 
gradient is then a and the intercept b. If the 
relationship s y = ;. we rewrite it as 
1 
straight line. Finally, a relationship such as 
¥? =cx’ yields a straight line when y? is plotted 
against x*. 

£2ai ‘ 
= 222 5o that a graph of | versus x? is a 

    

  

Interpreting graphs 

Given a graph, we should be able to extract 
information from it and use that information 
to give a description of what is going on. In 
Figure 3.8 the velocity is decreasing uniformly 
from an initial value of 20 m s™. The velocity 
becomes zero at 2 s and then becomes negative. 
“The graph could represent the motion of an 
object thrown vertically up with an initial 
velocity of 20 m s™'. The time of 2 s then 
represents the time when the object reaches its 
highest point. 

  

vim s 

  

Figure 3.8 The velocity is decreasing uniformly 
and becomes zero at 2 5. The object then 
changes its direction of motion. 

In Figure 3.9, displacement is graphed against 
time for a given motion. The object is at 
displacement zero at time zero and becomes a 
‘maximum at 2 s. The object returns to its initial 
position after 4. 

yim 

20 

15 

10 

0 T 2 3 e 
Figure 3.9 The displacement reaches a maximum 

at 2 s and becomes zero at 4.
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   s ey 
0 2 4 s 8 10 

Figure 3.10 The velocity is becoming constant and 
50 the acceleration becomes zero. 

In Figure 3.10, the velocity appears to be 
approaching a constant value of about 20 m s 
‘The acceleration of the object thus approaches 
zero. 

  

Sine curves 

When describing waves, as well as in many 
other parts of physics, we deal with quantities 
that depend on other variables through a sine 
function, y = C sin(ax +b), with C,a and b 
being constants. For example, the disturbance 
of a harmonic wave at a distance x at a specific 
instant of time can be shown to be 

  

y=asnfzn] 
‘where the constants A and A are known as the 
amplitude and wavelength of the wave. The 
amplitude is thus the largest possible 
disturbance (i.e. y value) and for the graph in 
Figure 3.11 this can be read as 1.5 m. The 

wavelength of the wave is extracted from the 
‘graph by measuring the distance between two 
consecutive peaks. In Figure 3.1 we thus find a 
wavelength of 2 m, 

  

Similarly, the disturbance of a harmonic wave 
looked at as a function of time is given by 

y=tsnfaet] 
where A is again the amplitude (in Figure 3.12 
it has a value of 0.4 m) and T is the period of   

yim 

oim i) 

  

Figure 3.1 Graph of a harmonic wave as a 
function of position. The wavelength of the 
wave can be determined from this graph. 

yim 
04t 

02 

  

st 
Figure 3.12 Graph of a harmonic wave as a 

function of time. The period of the wave can be 
determined from this graph. 

the wave. The period is found by taking the 
time separation of two consecutive peaks; in 
Figure 312, 7 = 0.5 

  

Making assumptions 

When we solve a physics problem, we always 
make assumptions that simplify the problem. 
Sometimes we are careful to list our 
assumptions and sometimes not. 

For example, in most of the chapters on 
mechanics we will be solving problems 
involving ‘bodies’ in motion acted upon by 
forces. The ‘bodies’ can be anything from 
human beings to leaves, bricks, cars or planets. 
However, we will always be treating them as
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point particles, because this simplifies the 
problem. We will mostly ignore frictional forces 
unless told otherwise, because again this 
simplifies the problem. But we must always be 
aware that our solution has been derived under 
various assumptions and so the real solution 
‘might differ if the effects of the factors we 
neglected are taken into account. We also, 
usually, assume that strings (and springs) have 
1o mass - the famous physics strings. This 
makes life easier and the assumption is good 
provided the other bodies in the problem really 
have masses much larger than that of the 
string. 

‘When studying thermal physics we usually 
don’t take into account the fact that thermal 
energy is always lost to the surroundings no 
matter how careful we have been to prevent 
that. If you were asked to calculate the number 
of atoms in your body, you would have to make 
a simplifying assumption otherwise the 
problem is hopelessly difficult - pretending 
that all your mass is made of out of water is 
such a simplifying assumption. You must then 
justify why it is a good simplifying assumption. 
In dealing with gases we assume that the gas is 
ideal. This is a good assumption for the air in a 
football but not a very good one for the 
material of a star that is about to become a 
white dwarf! 

In the chapters on electricity you will learn 
about Coulomb’s law, which allows us to find 
the force between two spherical charges. We 
cannot use this law to find the force between 
two plane sheets of charge though. Using 
Coulomb’s law will only be an estimate of the 
force, not a precise calculation of it. Under 
certain conditions (which we must identify) this 
estimate may be a very good approximation to 
the real answer. In other cases it might not be. 
In electric circuits we usually assume that 
connecting wires and ammeters have no 
resistance. If a device used in the circuit has a 
resistance of a few tens of ohms, this 
assumption is good. But if the device has a very 
low resistance, comparable to that of the 
connecting wires and the ammeter, the 

assumption is not good. Similarly, voltmeters 
are assumed to have an infinite resistance. This 
means, in practice, a resistance much larger 
than the rest of the resistors in the circuit. If the 
largest resistor in the circuit is 100 ohms and 
the voltmeter has a resistance of 100 000 ohms 
the assumption is good. But if you are dealing 
with 100 000 ohm resistors the assumption of 
an infinite voltmeter resistance breaks down. 

So, part of learning physics involves identifying 
assumptions in a problem and being able to 
explain whether the assumptions are justified 
or not. 

  

1 The pressure of an ideal gas is 4 atm. If the 
only change is to increase the temperature by 
a factor of 4, what will the new pressure of 
the gas be? (Use pV = NKT.) 

2 The kinetic energy of a mass m is given by 
mv?. 1f the speed v is doubled, by what 
factor does the energy change? 

3 The kinetic energy (£ = tmv?) of a body 
doubles. By what factor did the speed 
increase? 

    

4 Aconstant force F brings a body of mass m 
and initial speed v to rest over a distance d. If 
the initial speed doubles, over what distance 
will the same force stop the same body? (Use 
Vi) 

5 The electric force between two charges 
@ and Q, a distance r apart is given by 
F = k22, where k is a constant. 
(@) 1f both charges double, by what factor 

does the force between them increase? 
{b) 1f both charges double but the force 

between them stays the same, by what 
factor did their separation change? 

6 The frequency of a standing wave on a string 
of fixed length L kept under tension T is given 

by 4T, where cis a constant. By what 
factor should the tension be changed so that 
the frequency triples? 

  

   

7 The period of a pendulum of length L is given 
by T =2n[%, where g is a constant. If the
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period doubles, by what factor did the length 
change? 

8 The frequency of oscillation of a mass m 

  

attached to a spring is given by 7 = 

where s a constant. If the frequency 
increases by a factor of 4, by what factor did 
the mass change? 

9 The power radiated by a body kept at a 
temperature T is given by P = kT*, where kis 
a constant. If the temperature is doubled, by 
what factor does the power increase? 

10 The period of a planet around the sun is given 
by T? = kR', where kis a constant and R is 
the mean distance of the planet from the sun. 
A planet orbits the sun at a distance from the 
sun that is twice the distance of earth from the 

sun. What is the period of this planet. (The 
earth's period is one year) 

11 When a strong wind creates waves on a pond, 
a piece of cork floating in the water oscillates 
5o that its distance from the bottom of the 
pond is given by the graph in Figure 3.13, 

s 
wi ] \P/’ by 
wb A VT 
o U [A] \ 
Figure 3.13 For question 11, 

  

  

  

  

  

                

(@) What is the depth of the pond? 
(b) What is the frequency of the wave 

travelling on the pond? 
(€) What is the amplitude of the wave? 

12 The image of an object a distance 4 from a 
lens is formed at a distance b from the lens, 
where a and b are related through the 
equation ¢ + 4 = & and 1 is the (constant) 
focal length of the lens.   

13 

14 

15 

16 
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(@) 1f a set of data for a and bis collected, 
how should it be plotted in order to give a 
straight line? 

(b) How can the focal length of the lens be 
measured from the graph? 

The pressure of a fixed quantity of gas at 
constant volume is related to temperature in 
Kelvin by 

£ tant = = constant 
T 

(a) What form does a graph of pressure versus 
temperature take? 

(b) 1f the temperature is expressed in degrees 
Celsius (T(K) = T(“C) + 273) what does a 

graph of pressure versus temperature give? 

  

“The period of a planet around the sun is 
related 1o the mean distance of the planet 
rom the sun through Kepler's third law 

  

= constant x R’ 

If a student plots the period 7 on the vertical 
axis, what must be plotted on the horizontal 
axis in order that the resulting graph is a 
straight line? 
The kinetic energy of a mass m moving in a 
straight line with speed v is given by 
E.= tmv?, where the speed is related to 
acceleration a (assumed constant) and 
distance travelled d through v* = 2ad. What 
would a graph of , versus d give? 
In the photoelectric effect, light of frequency 
 falling on a metallic surface causes the 
emission of electrons of kinetic energy £ 
Einstein's formula relates these through 

   

  

E=hi—¢ 

where ¢ and h are constants. ¢ depends on 
the surface used whereas h is a universal 
constant. A graph of £, versus f gives a 
straight line. 
(@) How can ¢ be measured from the graph? 
(b) How can h be measured? 

(©) In a second experiment with a different 
surface, a second straight line is obtained. 
What do the two lines have in common?
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Vectors and scalars 
Quantities in physics are either scalars (e. they just have magnitude) or vectors (.. 
they have magnitude and direction). The tools for dealing with vectors are presented in 
this chapter. 

Objectives 
By the end of this chapter you should be able to: 
« describe the difference between vector and scalar quantities and give 

examples of each; 
« add ahd subtract vectors by a graphical technigue, such as the parallelogram 

rule; 

    

        

     

  

« find the components of a vector along a given set of axes; 
« reconstruct the magnitude and direction of a vector from its given 

components; 
solve problems with vectors. 

    

  

  

Vectors D e 
Some quantities in physics, such as time, Dinlsenint 
distance, mass, speed, temperature, etc., just Yol jopeed 
need one number to specify them. These are Acceleration Mass 

called scalar quantities. For example, it is Force Time 
sufficient to say that the mass of a body is 10 kg “Weight Density 
or that the temperature today is 18°C. On the Flectric field Hlectric potential 
other hand, many quantities are fully specified [Te———] FRa 
only i, in addition to a number, a direction is pee R 
given. Examples are velocity, acceleration, force, i s 
etc. These are called yector quantities, For 
example, when describing the velocity of A L 
an object, it is necessary to specify both the. Aamepiun Blednicbane 
‘magnitude of velocity (speed) and the direction Angular velocity Work 
in which the object is moving. Table 4.1 lists 
some examples of vectors and scalars. 

Avector is represented by a straight line with 
an arrow at one end, as shown in Figure 4.1a. 
‘The direction of the arrow represents the 
direction of the vector and the length of the 
line represents the magnitude of the vector. To 

  

‘Table 4.1 Examples of vectors and scalars. 

say that two vectors are the same means that 
both magnitude and direction are the same. 
Two vectors with the same direction are not 
necessarily along the same line. As long as they 
are parallel to each other and have the same
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@ B e 
Figure 4.1 (a) Representation of vectors by arrows. 

(b) These three vectors are equal to each other. 

magnitude, they are the same. Thus, the vectors 
in Figure 4.1b are all equal to each other. This 
ability to shift a vector around parallel (o itself 
(called parallel transport) is very important in 
what follows. 

Vectors are represented symbolically either with 
an arrow on top of the symbol for the vector or 
in bold type. Thus, both d and a represent a 
vector, and its magnitude is denoted by |a|, 
|l or justa. 

‘Two vectors that have the same magnitude but 
are opposite to each other in direction are the 
negatives of one another (see Figure 4.2). 

3 g 
Figure 42 Two opposite vectors that are equal in 

‘magnitude. 

Multiplication of a vector 
by a scalar 

Avector can be multiplied by a scalar (ic. a 
number) in a simple way. If the vector d is 
multiplied by the number k, then the resulting 
vector ki has the same direction as i ifk > 0 
and opposite to d if k < 0. The magnitude of the 

vector kd is simply k [d]. Thus, if the vector & 
has a magnitude of 10 units, multiplying a by 
the number 0.5 results in a vector of 
magnitude 5 units in the opposite direction to 
. (See Figure 4.3) 

    

/ 

Figure 43 Multiplication of vectors by a scalar. 

Addition of vectors 

Figure 4.4 shows vectors @ and b. We want to 
find the vector that equals d + b. Adding two or 
‘more vectors together gives the vector sum, 
‘which is the combined effect of the vectors 
acting on a body. Thus, if two forces act on a 
mass, their vector sum is the one force whose 
effect on the mass is the same as the effects of 
the two forces together. For this reason, the 
sum of a number of vectors is called the net 
vector or the resultant vector. 

There are two equivalent graphical methods for 
adding two vectors. The first is the 
parallelogram method (see Figure 4.4): 
1 Shift b parallel to itself so that its beginning 

point coincides with the beginning point of d. 

2 Complete the parallelogram whose two sides 
ared and b, 

3 Draw the diagonal of the parallelogram 
which starts at the beginning of @ and b. This 
diagonal is d + b. 

‘The second method is the head-to-tail method 
(see Figure 4.5): 

1 Shift b parallel to itself so that its beginning 
point touches the end point of d. 

2 Join the beginning point of @ to the end 
point of b. This is vector @ +b. 

  

You might ask if we would have obtained a 
different answer if, instead, we had shifted d to 

  

Figure 4.4 Adding two vectors involves shifting 
one of them parallel to itself so as to form a 
parallelogram with the two vectors as the two 
sides. The diagonal represents the sum. 

   



Figure 45 One of the vectors is shifted parallel to 
itself until its beginning point coincides with 
the end of the other vector. The sum is then the 
arrow that joins the only beginning point to the 
only end point. 

  

the end of b and then joined the beginning of b 
to the end of d. Check that you get the same 
answer if you do this. This is a way of seeing 
thatd +b=b+ad. 

Example questions 
Q] EETIEIITETIIITersCet 1AL LEEFERTITIT 

Add togéther two vectors: the first has a 
magnitude of 100 units and is directed east, the 
other has a magnitude of 50 units directed at 45° 
o the first 

Answer 
Sce Figure 4.6. First we make a scale representing 
10 units of the vector magnitude with 1 cm on 
paper. Measuring the diagonal we find a length of 
13.85 cm, implying a sum of 138.5 units. Using a 
protractor we find that 6 = 14.2° 

  

Figure 4.6 (Not to scale). 

2 SNSRI TIE RIS I T T 

A velocity vector of magnitude 1.2ms~" is 
horizontal. A second velocity vector of magnitude 
2m s~ must be added to the first so that the sum 

vertical in direction. What i the direction of the 
second vector and what is the magnitude of the 
sum? 

  

Answer 
See Figure 4.7. Again we need a scale. 
Representing 1 ms~' by 2 cm, we see that the 
1.2ms"" corresponds 10 2.4 cm and 2ms" to 
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4 cm. First draw the horizontal vector; mark the 
vertical direction and using a compass (or a ruler) 
mark a distance of 4 cm from A. It inersects the 
vertical line at B. AB must be one of the sides of 
the parallelogram we are looking for. Thus, 
measure a distance of 2.4 cm horizontally from B 
to C and join O to C. This is the direction in 

which the second velocity vector must be 
pointing. Measuring the diagonal (i.e. the vector 
representing the sum) we find 3.85 cm, which 
represents 1.93ms™". Using a protractor we find 
that the 2m's™" velocity vector makes an angle of 
about 25° with the vertical. 

  

Figure 4.7 (Not to scale). 

Q3 1SRt A AN I S ETT TITEITITTPEROOeasasial 

A person walks 5 km east, followed by 3 km north 
and then another 4 km cast. Where does he end up? 

Answer 
The walk consists of three steps and we may 
represent each one by a vector (see Figure 4.8). 
The first step is a vector of magnitude 5 km 
directed east. The second is a vector of magnitude 
3 km directed north and the last step is 
represented by a vector of 4 km directed east. The 
person will end up at a place that is given by the 
vector sum of these three vectors, that is 
OA + AB -+ BC, which equals the vector OC. By 
measurement or by simple geometry, the distance 
from O to C is 9.5 km and the angle to the 
horizontal is 18.4°. 

o A 
Figure 48.



24 Core - Physics and physical measurement 
— 

Subtraction of vectors 

  find @ — b. Since @ — b is the same as @ + (~b), 
all we have to do is find the vector — and add 

| 

We are given two vectors d and b. We want to ‘ 

that to @ (see Figure 4.9). 

  

Figure 49 Subtraction of vectors. 

We have the important result that: 

  

“This is very useful because in physics we are 
often interested in finding the change in a 
vector. For example, consider a body whose 
velocity changes from 71 to 7. The vector 
representing the change in the velocity is the 
vector AV = 7, — 71, which is the vector joining 
the tip of 7 to the tip of 7 (see Figure 4.10). 

change in velocity    
Figure 4.10 The vector representing the change in 

velocity. v — 7. 

Example question 
Q4 saesstenrTmrTnTTTT T 

Abody moves in a circle of radius 3 m with a 
constant speed of 6.0 ms™". The velocity vector is 
at all times tangent to the circle. The body starts 
at A and proceeds to B and then C. Find the 
change in the velocity vector between A and B 
and between B and C. (See Figure 4.11.) 

Answer 
From A to B we have to find the difference 
¥ — V. The vectors are shown in Figure 4.12. 

  

Figure 412. 

The vector ¥, — 7 s directed south-west and its 
magnitude is (by the Pythagorean theorem) 

itvi=Vere 

V72 
=8.49ms! 

The vector . — % has the same magnitude as 
% — % but is directed north-west.  



Components of a vector 

Suppose that we use perpendicular axes x and y | 
and draw vectors on this x-y plane. We fake the 
origin of the axes as the starting point of the | 
vector. (Other vectors whose beginning points 
are not at the origin can be shifted parallel to 
themselves until they, too, begin at the origin.) 
Given a vector d we define its components along 
the axes as follows. From the tip of the vector | 
draw lines parallel to the axes and mark the 
point on cach axis where the lines intersect the 
axes (Figure 4.13). 

y-component 

  

    x-component 
Figure 4.13 The components of  vector. 

The x and y components of i are called a, and 
a,. They are given by 

a4, =acosh . 
a,=asing | 

  

where a is the magnitude of the vector d and 

6 is the angle between the vector and the 
positive x-axis. Some care must be taken in 
identifying the correct angle that goes in 
these formulae. The angle is properly 
measured from the positive x-axis to the | 
vector, in the counter-clockwise direction 
(see Figure 4.14). 

Figure 4.14 The angle of a vector is measured from 
the positive x-axis to the vector, in the counter- 
clockwise direction.   
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Example question 
Q5 mE————— 
Find the components of the vectors in Figure 4.15. 
The magnitude of 3 is 10 units and that of b is 
20 units. 

  

Figure 4.15. 

Answer 
The relevant angle for  is 180° +45° = 225° and 
that for bis 330", Thus. 

=10.0cos 225 
—7.07 

a, = 10.05sin 225 

=7.07 

b, = 20.0cos 330" 

=173 
20.05in 330" 

—10.0 

      

As we see, the components of a vector can be 
negative as well as positive. It is somewhat less 
precise, but in practice more convenient, not to 
‘have to deal with negative components. 
Consider the vector shown in Figure 4.16. 

10N 

  

Figure 4.16 Any angle can be used to find the 
magnitude of the components. 

Its x component i clearly negative, 
F. = 10c0s 120° = —5 N. We could state, 
however, that the x component of the vector is 
5N in the negative x direction. This is 
equivalent to stating that F, = —5 N. It has the 
advantage that by using trigonometry, we can 
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find the numerical value of the component by An additional notation for vectors is to give the 
choosing the most convenient angle in the x and y components as an ordered pair so that, 
problem (here the angle of 60°). We donot have | for example, i = (2, 1) denotes a vector with x 
to deal with the awkward ‘the counter- component equal to 2 and y component equal to 1. 
clockwise angle from the positive x-axis’ (here 
the angle of 120°). In any case treating the Reconstructing the vector from 
components as positive or negative is a question | jts components 
of convenience and up to you, provided youare | Knowing the components of a vector allows us 
clear about what are you are doing. to reconstruct it (ic. to find the magnitude and 

direction of the vector). Suppose that we are 
given that the x and y components of a vector 
are F, and F,.. We need to find the magnitude of 
the vector F and the angle (6) it makes with the 
x-axis (see Figure 4.19). The magnitude is found 
by using the Pythagorean theorem and the 
angle by using the definition of tangent. 

K F=JR2+R2 o=ardany 

Example question [ 
Qb SEIIEIIEITII IS PIISTS BN OPIP IO PRI 

Find the components of the vector W along the 
axes shown in Figure 4.17. 

  

Figure 4.17. 

  

Answer | 
‘ Figure 419 Given the components of a vector we. See Figure 4.18. Notice that the angle between e s b e o 

the vector W and the y-axis is 6. 

As an example, consider the vector whose 
components are F, = 4.0 and F, = 3.0. Then the 
magnitude is simply 

F=JR2+F2=J/# 132 =y25=50 

| paxis 

and the direction is found from 
E 3 _— 

0 =arctan £ = arctan 3 = 36.87° ~ 57 

| 

| 

| 

Here is another example. We need to find the 

  

magnitude and direction of the vector with 
components F, = ~2.0 and F, = ~4.0. From 
Figure 4.20, it follows that the vector lies in the 
third quadrant. 

Figure 418, 

Then by simple trigonometry 

W, = Wsin 0 (W, is opposite the angle  so the 
sine is used) 

W, = Wcos 8 (W, is adjacent to the angle 0 so 
the cosine is used) 

‘The magnitude is 
F = JR2+F2 = /(=27 + (-4 

=V20=447~45



  

Figure 420 The vector is in the third quadrant, We 
expect the angle it makes with the positive x 
axis to be between 180 and 270 degrees. 

‘The direction is found from 

  

0= arctan = = arcan 7 = =ardan2 

The calculator gives 0 = tan~! 2 = 63°. Here we 
must be cireful. Our vector is in the third 
quadrant, so the angle it makes with the positive 
xaxis must be between 180° and 270°. We now 
realize that there is another angle whose tangent 
is 2.Itis the angle 180° + 63° = 243° and this is 
what we want. Thus, in finding the direction, 
first make a diagram to see what quadrant your 
vector lies in so that you know what angles to 
expect. Never blindly take what the calculator 
gives. Of course if you denote the angle as 
in Figure 4.20, you still give a complete 
deseription of the vector and that i fine. 

  

As a final example consider the vector with 
Fo=5.0and F, = ~4.0. It lies in the fourth 
quadrant. Its magnitude is 
F = /574 (47 = 6.4 and its direction is 
6 = arctan=! = ~39°. The calculator gives the 
angle from the x-axis to the vector in the 
clockwise direction. We are expecting an angle 
between 270 and 360 degrees. The angle is 
360° —39° = 321° 

   

Adding vectors by components 
Adding vectors whose components are given is 
straightforward. Ifd = (@,. a,) and b = (b,. by), 
then € = -+ b implies that ¢ has components 

  

c   ax +by,   ¢y =ay+by 
For example, if i = (1,1) and b = (-3,2) then 
G+b=(1-3,1+2)=(~2.3); that s, the x 
component of the sum s the sum of the x 
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components of the individual vectors and so on. 
Similarly if d = d —b, then 

d, 4. d =q   ay — by     
Example questions 
Q7 mssET—— 
3=(1,1), b=(1, =1). Find the magnitude of 3 
and b and the magnitude of 3 + b. 

  

Answer 
V2 

b=y2 

  

i+ 

  

2,0) 

50 the magnitude is 2. 
Q8 FITIEEEIIEITENA N ST SIS TR 

.3),b =(2, ~2). Find the vector & such that 
atb+ 
    

  

Answer 

—@+h 
-3 
3.1, 

    

If the components are not given, then we have 
to find them. 

Figure 4.21 shows two vectors F; and F5 of 
‘magnitude 10 and 14, respectively. Vector F; 
makes an angle of 60" with the x-axis and 
vector F; an angle of 30°. We want to find the 
‘magnitude and direction of the vector F + Fa. 

Figure 421 Finding the sum of two vectors using 
‘components. (Not to scale.) 

‘The components of the vectors are 
Fix = Fy cos 60 

0 
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Fiy = Fysin60° 
8660 

Fay = Fc0s30° 
=12124 

Fay = Fasin30° 
=70 

Hence the components of the vector F = F + F, 
are 

Fo=Fi+Fa 
17.124 

    

The vector F = F; + F, thus has magnitude 

V17,1242 +15.6602 
=232~23 

‘The direction of 

F 

  

   Fy + F; is given by 

K 
tand = E 

15.660 
T2 
=09145 

so that 
6 = arctan 0.9145 
—424°~ 42 

Example question 
QY ST sesem 
Find the sum of the vectors shown in Figure 4.22. 

F, has magnitude 8.0 units and F, magnitude 12 
units. Their directions are as indicated. 

  Figure 422 (Not to scale).   
          

     

Answer 

Fiy = —F, cos 42 

~5.945 

F Fisind2® 

5.353 

F;cos 28 

=10.595 

Fysin 28° 

5.634 

The sum F = F, + F; then has components 
Fo=Fiut Far 

650 
y=FiytFy 
=10.987 

Thus, the magnitude of the sum is 
F =/4.650" + 10.987° 
=11.9%12 

and its direction is 

10.987 
265 

67.1° % 67° 

1 Abody is acted upon by the two forces shown 
in Figure 4.23. In each case draw the one 
force whose effect on the body is the same as 
the two together. 

0 

  

arctan   

Figure 423 For question 1 

2 Vector A has a magnitude of 12.0 units and 
makes an angle of 30° with the positive 
x-axis. Vector B has a magnitude of 8.00 units 
and makes an angle of 80° with the positive 
x-axis. Using a graphical method, find the 
magnitude and direction of the vectors 
@ A+B 
) A-B 
(© A-28B.



3 Repeat the previous problem, this time using 
components. 

4 A person walks 5.0 km due east, then 3.0 km 
due north and finally stops after walking an 
additional 2.0 km due north-east. How far and 
in what direction relative to her starting point 
is she? 

5 Find the magnitude and direction of the 
vectors with components: 

     

  

@ A=-40cm, A 
(b) A =124km, 
© A=0, A= 
() A =80N, A, 

  

6 The components of vectors A and B are as 
follows: (A, = 2.00, A, = 3.00), 

   

  

(B, = ~2.00, B, = 5.00). Find the magnitude 
and direction of the vectors: 
@ & 
(b) B; 
(© A+B; 
(d A-B; 
(e) 2A- B. 

7 Vectors Aand B have components 
(A= 3.00, A, = 4.00), 
(B, = ~1.00, B, = 5.00). Find the magnitude 

  

and direction of the vector € such that 
A-B+C=o0. 

8 The displacement vector of a moving object 
has components (r, = 2, r, = 2) initially. After 
a certain time the displacement vector has 
components (r, = 4, r, = 8). What vector 
represents the change in the displacement 
vector? 

  

9 Figure 4.24 shows the velocity vector of a 
particle moving in a circle with speed 10ms™! 
at two separate points. The velocity vector 
s tangential to the circle. Find the vector 
representing the change in the velocity vector. 

final initial 

Figure 424 For question 9   
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10 In a certain collision, the momentum vector of 
a particle changes direction but not 
magnitude. Let  be the momentum vector of 
a particle suffering an elastic collision and 
changing direction by 30°. Find, in terms of 
P (=1pl), the magnitude of the vector 
representing the change in the momentum 
vector. 

  

11 Points P and Q have coordinates P = (x,, y1), 

Q=) 
(@) Find the components of the vector from P 

to Q. 

(b) What are the components of the vector 
from Q to P? 

(c) What s the magnitude of the vector from 
the origin to P? 

12 The velocity vector of an object moving on a 
circular path has a direction that is tangent 
to the path (see Figure 4.25). If the speed 
(magnitude of velocity) is constant at 
4.0m s find the change in the velocity 
vector as the object moves (a) from A to B and 
(b) from B to C. (c) What is the change in the 
velocity vector from A to C? How is this 
related to your answers to () and (b2 

Figure 425 For question 12. 

13 A molecule with a velocity of 352 m s 
collides with a wall as shown in Figure 4.26 
and bounces back with the same speed. 
(a) What is the change in the molecule’s 

velocity? 
(b) What s the change in the speed? 

o—— 

Figure 426 or question 9.
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14 Find the components of the vectors shown 
along the axes indicated by a + in 

  

Figure 4.27. Take the magnitude of each 
vector to be 10.0 units. 

  

@ 

Figure 427 For question 14. 

  

15 Vector A has a magnitude of 6.00 units and is 
directed at 60" to the por 
has a magnitude of 6.00 units and is directed 
a1 120° to the positive x-axis. Find the 
magnitude and direction of vector C such that 
A+ B+ € = 0. Place the three vectors so that 
one begins where the previous ends. What do 
you observe? 

  

16 Plot the following pairs of vectors on a set of 
x-and y-axes. The angles given are measured 
counter-clockwise from the positive x-axis. 
Then, using the algebraic component method, 
find their sum in magnitude and direction: 
(a) 12.0 N at 20° and 14.0 N at 50° 

(b) 15.0 N at 15" and 18.0 N at 105° 

(c) 20.0N at40° and 15.0 N at 310° (i.e. —50°).



  

I 

Graphical analysis and 
uncertainties 
This chapter intraduces the basic methods of dealing with logarithmic and exponential 
functions in physics. It also introduces the basic methods for calculating the uncertainty 
in a quantity, which is a function of other measured quantities. The uncertainty in 
measured quantities will produce an uncertainty in a number obtained using the 
measured quantiies. 

  

Objectives 
By the end of this chapter you should be able to: 
+ deal with logarithmic functions, semi-logarithmic and logarithmic plots; 

« find the error in a calculated quantity in terms of the errors of the 
dependent quantities; 

+ find the error in the slope an 

  

ercept of a straight-line graph. 

  

Logarithmic functions 
  

  

  

  

  

  

  

  

semi-logarithmic plots £ 2 2 
The exponential function y = e plays a 2 = 
significant role in many areas of physics. The 2 25 R 
activity (number of decays per unit time)asa | 3 5 
function of time for a radioactive element e “ 
behaves as A = Age~, where  is known as 5 3 
the decay constant. The current through a s N 27 
diode varies with applied voltage as = = 
I=Ipe™ /", where T is the temperature in i = 
kelvin and k is a constant. When the b — = 
exponential is negative, we speak of a decay | @ —— 
problem, whereas positive exponentials i 10 0, 
represent growth problems. ‘Table 5.1 Experimental data. 

Let us concentrate on the radioactive decay ‘The graph of activity versus time is an 
problem. Consider the data in Table 5.1, which exponential decay curve as expected. This is 
was collected in an experiment. | shown in Figure 5.1,
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aciivity/Bg 
  

    

  

  

  

    
  

    
  

  

                  i 
0 5 10 is 0 

Figure 5.1 The exponential decay curve, 

  

  

‘The halflife can be determined from this graph 
by finding the time at which the activity is 
60 decays per minute (i.e. half its original 
value). From the graph, this is found to be 
about 2.8 minutes. It is more convenient, 
however, to plot a different graph so that a 
straight line is obtained. 

  

Such a graph can be made by using a calculator 
to compute the natural logarithm of each 
activity value and plotting the logarithm 
against time, as in Figure 5.2. 

Finding the slope of this straight line as usual, 
we obtain: 

slope= _§ ~ 025 min”' 

‘Thus, the decay constant is 0.25 min™". Using 
the known relationship between the decay   

  

  

                

0 5 10 15 ol 
Figure 52 The exponential decay curve becomes 

linear if we plot the logarithm of activity versus 
time. 

constant and the halflife 
ATiz=In2 

it follows that the halflife is 

  

The vertical intercept is about 4.8 and equals 
InAy. Hence, the initial activity s found 
tobe 

48=InAq 
= Ag=e*? 

~1208q 

Logarithmic plots 
Consider now a variable that depends on 
another through a power. 

Ify = kx", then Iny = Ink + nnx, which means 
that a graph of Iny versus Inx gives a straight 
line with slope n and vertical intercept equal to 

Ink. 

‘Thus, consider the following data for the 
‘maximum current I that can flow in a wire of 
diameter D (see Table 5.2 and Figure 5.3). 

‘This is a curve of unknown equation. 
Suspecting a power relationship between the  
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0 o 
1 22 
2 35 
3 s 
4 557 
s 647 
6 731 
7 81 
s 856 
9 959 
0 1029 

‘Table 5.2 The maximum current 

that can flow in a particular wire. 

diameter/mm       
  

  
  

    

  

          .     6 8 [0 
Figure 53 A plot of diameter versus current gives 

4 curve of unknown equation. 

diameter D and the current I, we take natural 
logarithms of both variables and plot In D 
versus In I (Figure 5.4). (Note that the zero on 
the vertical axis has been suppressed.) 

We find the slope in the usual way: 

2-1 

18-05 

Thus, D = kI>¥”. The constant k can also be 
determined by finding the intercept of the line 
with the vertical axis. The intercept is 0.8 and 
s0Ink = 0.80 = k = e"* ~ 2.2 Finally, 
D =2.21°¢7, where the current is in amps and 
the diameter in mm. 

0.67   slope = 

  

  

  

  

  

  

  

  

      
  

] i 
s 5 

  

            

  

Figure 5.4 A plot of In D versus In I gives a straight 
Tine. 

Propagation of errors 

Suppose that in an experiment quantities 
a.b,c, ete., are measured, each with an error 
Aa, Ab, Ac, etc. That is @ = ao & Aa, 

b =bo + Ab, ¢ =co + Ac, etc., where the 

subscript zero indicates the mean value of the 
quantity. Thus, if a mass is measured to be 
4.5 kg 0.1 kg, mg = 4.5 kg, and Am = 0.1 kg, 

  

  

         s n 

Thus, in the measurement of mass, the absolute 
error is 0.1 kg and the fractional or relative 
error is 0.1/4.5 = 0.02 or 2%. 

If we wish to calculate a quantity Q in terms of 
a,b.c, ete., an error in Q will arise as a result 
of the individual errors ina, b and c. That is, 
the errors in a, b and ¢ propagate to Q. How do 
we find the error in Q given the errors in 
a.b.c,etc? 

There are two cases to consider and we will give 
the results without proof. 

  

Addition and subtraction 
‘The first case involves the operations of 
addition andjor subtraction. For example, we
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might have Q =a+bor Q=a b or 
Q=a-+b—c.Then, in all cases the absolute 
uncertainty in Q is the sum of the absolute 
uncertainties in a, b and ¢ 

Q=a+b = AQ=Aa+Ab 
Q=a-b = AQ=Aa+Ab 
Q=a+b-c = AQ=24a+Aab+Ac 
  

Example question 
Q! st 
The side a of a square is measured to be 12.4 cm 

0.1 cm. find the error in a calculation of the 
perimeter S of the square. 

  

Answer 

Here we have addition and so the error in § is 
AS=Aa%tAa+Aa+Aa 

=4aa 
~04cm 

Thus 

=49.6 cm =04 cm 

  

Considerable errors result if the small 

difference of two large numbers is taken. If 
Q=a-b,anda =538.7+0.4and 
b=557.340.4, then Q = 1.4 0.8. The 
fractional error in this case is 0.57 or 57%. The 
error in the quantities a and b is small 
compared with the mean values of a and b but 
huge compared with the difference. 

  

    

Multiplication, division, powers 

and roots 
Suppose now that the quantity to be calculated 
involves a multiplication such as in Q =ab, a 
division as in Q = £ or Q = %, or a power 
Q=a",oraroot Q = ¥/a. nall these cases the 
fractional uncertainty in Q is the sum of the 
Sractional uncertainties of a, b and c. 

    
    

g=a a R 8,0 
Qo a b 

G=% o 20 _ga o b Q @ b 
ab AQ_ s Ab  Ac 

=7 ™ & mik o   

   
Q = 

Q=Ya = 

Example questions 
Q2 eumEEsssseEEE 
“The sides of a rectangle are measured to be 
a=25cm=+0.1 cmand b= 5.0 cm = 0.1 cm. 

d the area A of the rectangle. 

  

Answer 
“The fractional uncertainty in a is 
aa_o1 
a T 25 

=004 

or 4% 

That in bis 

Thus, the iractional uncertainty in the area is 
0.04 + 0.02 = 0.06 or 6% 

Since 

Ay=25x5.0    
—125em? 

and 

  

= AA=006x 125 
=0.75 cm? 

Hence 

A=125cm 08 cm’ 

QF TS 
Amass is measured 10 be m = 4.4 4 0.2 kg and its 
speed 18 & 2m s Find the kinetic energy of the 
mass. 

  

Answer 
The Kinetic energy is £, = mv? (ie. Fip =713 J) 
and from 
a 
Fo m w 

  

2 am oy    
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it follows that A £, = 191 J; that is 
Eo= 713191 ) or just £, = 700 & 200 J. 

Q1 PSEIITIII EESIET IIIR S S TITITEY 

The length of a simple pendulum s increased by 
4%. What is the fractional increase in the 
pendulum’s period? 

  

Answer 
The period is related to the length through 

  

  we have &L = § x 4% = 2% 
Q) FTREIEELSHH SSIRRIINS S TSIIITRITE S SATITIES 

A body radiates according o the black-body law 
P = cT, where Tis the temperature and cis a 
constant, If the temperature of the body is 
increased by 3%, how does the radiated power 
change? 

Answer 
AP AT 

  

4% 3% 

  

12%. 

  

Other functions 
Suppose, finally, that the calculated quantity Q 
depends on a variable a through a sine, 
Q = sina. Ifa is measured to be 58° & 2° what 
is the error in Q2 Using calculus (and being. 
very careful to change from degrees to radians 
before we differentiate) we can show that, 
approximately, 

AQ = cosa Aa 

g = 058" x 2" x i 
=0.0185 
~002 

It is easier in practice, however, to find the 
largest and smallest values of Q through 

Quax 

  

s0 we can deduce that the error is half of the 
difference 

AQ = £(0.8660 — 0.8290) 
  

~0.02   

‘The mean value of Q is 

Quean = sin 5 

=0.8480 
~0.85 

and so 
Q=085+0.02 

“This method can be applied to any other 
functional form relating Q to a. 

Uncertainties in the slope and intercept 
Having decided the line of best fit for a given 
set of data that are expected to fall on a straight 
line, it is usually necessary to calculate the 
slope and intercept of that straight line. 
However, since the data points are the result of 
‘measurements in an experiment, they are 
subject to experimental uncertainties. Thus, let 
us return to the example of Chapter 1.2. In an 
experiment to verify Hooke's law, data for the 
tension and extension of a spring are collected 
and plotted as shown in Figure 5.5. The 
experimenter has included vertical uncertainty 
bars representing an uncertainty of +10 N in 
the values of the tension in Figure 5.5 (the 
length of the vertical bar is thus 20 N). 

™ 

  120] 

100] 

50|   

60   

40)     2                 

  

0] 300   
Figure 55 Data points plotted together with 

uncertainties in the values for the tension. 

‘The experimenter then draws the line of best fit 
through the data points and obtains a straight 
line, as shown in Figure 5.6. The slope of this 
line is 200 N'm™" and this represents the spring 
constant. What is the uncertainty in the slope 
and intercept?
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120   

  

       
                0 E02 0B o oS 

Figure 5.6 The line of best fit through the data 
points. 

A simple way to estimate these uncertainties is 
by drawing two extreme straight lines as in 
Figure 5.7 and finding the slope of each. Both 
straight lines are made to pass through a point 
that is halfiway in the range of the x values: in 
this case the point with x = 0.3 m. The first line 
is then drawn 50 as to have the largest slope and 
still it the data (this means it will pass at the 
extremes of the vertical error bars). The second 
line is made to have the least slope and still fit 
the data. The two slopes are then measured. 

     

  

  

                  

of zero. The line with the largest slope has an 
intercept of ~11 N and the line of least slope 
has an intercept of +5 N. The average of the 
absolute values of these errors is (11 45)/2 = 8 
and so the intercept s calculated to be 08 N. 

e 

  

ns 

1 Acircle and a square have the same 
perimeter. Which shape has the largest area? 

2 Asphere and a cube have the same surface 
area. Which shape has the largest volume? 

3 What is the approximate value of 1 — cos x 
when x is small? 

4 The natural logarithm of the volage across a 
capacitor of capacitance € = 5 uF as a 
function of time is shown in Figure 5.8. The 
volage is given by the equation V = Ve, 
where R is the resistance of the circuit. Find 
@) the initial voltage; 
(b) the time for the voltage to be reduced to 

half is inital value; 
(@) the resistance of the circuit. 

  

  

  

  

  

                       
T Wy 

125 3 
L 3s i i i 4 
+ i ! S 
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Figure 5.7 The uncertainty in the slope can be Figure 5.8 For question 4. 
estimated by drawing two extreme additional 
graphs through the centre point. 

Measurement of the two slopes gives 235 N m™* 
and 177 N-m™"; that is, errors of +35 Nm™* and 
~25 N m". Taking the average of these two 
errors gives 29 N'm ™", so we may state that the 
spring constant is 200+ 30 N-m . The same 
procedure allows an estimate of the vertical 
intercept. The line of best fit gives an intercept 

  

  

  5 Figure 5.9 shows how the velocity of a steel 
ball depends on time as it falls through a 
viscous medium. Find the equation that gives 
the velocity as a function of time. 

6 Table 5.3 shows the mass M of several stars 
and their corresponding luminosity L (power 
emitted). By plotting the luminosity versus the 
mass on logarithmic paper, find the  
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vim -1 
  
  

  

  

  

    
  

                          

  

  

0 2 4 6 8 10 12 1 
Figure 5.9 For question 5. 

relationship between these quantities, 

assuming a power law of the kind L = kM®, 
giving the numerical value of the parameter a. 

1 1 
w2 

238 
2 4700 

20 26500 
‘Table 53 For question 6. 

7 Table 5.4 shows the data collected in an 
experiment. 
Assuming the suspected relationship between 
the variables is y = cx**, plot the data in 
order to get a straight line and then find the 
value of the constant c. 

10 20 30 40 50 60 
y 20 13 312 640 1 

  

Table 54 For question 7. 

8 The variable y depends on x through 
How should these two variables be plotted in 
order 10 get a straight-line graph? 

9 Two forces are measured to be 120 £ 5 N and 
60+ 3 N. Find the sum and difference of the 
two forces, giving the uncertainty in each case. 

    

  

10 The quantity Q depends on the measured 
values a and b in the following ways: 
@ Q=a/ba=20+1,b=10%1; 
) Q=2a+3ba=2042,b=15%3; 
(© Q=a-2ba=5041,b=24+05; 
d Q=a%2a=100+03; 

©) Q=a'/b',a=100£5,b=20+2. 

In each case find the value of Qand its 
uncertainty. 

     

11 The centripetal force is given by F = = If 
the mass is measured to be 2.8 % 0.1 kg, the 
velocity 14+2 m s and the radius 
8.0+ 0.2 m, find the force on the mass, 

including the uncertainty. 
12 The mass of a rectangular block is measured 

10 be 2.2 kg with an uncertainty of 0.2 kg. The 
sides are measured as 60 +3 mm, 50 + 1 mm 
and 40 2 mm. Find the density of the cube 
in kilograms per cubic metre, giving the 
uncertainty in the result 

  

13 The radius r of a circle is measured to be 
24 cm=0.1 cm, 
(a) What is the error in the area of the circle? 
(b} What is the error in the circumference? 

14 The radius r of a sphere is measured to be 
22.7 em £ 0.2 cm. 

(a) What i the error in the surface area of the 
sphere? 

(b) What i the error in the volume? 
15 The sides of a rectangle are measured as 

44+0.2 cm and 8.5+ 0.3 cm. Find the area 
and perimeter of the rectangle. 

16 The period of a simple pendulum depends on 
Tength through T = 27, /%. If the length is 
increased by a factor of 2, by what factor does 
the period change? 

17 I the previous question, if the lengih of the 
pendulum is increased by 2%, what s the 
fractional increase in the period? 

18 1f the length of a pendulum is measured with 
a fractional uncertainty of 0.5% and the 
period with a fractional uncertainty of 0.6%, 
what s the fractional uncertainty in the 
measured value of the acceleration due to 
gravity? 

    

 



CHAPTER 

  

Kinematic concepts 
Motion is a fundamental part of physics and this chapter introduces the basic quanities 
used in the description of motion. Even the simplest of motions, such as a leaf falling 
from a tree, can be a fairly complicated thing to analyse. To leam how to do that requires 
that we sharpen our definitions of everyday concepts such as speed, distance and time. ‘ 
As we will see, once we master motion i a staight line, more complicated types of 
motion such as circular and parabolic motion willfollow easily. : 

  

Objectives 
By the end of this chapter you should be able to: 

  

+ describe the difference between distance and displacement; 
+ state the definitions of velocity, average velocity, speed and average speed; 

|+ solve problems of motion in a traigh line with constant velocity. x = Xo + ¥1: 
|+ appreciate that different observers belonging to different frames of 

  

reference can give 
« use graphs in describing motion; 
« understand that the slope of a    

fering but equally valid descriptions of motion; 

splacement-time graph is the velocity 
and that the area under a velocity-time graph is the change in 

| displacement. 

  

Displacement and velocity ° 

Consider the motion of a point particle that is 
constrained to move in a straight line, such as 
the one in Figure 1.1, Our first task is to choose 
a point on this line from which to measure 
distances. This point can be chosen arbitrarily 
and we denote it by O. 

‘When we say that the distance of a point P from 
015 3 m, we mean that the point in question 
could be 3 m to the left or right of 0. To 
distinguish the two points we introduce the 

P o P 
S 
Figure 1.1 To measure distance we need an origin 

to measure distances from. 

concept of displacement. The displacement of a 
‘point from O will be a quantity whose 
numerical value will be the distance and its 
sign will tell us if the point s to the right or 
left of O. Thus a displacement of —4 m means 
the point is at a distance of 4 m to the left of O, 
whereas a displacement of 5 m means a 
distance of 5 m to the right of O. Displacement 
is a vector; for the case of motion in a straight 
line, the displacement vector is very simple. It 
can be determined just by giving its magnitude 
and its sign. We will use the convention that 
positive displacements correspond to the right 
of 0, negative to the left. (This is entirely 
arbitrary and we may choose any side of the 
origin as the positive displacement; this takes 
care of cases where iL is not obvious what



‘right’ means.) We will use the symbol x for 
displacement in a straight line (we reserve the 
symbol 7 for displacements in more than one 
dimension) and s for distance (from the Latin 
spatium). Displacement, being a vector, is 
represented graphically by an arrow that 
begins at O and ends at the point of interest. 
(See Figure 12,) 

A B s=am O s=5m 

x=—Am 
Figure 1.2 Displacement can be positive (point A) 

or negative (point B). 

= 

We will use the capital letter § to stand for the 
total distance travelled, and Ax for the change 
in displacement. The change in displacement is 
defined by 

Ax = final displacement — initial displacement 

If the motion consists of many parts, then the 
change in displacement is the sum of the 
displacements in each part of the motion, Thus, 
if an object starts at the origin, say, and 
changes its displacement first by 12 m, then by 
~4m and then by 3 m, the change in 
displacement is 12 — 4 +3 = 11 m. The finial 
displacement is thus 1140 = 11m. 

  

Example questions 
Q1 T TR 
A mass initially at O moves 10 m to the right and 
then 2 m to the left. What i the final 
displacement of the mass? 

Answer 

Ax=+10m — 2 m = 8 m. Hence the final 

displacementis Om + 8 m=8m. 
Q2 snssssossE——————n 
A mass initially at O, first moves 5 m to the right 
and then 12 m to the left. What is the total 
distance covered by the mass and what is its 
change in displacement? 
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Answer 
The total distance is 5 m + 12m = 17 m. The 
change in displacement is +5m — 12 m = 
~7 m. The mass now finds itself at a distance of 
7 m o the left of the starting point. 
QY zresessssserassstisses smssnsn sosersaszess 
An object has a displacement of —5 m. It moves 
a distance to the right equal to 15 m and then 
adistance of 10 m to the leit. What is the total 
distance travelled and final displacement of the 
objectz What s the change in displacement of 
the object? 

Answer 
The distance travelled is 15 m + 10 m = 25 m. 
“The object now finds itself at a distance of 0 m 
from O and thus its displacement is zero. The 
original displacement was x = ~5 m and thus 
the change in displacement is Ax = 0 m 
—(=5m)=+5m. 

  

Speed 
If an object covers a total distance § in a total 
time T, the average speed of the object is 
defined by 

  

Suppose that you drive your car for a given 
amount of time, say 50 minutes. The odometer 
of the car shows that in those 50 minutes a 

distance of 30 km was covered. The average 
speed for this motion is 

  

Using the concept of the average speed is only 
a crude way of describing motion. In the 
example above, the car could, at various times, 
have gone faster or slower than the average 
speed of 10 m s ™. Cars are equipped with an 
instrument called a speedometer, which shows 
the speed of the car at a particular instant in 
time. We call the speedometer reading the
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instantaneous speed or just speed. Speed is 
defined by measuring the distance the car 
(or whatever it is that is moving) covers in a 
very short interval of time (see Figure 13). If 
this distance is & and the time interval 8t then 
the instantancous speed is 

  

sede . 

(-7 e— 

Figure 13 Speed at a given time ¢ 'is defined in 
terms of the small distance s travelled in a 
small interval of time 8t right after t 

Note that, by definition, speed is always a 
positive number. 

A word on notation 
If Q is any physical quantity, we will use AQ to 
denote the change in Q: 

AQ = Qfinat — Qiritial 

‘The symbol A will thus represent a finite change 
in a quantity. The symbol 5Q represents an 
infinitesimal change in Q. Thus, 5Q plays . 
roughly the same role as the calculus quantity 
dQ. So the definition of instantaneous speed 
is to be understood as the calculus quantity §: 
that is, the derivative of distance with respect 
to time. Equivalently, we may understand it as 

b fim As 

8 " a0 Al 

If a quantity Q depends on, say, time in a linear 
way, then the graph showing the variation of Q 
with t will be a straight line. In that case (and 

only in that case) 

s _aa 
s Al 

and each of these quantities represent the 
(constant) gradient of the graph. 

In order to avoid a proliferation of deltas, we 
will mostly use the capital delta; when 
infinitesimal quantities are involved, we will 
simply state it explicitly. 

Example question 
(4 S TSI 
Acar of length 4.2 m travelling in a straight line 
takes 0.56 5 to go past a mark on the road. What 
is the speed of the car? 

Answer 
From v= 42, we find v=75m ™", This i taken 
as the speed of the car the instant the middle 
point of the car goes past the mark on the road. 

Velocity 
Average speed and instantaneous speed are 
positive quantities that do not take into 
account the direction in which the object 
moves. To do that we introduce the concept of 
velocity. The average velocity for a motion is 
defined as the change in displacement of the 
object divided by the total time taken. (Recall 
that the change in displacement, Ax, means 
final minus initial displacement.) 

Ax 
A 

Similarly, the instantaneous velocity at some 
time {, or just velocity, is defined by the ratio of 
the change in displacement, sx, divided by the 
time taken, 8t. 

- 
Tt 

(See Figure 1.4) 

o 180 

Figure 14 The definition of velocity at time t 
involves the small displacement change 5x in 
the small time interval ot right after 

   



We are using the same symbol for speed and 
velocity. It will always be clear which of the two 
we are talking about. 

  

Unlike speed, which is always a positive 
number, velocity can be positive or negative. 
Positive velocity means the object is increasing 
its displacement - that is, it moves toward the 
“right’ by our convention. Negative velocity 
signifies motion in which the displacement is 
decreasing - that s, toward the ‘left’. Thus, it is 
important to realize that the quantity sx can be 
positive or negative. (t is worthwhile to note 
that the magnitude of velocity is speed but the 
‘magnitude of average velocity is not related to 
average speed.) 

Example questions 
Q5 EISNASEEISTISNEE IO TS LRI 

A car starts out from O in a straight line and 
moves a distance of 20 km towards the right, and 
then returns to its starting position 1 h later. What 
is the average speed and the average velocity for 
this trip? 

Answer 
“The total distance covered is 40 km. Thus, the 
average speed is 40 km h". The change in 
displacement for this trip is 0 m because 

  

displacement = final — initial 
m-0m 

m 

    

So the average velocity is zero. 
Qb EmrEEssEnTrsETT 
A car moves in exactly the same way as in 
‘example question 1, but this time it starts out not 
at O but a point 100 km to the right of O. What is 
the average speed and the average velocity for 
this trip? 

Answer 
The distance travelled is still 40 km and hence the 
average speed is the same, 40 km h™". The 
change in displacement is given by 

   displacement = final — initial 
00 km — 100 km 

km + 
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Hence the average velocity is zero as before. This 
example shows that the starting point i irrelevant. 
We have the freedom to choose the origin so that 

is always at the point where the motion starts. 

      

Q7 SISTTIITTIITISUIEIIE TSNS S IIIITIRO S SS] 

Acar 4.0 m long is moving to the left. It is 
observed that it takes 0.10 s for the car to pass a 
given point on the road. What is the speed and 
velocity of the car at this instant of time? 

Answer 

We can safely take 0.10 s as a small enough 
interval of time. We are told that in this interval 
of time the distance travelled is 4.0 m and so 
the speed is 40 m s The velocity s simply 
—40 m s, since the car is moving o the left. 
  

Motion with uniform velocity (or just uniform 
‘motion) means motion in which the velocity is 
constant. This implies that the displacement 
changes by equal amounts in equal intervals of 
time (no matter how small or large). Let us take 
the interval of time from { = 0 to time . 

  
The initial displacement of a body moving with 
a constant velocity 5 m s is =10 m. When 
does the body reach the point with 
displacement 10 m? What distance does the 
body cover in this time?
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Answer 
From 

X=x0+vt 
510=-10+5¢ 
St=4s 

  

So the distance travelled is 20 m. 

QY rTTTITIEssetsasassaMI T UFFTIEIIOG 

Bicyclist A starts with initial displacement zero 
and moves with velocity 3 ms™'. At the same 
time, bicyclist B starts from a point with 
displacement 200 m and moves with velocity 
~2m's™!. When does A meel B and where are 
they when this happens? 

   

Answer 
The formula 

  

g the displacement of A is 

=043t 

and that for B is 

Xp = 200 + (=2)t 

=200 - 2t 

When they meet they have the same 
displacement, so 
= 
—30=200-2 
= 51 =200 

=1t=40s 

Their common displacement is then 120 m. 

QI ErETEETTTCTEE T ey 
Object A starts from the origin with velocity 
3m s~ and object B starts from the same place 
with velocity 5 m s, 6 seconds later. When will 
B catch up with A? 

Answer 
We take object Alo start its motion when the clock 
shows zero. The displacement of A is then given by 
=3t 
and that of B by 

xg = 5(t—6) 

“The formula for B is understood as follows. When 
the clock shows that t seconds have gone by, 
object B has only been moving for (t — 6) 

  

seconds. When B catches up with A, they will 
have the same displacement and so 

3t=5(t-6) 
=21=30 
>t=15s 

“The displacement then is 45 m. 

Frames of reference 

We are used to measuring velocities with 
respect to observers who are ‘at rest'. Thus, 
velocities of cars, aeroplanes, clouds and falling 
leaves are all measured by observers who are at 
rest on the surface of the earth. However, other 
observers are also entitled to observe and record 
a given motion and they may reach different 
results from the observer fixed on the surface of 
the carth. These other observers, who may 
themselves be moving with respect to the fixed 
observer on earth, are just as entitled to claim 
that they are ‘at rest’. There is in fact no 
absolute meaning to the statement ‘being at 
rest’ - a fact that is the starting point of 
Einstein’s theory of special relativity. No 
experiment can be performed the result of 
which will be to let abservers know that they 
are moving with constant velocity and that they 
are not at rest. Consider two observers: observer 
A is fixed on the earth; observer B moves past A 

in a box without windows. B cannot, by 
performing experiments within his box (he 
cannot look outside) determine that he is 
moving, let alone determine his velocity with 
respect to A. 

  

An observer who uses measuring tapes and 
stopwatches to observe and record motion s 
called a frame of reference. Consider the following 
three frames of reference: the first consists of 
observer A on the ground; the second consists of 
observer B, who is a passenger in a train sitting 
in her seat; the third consists of observer C, a 
passenger on the train who walks in the 
direction of the motion of the train at 2 m s~ 
as measured by the passenger sitting in her seat. 
‘The train moves in a straight line with constant 

   



velocity of 10 m 5™, as measured by the observer 
on the ground. The three observers describe 
their situation as follows: A says he is at rest, 
that B moves forward at 10 m s~ and that C 
‘moves forward at 12 m ™. This is because in 1 
the train moves forward a distance of 10 m but, 
in this same second, C has walked an additional 
distance of 2 m making him 12 m away from A. 
Thus A measures a velocity of 12ms™ for C. 
Observer B says that she is at rest. As far as B is 
concerned, A s moving backwards (the station is 
being left behind) with a velocity of ~10m s, 
and C is moving forward at a velocity of 2m s 
Observer C claims he is at rest. As far as he is 
concerned, A is moving backwards at ~12m ™" 
andBat —2ms™. 

Example question 
Q11 FPrreeesosIstasissdsl S50 33323 00031 

A cart moves in a straight line with constant 
speed. A toy cannon on the cart is pointed 
vertically up and fires a ball. lgnoring air 
resistance, where will the ball land? 

Answer 
“The ball will land back into the cannon. For an 
observer moving along with the cannon, this is 
obvious. This observer considers herself to be at 
rest; so the ball will move vertically up and then 
fall vertically down into the cannon. As far as an 
observer on the ground is concerned, the cart 
moves forward with a certain velocity but so does 
the ball. The horizontal component of velocity of 
the cannon s the same as that of the ball, which 
means that the ball is at all times vertically over 
the cannon. 

‘This introduces the concept of relative velocity. 
Let two observers P and Q have velocities 7p and 
7 as measured by the same frame of reference. 
‘Then the relative velocity of P with respect to Q, 
denoted by Frq, is simply Frq = 7p — V. 

(Note that we are subtracting vectors here) This 
definition makes use of the fact that by 
subtracting the vector velocity 7q it s as if we 
make Q be at rest, so that we can refer to the 
velocity of P.In the example of the cannon   
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above, the relative velocity in the horizontal 
direction between the cannon and the ball is 
zero. This is why it falls back into the cannon. 

Example questions 
Q12 o ———————— 
A car (A) moves to the left with speed 40 km h 

(with respect to the road). Another car (B) moves 
10 the right with speed 60 km h™" (also with 
respect to the road). Find the relative velocity of B 
with respect to A. 

  

Answer 
The relative velocity of B with respect to A is 
given by the difference 
60 km ™' ~ (=40 km h™") = 100 km h™". 

Note that we must put in the negative sign for the 
velocity of A. 

QU3 s 
Rain comes vertically down and the water has a 
velocity vector given in Figure 1.5a (as measured 
by an observer fixed on the surface of the carth). 
Agirl runs towards the right with a velocity vector 
as shown. (Again as measured by the observer 
fixed on the earth.) Find the velocity of the rain 
relative 1o the running girl. 

  

relative velocity 

  

s of rin with 
S repect 0 gl 
@ ® 
Figure 15. 

Answer 
We are asked to find the difference in the vector 
velocities of rain minus girl and this vector is 
given by Figure 1.5b. The rain thus hils the girl 
from the front. 

Q14 E——————— 
This is the same as example question 9, which we 
did in the last section. We will do it again using 
the concept of relative velocity. Bicyclist A starts 
with initial displacement zero and moves with
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velocity 3 m s”'. At the same time, bicyclist B 
starts from a point with displacement 200 m and 
moves with velocity —2 m s™'. When does A 
meet B and where are they when this happens? 

Answer 

The velocity of B relative to A is 

Via= v = va 
=33 

=-5ms” 

When B meets A, the displacement of B becomes 
zero, since A thinks of herself siting at the origin. 
Thus 

0=200 -5t 

> t=a0s 

Graphs for uniform motion 

In uniform motion, if we make a graph of 
velocity versus time we must get a horizontal 
straight line. Figure 1.6 shows the vt graph for 
motion with constant velocity v. 

velocity 

  = - — & 

Figure 16 Uniform velocity means that the 
velocity-time graph is a horizontal straight line. 

If we wanted to find the displacement from 
=0 totimet, the answer would be given by 
the formula x = X + vt. The same answer can, 

however, also be obtained directly from the 
graph: vt is simply the area under the graph, as 
shown in Figure 17. 

‘This means that the area under the graph gives 
the change in displacement. This area added to 
the initial displacement of the mass gives the 
final displacement at time .   

velocity 

time 
Figure 1.7 The area under the curve in a 

velocity-time graph gives the displacement 
change. 

A graph of displacement versus time for uniform 
motion also gives a straight line (Figure 1.8). 

displacement displacement 

time time 
@ ® 

Figure 1.8 The displacement-time graph for 
uniform motion is a straight line: (a) motion to 
the right, (b) motion to the left. 

‘This is the graph of the equation x = Xo + 1. 
Comparing this with the standard equation of a 
straight line, y = mx +c, we see that the slope 
of this graph gives the velocity. We can also 
deduce this from the definition of velocity, 3. 
But 4 is also the definition of the slope of the 
straight-line x~t graph, hence the slope is the 
velocity. In Figure 1.8a the slope is positive, 
which means, therefore, that the velocity is 
positive, and the mass is moving to the right. In 
Figure 1.8b the mass is moving at constant 
velocity to the left. 

  
  

    
  

  

‘The time when the graph intersects the time 
axis is the time the moving object goes past 
point O, the point from which distances and 
displacements are measured. 

‘The corresponding velocity-time graph for 
negative velocity is shown in Figure 1.9.  
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velocity 

  

  

  

  
  

Figure 1.9 The velocity-time graph for uniform 
‘motion towards the left. 

‘The area ‘under’ the curve is below the time 
axis and is counted as negative. This is 
consistent with the fact that negative velocity 
takes the moving object towards the left and 
thus towards negative displacements. 

Consider now the graph of displacement versus 
time in Figure 1.10. We may extract the 
following information from it. The initial 
displacement is =10 m. The object moves with a 
positive velocity of 2 m s~* for the first 10's of 
the motion and with a negative velocity of 
2m s~ in the next 5'5. The object is at the 
origin at 55 and 15 5. The change in 
displacement is +10 m and the total distance 
travelled is 30 m. The average speed is thus 
2m s and the average velocity is 0.67 ms™". 
Make sure you can verify these statements. 

©im        
  

  

  

  

                

    

Example question 
Q1) T I I IS 

A mass starts out from O with velocity 10 m s~ and 
continues moving at this velociy for 5 5. The 
velocity is then abruptly reversed to ~5 m s~ and 
the object moves at this velocity for 10 s. For this 
motion find: 
() the change in displacement; 
(b) the total distance travelled; 
(©) the average speed; 
(d) the average velocity. 

  

Answer 
“The problem is best solved through the 
velocity-time graph, which is shown in Figure 1.11. 

s 

  

s   

  

                 
lacement is zero. Thus, after 5 s the 

displacement is 10 x 5m = 50 m (area under first 
part of the curve). In the next 10 s the 
isplacement changes by —5 x 10 = =50 m. The 

change in displacement is thus 0 m. The object 
moved toward the right, stopped and returned to 
its starting position. The distance travelled was 
50 m in moving to the right and 50 m coming. 
back giving a total of 100 m. The average velocity 
s zero, since the change in displacement s zero. 
“The average speed is 100 m/15 s = 6.7 m 5™ 

1 Aplane flies 3000.0 km in 5.00 h. What is its 
average speed in melres per second? 

    

    

  

2 Acar must be driven a distance of 120.0 km 
in 2.5 h. During the first 1.5 h the average 

speed was 70 km h'. What must the average 
speed for the remainder of the journey be? 

3 Aperson walks a distance of 3.0 km due 
south and then a distance of 2.0 km due east. 
If the walk lasts for 3.0 h find
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) the average speed for the motion; 
(b) the average velocity. 

4 Find the displacement-time graph for an 
object moving in a straight line whose 
velocity-time graph s given in Figure 1.12. 
“The displacement is zero initially. You do not 
have to put any numbers on the axes. 

  

      
Figure 1.12 For question 4. 

An bject moving in a straight line according 
1o the velocity-time graph shown in Figure 
113 has an initial displacement of 8.00 m. 
(a) What i the displacement after 8.00 s? 
(b) What i the displacement after 12.0 57 
() What is the average speed and average 

velocity for this motion? 

  

+ 
  

      

  

-         
| 

ST i 
| e 

Figure 1.13 For question 5, 
  

6 Two cyclists, A and B, have displacements 
0 km and 70 km, respectively. At t = 0 they 
begin 1o cycle towards each other with 
velocities 15 km ™' and 20 km h~', 
respectively. At the same time, a fly that was 
sitting on A starts lying towards B with a 
velocity of 30 km h™". As soon as the fly 
reaches B it immediately turns around and 

  

flies towards A, and so on until A and B meet. 
(@) What will the displacement of the two 

cyclists and the fly be when all three 
meet? 

(b) What will be the distance travelled by the 
ily? .   

7 A particle of dust is bombarded by air 
molecules and follows a zigzag path at 
constant speed v. 
(a) Assuming each step has a length d, find 

the distance travelled by the dust 
particle in time 1. 

(b) What i the length of the displacement 
vector after N steps where N is large? 
Assume that each step is taken in a 
random direction on the plane. (This 
‘problem assumes you are familiar with 
the scalar product of two vectors.) 

8 Two cars are moving on the same straight-line 
road. Car A moves to the right at velocity 
80 km h™" and car B moves at 50 km h™' to 

the left. Both velocities are measured by an 
observer at rest on the road. 
(a) Find the relative velocity of car B with 

respect o car A. 
(b) Find the relative velocity of car A with 

respect to car B. 

9 Acyclist Amoves with speed 3.0 m s~ to the 
left (with respect to the road). A second cyclist, 
B, moves on the same straight-line path as A 
with a relative velocity of 1.0 m s~ with respect 
A, 

(@) What is the velocity of B with respect to the 
road? 

(b} Athird cyclist has a relative velocity with 
respect 10 A of ~2.0 m ™. What s the 
velocity of C with respect to the road? 

10 Two objects A and B move at a constant speed 
of 4ms™" along a circular path. What is the 
relative velocity of B (magnitude and direction) 
with respect to A when the objects are in the 
positions shown in Figure 1.142 

A 

B 
Figure 1.14 For question 10.
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11 Find the velocity of the two objects whose 
displacement-time graphs are shown in 
Figure 1.15. 

i 
15 

  

  

  

      
  

bl 
  

  

  

  

  

    
             20 

  

® 
Figure 115 For question 11. 

  

12 An object moving i a straight line has a 
displacement-time graph as shown in 
Figure 1.16. 
(@) Find the average speed for the trip. 
(b) Find the average velocity for the trip. 

  

  

  

  

  

  

  

  

  

  

0 s   

  

            ol,i 

    

  

Figure 1.16 For question 12.



CHAPTER 

  

Motion with constant 
acceleration 
To complete our description of motion we need the concept of acceleration. This concept. 
and its use are introduced here. 

[ Objectives 

  

* recognize situations of accelerated motion and to define acceleration as 
| By the end of this chapter you should be able to: 
| 

a=4 
« describe a motion given a graph for that mation; 
* understand that the slope of a displacement—time graph i the velocity; 
« understand that the slope of a velocity—time graph is the acceleration and the 

area under a velocity~time graph is the change in displacement; 
+ understand that the area under an acceleration—time graph is the change in 

velocity; 

  

+ analyse motion from ticker tape, stroboscopic pictures and photogate data; 

acceleration using 

v =vytat 
X =Xo vl + laf? 

Vi ()   

  

* solve problems of kinematics for motion in a straight line with constant 

(It must be emphasized that these formulae only apply in the case of 
motion in a straight line with constant acceleration.) 

  

Acceleration 
“To treat situations in which velocity is not 
constant we need to define acceleration d. If the 
velocity changes by Av in a very short interval 
of time Al then 

Av 
At 

  

  

is the definition of the instantaneous 
acceleration. We will mostly be interested in 
situations where the acceleration is constant, in 
‘which case the instantaneous acceleration and 
the ayerage acceleration are the same thing. 
Such a motion is called uniformily accelerated 
motion. In this case the intervals Av and At do 
not have to be infinitesimally small. Then 
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=t 
at 

_v-n 
Ti-0 
  

where  is the total time taken for the trip, v 
the final velocity and v the initial velocity. 

  

  
  

  

  
  

  

        
    

If we puta = 0 in this formula, we find that 
v =g atall times. The velocity does not change 
since there is no acceleration. 

Example question 
Q! BEEEEEETTTTTT————————— 
An object starting with an initial velocity of 
2.0 m s”' undergoes constant acceleration. After 
5.0 its velocity is found to be 12.0 m s™'. What 
is the acceleration? 

Answer 
From v = vo + at we find 
12=2+ax5 

20ms™?     

  

      

  
  

In solving problems it is sometimes confusing 
t0 decide whether the acceleration is positive or 
negative. The only criterion is whether the 
acceleration increases or decreases the velocity 
(and not speed). In the top part of Figure 2.1 the 
velocity is increasing and so the acceleration is 
positive. (The direction of positive velocities is 
taken to be toward the right,) In the bottom 
part the velocity is decreasing and thus the 
acceleration is negative.     

=25 
6mst 

  

s e 

Figure 2.1 In the top part the acceleration is positive. 
In the bottom part the acceleration is negative. 

  

Similarly, in the top part of Figure 2.2 the velocity 
is increasing (15 m s ' is larger than ~20 m s ') 
and so the acceleration is positive. In the bottom 
‘part the velocity is decreasing (~8 m s~ is less 
than —5 m ™) and so the acceleration is 
negative. In the second case note that the speed 
(i.e. the magnitude of velocity) is increasing even 
though the acceleration is negative. 

-toms Ismst “20ms 

     =25 s 

Aimst Smst ~Smst 

=25 =1 =05 
Figure 22 In the top diagram the acceleration is 

positive. In the bottom it is negative. 

Acceleration due to gra 
We encounter a very special acceleration when 
an object is dropped or thrown. This is an 
acceleration that acts on all objects and has the 
same magnitude for all bodies independently of 
their mass. This assumes conditions of free fall - 
that is, only gravity is acting on the body. Air 
resistance, friction and other forces are assumed 
absent. Under these conditions (as will be 
discussed in detail in later chapters) all objects 
experience the same acceleration. On earth 
the magnitude of this acceleration is about 
9.8 m s a number we will often approximate 
1010 m s~ for convenience. We always use the 
symbol g for the magnitude of the acceleration 
due to gravity. Consider a body falling freely 
under gravity. We take, as s customary, the 
upward direction to be the direction of positive 
velocities. On the way up the velocity is 
decreasing, hence we state that the acceleration 
due to gravity is negative. On the way down the 
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velocity is still decreasing (~12.0 m s is less 
than ~2 m s™!) and so the acceleration due to 
gravity is negative on the way down as well as 
on the way up (see Figure 2.3). (On the way down 
the speed is increasing) 

  

L 
© 1slater 

120ms!   (Lzm:mr‘ 
0 

Figure 2.3 Motion in a vertical straight line under 
‘gravity. If the upward direction is the positive 
direction for velocity, then the acceleration due 
to gravity is negative for both the way up as well 
as the way down. 

  

If we had decided, instead, to take the downward 
direction as the direction of positive velocities, 
then the acceleration due to gravity would have 
been positive for both the way up and the way 
down. Can you verify yourself that this is the case? 

Example question 
Q2 EmEEsesT———— 
An object initially at x = 12 m has initial velocity 
of —8m s~ and experiences a constant 
acceleration of 2 m s~ Find the velocity at 
t=152535455565and 105, 

    

Answer 
Applying the equation v = v, + at we get the 
results shown in Table 2.1. 

  

This means that the body stops instantaneously at 
=45 and then continues moving. We do not 
need to know the initial position of the body to 
solve this problem. Note also that the acceleration 
is positive and hence the velocity must be 
increasing. This is indeed the case as shown in 
Table 2.1 (e.g. ~4 m s~ is larger than —6 m s 
However, the speed decreases from (=0 s to 

s and increases from ¢ = 4 s onwards. 

      

    

In motion with constant positive acceleration 
the graph showing the variation of velocity 
with time is one of the three in Figure 2.4. 

‘This represents a mass moving towards the 
right with increasing velocity. This is the graph 
of the equation v = vg +at. 

‘The first graph of Figure 25 represents a mass 
that starts moving to the right (velocity is 

  

T T 

Figure 2.4 Graphs showing the variation of velocity with time when the 
accelerati 

  

n is constant and positive. In the graphs above, the only difference 
s that the initial velocity v, is positive, zero and negative, respectively. 

        
Figure 2.5 Graphs showing the variation of velocity with time when the 

acceleration is constant and negative. In the graphs above, the only difference 
s that the initial velocity vy is positive, zero and negative, respectively.
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positive) but is decelerating (negative 
acceleration). At a specific time the mass stops 
instantaneously and begins moving again 
towards the left (negative velocity). 

  
  

    

    

  
  

  

    
  

    
  

  

In the case of uniform motion (no acceleration) 
the area under a velocity-time graph gave the 
change in displacement. We would like to know 
if a similar result holds in the case of 
accelerated motion as well. 

To do this we will make use of what we learned 
in uniform motion together with a little trick. 
Consider the velocity-time graph of an 
accelerated motion in Figure 2.6. The trick 
consists of approximating this motion with 
another motion in four steps. We will assume 
that during each of the steps the velocity is 
constant. The velocity then changes abruptly to 
a new constant value in the next step. The 
approximation is shown in the figure. Clearly, 
this is a very crude approximation of the actual 
‘motion. 

T 
] 

Figure 2.6 The velocity is assumed to increase 
abruptly and then remain constant for a period 
of time. g 

  

  
  

We can improve the approximation 
tremendously by taking more and thinner 
steps, as shown in Figure 27 

' 
Figure 2.7 The approximation is made better by 

considering more steps. 

Clearly, the approximation can be made as 
accurate as we like by choosing more and more 
(and thus thinner and thinner) steps. 

‘The point of the approximation is that during 
each step the velocity is constant. In each step, 
the displacement increases by the area under 
the step, as we showed in the case of uniform 
motion. To find the total change in 
displacement for the entire trip we must thus 
add up the areas under all steps. But this gives 
the area under the original straight line! So we 
have managed to show that: 

  
Using this result we can now find a formula for 
the displacement after time {. We are given a 
velocity-time graph with constant acceleration 
(a straightline graph in a v~ diagram).
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We want to find the area under the line from 
t=0toatime of ts. Since the area we have is 
the shape of a trapezoid, the area is the sum 

of two parallel bases times height divided by 
two: 

wa (252)0 
This actually gives a useful formula for 
displacement for motion with constant 
acceleration. If xo is the initial displacement 

xeso(252): 
‘This is useful when we know the initial and 
final velocities but not the acceleration. 

  

  

However, we do know that ¥ =vq +at and so 
the area (ie. the change in displacement after 
time 1) is 

  

votative 
2 

of + jat? 

area 

  

‘Thus, the displacement after time t is this area 
added to the initial displacement, that is 

X =xo+vot + yat? 

(We see that when the acceleration is zero, this 
formula becomes identical to the one we _ 
derived earlier for constant velocity, namely 
X =Xy + vt Note that this formula says that 
when t =0,x =xo as it should. 

  

In the previous section an analysis of velocity- 
time graphs for motion in a straight line 
allowed us to derive the basic formulae for such 
motion: 

v=vo+at 
xo+vot + at? 

v +vo 
t (3*) 

All of these involve time. In some cases, it is 
useful to have a formula that involves velocity 
and displacement without any reference to 
time. This can be done by solving the first 

  

or 

  

equation for time 

  

and using this value of time in the second 
equation: 

  

v 1 @-v)? 
e 

2a(x —x0) = 2vov — 2§ +v2 +v§ — 2vvo 

  X=Xo+Vo 

    

=v§+2a(x —x0) 

If the initial displacement is zero, then this 
reduces to the simpler 

v =v§ + 2ax 

Example questions 
Q3 s 
Amass has an initial velocity of 10.0m s™". It 
moves with acceleration ~2.00 m 5™, When will 
it have zero velocity? 

Answer 
We start with 

vo+at 

  

0 andso 

Vo +at   

Putting in the numbers we get 
0= 

  

0+ (=2.00)t 

sot 

Q4 s 
What s the displacement after 10.0 s of a mass 
whose initial velocity is 2.00 m's~' and moves 
with acceleration a = 4.00 m s 

  

5.005. 

Answer 
We assume that th 
that x = 0. 

itil displacement is zero so 

  

X=X+ vt + Jat? 
0 
X=0+2x10+1x4x10° 

220m



QST CIIEFTIITIITITIITI I EIeSeesss 

A car has an inifial velocity of vo = 5.0 m's™. 
When its displacement increases by 20.0 m, its 
Velocity becomes 7.0 m s™'. What is the 
acceleration? 

Answer 

Again take x, = 0 50 that 

V= + 2ax 

5077 =5%+2ax 20 
therefore 

0.60 ms™ 

  

Q6 242085453 T3 TTITINTITTTSSe3o344 4040 SITTLTITS 

A body has initial velocity vo and 
avelocity of v=12ms™" after 6.0 s. What 
displacement did the body cover in the 6.0 57 

  

Answer 
We may use 

v ( +-/a)r 
2 
  

    

is faster than using v = vo + at in order to 
find the acceleration as 

12=4+6a 
=a=1333ms? 

and then 

x= vt + Jat 
—ax6+ 
—48m 

x1.333 %36 

  

The two examples that follow involve motions 
that start at different times. 

)7 CEEIIITETTINITITS T $e64 40 AL TIITITTS 

Two balls start out moving to the right with 
constant velocities of 5 m s~ and 4 m s~ The 
slow ball starts first and the other 4 s later. How 
far from the starting position are they when they 
meet? 
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Answer 
See Figure 2.9. 

  

slow ball stars 

  

4, fastballstarts 

  

Figure 2.9, 

Let the two balls meet t s after the first ball starts 
moving. The displacement of the slow ball is 
x= 4t m and that travelled by the fast ball 
5(t - 4) m. The factor ¢ — 4 is there since after 5 
the fast ball has actually been moving for only 
1~ 4s. These two displacements are equal when 
the two balls meet and thus 4t = 5t — 20, or 
=20 5. The common displacement is thus 80 m. 

Q8 I ITITETTIITS TSI IR T ETIITIS SIS 

Amass is thrown upwards with an initial velocity 
0f 30 m s~'. A second mass is dropped from 
directly above, a height of 60 m from the first 
mass, 0.5 s later. When do the masses meet and 
how high is the point where they meet? 

Answer 
See Figure 2.10. We choose the upward direction 
10 be positive for velocities and displacements. 
The masses experience an acceleration of 

10 m s, the acceleration due to gravity. Since 
the motion is along a vertical straight line, we use 
the symbol y for displacement rather than x. 

  

60mt @ mss2 

{ s 

postive 
displacements 

| (L et ™
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The first mass moves to a displacement given by 
Y= 30t — 52, The second moves to a displacement 
of y = 60 — 5(t — 0.5)*. The displacements are 
the same when the masses meet. Thus 

  

301 5 = 60— 5(t - 0.5)° 
St=2355 

    The common displacement at { 

  

Graphs of acceleration versus time 
In a graph of acceleration versus time the area 
under the graph gives the change in velocity. 
In Figure 2.11 the area from time zero to 4 s is 
12m's™" and thus the velocity after 4 sis 12m s~ 
plus whatever initial velocity the object had. 

ain   

  

  

            3 
0 05 10 15 20 25 30 35 40 

Figure 2.1 The area under an acceleration-time 
graph is the change in velocity. 

Graphs of displacement versus time 
In motion with constant acceleration, a graph 
of displacement versus time is a parabola. 
Consider a ball that is dropped from rest from a 
height of 20 m. The graph of displacement 
versus time is shown in Figure 2.12. 

  

    

  

  

  

  

  

             
  

  

o 0s 1 15 
Figure 212 Graph of displacement versus time. 

“The object hits the floor at 2.. 

Example question 
QY e ——— 
An object with initial velocity 20 m s and initial 
displacement of ~75 m experiences an 
acceleration of ~2 m s 2. Draw the displacement- 
time graph for this motion for the first 20 s. 

    

Answer 
The displacement is given by x = ~75 + 201 — * 
and this is the function we must graph. The result 
is shown in Figure 2.13. 

sdm 

  

Figure 2.13. 

AUS s the object reaches the origin and 
overshoots it. It returns 1o the origin 10 s later 
(t =15 5). The furthest it gets from the origin 
on the right side is 25 m. The velocity at 5 s is 
10m s and at 15 s itis ~10 m s~ AU10 s the 
velocity is zero. 

  

In general, if the velocity is not constant, the 
graph of displacement with time will be a 
curve. Drawing the tangent at a point on the 
curve and finding the slope of the tangent gives 
the velocity at that point. 

Measuring speed and 
acceleration 

‘The speed of an object is determined 
experimentally by measuring the distance 
travelled by the object in an interval of time. 
Dividing the distance by the time taken gives 
the average speed. To get as close an 
approximation to the instantaneous speed as 
possible, we must make the time interval as 
small as possible. We can measure speed
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electronically by attaching a piece of cardboard 
of known length to the object so that a single 
photogate will record the time taken for that 
known length to go through the photogate, as 
in Figure 2.14. The ratio of the cardboard length 
to time taken is the speed of the object when it 
is halfway through the photogate. 

photogate    
  

  

igure 214 Measuring speed with a photogate. 

Speed can also be measured with a tickertape, 
an instrument that makes marks on a paper 
tape at regular intervals of time (usually 50 
marks per second). If one end of the tape is 
attached to the moving object and the other 
end goes through the marker, then to find the 
speed at a particular point we would measure 
the distance between two consecutive marks 
(distance travelled by the object) and divide by 
the time taken (1/50 5). In Figure 2.15 the 
dotted lines are supposed to be 0.5 cm apart. 
Then the top tape represents uniform motion 
with speed 

  

  

. 

  

  

  

  

  

  

* s 

| .     

  

  

  

igure 2.15 Measuring speed with a tickertape. 

In the second tape the moving object is 
accelerating. The distance between the first two 
dots is about 0.75 cm so the average speed 

between those two dots is 

075 
1730 ¢ 
575ms”! 

    

‘The distance between dots 2 and 3 is 125 cm 
and so the average speed between those dots is 

v =12 st 
1/50 

=0625ms" 

Between dots 3 and 4 the distance is 1.5 cm and 
so 

1.5 
cms”! Y= 1750 

0.750ms™" 

  

‘We may thus take the average speed between 
    t=0sand!=1/505tobe0375ms", 
between t = 1/50 s and { =2/50 s to be 
0625 m s~' and between { = 2/50 s and 

  

£=3/505 to be 0.750 m s™". Thus the average 
acceleration in the first 1/50 s is 125 m s * 
and in the next 1/50 s it is 625 m s % The 
acceleration is thus not constant for this 
motion 

  

The third tape shows decelerated motion. 

Related to the tickertape method is that of a 
stroboscopic picture (see Figure 2.16). Here the 
moving body is photographed in rapid 
succession with a constant, known interval of 
time between pictures. The images are then 
developed on the same photograph, giving a 
multiple exposure picture of the motion. 
Measuring the distances covered in the known 
time interval allows a measurement of speed. 

Figure 2.16 Measuring speed with a stroboscope.
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Once measurement of speed is possible, 
acceleration can also be determined. To 
‘measure the acceleration at a specific time, , 
one must first measure the velocity a short 
interval of time before t, say { — /2 and again 
ashort time after t, t + /2 (see Figure 217). If 
the values of velocity found are respectively u 
and v, then 

  

time 1172 time 1 time 14172 

velocity, velocity, v 
Figure 2.17 Measuring acceleration requires 

knowing the velocity at two separate points in 
time. 

More on graphs 

In kinematics the most useful graph s that of 
velocity versus time (v—1). The slope of such a 
‘graph gives the acceleration and the area under 
the graph gives the change in displacement. 
Let's examine this in detail. Consider the 
following problem, which is hard to solve with 
equations but s quite easy using v~ graph. 
Two masses, A and B, are to follow the paths 
shown in Figure 2.18. The paths are the same 
length, but one involves a hill and the other a 
valley. 

Figure 2.18 Which mass gets (o the end first? They 
both travel the same distance. 

Which mass will get to the end first? 
(Remember, the distance travelled is the same.) 
We know that the first mass will slow down as 

  

it climbs the hill and then speed up on the way 
down until it reaches its original speed on the 
level part. The second mass will first speed up 
on the way down the hill and slow down to its 
original speed when it reaches the level part. 
Let us make the vt graph for each mass. The 
graphs for A and B must look like Figure 2.19. 

uelocity 

  

Figure 2.19. 

It is then obvious that since the areas under the 
two curves must be the same (same displacement) 
the graph for B must stop earlier: that is, B gets 
to the end first. The same conclusion is reached 
more quickly if we notice that the average 
speed in case B is higher and so the time taken 
i less since the distance is the same. 

Consider the following question. The graph of 
velocity versus time for two objects is given in 
Figure 2.20. Both have the same initial and final 

velocity. Which object has the largest average 
velocity? 

   > 
Is 20 25 30 35 4o 

s 
Figure 2.20 Graph showing the variation of 

velocity with time for two motions that have the 
same initial and final velocity. 

Average velocity is the ratio of total 
displacement divided by time taken. Clearly, 
object A has a larger displacement (larger area
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under curve). Thus, it has a larger average 
velocity. The point is that you cannot say that 
average velocity is half of the sum of initial and 
final velocities. (Why? Under what circumstances 
can you say it?) 

Consider finally the graph in Figure 2.21, which 
shows the variation of the displacement of an 
object with time. We would like to obtain the 
graph showing the variation of the velocity 
with time. 

0 3 

Figure 2.21 Graph showing the variation of 
displacement with time. 

Our starting point is that velocity s the slope of 
the displacement-time graph. We see that initially 
the slope is negative, it becomes less negative 
andatt =2 it is zero. From then on the slope 
becomes increasingly positive. This leads to the 
velocity-time graph in Figure 2.22. 

  

    

Figure 2.22 Graph showing the variation of 
velocity with time for the motion in Figure 2.21. 

‘The slope of the velocity-time graph is acceleration 
and from the graph we see that the slope is 
initially zero but then becomes more and more 
positive. Hence, the acceleration-time graph 
must be something like Figure 2.23. 

  

o 1 2 3 4 
Figure 2.23 Graph showing the variation of 

acceleration with time for the motion in 
Figure 2.21. 

In the graphs in this section, the point where 
the axes cross is the origin unless otherwise 
indicated. 

1 The initial velocity of a car moving on a 
straight road is 2.0 m s™" and becomes 
8.0m s aiter travelling for 2.0 s under 
constant acceleration. What is the acceleration? 

   

  

2 A plane starting from rest takes 15.0's to 
take off aiter speeding over a distance of 
450.0 m on the runway with constant 
acceleration. With what velocity does it 
take off? 

3 The acceleration of a car is assumed constant 
at 1.5 m s~2 How long will it take the car to 
accelerate from 5.0 m's™ to 11 ms™'2 

4 A car accelerates from rest to 28 ms™" in 
9.0 5. What distance does it travel? 

5 Abody has an initial velocity of 12 m s and 
is brought to rest over a distance of 45 m. 
What is the acceleration of the body? 

6 Abody at the origin has an initial velocity of 
~6.0 m s and moves with an acceleration of 
2.0 m s, When will its displacement 
become 16 m? 

7 Abody has an initial velocity of 3.0 m s 
and after travelling 24 m the velocity becomes 
13 m s~'. How long did this take? 

8 What deceleration does a passenger of a car 
experience if his car, which is moving at 
100.0 km ™", hits a wall and is brought to 
rest in 0.100 s? Express the answer in m s, 
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9 Acar is travelling at 40.0 m s™'. The driver 

sees an emergency ahead and 0.50 s later 
slams on the brakes. The acceleration of the 
caris —4ms 7, 

(a) What distance will the car travel before it 
stops? 

(b) If the driver was able to apply the brakes 
instantaneously without a reaction time, 
over what distance would the car stop? 

(©) Calculate the difference in your answers to 
@ and (b). 

(e Assume now that the car was travelling at 
30.0 m s~ instead. Without performing 
any calculations, would the answer to (c) 
now be less than, equal to or larger than 
before? Explain your answer, 

10 Aball is thrown upwards with a speed of 
240ms’ 

(a) When s the velocity of the ball 120 ms™'2 
(b) When is the velocity of the ball 

~120ms™"? 

(c) What i the displacement of the ball at 
those times? 

(d) What i the velocity of the ball 1.50 s aiter 
launch? 

(e) What is the maximum height reached by 
the ball? 

(Take the acceleration due to graviy o be 
10.0ms2) . 

11 A stone is thrown vertically upwards with an 
initial speed of 10.0 m s from a cliff that is 
50.0 m high. 
(a) When does it reach the bottom of the cliff? 

(b) What speed does it have just before hitting 
the ground? 

(c) What s the total 
stone? 

  

ance travelled by the 

(Take the acceleration due 10 gravity o be 
10.0ms™2) 

12 A rock is thrown vertically down from the roof 
of a 25.0 m high building with a speed of 
50ms 

(a) When does the rock hit the ground? 
(b) With what speed does it hit the ground? 

  

(Take the acceleration due to gravity o be 
10.0ms) 

13 Awindow is 1.50 m high. A stone falling from 
above passes the top of the window with a 
speed of 3.00 m s~ When will it pass the 
bottom of the window? (Take the acceleration 
due to gravity to be 10.0 m s™%) 

14 Aball is dropped from rest from a height of 
20.0 m. One second later a second ball is 
thrown vertically downwards. If the two balls 
artive on the ground at the same time, what 
must have been the initial velocity of the 
second ball? 

15 Aball is dropped from rest from the top of a 
40.0 m building. A second ball is thrown 
downward 1.05 later. 
(@) 1 they hit the ground at the same time, 

find the speed with which the second ball 
was thrown. 

(b) What is the ratio of the speed of the 
thrown ball to the speed o the other as 
they hit the ground? 

(Take the acceleration due to gravity to be 
10.0ms™2) 

16 Two balls are dropped from rest from the same 
height. One of the balls i dropped 1.00 s after 
the other. What distance separates the two 
balls 2.00 s after the second ball is dropped? 

17 An object moves in a straight line with an 
acceleration that varies with time as shown in 
Figure 22.4. Initialy the velocity of the object 
is 2.00m s’ 

(a) Find the maximum velocity reached in the 

first 6.00 s of this motion. 
(b) Draw a graph of the velocity versus time. 

  

a2 ¢ 

  
  

  L g 
0 2 4 © 4 

Figure 2.24 For question 17. 
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18 Figure 2.25 shows the variation of velocity 
with time of an object. Find the acceleration 
a2.0s. 

  

  

    

  

  

  

        

21 Figure 2.28 shows the variation of the 
displacement of a moving object with time. 
Draw the graph showing the variation of the 
velocity of the object with time. 

s   

  

Figure 225 For question 18. 

  

igure 2.26 shows the variation of the 
displacement of a moving object with time 
Draw the graph showing the variation of the 
velocity of the object with time. 

  

s, 
0 05 1 15 2 25 3 
Figure 2.26 For question 19 

20 Figure 2.27 shows the variation of the 
displacement of a moving object with time. 
Draw the graph showing the variation of the 
velocity of the object with time. 

  
Figure 2.27 For question 20. 

o 1 2 3 4 5 6 
Figure 2.28 For question 21. 

22 Figure 2.29 shows the variation of the 
displacement of a moving object with time. 
Draw the graph showing the variation of the 
velocity of the object with time. 

s 
o 05 ' 15 
Figure 2.29 For question 22. 

23 Figure 2.30 shows the variation of the 
displacement of a moving object with time. 
Draw the graph showing the variation of the 
velocity of the object with time. 

s 
o 1 2 3 4 5 6 
Figure 2.30 For question 23,
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24 Figure 2.31 shows the variation of the velocity 
of a moving object with time. Draw the graph 
showing the variation of the displacement of 
the object with time. 

N 
05 1 15 2 .   

Figure 231 For question 24. 

25 Figure 2.32 shows the variation of the velocity 
of a moving object with time. Draw the graph 
showing the variation of the displacement of 
the object with time. 

  

Figure 2.32 For question 25. 

26 Figure 2.33 shows the variation of the velocity 
of a moving object with time. Draw the graph 
showing the variation of the displacement of 
the object with time (assuming a zero initial 
displacement). 

b s 
[ 1 2 3 4 
Figure 233 For question 26, 

27 Figure 2.34 shows the variation of the velocity 
of a moving object with time. Draw the graph 
showing the variation of the displacement of 
the object with time (assuming a zero initial 
displacement). 

  

vim s 

  

0 s 0w 
Figure 234 For question 27. 

28 Figure 2.35 shows the variation of the velocity 
of a moving object with time. Draw the graph 
showing the variation of the acceleration of 
the object with time. 

  

Figure 235 For question 28. 

29 Figure 2.36 shows the variation of the velocity 
of a moving object with time. Draw the graph 
showing the variation of the acceleration of 
the object with time. 

/ s 
0 05 1 Ls 2 
Figure 236 For question 29.  
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30 Your brand new convertible Ferrar is parked 
15 m from its garage when it begins to rain. 
You do not have time o get the keys so you 
begin to push the car towards the garage. If 
the maximum acceleration you can give the 
car is 2.0 m s by pushing and 3.0 m s™? by 
pulling back on the car, find the least time it 
takes to put the car in the garage. (Assume 
that the car, as well as the garage, are point 
objects) 

  

31 Figure 237 shows the displacement versus 
time of an object moving in a straight line. 
Four points on this graph have been selected. 
(@) 1s the velocity between A'and B positive, 

zer0 or negative? 
(b) What can you say about the velocity 

between B and C? 

(©) 1s the acceleration between A and B 
positive, zero or negative? 

(@ Is the acceleration between C and D 
ive, zero or negative? 

      

Figure 2.37 For question 31. 

32 A hiker starts climbing a mountain at 08:00 in 
the moming and reaches the top at 12:00 
(noon). He spends the night on the mountain 
and the next day at 08:00 starts on the way 
down following exactly the same path. He 
reaches the bottom of the mountain at 12:00. 
Prove that there must be a time between 
08:00 and 12:00 when the hiker was at the 

same spot along the route on the way up and 
on the way down. 

  

33 Make velocity-time sketches (no numbers are 
necessary on the axes) for the following 
motions. 
(@) Aball is dropped from a certain height 

and bounces off a hard floor. The speed 
just before each impactwith the floor is   

the same as the speed just after impact. 
Assume that the time of contact with the 
floor is negligibly small 

(b) A cart slides with negli 
a horizontal air track. When the cart hits 
the ends of the air track it reverses. 
direction with the same speed it had right 
before impact. Assume the time of contact 
of the cart and the ends of the air track is 
negligibly small. 

() A person jumps from a hovering 
helicopter. After a few seconds she opens 
a parachute. Eventually she will reach a 
terminal speed and will then land. 

   

  

34 Acart with a sail on it i given an initial velocity 
and moves toward the right where, from some 
distance away, a fan blows air at the sail (see 
Figure 2.38). The fan is powerful enough to stop 
the cart before the cart reaches the position of 
the fan. Make a graph of the velocity of the cart 
as a function of time that best represents the 
motion just described. List any assumptions you 
made in drawing your graph. 

    

Figure 238 For question 34. 

35 Astone is thrown vertically up from the edge 
of a cliff 35.0 m from the ground. The initial 
velocity of the stone is 8.00 m s™'. (See 
Figure 2.39.) 

4 
350m 

.00 m s 

    
Figure 2.39 For question 35.
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(@) How high will the stone get? 
(b) When will it hit the ground? 
(c) What velocity will it have just before 

hitting the ground? 
(d) What distance will the stone have covered? 
(e) What i the average speed and average 

velocity for this motion? 
(0 Make a graph to show the variation of 

velocity with time. 
(g) Make a graph to show the variation of 

displacement with time. 
(Take the acceleration due to gravity to be 
10.0ms™2) 

36 Aball is thrown upward from the edge of a 
cliff with velocity 20.0 m s~ It reaches the 
bottom of the cliff 6.0 s later. 
(@) How high i the clifi? 
(b) With what speed does the ball hit the 

ground? 
37 A rocket accelerates vertically upwards from 

rest with a constant acceleration of 
4.00 m 5™ The fuel lasts for 5.00 5. 
(a) What is the maximum height achieved by 

this rocket? 

  

38 

(b) When does the rocket reach the ground 
again? 

(€) Sketch a graph to show the variation of the 
velocity of the rocket with time from the 
time of launch to the time it falls to the 
ground. 

(Take the acceleration due to gravity to be 
100ms2) 

A hot air balloon is rising vertically at constant 
speed 5.0 m s~'. A sandbag is released and it 
hits the ground 12.0's later. 
(a) With what speed does the sandbag hit the 

ground? 
(b) How high was the balloon when the 

sandbag was released? 
(c) What s the relative velocity of the 

sandbag with respect to the balloon 6.0 
after it was dropped? 

(Assume that the balloon's velocity increased 
105.5m s after releasing the sandbag. 
Take the acceleration due to gravity to be 
10.0ms 

 



LT3 

  

- The concept of force 
Two basic ingredients of mechanics are the concepts of mass and force. A force can 
deform, strelch, rotate or compress a body and s intimately connected to. the 
acceleration it can produce on a body (the relation between acceleration and force will 
be the detailed subject of a later chapter). Mass is @ measure of the amount of material 
in a body, measured in kilograms; in dlassical mechanics the mass of an object is a 
constant. There are different kinds of forces in nature; the most common force of 
everyday life is the force of gravitation = the force with which the earth pulls us towards 
the centre of the earth, We give this force a special name: the weight of a body. We don't 
fall to the centre of the earth because the ground on which we stand exerts another 
force on us, upwards - a force due to the contact between ourselves and the ground. The 
origin of this force is electromagnetic. This is also the force that keeps us alive (atoms 
exist and bind into molecules because of thisforce), and prevents the chair on which you 
are stting from collapsing, and so on, These are the only forces that affect our daly ives. 
1t tuns out that the electromagnetic force is just one very special aspect of 3 more 
general force, called the electroweak force. The other aspect of this force (the weak 
nuclear force) is responsible for decay processes inside atomic nuclei. Finally, the colour 
force, or strong nuclear force, keeps the quarks bound inside protons and neutrons 
Physicists hope tha the electroweak force and the nuclear force will one day be shown 
1o be different aspects of one more general force (the ‘unified force!) but this has not 
yet been accomplished. An even more speculative expectation is that the gravitational 
force, 100, will be shown to be part of an even more unified force, whose different 
aspects we see as the three different forces today. But none of these attempts for a 
complete unification has been achieved yet. Apart from the gravitational, electroweak 
and colour force, no ofher forces, or interactions, are known at the present time. 

  

Objectives 
By the end of this chapter you should be able to: 
+ state the difference between mass and weight; 
+ define gravitational field strength and give its units (N kg ™' or ms~3); 
+ draw vectors representing forces acting on a given body: 
* identify situations in which frictional forces develop and draw those 

frictional forces: 

« use Hooke's law correctly, T = kx. 
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Forces and their direction 

Aforce is a vector quantity. Its direction is very 
important and it is crucial to be able to identify 
the direction of a given force. What follows is a 
list of the forces we will be dealing with in this 
and later chapters, as well as a discussion of 
their properties and direction. The unit of force 
is the newton; this will be properly defined 
when we discuss the second law of mechanics. 

Weight 
This force is the result of the gravitational 
attraction between the mass in question and 
the mass of the earth. (If the body finds itself 
on a different planet then its weight is defined 
as the gravitational attraction between its mass 
and that planet’s mass.) The weight of a body is 
the gravitational force experienced by that 
body, which on earth is given by the formula 

W=mg 
where 
« mis the mass of the body measured in 

kilograms 
* g is the gravitational field strength of the 

earth, which is a property of the gravitational 
field of the earth (see Chapter 2.10). Its units 
are newton per kilogram, N kg™". The 
gravitational field strength is also known as 
“the acceleration due to gravity'. The units 
of g are thus also m s 2, 

Ifmisinkgand g in N kg™ orm s then W is 
in newtons, N. On the surfuce of the earth, 
9 =981 Nkg™' - a number that we will often 
approximate by the more convenient 10 N kg . 
“This force is always directed vertically 
downward, as shown in Figure 3.1. 

  

carth 
Figure 3.1 The weight of an object s always 

directed vertically downward. _   

‘The mass of an object is the same everywhere 
in the universe, but its weight depends on the 
Iocation of the body. For example, a mass of 
70 kg has a weight of 687 N on the surface of 
the earth (g = 9.81 N'kg™') and a weight of 
635 N at a height of 250 km from the earth’s 
surface (where g = 9.07 N kg™"). However, on the 
surface of Venus, where the gravitational field 
strength is only 8.9 N kg ", the weight is 623 N. 

Tension 
Astring that is taut is said to be under tension. 
The force that arises in any body when it is 
stretched is called tension. This force is the 
result of electromagnetic interactions between 
the molecules of the material making up the 
string. A tension force in a string is created when 
two forces are applied in opposite directions at 
the ends of the string (see Figure 3.2). 

T T 
—— ) 
Figure 3.2 A tension force in a string. 

To say that there i tension in a string means 
that an arbitrary point on the string is acted 
upon by two forces (the tension T) as shown in 
Figure 3.3. If the string hangs from a ceiling 
and a mass m is tied at the other end, tension 
develops in the string. At the point of support 
at the ceiling, the tension force pulls down on 
the ceiling and at the point where the mass is 
tied the tension acts upwards on the mass. 

mg 

Figure 3.3 The tension is directed along the string.



In most cases we will ideal 

assuming it is massless. This does not mean 
that the string really is massless, but rather that 
its mass is so small compared with any other 
masses in the problem that we can neglect it. In 
that case, the tension T is the same at all points 
on the string. The direction of the tension force 
is along the string. Further examples of tension 
forces in a string are given in Figure 3.4. A string 
or rope that is not taut has zero tension in it. 

  

sting over 
pulley 

  

sting is shack. 

  

w 
Figure 3.4 More examples of tension forces. 

Normal reaction (contact) forces 
If a body touches another body, there is a force of 
reaction or contact force between the two bodies. 
‘This force is perpendicular to the body exerting 
the force. Like tension, the origin of this force is 
also electromagnetic. In Figure 3.5 we show the 
reaction force on several bodies. 

Drag forces 
Drag forces are forces that oppose the motion of 
abody through a fluid (a gas or a liquid). 
‘Typical examples are the air resistance force 
experienced by a car (see Figure 3.6) or plane, or 
the resistance force experienced by a steel 
‘marble dropped into a jar of honey. Drag forces   
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i %I 
Figure 3.5 Examples of reaction forces, R. 

        

are directed opposite to the velocity of the body 
and in general depend on the speed of the body. 
‘The higher the speed. the higher the drag force. 

  

Figure 3.6 The drag force on a moving car. 

Upthrust 
Any object placed in a fluid experiences an 
upward force called upthrust (see Figure 3.7). If 
the upthrust force equals the weight of the 
body, the body will float in the fluid. If the 

upthrust 

g o 
  

    

  

weight 
Figure 3.7 Upthrust.
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upthrust is less than the weight, the body will 
sink. Upthrust is caused by the pressure that 
the fluid exerts on the body. 

Frictional forces 
Frictional forces oppose the motion of a body. 
‘They are also electromagnetic in origin. (See 
Figure 3.8.) 

   

  

tendency for 
motion down 
the plane. 

  

© 
Figure 3.8 Examples of frictional forces, f. In (a) 

and (b) the motion to the right is opposed by a 
frictional force to the left. In (c) the body does 
not move but has a tendency to move down the 
plane. A frictional force directed up the plane 
‘opposes this tendency. 

Friction arises whenever one body slides over 
another. In this case we speak of sliding or - 
kinetic friction. Friction also arises whenever 
there is just a tendency for motion, not 
necessarily motion itself, such as when a block 
rests on an inclined plane or if a block on a level 
1oad is pulled by a small force that does not 
result in motion. In this case, we speak of static 
friction. Suppose that the plane on which the 
block rests is slowly elevated (Figure 3.8c). The 
block will tend to move to the left. This motion 
will be opposed by a frictional force. As the plane 
is elevated even more, the frictional force needed 
10 keep the block at rest increases. However, the 
static frictional force cannot exceed a certain 
‘maximum value. If the maximum value of the 
frictional force is reached and the plane is then 
elevated a bit more, the frictional force will not 
be able to keep the body in equilibrium and the 
block wil slide down. As soon as the body begins 

toslide, the frictional force opposing the motion 
becomes the kinetic friction force. The kinetic 
friction force is always less than the maximum 
value of the static friction force. This is a well- 
known phenomenon of everyday lfe. It takes a 
ot of force to get a heavy piece of furniture to 
start moving (you must exceed the maximum 
value of the static friction force), but once you 
get it moving, pushing it along becomes easier 
(you are now opposed by the smaller kinetic 
friction force). 

Example question 
Q1 e = 
Abrick of weight 50 N rests on a horizontal 
surface. The maximum frictional force that can 
develop between the brick and the surface is 
30 N. When the brick slides on the surface, the 
frictional force is 10 N. A horizontal force £ is 

applied to the brick, its magnitude increasing 
slowly from zero. Find the frictional force on the 
brick for various values of F 

    

Answer 
The maximun frictional force is 30 N. This means 
that as long as Fis less than 30 N, the frictional 
force equals F and the brick stays where i is. If F 
becomes slightly more than 30 N, the frctional 
force cannot match it and thus the brick will move. 
But as soon as the brick moves, the frictional 
force will drop to the kinetic value 10 N, for all 
values of F > 30 N. We can summarize these 
results as shown in Table 3.1. 

  Fon N mN mN wN  woN e 
7N _uN mN BN WK WK oN 

motion_motion _motion_motion _motion _maian_mation 

Table 3.1. 

Frictional forces between the road and the tyres 
are what allow a car to take a turn. Although, 
generally, frictional forces oppose the motion of 
abody, in some cases frictional forces are 
responsible for motion. A typical exampie is the 
wheels of a car. The engine forces the wheels to 
turn. The wheels exert a force on the ground



and so the ground exerts an equal and opposite 
force on the wheels, making them move 
forward, This will become clearer when we look 
at Newton's third law in a later chapter. 

Free-body diagrams 
A free-body diagram is a diagram showing the 
‘magnitude and direction of all the forces acting 
on a chosen body. The body is shown on its 
own, free of its surroundings and of any other 
bodies it may be in contact with. In Figure 3.9 
we show three situations in which forces are 
acting; below each s the corresponding free- 
body diagram for the shaded bodies. 

. = O 
T & 

& 

w Tf w 
Figure 3.9 Freebody diagrams for the bodies in 

dark grey. 

In any mechanics problem, it is important to be 
able to draw correctly the free-body diagrams 
for all the bodies of interest. It is also important 
that the length of the arrow representing a 
given force is proportional to the magnitude of 
the force. 

Hooke’s law 
If we try to extend a spring, a force pulls the 
spring back to its original length; if we try to 
compress a spring, again a force tries to pull the 
spring back (o its original length (see Figure 3.10). 
The force in the spring, the tension, has a simple 
relationship to the amount by which the spring 
is extended or compressed. 

  

If this amount is X, then the tension T is 
proportional to x (see Figure 3.11). This 
statement is known as Hooke's law. This means   
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natwral length 

   tension due o compression 

extension i tension due to 

  

Figure 3.10 The tension in a spring is proportional 
and opposite to the extension. 

that the more we want to extend or compress. 
the spring, the bigger the force required to 
pull or push it with. In equation form it says 
that T = kx, where k is the constant of 
proportionality known as the spring constant. It 
varies from spring to spring, Its units are those 
of force over extension: Nm . 

Figure 3.11 The tension in the spring is linearly 
proportional to the extension. 

The extension or compression of the spring 
must not be too large, otherwise Hooke's law 
isn't applicable. The range of extensions (or 
compressions) for which Hooke's law is satisfied 
is known as the clastic limit; beyond the elastic 
limit the relationship between tension and 
extension is more complicated. 

    

1 Amass swings at the end of a string like a 
pendulum. Draw the forces on the mass at: 
(@) its lowest position; 
(b) its highest position. 

2 Amass rests on a rough table and is 
connected by a string that goes over a pulley 
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Figure 3.12 For question 2. 

10 a second hanging mass, as shown in 
Figure 3.12. Draw the forces on each mass. 
A mass is tied to a string and rotates in a 
vertical circle, as shown in Figure 3.13. Draw 
the forces on the mass when the string is 
horizontal. 

o 
Figure 313 For question 3. 

Abead rolls on the surface of a sphere, having 
started from the top, as shown in Figure 3,14, 
Draw the forces on the bead: 
(@) at the top; 
(b) at the point where it s about to leave the 

surface of the sphere. 

Figure 3.14 For question 4. 

A mass hangs at the end of a vertical spring 
which is attached to the ceiling. Draw the 
forces on: 

  

() the ceiling. 
Look at Figure 3.15. In which case is the 
tension in the string largest? 

500N 

    

Figure 3.15 For question 6. 

  

7 Aforce of 125 N is required to extend a spring 
by 2.8 cm. What force is required to stretch 
the same spring by 3.2 cm? 

8 A mass hangs attached to three strings, as 
shown in Figure 3.16. Draw the forces on: 
(@) the hanging mass; 
(b) the point where the strings join. 

Figure 3.16 For question 8 

9 Aspring is compressed by a certain distance 
and a mass i attached to is right end, as shown 
in Figure 3.17. The mass rests on a rough table. 
‘What are the forces acting on the mass? 

Hill)- 
Figure 3.17 For question 9. 

  

      

10 Ablock rests on an elevator floor as shown, as 
shown in Figure 3.18. The elevator s held in 
place by a cable attached to the ceiling. Draw 
the forces on: 
(@ the block; 
() the elevator. 

    

  

          

Figure 3.18 For question 10.



  

Newton’s first law 
Mechanics rests on Newton's three laws. The first law is discussed in this chapter. The 
fitst law leads to.a study of systems in equilibrium, which is a state in which the net force 
on the system is zero. 

  

| Objectives 
By the end of this chapter you'should be able to: 

  

» relate situations in which the acceleration s zero to equilibrium 
situations in which the net force is zes 

  

+ find the net force on a body using the methods of vector addition; 
+ solve problems of equilibrium. 

  

Newton’s first law 

In ancient times, Aristotle had maintained 
that a force is what is required in order to 
keep a body in motion. The higher the speed, 
the larger the force needed. Aristotle’s idea of 
force is not unreasonable and is in fact in 
accordance with experience from everyday 
life: it does require a force to push a piete of 
furniture from one corner of a room to 
another, What Aristotle failed to appreciate is 
that everyday life is plagued by friction. An 
object in motion comes to rest because of 
friction and thus a force is required if it is to 
keep moving. This force is needed in order to 
cancel the force of friction that opposes the 
motion. In an idealized world with no 
friction, a body that is set into motion does 
not require a force to keep it moving. Galileo, 
2000 years after Aristotle, was the first to 
realize that the state of no motion and the 
state of motion with constant speed in a 
straight line are indistinguishable from 
each other. Since no force is present in the 
case of no motion, no forces are required in 
the case of motion in a straight line with 

constant speed either. Force is related, 
as you will see, to changes in velocity 
(i.e. accelerations). 

Newton’s first law (generalizing statements of 
Galileo) states the following: 

> When no forces act on a body, that body will 
i at rest ove      

    

Abody that moves with acceleration (i.e. 
changing speed or changing direction of 
‘motion) must have a force acting on it. An ice 
‘hockey puck slides on ice with practically no 
friction and will thus move with constant speed. 
in a straight line. A spacecraft leaving the solar 
system with its engines off has no force acting 
on it and will continue o move in a straight 
line at constant speed (until it encounters 
another body that will attract or hit it). Using 
the first law, it is easy to see if a force is acting 
on a body. For example, the earth rotates 
around the sun and thus we know at once that 
a force must be acting on the earth,
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Newton's first law is also called the law of ‘ 

inertia. Inertia is the reluctance of a body to 
change its state of motion. Inertia keeps the 
body in the same state of motion when no 
forces act on the body. When a car accelerates 
forward, the passengers are thrown back into 
their seats. If a car brakes abruptly, the 
passengers are thrown forward. This implies 
that a mass tends to stay in the state of motion 
it was in before the force acted on it. The 
reaction of a body to a change in its state of 
motion (acceleration) is inertia. 

  

A well-known example of inertia is that of a 
magician who very suddenly pulls the 
tablecloth off a table leaving all the plates, 
glasses, etc., behind on the table. The inertia 
of these objects makes them ‘want’ to stay on 
the table where they are. Similarly, if you pull 
very suddenly on a roll of kitchen paper you 
will tear off a sheet. But if you pull gently you 
will only succeed in making the paper roll 
rotate. 

Inertial frames of reference 
A system on which no forces act is called an 
inertial frame of reference. Inertial reference 
frames played a crucial role in the history of 
physics: observers belonging to different 
inertial frames will come up with the same 
laws of physics. For example, an observer at 
rest on the surface of the earth is an 
(approximate) inertial reference frame. (We 
say approximate, since the earth rotates 
about its axis as well as around the sun - but 
these motions produce small accelerations 
and over a short interval of time we can 
ignore them.) A passenger on a train that 
‘moves with constant velocity relative to an 
observer on the earth is also an inertial 
reference frame. The two observers will 
discover the same laws of physics by 
performing experiments in their respective 
frames. There is no experiment that the 
observer on the train can perform whose 
result will be to determine that the train is 
moving. Nor will he ever discover laws of 

   

  

physics that are different from the ones 
discovered by the observer on the ground. 

Equilibrium 

When the net force on a body is zero, the body 
is said to be in equilibrium. If a body is 
displaced slightly from its equilibrium position, 
the net force on the body may or may not be 
zero. If it is still zero, the position of 
equilibrium is called a neutral equilibrium 
position. An example is a mass resting on a 
horizontal table, as in Figure 4.1, 

  

displaced 

— 
  

  

posiion of neutral ody stlln 
equilibrium 

  

Figure 4.1 In a position of neutral equilibrium the 
net force on a body is zero. A displacement 
results in another equilibrium position. 

On the other hand, if after displacing the body 
from its equilibrium position the net force is 
no longer zero, then we distinguish two kinds 
of equilibrium in the original position. If the 
net force in the displaced position tends to 
move the body back towards the initial 
equilibrium position, then we speak of stable 
equilibrium. If, on the other hand, the force on 
the body tends to make it move even further 
from the initial position, we speak of unstable 
equilibrium (see Figure 4.2). 

stble 
-8 

Figure 42 In unstable equilibrium the net force 
on the body is zero, but a small displacement 
results in motion away from the equilibrium 
position. In stable equilibrium, the motion is 
back towards the equilibrium position.  



Note that an equilibrium position can be 
both stable and unstable at the same time. 

For example, a mass on a surface that 
resembles a saddle is in equilibrium if placed 
at the centre of the saddle. The equilibrium 
is stable or unstable depending on the 
direction in which the mass is then 
displaced. 

Equilibrium of a point particle means that 
the net force on the point is zero. To find the 
net force we must use the methods of vector 
addition, and here we will exclusively use 
the component method. We chqose a set of 
axes whose origin is the point body in 
question and find the components of all the 
forces on the body. As promised in Chapter 1.4, 
we will use only positive components. Then 
the sum of the x components to the ‘right’ 
must equal the sum of the x components 
to the ‘left’, and the sum of the y components 
‘up’ must equal the sum of the y components 
‘down’. Let us look at a simple example. 
Ablock of weight 10.0 N rests on a horizontal 
table. What is the normal reaction on the 
block from the table? Figure 4.3 shows the 
forces on the block, which s assumed to be a 
point object. The dotted lines represent the 
axes along which we will take components. 
‘There are no forces with horizontal 
components. In the vertical direction the 
component of R is simply R in the ‘up’ 
direction. The 10.0 N force has a component 
0f10.0 N in the ‘down’ direction. Equating 
the up with the down components we find 
R=100N. 

R, freehody 
R } dogam 

  

  

    
      

  

        

  ! v 100N 

Figure 43 The forces acting on a block resting on 
a table.   
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Let us look at a slightly less trivial example. A 
20,0 N weight hangs from strings as shown in 
Figure 4.4. We want to find the tension in each 
string. 

200N 
Figure 4.4 Free-body diagrams for joining 

point and hanging mass. 

‘We call the tensions in the three strings T, R 
and 5. The point where the strings meet is in 
equilibrium and so the net force from these 
three tensions i zero. Getting components 
along the horizontal and vertical directions we 
have: 

“down’ 
0830 
866R left’ 

Rsin30° 
00R ‘up’ 

cos45° 
7075 ‘right 
sind5° 

=0.7075 'up’ 

          

We thus have 

0.866R = 0.7075 
0.7075 +0.500R =T 

  

Equilibrium of the hanging mass demands, 
however, that T = 20.0 N. Thus we can find 
R=146Nand$ =179 N.
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Example questions 
Q1 
Amass m = 10.0 kg hangs from two strings 
which are attached to the ceiling as shown in 
Figure 4.5, What is the tension in each string? 

  

me 

  

Figure 45. 

Answer 
“The three forces acting on m are as shown, with T 
and § being the tensions in the two strings. Taking 
components about horizontal and vertical axes 
through m we find (here we will make use of only 
positive components) T, = Tcos 30° = 0.87Tto the 
left, T, = T'sin 30° = 0.50T up, S, = S cos 50° = 

0.645 to the right, S, = S sin 50° = 0.77S up. The 
weight mg s already along one of the axes: it has a 
component mg = 100 N down. Equilibrium thus 
demands (net force has zero x and y components) 
0.87T = 0.64S 

0.507 +0.775 = 100 

from which we find T = 65.3 N'and § = 87.9 N. 

  

    

Q2 st 
Ablock of weight 50.0 N rests on a rough 
horizontal table and is attached by sirings to a 
hanging mass of weight 12.0 N, as shown in 
Figure 4.6. Find the force of friction between the 
block and the table if the block on the table is in 
equilibrium, 

Answer 
“The diagram shows the forces acting on the block 
and the mass as well as the tensions at the point 
where the three strings join. Since that point is in 
equilibrium, the net force on it is zero. Taking 
components of the forces K, $ and 12.0 N along 

    

he ntal and vertical axes we find: 

R ‘left’ 
R,=0 

  

    

  

  
  

  

500N, 5 
r L 
— 1r 

7 
500N T 

120N 
Figure 46. 

Scos 30° 
0.8665 ‘right’ 
Ssin 30° 

=0.5005 ‘up’ 

    

Equilibrium then demands that 

8665    

since T= 12.0 N by the equilibrium of the hanging 
mass. We can thus find § = 24.0 N and so R 
20.8 N. Demanding now equilibrium for the block 
on the table, we see that the frictional force must 
equal R, i.e. 20.8 N. 

    

  

()} LRIIIERANIIERGStataNIbNAIMISANIIEILERE] 

Amass of 125 g is attached o a spring of spring 
constant k = 58 N m™" that is hanging vertically. 
(@) Find the extension of the spring, 
(b) If the mass and the spring are placed on the 

moon, will there be any change in the extension 
of the spring? 

Answer 

(@) The forces on the hanging mass are its weight 
and the tension of the spring. Since we have 
equilibrium, the two forces are equal in 
magnitude. Therefore



1125 x 10 
58 

=22em 

  

  

(b) The extension will be less, since the 
acceleration of gravity s less. 

1 What is the net force on each of the bodies 
shown in the diagrams in Figure 4.7 The 
only forces acting are the ones shown. 
Indicate direction by ‘right, left’, ‘up’ and 

  

  

    

  

  

        
  

  

“down’. 

N © 12N ® 
= = 1 N N 

i N 0N 
- 5 0N 
© N @ 

68 © 
        | 

Figure 4.7 For question 1. 

® 

6N 

2 Find the magnitude and direction of the net 
force in Figure 4.8. 

6N 

H | 
(e 

Figure 48 For question 2. 

20N 

3 In Figure 4.9, what must £ and @ be such that 
the three forces give a net force of zero?   
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12N 

ALA 

15N 
Figure 49 For question 3. 

4 Why is it impossible for a mass o hang, 
atiached to two horizontal strings as shown 
in Figure 4.107 

  

  

Figure 4.10 For question 4. 

5 Amass is hanging from a string that is 
attached to the ceiling. A second piece of 
string (identical to the first) hangs from the 
lower end of the mass. (See Figure 4.11.) 

Figure 4.11 For question 5. 

Which string will break if: 
(@) the bottom sring is slowly pulled with 

ever increasing force; 
(b) the bottom string is very abruptly pulled 

down?
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6 Aforce of 10.0 N is acting along the negative 
x-axis and a force of 5.00 N at an angle of 20° 

with the positive x-axis. Find the net force. 
7 Aforce has components 2.45 N and 4.23 N 

along two perpendicular axes. What is the 
magnitude of the force? 

8 Aweight of mass 12.5 kg hangs from very 
light, smooth pulleys as shown in Figure 4.12. 
What force must be applied to the rope so that 
the mass stays at rest? 

      
    
  

Figure 4.12 For question 8. 

9 Amass of 2.00 kg rests on a rough horizontal 
table. The maximum frictional force between 
the mass and the table is 12 N. The block is 
attached to a hanging mass by a string that 
goes aver a smooth pulley. What is the largest 
mass that can hang in this way without forcing 
the block to slide? (See Figure 4.13.) 

Figure 4.13 For question 9. 

10 A mass of 5.00 kg hangs attached to three 
strings as shown in Figure 4.14. Find the 
tension in each string. (Hint: Consider the 
equilibrium of the point where the strings 
join.) 

  

  
  

  

  

Figure 4.14 For question 10. 

11 A od of mass 5.00 kg is first pulled and then 
pushed at constant velocity by a force at 45° 
10 the horizontal as shown in Figure 4.15. 
Assuming that in both cases the frictional 
force is horizontal and equal to 0.4 times the 
normal reaction force on the rod, find the 
force F in each case. What does this imply? 

  

Mg ’ g 

  

Figure 415 For question 11, 

12 A 455 N crate is being pulled at constant 
velocity by a force directed at 30° to the 
horizontal as shown in Figure 4.16. The 
frictional force on the crate is 1163 N. What is 
the magnitude of the pulling force? 

oy 
Figure 4.16 For question 12. 

  

  

  

    

13 (a) A 2598 kg aeroplane is moving. 
horizontally in a straight line at constant 
velocity. What is the upward force on the 
aeroplane?  



(b) The plane is now diving (again at constant 
velocity) making an angle of 10° to the 
horizontal. Find the lift force on the plane 
assuming that it is normal to the velocity 
of the plane. 

14 A mass M is connected with a string to a 
smaller mass m. The mass M is resting on an 
inclined plane and the string goes over a 
pulley at the top of the plane so that the 
mass m is hanging vertically, as shown in 
Figure 4.17. What must the angle of the plane 
be in order o have equilibrium? 

Figure 4.17 For question 14. 
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15 A mass m is attached to two identical springs 
of spring constant k. The other end of each 
spring is attached to the ceiling so that each 
makes an angle with the vertical, as shown 
in Figure 4.18. I the mass is in equilibrium, 
what is the extension of each spring? 

  

Figure 4.18 For question 15.
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Newton’s second and 
third laws 
These laws ate the comerstone of what is called dlassical physics. They imply that, once 
the forces that act on a system are specified and the motion of the system is known at 
some point in time, then the motion of the system can be predicted at al future fimes. 
This predictabiltyis characteristic of classicalsystems s opposed to quantum ones, where 
the uncertainty prindple introduces a probabilisti intefpretation on the future evolution of 
the system. Lately,this sharp definition of predictabiliy has been eroded somewhat even 
for dlassical systems: chaotic behaviour can imply a loss of predictabilty in some cases. 

PHILOSOPHIE 
NATURALIS 

PRINCIPIA 
MATHE! 

      

e 
L, & St el S 

IMPRI 
SRS 

This s the front page from Newton's book 
called Principia (Principles) in which he outlined 

s theories of the laws that governed the 5 i R i g 
AT motion of objects, 

  

Objectives 

By the end of this chapter you should be able to: 
+ recognize situations of equilibrium, i.e. situations where the net force and 

hence the acceleration are zero; 
+ draw the forces on the body of interest and apply Newton's second law 

on that body, F = ma; 
« recognize that the net force on a body is in the same direction as the 

acceleration of that body: 
« identify pairs of forces that come from Newton’s third law. 
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Newton’s second law 

‘This fundamental law asserts that: 

  

Figure 5.1 shows the net force on a freely falling 
body, which happens to be its weight, W =mg. 
By Newton's second law, the et force equals 
the mass times the acceleration, and so 

  

mg =ma 
=Sa=g 

that is, the acceleration of the freely falling 
‘body is exactly g. Experiments going back to 
Galileo show us that indeed all bodies fall in a 
vacuum with the same acceleration (the 
acceleration due to gravity) irrespective of their 
density, their mass, their shape and the material 
from which they are made. 

  

Figure 5.1 A mass falling to the ground acted 
upon by gravity. 

    

Itis important to realize that the second law 
speaks of the net force on the body. Thus, ifa 
number of individual forces act on a body, we 
‘must first find the net force by vector addition. 

Asimple everyday example of the second law is 
that when you jump from some height you 
bend your knees on landing. This is because by 
bending your knees you stretch out the time it 
takes to reduce your speed to zero, and thus 
your acceleration (deceleration) is least. This 
means that the force from the ground on to you 
i least. 

Example questions 
Q] IS4l CIEIITIITOCSI IS ITTIIETSS . 

Aman of mass m = 70 kg stands on the floor of 
an elevator. Find the force of reaction he 
experiences from the elevator floor when: 
(@) the elevator is standing stll; 
(b) the elevator moves up at constant speed 

3ms; 
(©) the elevator moves up with acceleration 

ams 

(d) the elevator moves down with acceleration 
4ms 

  

Answer 
“Two forces act on the man: his weight mg 
vertically down and the reaction force K from the 
floor vertically up. 

  

(@) There is no acceleration and so by Newton’s 
second law the net force on the man must be 
zero. Hence 

mg 
=700N 

  

(b) There is no acceleration and so again 

mg 
=700 N    

(©) There is acceleration upwards. Hence 
R—mg=ma 

0 
R=mg+ma 

700 N 4280 N 
980 N 
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(d) We again have acceleration, but this time in 
the downward direction. Hence 

R=ma 

  

s0 

R=mg—ma 
700 N — 280 N 

=420 N 

  

Note: In (c) the acceleration s up, so we find the 
net force in the upward direction. In (d) the 
acceleration is down, so we find the net force in 
the downward direction. Newton's law in all 
cases involves accelerations and forces in the 

  

same direction. 

Q2 e 
A man of mass 70 kg is moving upward in an 
elevator at a constant speed of 3 m s™". The 
elevator comes to rest in a time of 2 s. What is the 
reaction force on the man from the elevator floor 
during the period of deceleration? 

Answer 

The acceleration experienced by the man is 
~1.5ms™ So 

R—mg=ma 
= R=mg+ma 

00 + (=105) = 595 N 

1, instead, the man was moving downward and 
then decelerated 1o rest, we would have 

  

mg— R=ma 
= R=mg—ma 

=700 — (~105) = 805 N 

Both cases are easily experienced in daly life. 
When the elevator goes up and then stops we feel 
“lighter during the deceleration period. When 
going down and about to stop, we feel “heavier’ 
during the deceleration period. The feeling of 
“lightness’ or *heaviness' has 1o do with what 
reaction force we feel from the floor. 

Q3 s 
A hot air balloon of mass 150 kg is tied to the 
ground with a rope (of negligible mass). When 
the rope s cut, the balloon rises with an 
acceleration of 2 m 5™, What was the tension 
in the rope?   

Answer 

The forces on the balloon originally are its weight, 
the upthrust and the tension (see Figure 5.2). 

T 

Figure 5.2. 

Initially we have equilibrium and so U = W T. 
After the rope is cut the net force is U — W and so 
U-W=m 

50 x 2 
=300N 

  

From the first equation 
T=U-W=300N 

The next examples show how Newton's second 
law is applied when more than one mass is 
present. 

Q4 16%0 oot TR S E I S R TTITITI AN 

Two blocks of mass 4.0 and 6.0 kg are joined by a 
string and rest on a frictionless horizontal table 
(see Figure 5.3). If a force of 100 N is applied 

  

  

  

    

  

    

  

  

  

  

          
    

horizontally on one of the blocks, find the 
acceleration of each block. 

10k 
T [ 100N 

Ry, frecbody dingrams 1 2 
et 7 
mg 

Mg 
Fguce 5; 

Answer 
Method 1: The et force on the 6.0 kg mass is 
100 — T and on the 4.0 kg mass just T. Thus,
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applying Newton's second law separately on each 
mass 

100~ T=6a 
4a 

  

Solving for a (by adding the two equations side by 
side) gives a = 10 m s~ and the tension s thus 
=4.0x10 

40N 

    

Note: The free-body diagram makes it clear that 
the 100 N force acts only on the body to the right. 
Itis a common mistake to say that the body to the 
leit is also acted upon by the 100 N force. 

Method 2: We may consider the two bodies as 
one of mass 10 kg. This is denoted by the dotted 
fine in Figure 5.4. The net force on the body is 
100 N. Note that the tensions are irrelevant now 

since they cancel out. (They did not in Method 1 
as they acted on different bodies. Now they act 
on the same body. They are now internal forces 
and these are irrelevant.) 

100      
  100N 

          

  

  

Figure 5. 

Applying Newon’s second law on the single 
body we have 
100 = 10   

  

Sa=10m 
But to find the tension we must break up the 
combined body into the original two bodies. 
Newton’s second law on the 4.0 kg body gives 
T=4a=40N 
(the tension on this block is the net force on the 
block). If we used the other block, we would see 
that the net force on it is 100 = T and so 
100 -T=6x10 

=60 

8 T =40 N as before. 

    

QF s 
(Atwood's machine) Two masses of m = 4.0 kg 
and M = 6.0 kg are joined together by a string 
that passes over a pulley. The masses are held 
stationary and suddenly released. What i the 
acceleration of each mass? 

  

Answer 

Intuition tells us that the larger mass will start 
moving downward and the small mass will go up. 
So if we say that the larger mass's acceleration is 
a, then the other mass's acceleration will also be 
a in magnitude but, of course, in the opposite 
direction. The two accelerations are the same 
because the string cannot be extended. 
Method 1: The forces on each mass are weight mg 
and tension T on m and weight Mg and tension 
T on M (see Figure 5.5). 

mg 
T 

Mg 
Mg 

  

igure 55. 

Newton's second law applied to each mass states 

T-mg=ma m 
Mg—T=Ma @) 

  

Note these equations careiully. Each says that the 
net force on the mass in question s equal to that 
mass times that mass's acceleration. In the 
equation we find the net force in the upward 

ction, because that is the direction of 
acceleration. In the second we find the et force 
downward, since that i the direction of 
acceleration in that case. We want to find the 
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acceleration, so we simply add up these two. 
equations side by side to find 
Mg~ mg = (m+ Ma 

  

hence 
M—m a= Mrm® 

(Note that if M 3 m, the acceleration tends to g 
(why?). This shows clearly that f the two masses 
are equal then there is no acceleration. This is a 
convenient method for measuring g: Atwood's 
machine effectively ‘slows down’ g so the falling 
mass has a much smaller acceleration from which 
g can then be determined. Putting in the numbers 
for our example we find a = 2.0 m s, Having 
found the acceleration we may, if we wish, also 
find the tension in the string, 7. Putting the value 
for a in formula (1) we find 

  

m 
M+m 
Mm 
Mim 

=48N 

T=m   gtmg 

=2   

(If M 3> m, the tension tends to 2mg (why?).) 

Method 2: We treat the two masses as one body 
and apply Newton's second law on this body (but 
this is trickier than in the previous example) ~ see 
Figure 5.6. 

  

Figure 5.6. 

In this case the net force is Mg — mg and, since 
this force acts on a body of mass M+ m, the 
acceleration is found as before from F = massx 
acceleration. Note that the tension T does not 
appear in this case, being now an internal force.   

Qb AT s e ——— 
In Figure 5.7, a block of mass M is connected to a 
smaller mass m through a string that goes over a 
pulley. Ignoring friction, find the acceleration of 
each mass and the tension in the string. 

  

  

  

  
  

  

    

" 
M 7 

- T 
Mg 

me 
Figure 5.7. 

Answer 
Method 1: The forces are shown in Figure 5.7. Thus 
mg—T=ma 

T=Ma 
from which (adding the two equations side by side) 

mg 
miM 
  

(I #135 m the acceleration tends to zero (why?).) 
1f M = 8.0 kg and m = 2.0 ke, this gives 

.0 m 5™, Hence 

Mg 
m+M 

=16N 

  

Method 2: Treating the two bodies as one results 
in the situation shown in Figure 5.8. 

  

Figure 5.8. 

The net force on the mass M+ m is mg. Hence 
mg=(M+ma 

= OB 
meM 

The tension can then be found as before.  
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Consider finally 100 blocks each of mass m 
1.0 kg that are placed next to each other in a 
straight line, as shown in Figure 5.9, 

! 

S 

  

      
  

  

Figure 5. 

Aforce F =100 N is applied 10 the block at the 
left. What force does the 60th block exert on the 
61st (see Figure 5.10)7 

e 
T 

freebody diagram 
for the last 40 
blocks 

Figure 5.10. 

   

   

  

        

  

        

Answer 

To answer the question, we treat the 100 blocks as 
one body, in which case the net force on the 
system is 100 N. Since the mass is 100 kg, the 

acceleration of each block is 1 m s 

  

Let T be the required force. It s the net force on 
the body inside the dotted line of mass 40 ke. 
Since this force accelerates a mass of 40 kg by 

  

Terminal velocity 
‘When a body moves through a fluid (a gas or 
liquid), it experiences an opposing force that 
depends on the speed of the body. If the speed is 
small, the opposing force is proportional to the 
speed, whereas for larger speeds the force 
becomes proportional to the square of the speed. 
Consider, for example, a body falling through air. 
‘The forces on the body are its weight, mg, and the 
opposing force, which we assume is proportional 
o the speed, F = k. Initially the speed is small, 
5o the body falls with an acceleration that is 
essentially that due to gravity. As the speed 
increases, so does the opposing force and hence, 
after a while, it will become equal to the weight. 

  

  

In that case the acceleration becomes zero and 
the body continues to fall with a constant velocity, 
called terminal velocity. Figure 5.1 shows a 
body falling from rest and acquiring a 
terminal velocity of 50 m s~ after about 25 s. The 
acceleration of the body is initially that due to 
gravity but becomes zero after about 25 s. 

mg=kvy = vr="F 

e 

> increasing velocity 

Vi -1 
50 
0 

20 
10 

  k s 
0 5 10 15 20 25 30 

Figure 5.1 The opposing force grows as the speed 
increases and eventually becomes equal to the 
weight. From that point on, the acceleration is 
zero and the body has achieved its terminal 
velocity.
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The inclined plane | 
‘The motion of a body along a straight line that 
is kept at an angle to the horizontal (inclined 
plane) is an important application of Newton’s 
laws. The following is an example. A mass of 
m=2.0 kg is held on a frictionless inclined 
plane of 30°. What is the acceleration of the 
mass if it is released? 

‘There are two forces acting on the mass (see 
Figure 5.12). 

  

Figure 5.12 A mass on an inclined plane. 

‘magnitude mg, and the reaction from the plane, 
which is perpendicular to the plane, of magnitude 
R.We can find the components of these two forces 
along two mutually perpendicular axes, one being 
along the plane (see Figure 5.13). The force R is 
already along one of the axes so we don't bother 
with that. But mg is not. 

| 
The two forces are: its weight vertically down of ‘ 

| 

   

  

mgsin® 

mgcos 

e 
Figure 5.13 We take components along axes that 

Tie along the plane and normally to the plane. 

‘The magnitude of the component of mg along 
the plane is mg sin 6, where 6 = 30° is the angle 
of the incline. This component lies down the 
plane. The other component is mg cos#, in the ‘ 
direction perpendicular to the plane. In that 

  

direction there is no acceleration, hence the net 
force there is zero: that is, R —mg cosé = 0. 
‘This tells us that R = mg cos6. In the direction 
along the plane, there is a single unbalanced 
force, namely mg sin 6, and therefore by Newton's 
second law, this force will equal mass times 
acceleration in that same direction: that is 

mg sin = ma 
where a is the unknown acceleration. Hence, 
we find 

a=gsing 

‘This is an important result and we will make 
use of it many times. Note that the acceleration 
does not depend on the mass. For the numerical 
values of this problem we finda =50 m s %, 

You may wonder why we took as our axes the 
ones along and perpendicular to the inclined 
plane. The answer is that we did not have to 
choose these axes. Any other set would have 
done. This choice, however, is the most 

convenient, because it exploits the fact that the 
acceleration will take place along the plane, so 
we choose that direction as one of our axes. If 
‘we had chosen another set of axes, say a 

horizontal and a vertical one, then we would 
find acceleration along both of these axes. 
Acceleration, of course, s a vector and if we 
combined these two accelerations, we would 
find the same acceleration (in magnitude and 
direction) as above. Try to work out the details. 

An accelerometer 
Consider a mass that is hanging from a string of 
length L, which is attached to the ceiling of a 
train. What will be the angle the string makes 
with the vertical if (a) the train moves forward 
with a constant speed of 3 m s, or (b) moves 
forward with an acceleration of 4 m s™*? If the 
train moves with constant speed in the 
horizontal direction, the acceleration in this 
direction is zero. Hence the et force in the 
horizontal direction must also be zero. The only 
forces on the mass are its weight vertically 
down, and the tension T of the string along the 
string. S0, to produce zero force in the horizontal  
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direction the string must be vertical. In case (b) 
there is acceleration in the horizontal direction 
and hence there must also be a net force in this 
direction. The string will therefore make an 
angle 6 with the vertical (see Figure 5.14). 

acceleration| 
— T 

| 
Figure 5.14 When the forces are not in the 

direction of acceleration, we must take 
components 

  

In this case we take components of the forces 
on the mass along the horizontal and vertical 
directions. In the horizontal direction we have 
only the component of T which is T sinf, and 
in the vertical direction we have T cos upward 
and mg downward. Therefore 

Tsing=ma and T cosé =mg 

Hence, a = g tan. Note that the mass does not 
enter into the expression for . This is actually a 
crude device that can be used to measure 
acceleration - an accelerometer. 

Newton’s third law ' 
Newton's third law states that: 

      

  

PR s s Eon Dod B e e i 
3 exerts an equal but opposite: . | 

onbody . (See Figure515) e     

@ o 

£ o 
Figure 5.15 The two bodies exert equal and 

opposite forces on each other. 

Make sure you understand that these equal and 
opposite forces act on different bodies. Thus, you 
cannot use this law to claim that it is impossible 
10 ever have a net force on a body because for 
every force on it there is also an equal and opposite 
force. Here are a few examples of this law: 

* You stand on rollerskates facing a wall. You push 
on the wall and you move away from it. This is 
because you exerted a force on the wall and in 
turn the wall exerted an equal and opposite 
force on you, making you accelerate away. 

« You are about to step off a boat onto the dock. 
Your foot exerts a force on the dock, and in 
turn the dock exerts a force on you (your foot) 
in the opposite direction making you (and the 
boat) move away from the dock. (You probably 
fall in the waterl) 

+ Ahelicopter hovers in air. Its rotors exert a 
force downward on the air. Thus, the air exerts 

the upward force on the helicopter that keeps 
it from falling. 

+ Abook of mass 2 kg is allowed to fall freely. The 
carth exerts a force on the book, namely the 
‘weight of the book of about 20 N. Thus, the 

book exerts an equal and opposite force on the 
earth - a force upward equal to 20 N. 

Be careful with situations where two forces are 
equal and opposite but have nothing to do with 
the third law. For example, a block of mass 3 kg 
resting on a horizontal table has two forces 
acting on . Its weight of 30 N and the reaction 
from the table that is also 30 N. These two forces 

are equal and opposite, but they are acting on 
the same body and so have nothing to do with 
Newton's third law. (We have seen in the last 
bullet point above the force that pairs with the 
weight of the block. The one that pairs with the 
reaction force is a downward force on the table.) 

Newton's third law also applies to cases where 
the force between two bodies acts at a distance: 
that is, the two bodies are separated by a 
certain distance. For example, two electric 
charges will exert an electric force on each 
other and any two masses will attract each 
other with the gravitational force. These forces 
must be equal and opposite. (See Figure 5.16.)
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L ¢ 

Figure 5.16 The two charges and the two masses are 
different but the forces are equal and opposite. 

1 (@) Under what circumstances would a 
constant force result in an increasing 
acceleration on a body? 

(b) Under what circumstances would a constant 
force result in zero acceleration on a body? 

2 Acar of mass 1354 kg finds itself on a muddy 
road. If the force from the engine pushing the 
car forward exceeds 575 N, the wheels slip 
(i.e. they rotate without rolling). What is the 
maximum acceleration that the car can move 
with on this road? 

3 The net force on a mass of 1.00 kg initially at 
rest is 1.00 N and acts for 1.00 s. What will 

the velocity of the mass be at the end of the 
1.00 s interval of time? 

4 Amass of 2.00 kg is acted upon by two forces 
0f 4.00 N and 10,0 N. What s the smallest 
and largest acceleration these two forces can 
produce on the mass? 

5 Aman of mass m stands in an elevator. Find 
the reaction force from the elevator floor on 
the man when: 
(@) the elevator is standing stil; 
(b) the elevator moves up at constant speed v; 
© the elevator accelerates down with 

acceleration a; 

(d) the elevator accelerates down with 
acceleration a = g. 

(e) What happens when a > g? 
6 Abird is in a glass cage that hangs from a 

spring scale. Compare the readings of the 
scale in the following cases. 
(@) The bird is sitting in the cage.   

(b) The bird is hovering in the cage. 
(©) The bird is moving upward with 

acceleration. 

(d) The bird is accelerating downward. 
(e) The bird is moving upward with constant 

velocity. 
Get in an elevator and streich out your arm 
holding your heavy physics book. Press the 
button to go up. What do you observe 
happening to your stretched arm? What 
happens as the elevator comes 0 a stop at the 
top floor? What happens when you press the 
button to go down and what happens when the 
elevator again stops? Explain your observations 
carefully using the second law of mechanics. 
Ablock of mass 2.0 kg rests on top of another 
block of mass 10.0 kg that itself rests on a 

frictionless table (see Figure 5.17). The largest 

frictional force that can develop between the 

two blocks is 16 N. Calculate the largest force 

‘with which the bottom block can be pulled so 

that both blocks move together without sliding 

on each other. 

  20k 

      

100k 

  

—r 
  

Figure 5.17 For question 8. 

Figure 5.18 shows a person in an elevator 
pulling on a rope that goes over a pulley and is 
attached to the top of the elevator. Identify all 
the forces shown and for each find the reaction 
force (according to Newton’s third law). On 
what body does each reaction force act? 

  

        

Figure 5.18 For questions 9 and 10.  



10 Take the mass of the elevator shown in 
re 5.18 to be 30.0 kg and that of the 

person to be 70.0 kg, If the elevator accelerates 
upwards at 0.500 m s, find the reaction force 
on the person from the elevator floor. 

11 A small passenger car and a fully loaded truck 
collide head-on. Which vehicle experiences 
the greater force? 

  

12 What force does a man of mass 80.0 kg exert 
on the earth as he falls freely after jumping 
from a table 1 m high from the surface o the 
carth? 

13 Three blocks rest on a horizontal frictionless 
surface, as shown in Figure 5.19. A force of 
20.0 N is applied horizontally to the right on 
the block of mass 2.0 kg. Find the individual 
forces acting on each mass. Identify 
action-reaction pairs. 

30k 
  20k 50ke 

— 
  

  

          
Figure 5.19 For question 13. 

14 A (massless) string hangs vertically from a 
support in the ceiling. A mass of 10.0 kg is 
atiached 10 the other end of the string. What is 
the force the string exerts on the support? 

15 Ablock of mass 15.0 kg rests on a horizontal 
table. A force of 50.0 N is applied vertically 
downward on the block. Calculate the force 
that the block exerts on the table. 

16 Ablock of mass 10.0 kg resis on top of a 
bigger block of mass 20.0 kg, which in tum 
rests on a horizontal table (see Figure 5.20). 

Find the individual forces acting on each 
block. Identify action-reaction pairs according 
10 Newton's third law. 

  

100ke 
      

200k 
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17 If a vertical downward force of 50.0 N acts on 
the top block in Figure 5.20, what are the 
forces on each block now. 

18 A massless string has the same tension 
throughout its length. Can you explain why? 

19 Look back at Figure 5.18. The person has a 

mass of 70.0 kg and the elevator a mass of 
30.0 kg. I the force the person exerts on the 
elevator floor is 300.0 N, find the acceleration 
of the elevator (g = 10 m s™). 

20 (a) Calculate the tension in the string joining, 
the two masses in Figure 5.21. 

(b) I the position of the masses is 
interchanged, will the tension change? 

300ke 
  100k > 

Figure 5.21 For question 20. 

  

  

        

21 One hundred equal masses m = 1.0 kg are 
joined by strings as shown in Figure 5.22. The 
first mass is acted upon by a force F = 100 N. 
What is the tension in the string joining the 
60th mass to the 615tz 

  

Figure 5.22 For question 21. 

22 A mass of 3.0 kg is acted upon by three forces 
of 4.0 N, 6.0 N and 9.0 N and is in 

equilibrium. Convince yourself that these 
forces can indeed be in equilibrium. If the 
9.0 N force is suddenly removed, what will 
the acceleration of the mass be? 

23 What is the tension in the string joining the 
two masses in Figure 5.232 What is the 
acceleration of each mass? 

  

100k 20k 
  

          

Figure 520 For question 16. 
  

Figure 523,
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24 Two bodies are joined by a string and are pulled 
up an inclined plane that makes an angle of 
30° to the horizontal, as shown in Figure 5.24. 
Calculate the tension in the sring wher 
(@) the bodies move with constant speed; 
(b) the bodies move up the plane with an 

acceleration of 2.0 m s 
(c) What i the value of F in each case? 

    

a0k 

80k 

QI 
Figure 5.24 For question 24. 

25 The velocity-time graph in Figure 5.25 is a 
student’s graph for the vertical motion of a 
person who jumps from a helicopter and a 
few seconds later opens a parachute. 
(@) Using the laws of mechanics carefully 

explain the shape of the curve. (When 
does the parachute open? When does the 
air resistance force reach its maximum 

  

value? Is the air resistance force constant?) 
(b) How would you improve on the student’s 

graph? 

Figure 5.25 For question 25. 

 



  

_CHAPTER 
Linear momentum 
This chapter introduces the concept of momentum and, by using Newton's second and 

thitd laws, the law of momentum conservation is derived. This law is the basis for 
analysing collsions. 

    

            

    

  

Objectives 
By the end of this chapter you'should be able to: 
+ state the definition of momentum (j = m¥) and appreciate that 

momentum is a vector quantity; 
: « state the definition of average net force in terms of momentum, F e = 35 

« state the definition of impulse as the change in momentum and 
understand that the area under a force-time graph is the impulse of the 
force; 

+ derive the law of conservation of momentum using Newton’s second and 
third laws; 

« identify situations in which momentu is conserved and solve related 
problems. 

If the mass of the body is constant, this reduces 
The concept of momentum 1o the familiar F e = mi. This is because in that 
Momentum is a very important and useful | case 
concept in mechanics. | 

s o Fna—m 

  

   
In terms of momentum, Newton’s second law of 
‘mechanics can be stated as 

Eanal 
‘The advantage of the formulation of Newton's 
second law in terms of momentum is that it 
can be used also in cases where the mass of the 
body is changing (such as, for example, in the 
motion of a rocket). 

Fra= 57 

that is, the (average) net force on a body equals 
the rate of change of the body's momentum.
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Example questions 
QI srreTT———TTCT— 
A 0.100 kg ball moving at 5 m s~' bounces off 
a ventical wall without a change in its speed (see 
Figure 6.1). If the collision with the wall lasted for 
0.1's, what force was exerted on the wall? 

wall 
= . ball coming in 

. ball bounces back 

Figure 6.1. 

Answer 
‘The momentum of the ball changed from ~0.5 N's 
10.0.5 N s in 0.1 s (note the signs: momentum is a 
vector). The magnitude of the average force on 
the ball is thus 

    

“This is also the force exerted by the ball on the 
wall by Newton’s third law. 

Q2 T 
A0.50 kg ball bounces vertically off a hard 
surface. A graph of velocity versus time is shown 
in Figure 6.2. Find the magnitude of the 
momentum change of the ball during the 
bounce. The ball stayed in contact with floor for 
0.15 5. What average force did the ball exert on 
the floor? 

vim st 

     feaction force 

weight 

Answer 
“The initial momentum is 0.50 X 4 = 2 N s. The 
final is 0.50 X (~2) = —1 N s. The magnitude of 
the change is therefore 3 N s. The forces on the 
ball during contact are its weight and the reaction 
from the floor. Thus 

  

R=20+45 
=25N 

Q3 mrremesesmesessscsesssesmsrrrryEr 
Bullets of mass 30 g are being fired from a gun 
with a speed of 300 m s™' at a rate of 20 per 
second. What force is being exerted on the gun? 

Answer 
Using the definition of force involving rate of 
change of momentum as above, we see that the 
momentum of one bullet changes from zero 
before it s fired to mv after it has been fired. If 
there are AN bullets being fired in time A, then 
the magnitude of the momentum change per 
second is 

  

A 2p AN, 
AT oar 

20 57" % 0.030 kg x 300 ms™" 
180 N 

  

QP T TSI TSI s s 5eT 

Mass falls at a rate of i kg s~ onto a conveyor belt 
which moves at constant speed v (see Figure 6.3). 
What force must be exerted on the belt to make it 
turn at constant speed? 
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Answer 
The horizontal momentum of the falling mass 
increases from zero when it first hits the belt to 
‘mv. The rate of increase of momentum is thus v 
and this is the force on the belt, F = juv. 

()5 AESIITE LIRS LTI IR 

A helicopler rotor whose length is R = 5.0 m 
pushes air downwards with a speed v. Assuming 
that the density of air is constant at p = 1.20 kg m 
and the mass of the helicopter is 1200 kg, find v 
You may assume that the rotor forces the air in a 

  

circle of radius R (spanned by the rotor) to move 
with the downward speed v. 

Answer 

The momentum of the air under the rotor is mv, 
where m is the mass of air in a circle of radius 
5.0 m. In time At the mass is enclosed in a 

cylinder of radius R and height vAt. Thus, the 
momentum of this mass is pR?v* At and its rate 

of change is pR?v2. This is the upward force on 
the helicopter, which must equal the helicopter’s 
weight of 12 000 N. So 

PR = Mg 

M Sv= Vink 

  

Thus, v=11ms 

Impulse 
Newton's second law, in terms of momentum 
change, states that the average net force on a 
body (here we use magnitudes of forces and 
momenta) is given by 

ap 
Af net 

If At is infinitesimally small, this gives the 
instantaneous force on the body. If not, it gives 
the average force on the body, F . We may then 
write 

Ap=Fat 

Figure 6.4 shows a ball in contact with a tennis 
racket. The magnitude of the impulse delivered 

to the ball is Ap and equals the product of the 
magnitude of the average force on the ball times 
the interval of time for which the contact lasts. 

  

Figure 6.4 The momentum of the ball changes as a 
result of the collision with the tennis racket. 
‘This means there is a force on the ball while it 
is in contact with the racket. 

The quantity Ap = FAt is called the impulse of 
the force and has the following interpretation 
in terms of a graph that shows the variation of 
the force with time (see Figure 6.5). 

» Impulse is the area under the curve of a 
force-time graph and equals the total 
‘momentum change of the mass. 

foree/N 
1000       
  500 

60 

400   

  

20       i i Ly time/ms 
0 46 10 

Figure 6.5 The area under the force-time graph 
gives the total momentum change of the body 
the force acts upon. 

  

In the graph of Figure 6.5 the area is about 
2.5 N's (can you verify this?) and the force acts 
for about 6.0 ms. This means that during the 

6.0 ms the momentum of the body changed by
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2.5 N's. The maximum force that acted on the 
body was 1000 N and the average force 

  

T60x 107 
~470N 

Consider, then, a body of mass m that moves 
with velocity v and is brought to rest by a non- 
constant force F. The change in the momentum 
of the body is Ap = 0 —mv = —mv. (We may 
ignore the sign if we are interested only in the 
‘magnitude of the momentum change) Let us 
examine two possibilities. In the first case, the 
force brings the body to rest over a longer 
period of time compared with the second. The 
graphs of force versus time might be as shown 
in Figure 6.6. The thick curve represents the 
force that brings the body to rest over a short 
time. This force is larger, on average, than the 
force that brings the body to rest over a longer 
time interval. The areas under the curves are 
the same since they both represent the change 
in the momentum of the body, which is mv in 
both cases. 

foree 

time 
Figure 6.6 The areas under the two curves are the 

same so the force acting for a shorter time must 

be larger on average. 

These graphs can be thought of as idealizations 
of the forces experienced by a driver of a car 
that is brought suddenly to rest in a crash. 
(What are more realistic graphs?) A driver not 
wearing a safety belt will quickly come to rest 
after hitting the steering wheel or the 

windscreen and will experience a large force. A 
driver wearing a safety belt in a car with an air- 
Dag, however, will come to rest over a longer 
period of time since the belt and the airbag 
start bringing him to rest earlier and allow him 
10 move forward a bit while coming to rest. The 
force he experiences is thus correspondingly 
smaller. 

Example questions 
Q6 SPIITATITTIIITINIIIFSOICILIIISREIELIIITLIS 

Aball of mass 0.250 kg moves on a frictionless 
horizontal floor and hits a vertical wall with 
speed 5.0 m s~ The ball rebounds with speed 
4.0m 5™, 1f the ball was in contact with the wall 
for 0.150 s, find the average force that acted on 
the ball 

  

Answer 

The magnitude of the change in the ball’s 
momentum is (remember that momentum is a 
vector) 

Ap=pi—p 
250 x 4.0 — (~0.250 x 5.0) 

20— (-1.25) 

—225Ns 

    

Hence 

  

The force in example question 6 is assumed to 
vary with time as shown in Figure 6.7. 
Deduce the maximum force that acted on the ball. 

01505 
Figure 6.7.  



A second, harder, ball of identical mass to the first 
also bounces off the wall with the same initial and 
final speed, but since it is harder it stays in contact 
with the wall for only 0.125 5. What i the 
maximun force exerted by the wall on this ballz 

Answer 

The area under the curve is the toal change in 
the ball's momentum, which we found to be 
Ap=2.25Ns. The area is a triangle and so 

3 % Froax X 0.150 = 2.25 
= Frax=30N 

The area under the force-time graph in the case 
of the harder ball will be the same. Thus 
X Fa X 0,125 = 225 

= Fax = 36N 

QB esasasisaceisessssssessssaissmsrasaiaselst 
Aforce of 1000.0 N acts on a body of 40.0 kg 
initially at rest for a time interval of 0.0500 s. 

What s the velocity of the mass? 

Answer 
The impulse is 
FAL=1000 x 0.05Ns 

=50.0Ns 
and this equals the amount by which the body's 
momentum increases. The velocity is thus 
50 
s 125ms™ Iy ° 

  

QY emmEEassses 
Aforce Fvaries with time according to F = 
4+ 124, where Fis in newtons and t in seconds. 
“The force acts on a block of mass m = 2.00 kg, 
which is initially at rest on a frictionless 
horizontal surface. F makes an angle of 30° with 
the horizontal (see Figure 6.8). When will the 
force it the body from the table? What will the 
velocity of the body be at that instantz 

    

  

Figure 6.8.   
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Answer 
The block will leave the table when the normal 
reaction force R becomes zero. 

R+ Fsin30° = mg 

o 

= 40 N when R = 0. 

  

This happens when ¢ = 3.0 s. The horizontal 
component of F is 

(4+121)cos 30° = 3.64 +10.39¢ 

‘The change in the body's momentum in the 
horizontal direction is the area under the F, versus 
tgraph from t = 0 to t = 3.0 . This area is 
57.7 Ns. Thus, the horizontal component of 
velocity s 28.8 m 5™, The vertical component 
is zero. 

  

The law of conservation 
of momentum 

Given a system of two masses say i and m 
with velocities 7, and 7, the total momentum 

of the system is defined as the vector sum of 
the individual momenta 

Prow = miiy +maiz 

Example questions. 
QFH) S EsiTrsa st i 1L TR e R T caenet 13000 
Two masses of 2.0 kg and 3.0 kg move to the 
right with speeds of 4.0ms™' and 5.0 ms™, 
respectively. What is the total momentum of 
the system? 

Answer 

P=(2x443x5Ns 
=23Ns 

D s 
Amass of 2.0 kg moves to the right with a speed 
0 10.0m's™" and a mass of 4.0 kg moves to the 
left with a speed of 8.0 m s™'. What s the total 
momentum of the system? 

 



  

    

2%10-4xB)Ns 
12Ns 

‘The minus sign means that the direction of this 
total momentum is to the left. 

  

Consider now two bodies A and B of masses my 
and my on a horizontal frictionless table. The 
forces on each mass are the weight and the 
normal reaction force from the table, which 
equals the weight. Thus, the net force on each 
‘mass s zero, If these masses have some initial 
velocity, then by Newton's first law they continue 
‘moving with that same velocity until a force acts 
on them. If the bodies move in such a way that 
they will collide at some point in time, then at 
the point of collision a force will be exerted on 
each body. As a result of this force, each mass will 
change its velocity and thus its momentum. If we 
consider the two bodies together as a system, 
then the net force on the system s zero. As we 
mentioned already, the weight of each mass is 
cancelled by the reaction force and the only force 
that remains is the force during the collision. 
However, from Newton’s third law, the force that 
body A experiences must be equal and opposite to 
that which B experiences. Thus, even though 
there is a net force acting on each mass for the 
duration of the collision, the net force on the 
System of the two masses s zero. We see that at all 
times the net external force on the system is zero. 
(See Figure 6.9) 

o forces acton the 
system from outside 

   

    

Figure 6.9 The total momentum of an isolated 
system is conserved. . 

    

A system in which no external forces act is 
called an isolated system. Isolated systems have 
the property that the total momentum stays the 
same at all times. If the system consists of a 
number of bodies (in our example, two) then 
the total momentum is defined as the sum of 
the individual momenta of the bodies in the 
system. If, before the collision, the bodies A and 

B had velocity vectors 75 and i, then the total 
momentum of the system is 

Plot = MaVz + me?s 

‘We should remind ourselves that momentum is 
avector and thus when we say that the total 
‘momentum is the sum of the individual 
‘momenta we mean the vector sum. 

  

If, as a result of the collision, the two bodies 
now have velocity vectors ii5 and iy, then the 
total momentum is now 

  

  

otal = MaliA + Mgl 

and equals the total momentum before the 
collision. The individual momenta have 
changed as a result of the collision but their 
vector sum is the same. This is the law of 
conservation of linear momentum. 

  

Example questions 
Q12 
Let a mass of 3.0 kg be standing still and a second 
mass of 5.0 kg come along and hit it with velocity 
4.0 m s™'. Suppose that the smaller mass moves 
off with a speed of 3.0 m s™'. What happens to 
the larger mass? (See Figure 6.10.) 

  

  

Answer 
The system of the two masses is an isolated system 
as we discussed above. Thus, momentum will be 
conserved. Before the collision the total momentum 
of the system was (3.0 X 0 + 5.0 X 4.0) N's = 
20 N's. This must also be the total momentum 
after the collision. But after the collision the total 

   



before collsion 
Q 40mst 0 

50k 30k 

after collsion 

Figure 6.10. 

momentum is (3.0 X 3.0 + 5.0 X u) N s where 

wis the unknown speed of the larger mass. Thus 
2 9.0+ 5.0uandsou=22ms". 

  

Q1) T T T SN IR 

Two masses of 2.0 kg and 4.0 kg are held with a 
compressed spring between them. If the masses 
are released, the spring will push them away from 
each other. If the smaller mass moves off with a 
speed of 6.0 m ™!, what is the speed of the other 
mass? (See Figure 6.11) 

Ouia 

  

wn, e - 

Figure 6.11. 

- 
Here our system consists of the two masses and 
the spring. There are no external forces here, 
since gravity is cancelled by the upward 
reaction forces from the table where the masses 
rest. The only force is the elastic force of the 
spring with which it pushes the masses away. 
But this is not an external force <o total 
momentum will stay the same. The spring exerts 
equal and opposite forces on each mass. Before 
the masses start moving apart, the total 
momentum is zero, since nothing moves. After 
the masses move away, the total momentum is   
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(2% 6—4xu) Ns, where uis the unknown 
speed of the heavy mass. Note the minus sign. 
The masses are moving in opposite directions, 
50 one of the velocities (and also one of the 
momenta) is negative. Thus, 12 — 4u = 0 and 
sou=30ms 

Q14 ST T RS MMM LTI T SRS 

Aball is released from some height above the 
carth's surface. Treat the ball as the entire system 
under consideration. As the ball falls, is the 
momentum of the system conserved? 

  

Answer 
No, because there is an external force acting on 
the ball, namely s weight. 

Q15 33T s RIS AR S IS SIS 

Aball is released from some height above the 
earth's surface. Treat the ball and the earth as 
the entire system under consideration. As the 
ball falls, is the momentum of the system 
conserved? 

   

  

Answer 

Yes, because there are no external forces on the 
system. The earth exerts a force on the ball but 
the ball exerts an equal and opposite force on the 
carth. Hence the net force on the earth-ball 
system is zero. 
(This means that as the ball falls, the earth moves 
wpabi 

  

Proof of momentum 

conservation 

‘We will now prove the law of momentum 
conservation for an isolated system consisting 
of two bodies A and B. It s easy to generalize to 
systems with more than two bodies. Let the two 
bodies have masses m, and m, with velocities 
before the collision 7, and 7. As a result of the 
collision the two bodies change their velocities 
toii, and fiy. Let F stand for the force that A 
experiences during the collision, which lasted a 
time AL. (See Figure 6.12,) 
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before collision 
4 5 

after collsion 

Figure 6.12 Diagram used for proof of the law of 
conservation of momentum. 

“Then, by Newton's second law 

a5, 
At 

Maily — MaVy 
Al - 

‘The force experienced by B is —F (Newton's 
third law) and so 

  

_ LB 
At 

myiiy, — iy 
At 

  

Thus 

Maily — M7y 
= Mgy + myly 

—(myidy — M) 
myily + myiy 

which states precisely that the total momentum 
before and after the collision is the same. 

  

Example ques 
Q16 Eesssss T —— 
(@) A man of mass m stands on a cart of mass M 

that rests on a horizontal frictionless surface. If 
the man begins to walk with velocity v with 
respect to the cart, how will the cart move? 
See Figure 6.13. 

(b) What happens when the man gets to the edge 
of the cart and stops walking? 

ns 

  

Answer 
(a) Let us look at things from the point of view of 

an observer at rest on the ground. The initial 
momentum of the man-cart system s zero. 
The cart will move to the leit with speed u, so 
the man will move with velocity v — u with 
respect to the ground. Hence, by momentum 
conservation 

0=m(v-u) - Mu 

my 
Mim 
  Su 

(b) When the man stops, the cart will stop as well, 
50 the total momentum of the man-cart system 
remains zero. 

Q17 E——————— 
A cart of mass M moves with constant velocity v 
on a frictionless road (see Figure 6.14). Rain is 

falling vertically on to the road and begins to fll 
the cart at a steady rate of kg per second. Find 
the velocity of the cart t seconds later. 

  

Figure 6.14. 

Answer 
We look at things from the point of view of an 
observer on the ground. After a time of ts the 
mass of the cart is M + jut. Momentum is 
conserved as there are no external forces. So if u 
is the velocity after time (, we must have 
My= (M + it 

M 
Su 

  

v 
e 

  

LT 

Q18 P55t st T eI r I TS IT TR PR SIS eS8 

A cart of mass M is filled with water and moves. 

With velocity v on a frictionless road. Water  
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begins (o leak from a small hole in the base of 
the cart and falls out at a rate of « kg per 
second. (See Figure 6.15.) What happens to the 
velocity of the cart? 

  

We look at things from the point‘of view of an 
abserver on the ground and take as our system 
the cart plus afl the water (including that which is 
falling oub. The falling water still moves with 
the same velocity to the right as far as the 
ground observer is concerned, and since there are 
no exteral forces, momentum s conserved and 
there can be 1o change of velocity. 

We can also get the same answer if we take as 
our system the cart and the water inside the cart 
As far as the ground observer s concerned, the 
water leaves the cart with a horizontal velocity v 
1o the right. Thus, there s a force on the cart 
directed to the left of magnitude jev. Hence, the 
observer deduces that, since net force = rate of 
change of momentum, 

    

Two-dimensional collisions 
  

Consider a stationary body of mass 12 kg 
that is hit by a 4.0 kg mass moving at 
12 m 5. The collision is not head-on, and 
the bodies move at an angle to the original 
direction of motion of the 4.0 kg body as 
shown in Figure 6.16 (the view is from the 
top). How can we find the speeds of the two 
bodies after the collision? 

    

      
Figure 6.16. 

Momentum is a vector and is conserved. This 
‘means that 
x~component of total momentum before 

= x-component of total momentum after 

ycomponent of total momentum before 
~component of total momentum after 

  

Thus 
4 12=4 %7 cos60° + 12 x u0530° 

0=4xsin60° — 12 x usin30 
and so 

2xv+10392 xu=48 
3464 xv —6xu=0 

Solving simultaneously gives 
v=60ms"! 

.5ms™! 

  

Qu   tions 

1 The momentum of a ball increased by 12.0N's 
as a result of a force that acted on the ball for 
2,00 5. What was the average force on the ball? 

2 A0.150 kg ball moving horizontally at 
3.00m s~ collides normally with a vertical 
wall and bounces back with the same speed. 
(@) What is the impulse delivered to the ballz 
(b) If the ball was in contact with the wall for 

0.125 5, find the average force exerted by 
the ball on the wall. 

3 The bodies in Figure 6.17 suffer a head-on 
collision and stick to each other aiterwards. 
Find their common velocity. 

o 

  

Figure 6.17 For question 3.
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4 Two masses of 2.00 kg and 4.00 kg are kept on 
a frictionless horizontal table with a 
compressed spring between them. If the 
masses are released, the larger mass moves. 
away with velocity 3.50 m s~'. What is the 
velocity of the other mass? 

5 A70.0 kg person stands at the back of a 
200.0 kg boat of length 4.00 m that floats on 
stationary water. She begins to walk toward the 
front of the boat. When she gets to the front, 
how far back will the boat have moved? 
(Neglect the resistance of the water) 

6 Aball of mass 250 g rolling on a horizontal 
floor with a speed 4.00 m s~ hits a wall and 
bounces with the same speed, as shown in 
Figure 6.18. 
(@) What is the magnitudle and direction of the 

momentum change of the ballz 
(b) 1s momentum conserved here? Why or why 

not? 

  

Figure 6.18 For question 6 

7 Amass of 0.500 kg moving at 6.00 m s™' 
strikes a wall normally and bounces back with 
a speed of 4.00 m 5™, If the mass was in 
contact with the wall for 0.200 s find: 
() the change of momentum of the mass; 
(b) the average force the wall exerted on the 

mass. 
8 A person holds a book stationary in his hand 

and then releases it. 
(@) As the book falls, s its momentum 

conserved? 

(b) What does the law of conservation of 
momentum say for this example? 

9 Abinary star system consists of two stars that 
are orbiting a common centre, as shown in 
Figure 6.19. The only force acting on the stars 
is the gravitational force of attraction in a 
direction along the line joining the stars. 
(@) Explain carefully why the total momentum 

of the binary star is constant. 

  
  

Figure 6.19 For question 9. 
(b) Explain why the two stars are always in 

diametrically opposite positions. 
(©) Hence explain why the two stars have a 

common period of rotation and why the 
inner star is the more massive of the two. 

10 (a) Afan on a floating barge blows air at high 
speed toward the right, as shown in Figure 
6.20a. Will the barge move? Explain your 
answer. 

(b) Asail is now put up on the barge so that 
the fan blows air toward the sail, as shown 
in Figure 6.20b. Will the barge move? 
Explain your answer. 

fan 

  

@ ® 
Figure 620 For question 10. 

11 1 you jump from a height of 1.0 m from the 
surface of the earth, the earth actually moves 
up a bit as you fall. 
(a) Explain why. 
(b) Estimate the distance the carth moves, 

listing any assumptions you make. 
() Would the earth move more, less or the 

same if a heavier person jumps? 
12 Atime-varying force whose graph versus time 

is shown in Figure 6.21 acts on a body of 
mass 3.00 kg. 
(@ Find the impulse of the force. 
(b) Find the velocity of the mass at 175, 

assuming the initial velocity was zero. 
(€) What should the initial velocity be if the 

mass had to stop at 17 s  



  

5 12 17t 
Figure 621 For question 12 

13 A rocket in space where gravity is negligible has 
amass (including fue) of 5000 ke, If it i desired 
10 give the rocket an average acceleration of 
15.0m 5”2 during the first second of firing the 
engine and the gases leave the rocket at a speed 
0f 1500 ms™ (relative o the rocke), how 
much fuel must be burned in that second? 

  

  

14 Two masses moving in a straight line towards 
each other collide as shown in Figure 6.22. 
Find the velocity (magnitude and direction) of 
the larger mass aiter the collision 

before after 
40k 120k 

20ms' 20ms! 30ms! 
Figure 622 For question 14. 

  

15 Two cars of masses 1200 kg and 1400 kg collide 
head-on and stick to each other. The cars are 
coming at each other from opposite directions 
with speeds of 80m s and 6 m s 
respectively. With what velocity does the wreck 
move away from the scene of the accident? 

  

16 A 0.350 kg mass is approaching a moving rod 
with speed 8.00 m s”". The ball leaves the rod 
at right angles with a speed of 12.0 m s™' as 
shown in Figure 6.23. What impulse has been 
imparted to the ball? 

    

4 800m st 

Figure 6.23 For question 16,   
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17 Two cars A and B of mass 1200 kg and 
1300 kg, respectively, collide at an 
intersection and stick to each other as a result 
of the collision as shown in Figure 6.24. Find 
the speeds of A and B before the collision. 

  

   
s 

Figure 6.24 For question 17. 

18 A boy rides on a scooter pushing on the road 
with one foot with a horizontal force that 
depends on time, as shown in the graph in 
Figure 6.25. While the scooter rolls, a constant 
force of 25 N opposes the motion. The 
combined mass of the boy and scooter is 
25 kg 
(@) Find the speed of the boy after 4.0'5, 

assuming he started from rest. 
(b) Draw a graph to represent the variation of 

the boy's speed with time. 

  

              

0 05 10 15 20 25 30 35 40, 

  

igure 625 For question 18. 

HL only 

19 A student stands on a plate that is connected 
10 a force sensor that measures the force 
exerted by the student on the plate. The 
student then jumps straight up. Figure 6.26 
is an idealized version of the reading of the 
sensor as a function of time. Using this graph 
find the following:
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20 

21 

22 

  

(a) the mass of the student; 
(b) the acceleration of the student at 0.6 5; 
(c) the time the student leaves the plate; 
(d) the maximum height the student jumps to. 
(@) What would be a more realistic graph of 

force versus time? 

FIN 
  

20.   

15   

  104 i   
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Figure 6.26 For question 19. 
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Aball of mass mis dropped from a height of 
Iy and rebounds o a height of h;. The ball is 
in contact with the floor for a time interval 
of . 
(@) Show that the average net force on the 

ballis given by 

_ 2B + VI 

80m, hy=60m,t=0.125s, 

m=0.250 kg, calculate the average force 
exerted by the ball on the floor. 

    

Aball of mass m hits a horizontal floor 
normally with speed v, and rebounds with 
speed va. The ball stayed in contact with the 
floor for a time of ¢ 5. Show that the average 
force on the ball from the floor during the 
collision is given by T2 ¢ mg_ Find an 

  

expression for the average net force on the ball. 
Figure 6.27 shows the variation with time of 
the force exerted on a body of mass 4.0 kg 
thatis initally at rest. Find: 
@) the acceleration of the mass at 4 5; 
(b) the velocity of the mass at 5 s; 
(©) the acceleration of the mass at 8 5; 
(d) the velocity of the mass at 10 s. 

    

  

  

  

  

  

  

            

0 2 4 6 8 10 
Figure 627 For question 22. 

23 You have a mass of 60.0 kg and are floating 
| il n sace T ol Wi 

each of mass 0.10 kg. 

(a) If you throw all the coins at once with a 

speed of 5.0 m s in the same direction, 
with what velocity will you recoil? 

(b) If instead you throw the coins one at a 
time with a speed of 5.0.m 5™ with 
respect to you, discuss whether your final 
speed will be different from beiore. (Use 

your graphics display calculator to 
calculate the speed i this case.) 

  

  

24 Figure 6.28 shows the variation with time of the 
force exerted on a ball as the ball came into 
contact with a spring. 
(@) For how long was the spring in contact with 

the ball? 
(b) Estimate the magnitude of the change in 

momentum of the ball 
{€) What was the average force that was exerted 

on the ballz 
FIN   

  
0 05 ' 15 2 

Figure 628 For question 24,



CHAPTER 

  

Work, energy and power 
The topic of mechanics continues in this chapter with the fundamental concept of work 
done by a force, as well as the concepts of eneray and power. Applications of the law of 
conservation of energy are discussed. 

  

( Objectives 
By the end of this chapter you'should be able to: 
+ state the definition of work done by a force, W = Fs cos 0, appreciate the 

significance of the angle appearing in the formula and understand that 
this formula can only be used when the force is constant; 

+ understand that the work done by a varying force is given by the area under 
the graph of force versus displacement; 

« state the definitions of kinetic energy, Fx = smv? (also Ey, 

  

{ bn 
| gravitational potential energy, Ey = mglh, and elastic potential energy, 

Ee= ke, 
- appreciate that gravitational potential energy can be calculated by 

      

measuring heights from an arbitrary level; 
+ understand that, when frictional forces are absent, the total energy 

E = Ex+ Ep+ Ee = ymv? + mgh + Jka? is conserve 
+ use the work-kinetic energy relation that states that the work done by ‘ 

the net force is the change in kinetic energy; j 
+ understand that, in the presence of external forces, the work done is the 

  

change in the mechanical energy, W= AE: 
« state the definition of power, P = 4%, and its very useful form in 

mechanics, P = Fv; 
« calculate the efficiency of simple machin 
« understand that in all collisions momentun is always conserved, but that 

Kinetic energy is only conserved in elastic collisions. 

    

  

Work done by a force called the work done by the force F- by 

Consider a constant force 7 acting on a body of W =Fs cosé. 
‘mass m as shown in Figure 7.1 The body moves 
AN IeeiEe alsips St Yiag ‘where 0 is the angle between the force and the 

direction along which the mass moves. (The 
‘The force is always acting upon the body as it cosine here can be positive, negative or zero; 
‘moves. Note that the force moves its point of thus work can be positive, negative or zero, We 
application by a distance s. We define a quantity | will see what that means shortly)
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Figure 7.1 A force moving its point of application 
performs work. 

        

  

Example question 
Q! EEEsTosTerTT TG wITT 
Amass is being pulled along a level road by a 
fope altached to it in such a way that the rope 
makes an angle of 40.0° with the horizontal. The 
force in the rope is 20.0 N. What is the work 
done by this force in moving the mass a 
0f 8.00 m along the level road? 

  

    

Answer 
Applying the definition of work done, we have 
W= Fscosé 

where F = 20.0N, s = 8.00m and 

W =120 x 8 x cos 40° 
23) 

= 40°: Thus 

    

  

If the force s not constant or the motion does 
not take place in a straight line, or both, we 
must be careful. First consider the case of a 
force of constant magnitude when the motion 
is not along a straight line. 

Example questions 
Q2 pesTrETEERGT T 
Find the work done by the tension in a string, as a 
mass attached to the end of the string performs 
circular motion (see Figure 7.2). 

Answer 
“This is a case where the force, although constant 
in magnitude, changes in direction. However, the 

Figure 72. 

angle between the force and any small 
displacement of the mass as it revolves around the 

circle is 90° and since cos 90° = 0, the work 

done s zero. 
Q3 TS 
Aforce of constant magnitude 25 N acts on a 
body that moves along a curved path. The 
direction of the force is along the velocity vector 
of the body, . it s tangential to the path. Find 
the work aiter the mass moves a distance of 50 m 
along the curved path. 

Answer 
“The diagram on the leit of Figure 7.3 shows the 
path of the body. The diagram on the right s an 
enlargement of part of the path. We see that the 
work done when the body travels a small distance 
Asis 
FAscos0® = FAs 

Breaking up the entire path into small bits in this 
way, and adding the work done along each bit, 
we find that the total work done is W =Fs, 

where s is the distance travelled along the 
curved path. 

Figure 73. 

If the force is not constant in magnitude, we 
‘must be supplied with the graph that shows the 
variation of the magnitude of the force with 
distance travelled. Then we have the following 
important result: 
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We can apply this result to the case of the 
tension in the spring. Since T =kx, where k is 
the spring constant and x the extension (or 
compression) of the string, the graph of force 
versus position is as shown in Figure 74. 

  

extension 
Figure 74 The area under a force-distance graph 

gives the total work performed by the non- 
constant force. 

To find the work done in extending the 
spring from its natural length (x = 0) to 
extension x, we need to calculate the area of 
the triangle whose base is x and height is 
T = kx. Thus 

area = fx x x 
= Jke? 

The work to extend a spring from its natural 
length by an amount x is thus 

It follows that the work done when extending 
a spring from an extension x| to an extension 
X2 (50X > x1) is 

W= k(33 ~x) 

Work done by gravity 
‘We will now concentrate on the work done by 
a very special force, namely the weight of a 
‘mass. Remember that weight is mass times 
acceleration due to gravity and is directed 
vertically down. Thus, if a mass is displaced 

| horizontally, the work done by mg is zero, 
| since in this case the angle is 90°: 

W =mgd cos 90° = 0. (See Figure 7.5) 

| 

displaceme 

. L . . 
Figure 75 The force of gravity is normal to this 

horizontal displacement so no work is being 
done. 

  

  

                | | 

  

  

  

Note that we are not implying that it is the 
weight that is forcing the mass to move along 
the table. We are calculating the work done by 
a particular force (the weight) if the mass 
(somehow) moves in a particular way. 

If the body falls a vertical distance h, then 
the work done by I is +mgh. The force of 
gravity is parallel to the displacement, as in 
Figure 7.6a. 

If the mass is thrown vertically upwards to a 
height h from the launch point, then the 
‘work done by W is -mgh since now the 
angle between direction of force (vertically 
down) and displacement (vertically up) is 
180°. The force of gravity is parallel to the 
displacement but opposite in direction, as in 
Figure 7.6b. 

Figure 7.6 The force of gravity is parallel to the 
® ® 

displacement in (a) and anti-parallel (i.e. parallel 
but opposite in direction) in (b). 

displacement 

 



102 Core - Mechanics 
— 

Consider now the case where a mass moves along 
some arbitrary path, as shown in Figure 7.7. 

a 
D'_‘—‘_‘_ ’_LL‘ ,l 

Figure 7.7 The work done by gravity is 
independent of the path followed. 

fini 

  

‘The path consists of horizontal and vertical 
segments, We now ask about the work done by 
the weight of the mass. The work done by mg 
will be equal to the sum of the work done along 
cach horizontal and vertical step. But mg does 
no work along the horizontal steps since the 
angle between the force and the displacement 
in that case will be 90° and cos 90° = 0. We are 
thus left with the vertical steps only. The work 
done along each step will be tmg Ah, where Al 
is the step height. The plus sign is used when 
we g0 down a step and the minus sign when we 
£0 up a step. (In Figure 7.7 the mass will be 
forced to go up twice and down eight times.) 
Thus, what counts s the net number of steps 
going down (six in our figure). But, this adds up 
to the vertical distance separating the initial 
and final position. Hence, the work done by mg 
is mgh. 
If the start and finish positions are joined by an 
arbitrary smooth curve rather than a ‘staircase’, 
the result is still the same. This is because we 
can always approximate a smooth curve by a 
series of horizontal and vertical steps; the 
quality of the approximation depends on how 
small we take the steps to be. This means that: 

      

Work done in holding something still 
Ifyou try to hold up a heavy object, such as a 
chair, you will soon get tired. However, the force 
with which you are holding the chair does zero 
work since there is no displacement. This is 
somewhat unexpected. We normally associate 
getting tired with doing work. Indeed, the forces 
inside the muscles of the arm and hand holding 
the chair do work. This is because the muscles 
stretch and compress and that requires work, 
just as stretching and compressing a spring does. 

Gravitational potential energy 

As we just saw, the weight mg of a mass m a 
‘height h from the ground will perform work 
mgh if this mass moves from its position down to 
the ground. The ability to do this work is there 
because the mass just happens to be at a height 
h from the ground. The ability to do work is 
called energy. When the force in question s the 
weight (which depends on gravity), we call this 
energy gravitational potential energy: 

Ey =mgh 

Any mass has gravitational potential energy by 
virtue of its position. But what determines h? 
Obviously, we have to choose a reference level 
from which we will measure heights. But we 
can choose any level we like. A mass m = 2kg 
sitting on a table 1 m from the floor will have 
Ep =210 1 =20 ) if the reference level is 
the floor, but will have E, = 0 if the reference 
level is the table. If the reference level is chosen 
to be the ceiling, 2 m above the table, then 
Ep=~2x 10 x 2= —40 J. (See Figure 7.8) 

  

    

2m 

  

Figure 7.8 The mass has different potential energies 
depending on the reference level chosen.  
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So, the same mass will have different 
gravitational potential energy depending on 
what reference level we choose. This might seem 
to make £y a useless quantity. But if you are 
patient, you will see that this is not the case. 

Potential energy can be understood in the 
following way. Consider a mass resting on a 
horizontal floor. If an external force equal to 
mg is applied to the mass vertically up and the 
‘mass moves without acceleration to a position f 
‘metres higher than the floor, the work done by 
the external force is mgh. What has become of this 
work? This work has gone into gravitational 
potential energy of the mass. This energy is 
stored as potential energy in the new position 
of the mass. Similarly, if a spring is initially 
unstretched and an external force stretches it 
by an amount x, then the work done by this 
external force is 3kx?. This work is stored as | 
elastic potential energy in the (now stretched) 
spring. 

  

Amass of 10 kg rests on top of a vertical spring 
whose base is attached to the floor. The spring 
compresses by 5 cm. What s the spring constant 
of the spring? How much energy is stored in the 
spring? | 

Answer | 
The mass is at equilibrium so 
mg = kx 

_w 
005 

=2000Nm™" 

The stored energy is 

  

The work-kinetic energy relation 

‘What effect does the work done have on a body? 
‘When a body of mass m is acted upon by a et 
force F , then this body experiences an 
acceleration a = L in the direction of F 
Suppose that this body had speed vo when the 
force was first applied to it and that the speed 
after moving a distance x (in the direction of the 
net force) becomes vy, as shown in Figure 7.9. 

  

- V) e 
&—— O— 
Figure 7.9 A force accelerates a mass, increasing its 

kinetic energy. 

‘We know from kinematics that 

v? =vi+20x 

so replacing the acceleration by F/m we find 

F 2_ 2 =i 42 x P=vi+2, 
2 1 

SFx= %mv,‘ - émwg 

But Fx is the work done on the mass. This work 
equals the change in the quantity E, = jmv?. a 
quantity called the kinetic energy of the mass. 
We thus see that the net work done on a mass 
results in a change of the kinetic energy of the 
object. This is a very useful result with 
applications in many areas of physics. 

 



104 Core - Mechanics 
— 

Example questions 
Q3mSR 
A mass of 5.00 kg moving with an initial velocity 
0f 12.0 m 5™ is brought to rest by a horizontal 
force over a distance of 12.0 m, What s the 
force? 

Answer | 

The change in the kinetic energy of the mass s | 
(final minus initial) 

  

1 x5.00x 144 
2 

  

~360) 

The work done by the force 1 is 

  

~fs=-1271 

Hence 

121 = -360 | 

  

=1=300N ' 

(There is a minus sign in the work done by 
because the force is acting in a direction opposite 
to the motion and cos 180° = -1.) 

RO e s 
An electron is acted upon by an electric force that 
accelerates it from rest to a kinetic energy of 
5.0 107 J.If this is done over a distance of 
3.0 cm, find the electric force. 

   

Answer 
The work done by the electric force is the change 
in kinetic energy (the electric force is the only 
force acting and so it is the net force) and equals 
the product of force times distance. Hence 

  

Fx0.03=50x10" 
= F=17x10"N 

Q7 DTSRI It 
A mass m hangs from two strings attached to the 
ceiling such that they make the same angle with 
the vertical (as shown in Figure 7.10). The strings 
are shortened very slowly so that the mass is 
raised a distance h above its original position. 
What is the work done by the tension in each 
string as the mass is so raised? | 

  
  

Figure 7.10. 

Answer 
The net work done is zero since the net force on 
the mass is zero. The work done by gravity is 
~mgh and thus the work done by the two equal 
tension forces is -+mgh. The work done by each is 
thus mgh/2. 

QF 158 TR LI R RS 
Amass m hangs vertically at the end of a string of 
length L. A force F is applied to the mass 
horizontally so that it slowly moves o a position a 
distance h higher, as shown in Figure 7.11. What 
is the work done by the force 7 (Note: F is not 
constant.) 

  

Figure 711, 

Answer 
“The answer is oblained at once by noting that since 
the mass s in equilibrium at all times the net force is 
zero and hence the work done by the net force is 
710, But T does zero work since it is always 
normal to the direction in which the mass moves 
(along the arc of a circle). The weight does work 
~mgh and thus the work done by F must be +mgh. 
  

Conservation of energy 

‘We have already seen that, when a net force F 
performs work I¥ on a body, then the kinetic 
energy of the body changes by I¥ (here the 
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subscripts ‘i’ and ‘f* stand for ‘initial’ and 
“final’) 

W=AE, 
— v m? 

Consider now the case where the only force 
that does work on a body is gravity. This 
corresponds to motions in which the body is 
either in free fall (gravity is the only force 
acting) or the body is sliding on a frictionless 
surface (we now have the normal reaction force 
acting here as well as gravity but this force does 
zero work since it is normal to the direction of 
‘motion). Suppose that the vertical height of the 
body when the velocity is v is H, and the 
velocity becomes # at a height of  from the 
reference level (see Figure 7.12). 

  

Figure 7.12 The total energy at the top and bottom 
(and at any point in between) of the incline is 
the same. 

The work done by gravity is simply mg(H~h) 
and so 

mg(H—h) = jmvf — Jm?   

‘This can be rearranged as 

mgh + ymv? =mgHl + jmv? 

‘which shows that in the motion of this body 
the sum of the kinetic and potential energies of 
the mass stays the same. Calling the quantity 
mgh + jmv? the total energy of the mass, then 
the result we derived states that the total 
cnergy I of the mass stays the same at all 
times, i.e. the total energy is conserved, 

Ei=F¢ 

As the mass comes down the plane, its potential 
energy decreases but its kinetic energy 
increases in such a way that the sum stays the 
same. We have proven this result in the case in 
which gravity is the only force doing work in 
our problem. Consider now the following 
example questions. 

Example questions 
() crErrererrTreTTIsises sas e AETIISITOOLIT 

Find the speed of the mass at the end of a 
pendulum of length 1.00 m that starts from rest at 
an angle of 10° with the vertical. 

Answer 
Let us take as the reference level the lowest point 
of the pendulum (Figure 7.13). Then the total 
energy at that point is just kinetic, £ = imv?, 
where v is the unknown speed. At the initial point 
the total energy is just potential, £, = mgh, where 
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h is the vertical difference in height between the 

two positions, that is 
h=1.00 — 1.00 cos 10° 

0.015m 

  

(see Figure 7.13) 

Thus 

Lmvt = mgh 
ern 
0.5 ms™' 

  

Note how the mass has dropped out of the 
problem. (At positions other than the two shown, 
the mass has both kinetic and potential energy.) 
Q10 nrETTERTTTTaeRTEReas 
A mass rolls up an incline of angle 287 with an 

al speed of 3.0 m s~ How far up the incline 
will the mass get? 

  

Answer 
Let the furthest the mass will get be a height 
from the floor, as shown in Figure 7.14. At this 
point the kinetic energy must be zero since 
othenwise the mass would have climbed higher. 
Then the total energy at this point is just 
E = mgh. The total energy at the initial 
position is 

  

£=im? 

and so 
@ 
2 

giving h = 0.45 m. The distance moved along the 
plane is thus 

045 
sin 28 
  0.96m. 

    

   

  

potential 
Kinetic only only 

Figure 7.14.   

Q11 s eI 
What must the minimun speed of the mass in 
Figure 7.15 be at the initial point such that the 
mass makes it over the barrier of height h? 

= TN 
Figure 7.15. 

Answer 
“To make it over the barrier the mass must be able 
10 reach the highest point. Any speed it has there 
will then make it roll over. Thus, at the very least, 
we must be able to get the ball 10 the highest point 
with zero speed. Then the total energy would be 
just £ = mgh and the total energy at the starting 
position is £ = ymv2. Thus, the speed must be 
bigger than v = /3gh. Note that if the initial speed 
wof the mass is larger than v = v/2gh, then when 
the mass makes it to the other side of the barrier its 
speed will be the same as the starting speed u. 

   

Q1 T e s 
Amass rolls off a 1.0 m high table with a speed of 
4.0ms™!, as shown in Figure 7.16. With what 
speed does it strike the floor? 

40mst 
  

  

1om 

    

  

  

Figure 7.16. 

Answer 
“The total energy of the mass is conserved, As it 
leaves the table it has total energy given by 
£ = Lmv?+ mgh and as it lands the total energy 

   is £ = {mu? (u is the speed we are looking for). 
Equating the two energies gives 
mu = ymi? + mgh 
I 

=16+20=36 
=u=60ms"  
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Q1 } AEEEEITRITIITIIITTIITITITITIONTISAMAL. 

Aball is thrown vertically upward with a speed of 
4.0ms™" from a height of 1.0 m from the floor, as 
shown in Figure 7.17. With what speed does the 
ball strike the floor? 

l 40ms! 

  

Figure 7.17. 

Answer 
Working in precisely the same way as in the 

us example we find    pre 

  

1 = tm + mgh 
==+ 2gh 

6420 
6 

=60ms 

   

  

= ' 

  

(The answer is the same s that for example 
question 12 - why?) 

If, in addition to the weight, there are spring 
tension forces acting in our system, then the 
previous discussion generalizes to again 
lead to 

[ 

  

where now the total mechanical energy 
includes elastic potential energy as well, that is 

  v 4 mgh + e 

  

Example question 
Q14 28331 TR TOIS S90S SR ISR TETIIT] 

A body of mass 0.40 kg is held next to a 
compressed spring as shown in Figure 7.18. The 
spring constant is k = 250 Nm™" and the 
compression of the spring is 12 cm. The mass is 
then released. Find the speed of the body when it 
is at a height of 20 cm from the horizontal.     

Figure 7.18. 

Answer 
Initially the total mechanical energy of the system 
is only the elastic potential energy of the spring 

  

Ata height of 20 cm from the floor, the total 
‘mechanical energy consist of kinetic and 
gravitational energies only. The spring has 
decompressed and so has no elastic potential 
energy. Then 

E=mv?+ mgh 

1(0.4)v7 + (0.4)(10)(0.20) 
=02v+08 

Thus 

02V +08 
=0.2v1=1.0 

.8 

  

22ms™ Sv 

Frictional forces 

In the presence of friction and other resistance 
forces, the mechanical energy of a system (i.e. the 
sum of kinetic, gravitational potential and 
elastic potential energies) will not be conserved. 
‘These forces will, in general, decrease the total 
‘mechanical energy of the system. Similarly, 
external forces, such as forces due to engines, 
‘may increase the mechanical energy of a 
system. In these cases we may write 

W =AE
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where ¥ stands for the total work done by the 
external forces and AF is the change in the 
mechanical energy of the system. By external 
forces we mean forces other than weight and 
spring tension forces. 

“This equation is easily understood in the 
following way. If there are no external forces, 
then W =0, AE =0 and the total mechanical 
energy stays the same: it is conserved. 

If, on the other hand, external forces do act on 
the system, then the work they do goes into 
changing the mechanical energy. If the work 
done is negative (resistance forces), the 
mechanical energy decreases. If the work done 
is positive (pulling forces), the mechanical 
energy increases. 

Example question 

Q15 EsT s 
Abody of mass 2.0 kg (initially at rest) slides 
down a curved path of total length 16 m as 
shown in Figure 7.19. When it reaches the 
bottom, its speed is measured and found to equal 
6.0 ms™". Show that there is a force resisting the 
motion. Assuming the force to have constant 
magnitude, determine what that magnitude is. 

  

Figure 7.19. 

Answer 
Without any resistance forces, the speed at the 
bottom s expected to be 

v=2gh 
=VZx10x50 
=10ms™ 

The measured speed is less than this and so there 
is a resistance force, The total mechanical energy 

|   

at the top is 

Euop = mgh 
20%10x5.0 

=100} 

Atthe bottom it is 

Exonom = Imv? 
=1x20x (607 
=361 

The total energy decreased by 64 ] - this must be 
the work done by the resistance force. Thus 

  

fs=64) 
64 

Sf=1z 

=40N 

We have seen that in the presence of external 
forces the total mechanical energy of a system 
is not conserved. The change in the total energy 
is the work done by the external forces. Another 
way of looking at this is to say the change in 
the mechanical energy has gone into other 
forms of energy not included in the mechanical 
energy, such as thermal energy (‘heat) and 
sound. In this way total energy (which now 
includes the other forms as well as the 
mechanical energy) is conserved. This is the 
general form of the law of conservation of 
energy, one of the most important principles of 
physics. 

  

  

  

Power 

‘When a machine performs work, it is important 
to know not only how much work is being done 
but also how much work is performed within a 
given time interval. A cyclist performs a lot of 
work in a lifetime of cycling, but the same work 
is performed by a powerful car engine in a 
much shorter time. Power is the rate at which 
work is being performed.  
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Another common unit for power when it comes 
to machines and car engines is the horsepower, 
p, a non-S unit that equals 746 W. 

Consider a constant force F , which acts on a 

body of mass m. The force does an amount of 
work F Ax in moving the body a small distance 

Ax along its direction. If this work is performed 

in time Af, then 

aw 
At o arls 

=Fv 

P 

where v is the instantaneous speed of the mass. 
“This is the power produced in making the body 
‘move at speed v. As the speed increases, the 
power necessary increases as well. Consider an 
aeroplane moving at constant speed on a straight- 
line path. If the power produced by its engines is 
P, and the force pushing it forward is F, then P, 
F and v are related by the equation above. But 
since the plane moves with no acceleration, the 
total force of air resistance must equal F. Hence 
the force of air resistance can be found simply 
from the power of the plane’s engines and the 
constant speed with which it coasts. 

Example questions 
Q16 mEsss T 
What is the minimurm power required to lft a mass 
of 50.0 kg up a vertical distance of 12 m in 5.0 52 

Answer 

The work performed to lft the mass is 

mgh=150.0x10x 12 
=6.0x10")   

The power is thus 

6.0x 10" = 1200 W =0 1200 

“This is only the minimurm power required. In 
practice, the mass has to be accelerated from rest, 
which wil require additional work and hence 
more power. 
Q17 et TSI RIS T 

A helicopter rotor whose length is R pushes air 
downwards with a speed v. Assuming that the 
density of air is constant and equals p and the 
mass of the helicopter is M, find v. You may 
assume that the rotor forces the air in a circle of 
radius R (spanned by the rotor) to move with the 
downward speed v. Hence find the power 
developed by the engine. How does this power 
depend on the linear size of the helicopter? 

  

   

Answer 
The momentum of the air under the rotor is mv, 
where m is the mass of air in a circle of radius R. 
In time At the mass is enclosed in a cylinder of 
radius R and height vAL. Thus, the momentum of 
this mass is pxR?v?At and its rate of change is 
pR?v2. This is the force on the helicopter 
upwards, which must equal the helicopter's 
weight of Mg. Thus 

Mg = prR? 
Mg 

V=N ok 
The power required from the helicopter engine is 
thus 

P=Fv 

Mg 
o RE 
  

To find the dependence on a typical linear size L 
of the helicopter, note that the weight depends on 
Las L' and so 

7 
P L L,exL”’ 

This implies that if the length of a helicopter is 16 
times that of a model helicopter, its required
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power will be 1672 2 16,000 times larger than 
that for the model. 
  

Efficiency 
Suppose that a mass is being pulled up along a 
rough inclined plane with constant speed. Let 
the mass be 15 kg and the angle of the incline 
45°. The constant frictional force opposing the 
motion is 42 

    

Figure 720, 

‘The forces on the mass are shown in Figure 7.20 
and we know that 

R =mg cosé 
=106.1N 

F=mgsing + f 
1061+ 42    

= M8.IN= 150N 
since the mass has no acceleration. Let the force | 
raise the mass a distance of 20 m along the 
plane. The work done by the force F is 

W =148.1 x 20 
=2960J~3.0 x 10°) 

‘The force effectively raised the 15 kg a vertical 
height of 14.1 m and so increased the potential 
energy of the mass by mgh = 2121 J. The 
efficiency with which the force raised the mass 
is thus 

useful work i L WOTK 
"= actual work 

2121   
  

Example question 
Q18 eTTrsss ST E————— 
A0.50 kg battery-operated toy train moves with 
constant velocity 0.30 m s™ along a level track. 
The power of the motor in the train is 2.0 W and 
the total force opposing the motion of the train is 
5.0N. 

(a) What i the efficiency of the train's motor? 
(b) Assuming the efficiency and the opposing 

force stay the same, calculate the speed of the 
train as it climbs an incline of 10.0° to the 
horizontal. 

  

Answer 

(@) The power delivered by the motor is 2.0 W. 
Since the speed is constant, the force 
developed by the motor is also 5.0 N. The 
power used in moving the train is 
F 5.0 % 0.30 = 1.5 W. Hence the 

efficiency is 
15w 

T 20w 
=075 

  

0 

(b) The net force pushing the train up the incline is 
F =mgsin6 +5.0 

50 x 10 x sin10° 4 5.0 

B8IN~59N 

  

Ths 
589 x v 

" oW 
—075 

  

Kinetic energy and momentum 

‘We have seen in Chapter 2.6 on momentum 
that, in a collision or explosion where no 
external forces are present, the total 
momentum of the system is conserved. You can 
casily convince yourself that in the three 
collisions illustrated in Figure 7.21 momentum 
is conserved. The incoming body has mass 
8.0 kg and the other a mass of 12 kg.
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In the first collision the bodies have stuck 
together and move as one. In the second the 
incoming body has slowed down as a result of 
the collision and the heavy body moves faster. 
In the third the incoming body has bounced 
back. 

Let us examine these collisions from the point 
of view of energy. 

In all cases the total kinetic energy before the 
collision is 

Fo= 1} x 8 x 107 =400 

The total kinetic energy after the collision in 
each case is: 

casel F=1}x20x4%=160) 

case2 Fy=}x8x124]x12x62=220) 

case3 Ey=}x8x22+}x12x8 

  

400 

  

We thus observe that whereas momentum is 
conserved in all cases, kinetic energy is not. When 
kinetic energy is conserved (case 3), the 
collision s said to be elastic. When it is not 
(cases 1 and 2), the collision is inelastic. In an 
inelastic collision, kinetic energy is lost. When 
the bodies stick together after a collision 
(case 1), the collision is said to be totally inclastic 
and in this case the maximum possible Kinetic 
energy is lost. 

‘The lost kinetic energy gets transformed into 
other forms of energy, such as thermal energy, 
deformation energy (if the bodies are 
permanently deformed as a result of the 
collision) and sound energy.     

Example questions 
QY FEIESEF T3S 33 2 LESTPOOCISSMTIFTTITSSSLLIT] 

A moving body of mass m collides with a 
stationary body of double the mass and sticks to 
it. What fraction of the original kinetic energy is 
Tost? 

Answer 

The original kinetic energy is tmy?, where v is the 
speed of the incoming mass. After the collision 
the two bodies move as one with speed u that can 
be found from momentum conservation: 

mv = (m+2mu 

Su=" 3 

The total kinetic energy after the collision is 
therefore 

v\2 W Lom (4) =12 

and so the lost kinetic energy is 

The fraction of the original energy that s lost is 
thus 

mi/3 2 
mi23 

Q20 FPPEoresse s I TIRITSS S AEIIISRSESIIIITOTIE 

Abody at rest of mass M explodes into two 
pieces of masses /4 and 3M/4. Calculate 
the ratio of the kinetic energies of the two 
fragments.
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Answer 
Here it pays to derive a very useful expression for 
kinetic energy in terms of momentum. Since 

i Bs— 

it follows that 

Eo="0 

  

The total momentum before the eplosion is zero, 
50 iLis zero after as well. Thus, the two fragments 
must have equal and opposite momenta. Hence 

Eign _ _P/(2Mign) 
Freny | P/ @Mheany) 

Mheay 

T Mgy 
3Mm/4 

mME 

  

=3 
  

The problem of least time 

In Figure 722 a number of paths join the _ 
starting position A to the final position B. 

  

Figure 7.22. 

Amass m at A will start with a tiny speed and 
move down to B. As we saw, the speed at B will 
be the same no matter what path the mass 
follows. The speed will equal y/2gh in all cases. 
‘This does not mean, however, that the time 
taken is the same for all paths. Finding the path 
joining A to B such that a mass takes the least 

  

time is a famous problem in physics and 
requires the development of a branch of 
calculus called the calculus of variations. It is 
called the brachistochrone (least time) problem. 
‘The answer is that the curve joining A to B 
must be a cycloid. This is the curve traced out 
by point on the rim of a wheel as the wheel 
rolls. In Figure 7.22, curve IV resembles a cycloid 
most. This problem was posed to both Newton 
and Leibniz (the inventors of calculus) by the 
Swiss mathematician Bernoulli. When Bernoulli 
saw the solutions given by the two men, he is 
supposed to have said of Newton ‘one can 
always tell a lion by its claws’. 

  

1 A horizontal force of 24 N pulls a body a 
distance of 5.0 m along is direction. 
Calculate the work done by the force. 

2 Ablock slides along a rough table and is 
brought o rest after travelling a distance of 
2.4 m. The frictional force is assumed constant 
a1 3.2 N. Calculate the work done by the 
frictional force. 

3 Ablock s pulled as shown in Figure 7.23 by a 
force making an angle of 20° to the horizontal. 
Find the work done by the pulling force when 
its point of application has moved 15 m. 

F=25N 
  

  

  

        

  

  

Sm 
Figure 7.23 For question 3. 

4 Ablock of mass 4.0 kg is pushed to the right 
by a force F = 20.0 N. A frictional force of 
14.0 N s acting on the block while it is 
moved a distance of 12.0 m along a 
horizontal floor. The forces acting on the mass 
are shown in Figure 7.24, 
(@) Calculate the work done by each of the 

four forces acting on the mass. 
(b) Hence find the net work done. 
(©) By how much does the kinetic energy of 

the mass change?  
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Figure 724 For question 4. 

Aweight liter slowly lifts a 100 kg mass from 
the floor up a vertical distance of 1.90 m and 
then slowly lets it down to the floor again. 
(a) Find the work done by the weight of the 

mass on the way up. 
(b) Find the work done by the force exerted by 

the weight lfier when lifling the weight up. 
(c) What s the total work done by the weight 

on the way up and the way down? 
Ablock of mass 2.0 kg and an initial speed of 
5.4 ms™" slides on a rough horizontal surface 
and is eventually brought 10 rest after travelling 
adistance of 4.0 m. Calculate the frictional 
force between the block and the surface. 
A spring of spring constant k = 200 N.m™" is 
slowly extended from an extension of 3.0 cm 
10 an extension of 5.0 cm. How much work is 
done by the extending force? 

  

A spring of spring constant k=150 N m™" s 
compressed by 4.0 cm. The spring is 
horizontal and a mass of 1.0 kg is held to the 
right end of the spring. If the mass is released, 
with what speed will it move away? 
Look at Figure 7.25. 
(a) What is the minimun speed v the mass 

must have in order to make it 10 por 
B2 What speed will the mass have at B7 

() 1f v=12.0ms™!, what will the speed be 
atAand B? 

    

Figure 725 For question 9. 

Amass is released from rest from the position 
shown in Figure 7.26. What will its speed be 
as it goes past positions A and B?   

1 

12 

13 
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m[ 
Figure 7.26 For question 10, 

  

The speed of the 8.0 kg mass in position A in 
Figure 7.27 is 6.0 m s By the time it gets to 
B the speed is measured to be 120 m s . 

h=120m 

  

Figure 727 For question 11. 

What is the frictional force opposing the 
motion? (The frictional force is acting along 
the plane.) 
Atoy gun shoots a 20,0 g ball when a spring, 
of spring constant 12.0 N-m™" decompresses. 
‘The amount of compression is 10.0 cm (see 
Figure 7.28). With what speed does the ball 
exit the gun, assuming that there is no friction 
between the ball and the gun? If, instead, 
there is a frictional force of 0.05 N opposing 
the motion of the ball, what will the exit 
speed be i this case? 

10em 
Figure 7.28 For question 12. 

Avariable force F acts on a body of mass 
= 2.0 kg iniially at rest, moving it along a 

straight horizontal surface. For the first 2.0 m 
the force is constant at 4.0 N. In the next 
2.0 m it is constant at 8.0 N. In the next 2.0 m 

it drops from 8.0 N to 2.0 N uniformly. It then 
increases uniformly from 2.0 N to 6.0 N in the 
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14 

15 

1% 

17 

18 

19 

next 2.0 m. It then remains constant at 6.0 N 

for the next 4.0 m. 

(a) Draw a graph of the force versus distance. 
(b) Find the work done by this force. 
(€) What i the final speed of the mass? 
Abody of mass 12.0 kg is dropped vertically 
from rest from a height of 80.0 m. Ignoring 
any resistance forces during the motion of this 
body, draw graphs to represent the variation 
with distance fallen of 
() the potential energy; 
(b) the kineic energy. 
For the same motion draw graphs to represent 
the variation with time of 

(©) the potential energy; 
(d) the kinetic energy. 
{e) Describe qualitatively the effect of a 

constant resistance force on each of the 
four graphs you drew. 

A25.0 kg block is very slowly raised up a 
vertical distance of 10.0 m by a rope attached 
10 an electric motor in a time of 8.2 5. What is 
the power developed in the motor? 
The engine of a car is developing a power of 
90.0 KW when it is moving on a horizontal 
road at a constant speed of 100.0 km h". 
What is the total horizontal force opposing the 
motion of the car? 
The motor of an elevator develops power at a 
rate of 2500 W. 

(@) At what speed can a 1200 kg load be 
raised? 

(b) I practice it s found that the load is lified 
more slowly than indicated by your answer 
1 (a). Suggest reasons why this is so. 

Aload of 50.0 kg is raised a vertical distance 
of 15 m in 125 s by a motor, 
(@) What i the power necessary for this? 
(b) The power supplied by the motor is in fact 

80 W. Calculate the efficiency of the 
motor. 

(©) 1f the same motor is now used (o raise a 
oad of 100.0 kg and the eficiency remains 
the same, how long would that take? 

For cars having the same shape but different 
size engines it is true that the power 
developed by the car’s engine is   

20 

21 

2 

23 

proportional to the third power of the car’s 
maximum speed. What does this imply 
about the speed dependence of the wind 
resistance force? 

The top speed of a car whose engine is 
delivering 250 kW of power is 240 km h™". 
Calculate the value of the resistance force on 
the car when it is travelling at s top speed on 
alevel road 
Describe the energy transiormations taking 
place when a body of mass 5.0 kg: 
@ falls from a height of 50 m without air 

resistance; 
(b) falls from a height of 50 m with constant 

speed; 
(@) is being pushed up an incline of 30° 1o the 

horizontal with constant speed. 

  

An elevator starts on the ground floor and 
stops on the 10th floor of a high-rise 
building. The elevator picks up a constant 
speed by the time it reaches the 15t floor 
and decelerates 1o rest between the 9th and 
10th floors. Describe the energy 
transformations taking place between the 
15t and 9th floors, 
A car of mass 1200 kg starts from rest, 
accelerates uniformly 1o a speed of 4.0 ms~" 
in 2.0 s and continues moving at this constant 
speed in a horizontal straight line for an 
additional 10’5, The brakes are then applied 
and the car is brought 10 rest in 4.0 s. A 
constant resistance force of 500 N is acting on 
the car during its entire motion. 
(@) Calculate the force accelerating the car in 

the first 2.0's of the motion. 
(b) Calculate the average power developed 

by the engine in the first 2.0 s of the 
motion. 

(©) Calculate the force pushing the car 
forward in the next 10 s 

(e Calculate the power developed by the 
engine in those 10's. 

(e) Calculate the braking force in the last 4.0 s 
of the motion. 

() Describe the energy transformations that 
have taken place in the 16 s of the motion 
of this car.  



" collides 24 A mass of 6.0 kg moving at 4.0 m s 
with a mass of 8.0 kg at rest on a frictionless 
surface and sticks 10 it. How much kinetic 
energy was lost in the collision? 

25 Two masses of 2.0 kg and 4.0 kg are held in 
place, compressing a spring between them. 
When they are released, the 2.0 kg moves 
away with a speed of 3.0 m s~ What was the 
energy stored in the spring? 

  

26 A block of mass 0.400 kg is kept in place so 
it compresses a spring of spring constant 
120 N'm™" by 15 cm (see Figure 7.29). The 
block rests on a rough surface and the frictional 
force between the block and the surface when 
the block begins to slide is 1.2 N. 

L 
Figure 729 For question 26. 

  

  

      

(a) What speed will the block have when the 
spring returns to its natural length? 

(b) What percentage is this of the speed the 
mass would have had in the absence of 
friction? 

27 Two bodies are connected by a string that 
goes over a pulley, as shown in Figure 7.30. 
The lighter body is resting on the floor and the 
other i being held in place a distance of 
5.0 m from the floor. The heavier body is then 
released. Calculate the speeds of the two. 
bodies as the heavy mass is about to hit the 
floor. 

  Figure 730 For question 27 
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28 A mass m of 4.0 kg slides down a frictionless 
incline of 6 = 30° to the horizontal. 
(@) Plot a graph of the kinetic and potential 

energies of the mass as a function of 
time. 

(®) Plot a graph of the kinetic and potential 
energies of the mass as a function of 
distance travelled along the incline. 

(€) On each graph, plot the sum of the 
potential and kinetic energies. The mass 
starts from rest from a height of 20 m. 

  

29 Show that an alternative formula for kinetic 

energy is i = £, where p is the momentum 
of the mass m. This is very useful when 
dealing with collisions. 

30 A body of mass M, initially at rest, explodes 
and splits into two pieces of mass M/3 and 
2M/3, respectively. Find the ratio of the 
kinetic energies of the two pieces. (Use the 
formula from the previous problem.) 

  

31 Amass mis being pulled up an inclined plane 
of angle 0 by a rope along the plane. 
(@) What s the tension in the rope if the mass 

moves up at constant speed v2 
(b) What i the work done by the tension 

when the mass moves up a distance of 
d m along the plane? 

(©) What is the work done by the weight of 
the mass? 

(d) What is the work done by the normal 
reaction force on the mass? 

(e) What is the net work done on the mass? 

HL only   

32 Amass m = 2.0 kg s attached to the end of a 
string of length £ = 4.5 m. The other end of 
the string is attached to the ceiling. The string 
is displaced from the vertical by an angle 
6= 50° and then released. What is the 
tension in the string when the string makes an 
angle 6 = 20° with the vertical? 

33 Acar of mass 1200 kg is moving on a 
horizontal road with constant speed 30 m s 
The engine is then tumed off and the car will 
eventually stop under the action of an air
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resistance force. Figure 7.31 shows the 
variation of the car's speed with time after the 
engine has been turned off 

vim sl 
30 

2 

20 

0 

  

  

  

  

              P 
  s 
[ 30 40 50 

Figure 731 For question 33. 

(@) Calculate the average acceleration of the 
car in the first and second 10 s intervals. 

(b) Explain why it takes longer to reduce the 
speed from 20.0 ms~' to 10.0 ms~' 
compared with irom 30.0 ms™! to 
200ms™. 

(@) The average speed in the first 10 s interval 
and in the second it is 

. Use this information and your 
answer in (a) to deduce that the air 

resistance force is proportional to the 
square of the speed. 

(@) Calculate the distance travelled by the car 
the first and second 10 s intervals. 

(e) Calculate the work done by the resistance 
force in the first and second 10 s intervals. 

      

34 Abungee jumper of mass 60 kg jumps from a 
bridge 24 m above the surface of the water. 
“The rope s 12 m long and is assumed to obey 
Hooke's law. 
(@) What should the spring constant of the 

fope be if the woman is to just reach the 
water? 

(b) The same rope is used by a man whose 
mass is more than 60 kg. Explain why the 
man will not stop before reaching the 
water, (Treat the jumper as a point and 
ignore any resistance to motion.) 

35 For the bungee jumper of mass 60 kg in 
question 34, calculate: 

  

(@) the speed of the jumper when she has 
fallen by 12 m; 

(b) the maximum speed attained by the 
jumper during her fall. 

(c) Explain why the maximum specd is reached 
after falling more than a distance of 12 m 
(the unstretched length of the rope). 

(@ Sketch a graph to show the variation of the 
speed of the jumper with distance fallen. 

36 A carriage of mass 800 kg moving at 5.0 ms~' 
collides with another carriage of mass 1200 kg 
that is iniially at rest. Both carriages are 
equipped with buffers. The graph in 
Figure 7.32 shows the velocities of the two 
carriages before, during and aiter the collision. 

    

  Lbb
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Figure 732 For question 36. 

Use the graph to: 
(@) show that the collision has been elastic; 
(b) calculate the average force on each 

carriage during the collision; 
(©) calculate the impulse given to the heavy 

carriage. 
1f the buffers on the two carriages had 
been stiffer, the time of contact would 
have been less but the final velocities 
would be unchanged. How would your 
answers to (b} and () change? 

{e) Calculate the kinetic energy of the two 
carriages at the time during the collision 
when both have the same velocity and 
compare your answer with the final kinetic 
energy of the carriages. How do you 
account for the difference? 

« 
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37 Show that in an elastic, head-on collision of a 
particle of mass m with a stationary particle 
of mass M the fraction of the original kinetic 
energy transferred to M is 

  

4Mm 
(m+ My 

38 Two masses of 3.0 kg and 8.0 kg collide 
head-on elastically. Before the collision the 
8.0 kg mass is at rest and the 3.0 kg moves 
at speed 10.0 m s~ Find the velocities after 
the collision. 

39 Two masses of 6.0 kg and 4.0 kg are 
constrained to move on a frictionless 
horizontal ring as shown in 
Figure 7.33. 

60k 

Smst 

40kg 

Figure 7.33 For question 39 

Initially the heavy mass is a rest and 
the other moves in a counter-clockwise 
direction with speed 5.0m s At t=0s 
the two masses collide elastically. With 
what velocities do the masses move 
after the collision? At what points on the 
circle do subsequent collisions take 
place? 

  

40 A mass m moves with a speed v on a 
horizontal table towards a wedge of mass M, 
as shown in Figure 7.34. How high on the 
wedge will m get if: 
(@) the wedge i firmly fixed on the table; 
(b) the wedge is free to move on the table 

without friction? 

  

Figure 7.34 For question 40. 

41 A battery toy car of mass 0.250 kg is made to 
move up an inclined plane which makes an 
angle of 30° with the horizontal. The car 
starts from rest and its motor provides a 
constant acceleration of 4.0 m s for 5.0 5. 
The motor s then turned off. 
(@ Find the distance travelled in the first 5 s. 
(b) Find the furthest the car gets on the 

inclined plane. 
() When does the car return to its starting 

place? 
(d) Make a graph of the velocity as a 

function of time. 
{€) On the same axes, make a graph of the 

kinetic energy and potential energy of the 
car as a function of the distance travelled. 

() In which periods in the car’s motion is its 
mechanical energy conserved? 

() What is the average power developed by 
the car’s motor2 

() What is the maximum power developed 
by the motor? 

42 A white billiard ball collides with a black 
billiard ball that is initally at rest. After the 
collision, the balls move off with an angle & 
between them, as shown in Figure 7.35. 

  

    

before collision 
white ball 
S 

aftercollision 

  
Figure 735 For question 42.
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The initial momentum of the white ball i . 43 A spring of natural length 0.150 m and spring 
After the collision the momentum of the 
white bal is 7, and the momentum of the 
black ball is fi,. Arrows representing the 
momentum of the white ball before and after 
the collision are shown in Figure 7.36. 

  

3 P 
Figure 7.36 For question 42(a). 

(@) Copy the diagram. On it, draw an arrow 
10 represent the momentum of the black 
ball after the collision. 

(b) Explain the arrow you have drawn in (a). 
(©) On your copy of the diagram, label the 

angle 8. 
() The collision is an elastic collsion, and 

the two balls have identical masses. 
Deduce that the angle 8 between the 
balls after the collision is 90°. 

(e) In the case of an inelastic collision 
between the two balls, Figure 7.36 is 
replaced by Figure 7.37. Copy this 
diagram. On it, draw an arrow to 
represent the momentum of the black 
ball after the collision in this case. 

  

i 
Figure 737 For question 42(e). 

constant 4.00Nm™ is attached at point P, as 
shown in Figure 5.26. The other end of the 
spring is attached to a ring that goes over a 
frictionless vertical pole. The mass of the ring 
i5 0.100kg. The spring may be assumed to be 
massless. Initially the ring is held horizontal so 
that the length PA is 0.300m. The ring is then 
allowed to drop. 

£0000000000000— kA 

  

Figure 5.26 For question 26. 

@) Calculate (using g = 10.0 ms ) 
(i) the speed of the ring when it reaches 

point B, a vertical distance of 0.400m 
from point A; 

(i the magnitude of the force exerted on 
the ring by the pole at point B; 

(iii) the acceleration (magnitude and 
direction) of the ring at B; 

(iv) the largest distance below A to which 
the ring falls (use your graphical 
calculator); 

) the maximum speed of the ring during 
its fall and the distance fallen when 
this happens (use your graphical 
calculaton) 

(b) Using your graphical calculator, plot the 
speed of the ring as a function of distance 
fallen from A. 

(©) The ring will start moving upwards after 
reaching its lowest point. Discuss whether 
the ring will move higher than point A or 
whether it will stop at A, 

 



    

CHAPTER PAL 

Circular motion 
Our discussion of motion so far has been restricted to motion in a straight line. In this 
chapter, we examine the more complicated motion of an object along a circular path. 

Objectives 
By the end of this chapter you should be able to: 

  

« understand that acceleration is present when the magnitude of the velocty, 
orits direction, or both change; 

« understand that in motion on a circle with constant speed there is 
centripetal acceleration of constant magnitude, a, 
centre of the circle; 

  

&, directed at the 

« recognize situations in which a force s acting in a direction toward the 
centre of a circle; 

|+ solve problems involving applications of Newton's second law to motion 
onacircle, Fou = ma = 2 

  

Circular motion and centripetal 
acceleration 

"We now examine the case of motion on a circle. 
Consider the object in Figure 8.1, which rotates 
on a circle of radius R in the counter-clockwise 
direction, with constant speed /. 

Let T be the time taken to complete one full 
revolution. We call T the period of the motion. 
Since the speed is constant and the object 
covers a distance of 27R in a time of T s, it 

Figure 8.1 An object moving on a circle of 
radius R. 

follows that 
22k 

T 
‘We may also note that the object sweeps out an 
angle of 27 radians in  time equal to the 
period. so we define the angular speed of the 
object by 

v 

  

angle swept 
  

  

angular speed 

that is 

27 e 
T 

The units of angular speed are radians per 
second or just s 

It is important to note right away that the 
speed may be constant but the velocity is not. 
It keeps changing direction. (The velocity 
vector is at a tangent to the circle - see 
Figure 8.2, Since the velocity changes, we 
have acceleration.



  

  

  

Figure 8.2 The velocity vector s tangent to the 
circular path. 

What follows is a derivation of the expression for 
acceleration in circular motion. You may want 
1o skip it and go directly to the result just 
before the end of this section (p. 120). 

‘The position vector at time f; is given by 71 and 
ata later time t by the vector 2. Note that 
since we chose the origin of our coordinate 
axes to be at the centre of the circle, the 
displacement vector of the moving object 
always has the same magnitude, equal to the 
radius of the circle. Thus, what changes as the 
object moves is the direction of the 
displacement vector, not its magnitude. The 
velocity of the object is defined as 

o _AF 
P= 

at 
  

where A is a vector representing the 
difference F; ~ Fy. and the time difference 
Al =1y~ t; is assumed to be as small as 
possible. It is clear that the vector A7 is the 
vector from P to Q. Similarly, the speed of the 
object is the distance travelled, which is the 
length of the arc As divided by Al But 
remember that the time interval At =, — ) 
‘must be taken to be as small as possible. 
As this time difference becomes infinitesimal, 
AF becomes tangential to the circle at point P. 

      

o 
@ gy 

Figure 8.3 The velocity vector is tangential (o the 
path. 

‘The magnitude of the velocity is the magnitude 
of AF divided by AL. The speed, on the other 
hand, is the ratio of As, the distance travelled, 
10 Al Thus, the magnitudes of velocity and 
speed appear to be different. But recall again 
that At must be infinitesimal, which implies 
that the difference in the length of As and that 

of AF becomes negligible. Thus, the magnitude 
of velocity is the speed. 

    

  

  

    
    
  

  
    

  

          

    

For motion in a circle with constant speed, it is 
the direction of the velocity vector that 
changes. We must thus find the difference 
Fiq — 7. (Note that the magnitude of the 
velacity vectors at P and Q.are the same - they 
equal the constant speed v of the moving 
object) 

In Figure 8.4 the velocity vector at Q has been 
‘moved parallel to itself so that it starts at the 
same point as the velocity vector at P. The 
difference is thus as shown. The magnitude of 
this vector can be found from simple 
trigonometry. From the sine rule 

Av 
sinf 

 



  

    velocity at P ay 

  
Figure 8.4 The velocity vector changes direction in 

circular motion, hence we have acceleration. 

Recall now that the points P and Q are 
separated only infinitesimally from each other 

and so the angle 6 is very small. Thus, sin6 = 6 

and sin(§ — )~ 1 (the angle must be expressed 
in radians). Further, § = 5"— and As = VAL 

Substituting, we find 

At av=   

‘This gives us the magnitude of the 
acceleration vector for motion around a circle 
of radius R with constant speed v. As we see, 
the magnitude of the acceleration vector is 
constant, if v is constant. But what about its 
direction? As At gets smaller and smaller, the 
angle 0 gets smaller and smaller, which means 
that the vector A7, which is in the direction 
of acceleration, becomes perpendicular to 7. 
‘This means that the acceleration vector is 
normal to the circle and directed towards the 
centre of the circle. It is a centripetal 
acceleration. 
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Figure 8.5 The centripetal acceleration vector is 
normal to the velocity vector. 

If the magnitude of the velocity changes, we 
have tangential acceleration. This is a vector 
directed along the velocity vector if the speed is 
increasing and opposite to the velocity vector if 
the speed is decreasing. The magnitude of the 
tangential acceleration is given by 

Av 
At 

  

a 

where v is the speed and Al is infinitesimally 
small. 

‘When the velocity direction and magnitude are 
changing, we have both centripetal acceleration 
and tangential acceleration. The total 
acceleration is then the vector sum of the 
vectors representing these accelerations. 

Example questions. 
Q e S S ST SRS T I T 

A mass moves along a circle of radius 2.0 m with 
constant speed. It makes one full revolution in 
3.0 5. What is the acceleration of the mass? 

Answer 
‘The acceleration is v*/ R 50 we need to know v. 
But since the mass covers a distance of 2R in a 
time T =3.0'5, we must have 

27R 
T 
2x314x20 
30ms ! 

=42ms”! 

  

Hencea=8.8ms 
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Q2 eI 
“The radius of the earth is R = 6.4 x 10° m. What 
is the centripetal acceleration experienced by 
someone on the equator? 

  

Answer 
A mass on the equator covers a distance of 2R in 
atime T =1 day. Thus 

v=46x10"ms’ 

and so 

  

a=34x107ms 

This is quite small compared with the acceleration 
due to gravity. 

Q3 SErTETEETIrIs et A I ET RIS YT. 
A mass moves in a circle with constant speed in a 
counter-clockwise direction, as in Figure 8.6a. 
‘What i the direction of the velocity change when 
the mass moves from A 10 B7 

  

@ ® 
Figure 8.6. 

Answer 
The velocity at A is vertical and at B it points to 
the left. The change in the velocity vector is 
Vi~ vi and this difference of vectors is directed 
as shown in Figure 8.6b. 

Centripetal forces 

If we know that a body moves in a circle, then 
we know at once that a net force must be acting 
on the body, since it moves with acceleration. If 
the speed is constant, the direction of the 
acceleration is towards the centre of the circle 
and therefore that is also the direction of the 
net force. It is a centripetal force. Consider a 
car that moves on a circular level road of radius 
r with constant speed v. Friction between the 

wheels and the road provides the necessary 
force directed towards the centre of the circle 
that enables the car to take the turn. (See 
Figure 8.7) 

path followed if 
Velacity vecior  SPeed is too high 

mg 

side view 
Figure 8.7 A car will skid outwards (i.e. will cover 

a circle of larger radius) if the friction force is 
not large enough. 

op view 

Example questions 
QPRSI A LI IR PR ST TT ARSI NN 

Amass is tied to a string and moves with constant 
speed in a horizontal circle. The string is tied to 
the ceiling, at a point higher than the mass. Draw 
the forces on the mass 

  

Answer 
The common mistake here is to put a horizontal 
force pointing toward the centre and call it the 
centripetal force. When you are asked to find 
forces on a body, the list of forces that are 
available include the weight, reaction forces (i the 
body touches another body), riction (if there is 
friction), tension (if there are strings or springs), 
resistance forces (if the body moves in air or a 
fluid), electric forces (if electric charges are 

involved), etc. Nowhere in this list s there an 
entry for a centripetal force. 

    

Think of the word centripetal as simply an 
adjective that describes forces already acting on 
the body, not as a new force. In this example, the 
only forces on the mass are the weight and the 
tension. If we decompose the tension into 
horizontal and vertical components, we see that 
the weight is equal and opposite (o the vertical 
component of the tension. This means that the 
only force left on the body is the horizontal 
component of the tension. We may now call this 
force the centripetal force. But this is not a new 

   



force. It is simply the component of a force that is 
already acting on the body. (See Figure 8.8) 

  

The horizontal comparent of 
the tension isthe net force on 
the body. It poins oward the 
centte 5o we may call it 2 
cenispetal foree: But itis 
nothing more than a component 
of the tension force 

   
Figure 8.8. 

QF e T IT T TIPSO S a3 | 

Amass m is tied to a string and made to move in 
a vertical circle of radius R with constant speed v. 
Find the tension in the string at the lowest and 
highest points. 

Answer 
The forces are as shown in Figure 8.9. At the 
lowest point, the net force is T, — mg and so 

  

-mg=ms 

  giving 

  

Ty mgm 

Atthe highest point, the net force is mg + T, and so 

    mg 

This shows that the string goes slack unless 2 > gr. 

  
Figure 8.9 The tension in the string is different 

at different positions of the mass 
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Itis important to note that, since a centripetal 
force is at right angles to the direction of 
motion, the work done by the force is zero. 
(Recall that W = Fs cos, and here the angle is 
a right angle.) 

  

It is a common mistake in circular motion 
problems to include a force pushing the body 
away from the centre of the circle: a centrifugal 
force. It is important to stress that no such 
force exists. A body in circular motion cannot 
be in equilibrium and so no force pushing away 
from the centre is required. 

Angular momentum 

Consider a point mass m which rotates about 
speed v as shown in Figure 8.10. 

  

  

  

Figure 8.10 A mass rotating counter-clockwise 
in a circle has an angular momentum 
pointing out of the page. 

We define the magnitude of the angular 
momentum of the mass m by 
L= mvr 

(Angular momentum is a vector but we will not 
make use of its vector nature here.) If the mass 
moves along a path other than a circle, then the 
angular momentum is given by 
L=mvb 
where b s the perpendicular distance of the axis 
from the direction of velocity. In Figure 8.1 
the axis goes into the page through P. Since 
b= rsin it follows that L = myr sin, where 
4 is the angle between the velocity vector and 
the vector from the axis to the position of the 
‘mass. The units of angular momentum are | s.
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      itecion of velodiy 

Figure 811 A mass has angular momentum 
about an axis through P. 

Example question 

QST TSI 
Find the angular momentum of two masses, 
each of 2.0 kg, that are separated by 5.0 m 
and rotate about an axis along the 
perpendicular bisector of the fine joining them 
with speed v=7.5 m s~ (see Figure 8.12). 

® o @ 

2 Abody of mass 1.00 kg is tied to a string and 
rotates on a horizontal, frictionless table. 
@) If the length of the string is 40.0 cm and 

the speed of revolution is 2.0 m s, find 
the tension in the string. 

(b) If the string breaks when the tension 
exceeds 20.0 N, what is the largest speed 
the mass can rotate at? 

(©) 1f the breaking tension of the string is 
20.0 N but you want the mass to rotate at 
4.00 ms™', what is the shortest length 
string that can be used? 

3 An astronaut rotates at the end of a test 
machine whose arm has a length of 10.0m, 
as shown in Figure 8.14. If the acceleration 
she experiences must not exceed 
5g (g = 10ms), what is the maximum 
number of revolutions per minute of the arm? 
— 

0m 
  

  

Figure 8.12. 

Answer 
L=2mvr=75]s. 

1 A mass moves on a circular path of radius 
2.0 m at constant speed 4.0 m s~ (see 

igure 8.13). 
(a) What is the magnitude and direction of 

the average acceleration during a quarter 
of a revolution (from A to B)? 

(b) What s the centripetal acceleration of the 
mass? 

  

A 
Figure 8.13 For question 1 

_ 
      

Figure 8.14 For question 3. 

4 Awheel of radius R rotates making 1 
revolutions per second. The quantity 1 is 
known as the frequency of the motion. Show 
that 1/7 is the time to complete one 
revolution, called the period T of the motion. 
Show that the centripetal acceleration of a 
point at the rim of the wheel is 
a=4x’Rf? 

5 The earth (mass = 5.98 x 10% kg) rotates 
around the sun in an orbit that is 
approximately circular, with a radius of 
1.5% 10" m. 

(@) Find the orbital speed of the carth around 
the sun. 

(b) Find the centripetal acceleration 

experienced by the earth. 
(© Find the magnitude of the gravitational 

force exerted on the earth by the sun. 
6 (a) What is the angular speed of a mass that 

completes a 3.5 m radius circle in 1.24 st 
(b) What i the frequency of the motion? 

 



7 What s the centripetal acceleration of a mass 
that moves in a circle of radius 2.45 m making 
3.5 revolutions per second? 

8 What would be the length of the day if the 
centripetal acceleration at the equator were 
equal to the acceleration due to gravity? 
(g=9.8ms?) 

9 A loop-the-loop machine has radius R of 
18 m (see Figure 8.15). 
(a) What is the minimun speed at which a 

cart must travel so that it will safely loop 
the loop? 

(b) What will the speed at the top be in this 
case? 

   
Figure 8.15 For question 9. 

10 Calculate the centripetal force on the earth as 
it rotates around the sun. The mass of the 
carth is about 6.0 x 107 kg. The earth arbits 
the sun in a circular orbit of radius 
1.5 x 10" m in one year. 

11 What is the centripetal acceleration of a 
point on the earth at 50° latitude as a result 
of the earth’s rotation about its axis? 
Express the answer as a fraction of g, the 
acceleration due to gravity. What angle to 
the true vertical would a mass hanging at the 
end of a string make? Take g to be exactly 
9.8ms™%, 

12 A horizontal disc has a hole through its 
centre. A string passes through the hole and 
connects a mass m on top of the disc to a 
bigger mass M that hangs below the disc. 
Initially the smaller mass is rotating on the 
disc in a circle of radius r. What must the 
speed of m be such that the big mass stands 
still (See Figure 8.16.) 

  
13 

14 
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M 
Figure 8.16 For question 12. 

  

A mass of 5.00 kg is tied to two strings of 
equal length, which are attached to a vertical 
pole at points 2.0 m apart. As the pole rotates 
about s axis, the strings make a right angle 
with each other, as shown in Figure 8.17. 

Figure 8.17 For question 13. 

1f the mass makes 2 revolutions per second, find: 
@) the tension in each string; 
(b) the speed of revolution that makes the 

lower string go slack. 
(@) If the mass now rotates at half the speed 

you found in part (b}, find the angle the 
top string makes with the vertical. 

  

A mass moves counter-clockwise along a 
vertical circle of radius 4.00 m. At positions A 
and B, where the radii make an angle of 45° 
with the horizontal (see Figure 8.18), the mass 

has speed 4.0 m s™'. At A the speed of the 
mass is increasing at a rate of 3.0 m s % 
whereas at B the speed is decreasing at a rate 
of 3.0 m s~ Thus, the acceleration of the mass 
in each position consists of the centripetal 
acceleration (which is directed toward the 
centre) and a tangential acceleration whose 
magnitude is the rate of change of speed. Find 
the magnitude and direction of the acceleration 
vector of the mass at positions A and B. 
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15 

16 

  

Figure 8.18 For question 14. 

In an amusement park ride a cart of mass 
300 kg and carrying four passengers each of 
mass 60 kg s dropped from a vertical height 
of 120 m along a frictionless path that leads 
into a loop-the-loop machine of radius 30 m. 
The cart then enters a straight stretch from A 
to C where friction brings it to rest aiter a 
distance of 40 m. (See Figure 8.19.) 

  

Figure 8,19 For question 15, 

@) Find the velocity of the cart at A. 
(b) Find the reaction force from the seat of the 

cart onto a passenger at B. 
(©) What is the acceleration experienced by 

the cart from A to C (assumed constant)? 
Amass of 5.0 kg is attached 1o a string of 
length 2.0 m which is initially horizontal. The 
mass is then released. Figure 8.20 shows the 
mass when the string is in a vertical position. 
(a) Find the speed of the mass when the string 

in the vertical position. 
(b) Find the acceleration of the mass. 
(c) Draw the forces on the mass. 
(d) Find the tension in the string. 

  

initial postion of mass 

    

Figure 8.20 For question 16. 

17 Aneutron star has a radius of 50.0 km and 
completes one revolution every 25 ms. 
Calculate the centripetal acceleration 
experienced at the equator of the star. 

18 In an amusement park a box is attached to a 
rod of length 25 m and rotates in a vertical 
circle. The park claims that the centripetal 
acceleration felt by the occupants sitting 
firmly in the box is 4g. How many revolutions 
per minute does the machine make? 

19 A marble rolls from the top of a big sphere as 
shown in Figure 8.21. What is the angle 6 
when the marble is about 10 leave the sphere? 
Assume a zero speed at the top. 

Figure 8.21 For question 19.



  

LA 

The law of gravitation 
This chapter will inroduce you o one of the fundamental faws of physics: Newton's law 
of gravitation. The law of gravitation makes it possible to calculate the orbis of the planets 
around the sun, and predicts the motion of comets,satelftes and entire galaxies, Newton's 
law of gravitation was published in his monumental Philosophiae Naturalis Principia 
Mathematica, on 5 July 1686. Newton's law of gravitation has had great success in dealing 
with planetary motion. 

Objectives 
By the end of this chapter you should be able to: 
+ appreciate that there is an attractive force between any two point masses 

that is directed along the line joining the two masses, F = G 4:4%; 
« state the definition of gravitational field strength, g = G . 

  

Newton’s law of gravitation 

‘We have seen that Newton's second law implies 
that, whenever a mass moves with acceleration, 
a force must be acting on it. An object falling 
frecly under gravity is accelerating at 9.8 m s~ 
and thus experiences a net force in the 
direction of the acceleration. This force is, as we 
know, the weight of the mass. Similarly, a 
planet that revolves around the sun also 
experiences acceleration and thus a force is 
acting on it. Newton hypothesized that the 
force responsible for the falling apple is the 
same as the force acting on a planet as it 
revolves around the sun. The conventional 
weight of a body is nothing more than the 
‘gravitational force of attraction between that 
body and the earth. 

» Newton proposed that the attractive force 
of gravitation between two point masses is 
given by the formula 

oMM 
FBGT 

  

‘where M; and M, are the masses of the 
attracting bodies,  the separation between 
them and G a new constant of physics 
called Newton's constant of universal 
gravitation. It has the value G = 6,667x 
10~ N'm® kg . The direction of the force 
is along the line joining the two masses. 

“This formula applies to point masses, that is to 
say masses which are very small (in comparison 
with their separation). In the case of objects 
such as the sun, the earth, and so on, the 
formula still applies since the separation of, say, 
the sun and a planet is enormous compared 
with the radii of the sun and the planet. In 
addition, Newton proved that for bodies which 
are spherical and of uniform density one can 
assume that the entire mass of the body is 
concentrated at the centre - as if the body is a 
point mass. 

Figure 9.1 shows the gravitational force between 
two masses. The gravitational force is always 
attractive.
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— om 

Ho————— " on 
Figure 9.1 The mass of the spherical body to the 

Teft can be thought to be concentrated at the 
centre. 

‘The force on each mass is the same. This follows 
both from the formula as well as from Newton's 
third law. 

Example questions 
Q1 MITENT A S SERE TR TR T I70 % 

Find the force between the sun and the earth. 

Answer 

“The average distance between the earth and the 
sunis R = 1.5 X 10" m. The mass of the earth is 
5.98 % 10* kg and that of the sun 1.99 x 10% kg. 

Thus 

F=35x102N 

  

what happens to the gravitational force between 
them? 

Answer 
Since the force is inversely proportional to the 
square of the separation, doubling the separation 
reduces the force by a factor of 4. 

We said that the force we ordinarily call 
the weight of a mass (i.e. 7g) is actually the 
force of gravitational attraction between 
the earth of mass M, and the mass of the 
body in question. The mass of the earth is 
assumed to be concentrated at ts centre and 
thus the distance that goes in Newton’s 
formula is the radius of the earth, R, (see 
Figure 9.2).   

  

Figure 92 The gravitational force due to a 
spherical uniform mass is the same as that due 
to an equal point mass concentrated at the 
centre. 

‘Therefore, we must have that 

“This is an extraordinary result. It relates the 
acceleration of gravity to the mass and radius of 
the earth. Thus, the acceleration due to gravity 
on the surface of Jupiter is 

  

Example questions 
Q) pETTETTTTE—————————————— 
Find the acceleration due to gravity (the 
gravitational field strength) on a planet 10 times 
as massive as the earth and with radius 20 times 
as large. 

Answer 
From 

we find 

G(10M) 
(20Re)? 
10GM. 
400 K? 
1 GM 
0R 

1 -k 

  

  

Thus g = 0.25ms™.
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QY TEHFIEITITIITITII IS I DISININIIINTEY 

Find the acceleration due o gravity at a height of 
300 km from the surface of the earth 

Answer 

GM. 

BT Rt 

where R, = 6.38 X 10° m is the radius of the 
earth and h the height from the surface. We can 
now put the numbers in our calculator to 
find g = 8.94 ms . 
‘The order-of-magnitude arithmetic without a 
calculator is as follows: 

GM. 
T R+ h? 

67 x 107" x 5.98 x 104 
(6.68 % 1097 

7x6 

  

    

  %10 

  

Gravitational field strength 
Physicists (and philosophers) since the time of 
Newton, including Newton himself, wondered 
how a mass ‘knows’ about the presence of 
another mass nearby that will attract it. By the 
nineteenth century, physicists had developed 
the idea of a ‘field’, which was to provide the 
answer to the question. A mass M is said to 
create a gravitational field in the space around 
it. This means that when another mass is 
placed at some point near M, it ‘feels’ the 
gravitational field in the form of a 
gravitational force. (Similarly, an electric 
charge will create around it an electric field 
and another charge will react to this field by 
having an electric force on it) 

  

We define gravitational field strength as follows. 
  
  

  

  

    

  

  

If M stands for the mass of the earth, then the 
gravitational field strength is nothing more 
than the acceleration due to gravity at distance 
r from the centre of the earth. 

‘The usefulness of the definition of the 
gravitational field strength is that it tells us 
something about the gravitational effects of a 
given mass without actually having to put a 
second mass somewhere and find the force 
onit. 

The gravitational field strength is a vector 
quantity whose direction is given by the 
direction of the force a point mass would 
experience if placed at the point of interest. 
The gravitational field strength around a 
single point mass M is radial, which means 
that it is the same for all points equidistant 
from the mass and is directed towards the 
mass. The same is true outside a uniform 
spherical mass. This is illustrated in 
Figure 9.3. 

This is to be contrasted to the assumption of a 
constant gravitational field strength, which 
would result in the situation illustrated in 
Figure 9.4, The assumption of constant 
acceleration of gravity (as, for example, when 
we treated projectile motion) corresponds to 
this case.
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. 
Figure 93 The gravitational field around a point 

(or spherical) mass is radial. 

il 
Figure 9.4 The gravitational field above a flat mass 

is uniform. 

Example questions 
Q3 TS I EIYEYY 

Two stars have the same density but star A has 
double the radius of star B. Determine the ratio of 
the gravitational field strength at the surface of 
each star. 
Answer 

‘The volume of star A is 8 times that of star B since 
the radius of A is double. Hence the mass of A is 
8 times that of B. Thus 

Qb 1TSS 
Show that the gravitational field strength at the 
surface of a planet of density p has a magnitude 
given by g = 4678 

  

Answer 
We have 

  

it follows that 
GinpR® 
L 

4GupR 
3 
  

e 

1 What s the gravitational force between: 
(@) the carth and the moon; 
(b) the sun and Jupiter; 
(©) a proton and an electron separated by 

100 m? 
(Use the data in Appendices 1 and 3.) 

2 Amass mis placed at the centre of a thin, 
hollow, spherical shell of mass M and radius R 
(see Figure 9.5a). 
(a) What gravitational force does the mass m 

experience? 
(b) What gravitational force does m exert on M? 
(€) A second mass m is now placed a distance 

of 2R from the centre of the shell (see 

Figure 9.5b). What gravitational force does. 
the mass inside the shell experience? 

(d) What is the gravitational force experienced 
by the mass outside the shell?



%® 

) ® 
Figure 95 For question 2. 

3 Stars A and B have the same mass and the 
radius of star A is 9 times larger than the 
radius of star B. Calculate the ratio of the 
gravitational field strength on star A to that 
on star B. 

4 Planet A has a mass that is twice as large as 

the mass of planet B and a radius that i twice 
as large as the radius of planet B. Calculate 
the ratio of the gravitational field strength on 
planet A to that on planet . 

5 Stars Aand B have the same density and star 
Ais 27 times more massive than star B. 
Calculate the ratio of the gravitational field 
strength on star A to that on star B. 

  

6 Astar explodes and loses half its mass. lts 
radius becomes half as large. Find the new 
gravitational field strength on the surface of 
the star in terms of the original one. 

7 The mass of the moon is about 81 times less 
than that of the earth. At what fraction of the 
distance from the earth to the moon is the 
gravitational field strength zero? (Take into 
account the earth and the moon only:) 
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8 Point P is halfway between the centres of two 
equal spherical masses that are separated by a 
distance of 2 X 10° m (see Figure 9.6). What 

is the gravitational field strength at 
(a) point P; 

(b) point Q7 

  

e 3x102k 3x10%kg W % 

Q 
Figure 9.6 For question §. 

9 Consider two masses. There is a point 
somewhere on the line joining the masses 
where the gravitational field strength is zero, 
as shown in Figure 9.7. Therefore, if  third 
mass s placed at that point, the net force on 
the mass will be zero. If the mass is slightly 
displaced away from the equilibrium position 
1o the left, will the net force on the mass be 
directed to the left o the right? 

  

displacement e 

— e 

  

equilibrium position 
Figure 9.7 For question 9.
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Projectile motion 
Galleo s credited with the discovery of the secrets of parabolic mation. He did 
experiments with faling bodies, from which he deduced the acceleration due to gravity 
and its independence of the body's mass, and discovered that projectiles follow 
parabolic paths. Examples of parabolic motion include the paths of a stone thrown into 
the ait at an angle, a bullet ot from a gun and water sprayed from a hose. The basic 
fact here is that every object that falls freely under the action of the earth's gravity 
experiences an acceleration g directed vertically down. In what follows, it is assumed 
thal the earth i fat. This means that we only consider a small part of the eart's surface: 
50 that it is approximately fat, in which case the acceleration due to gravily is pointing 
normally to the horizontal ground. 

Objectives 

    

              

   

  

| By the end of this chapter you should be able to: 
|+ understand parabolic motion as a combination of two simultancous straight- 
‘ line motions, one horizontal and one vertical; 

|+ understand that in parabolic motion there is an acceleration in the vertical 

| direction (due to gravity) but none in the horizontal direction; 
|+ derive expressions for maximum height (by setting v, = 0) and maximum 

range (y = 0) reached by imposing appropriate conditions on the equations; 
« solve problems of parabolic motion; 
« draw the velocity and acceleration vectors of the projectile at various points 

on its path; : 
|+ appreciate the convenience afforded by the law of conservation of energy in 
| some parabolic motion problems. 

  

Parabolic motion from rest, the other was launched horizontally 
‘with no vertical component of velocity. We see 

Let us begin by looking at what happens when an | that the displacements in the y (i.e. vertical) 
object is thrown horizontally from some heighth | direction are covered in the same time. 
above the ground with some initial velocity. 
Experience tells us that the object will follow a 
curved path and will eventually fall to the 
ground. What we want to know is how far the 
object travels, how long it takes to fall to the 
ground, the precise shape of the curved path, etc. 

  

How do we understand this fact? A simple way is 
to make use of the concept of relative velocity. 
Consider two bodies, one dropped from rest and 
the other launched horizontally with velocity v 
From the point of view of a stationary observer 
on the ground, body B falls vertically whereas 
body A follows a parabolic path. Consider now 
the description of the same situation from the 

Figure 10.1 shows the positions of two objects 
every 0.2 s: the first was simply allowed to drop  
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              s   
Figure 10.1 A body dropped from rest and one 

launched horizontally cover the same vertical 
displacement in the same time. 

point of view of another observer on the ground 
who moves with velocity ¥/2 with respect to the 
ground. From the point of view of this observer, 
body A has velocity #/2 and body B has velocity 
/2. The motions of the two bodies are 
therefore identical (except for direction). So this 
observer will determine that the two bodies 
reach the ground at the same time. Since time is 
absolute in Newtonian physics, the two bodies 

[ 
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must reach the ground at the same time as far 
as any other observer is concerned as well. (See 

Figure 10.2) 

This means that the motion of the body 
launched horizontally can be analysed quite 
simply because we can separate the vertical 
motion from the horizontal motion. Let v be 
the initial velocity of the object in the horizontal 
direction. Since there is no acceleration in this 
direction, the horizontal velocity component at 
all times will be equal to v 

ve=vo 

and the displacement in the horizontal 
direction will be given by 

x =vol 

In the vertical direction, the object experiences 
an acceleration g in the vertically down 
direction. Thus, the velocity in the vertical 
direction will be given by 

vy=-gt 

  
Figure 1022 The motions of the ball projected horizontally and the ball     dropped vertically from rest are identical from the point of view of the 

‘moving observer. The two balls will thus reach the ground at the same time.
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the body moves upward; the acceleration due 
to gravity is then negative, or -g) and the 
displacement is given by 

y=-3gt* 
The point of launch is assumed to be the origin, 
as in Figure 10.3, 5o that the initial displacement 
is zero,x =0,y = 0. 

(we are assuming that positive velocity means 

inital horizontal velocity | 

  

Figure 10.3. 

Example questions 
QI eeresrreresreerreressrTerarsseIn. 
An abject is launched horizontally from a height of 
20,0 m above the ground, as shown in Figure 10.4. 
When will it hit the ground? 

  

Answer 
The object will hit the ground when y = -20.0 m, 
and thus from y = —1gt* we find —20 = —5¢%, 
giving { = 2.0 5. Note that we do not need to 
know the actual velocity of launch. 

2 SIS ST I SRS 

An object is launched horizontally with a velocity | 
of 12 ms™!. What is the vertical component of | 
velocity aiter 2.0 s2 What are the coordinates of 
the object after 4.0 s? 

Answer 
The horizontal component of velocity s 12 ms~! 
at all times. From v, 
component is v, = 

g, the vertical 
20 ms~". The coordinates   

after time ¢ are. 

  

vot 
20%4.0 

—a8m 

    

  

Knowing the x and y coordinates as a function 
of time allows us to find the shape of the 
curved path followed by an object launched 
horizontally: from x = vof we solve for time 

2 and substituting in y = —} gt* we find 

—le(2Y 
Y="39\s 

which is the equation of a parabola. 

    

Launch at an arbitrary angle 

In the previous section we studied the horizontal 
launch of a projectile. In this section we will 
study the more general case of launch at an 
arbitrary angle. Figure 10.5 shows an object 
thrown at an angle of 6 = 30° to the horizontal 
with initial velocity vector 7o, whose magnitude 
is20ms™', and the path it follows through 
the air. 

The position of the object is shown every 0.2 s. 
Note how the dots get closer together as the 
object rises (the speed is decreasing) and how 
they move apart on the way down (the speed is 
increasing). It reaches a maximum height of 
5.1 m and travels a horizontal distance of 35 m. 

As before, the easiest way to analyse what is 
going on is to realize that the object is actually 
undergoing two motions simultaneously - one 
in the vertical direction and another in the 

horizontal. Thus, if the object begins at point O 
(see Figure 10.6) at ! = 0 and subsequently finds 

itself at point P, then we can say that during 
this time the object actually moved a horizontal 
displacement OX and a vertical displacement 
OY. Note that the time taken to cover the  
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                S   

0 5 10 500 3 0 3 
Figure 105 An object is launched at an arbitrary angle to the horizontal. The path 

followed is parabolic. 

displacement OX is the same as the time taken 
10 cover OY. OX and OY are just the components 
of the displacement vector of the mass at P. 

  

- T 

     

g     

! 
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| 
  

    
  

| 
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| | 

            
0 510 15 20 25 X3 3 

Figure 10,6 The position vector of a point P as an 
object executes parabolic motion. 

  

‘The point of doing things this way is that we 
have succeeded in reducing the motion in the 
plane into two motions taking place at the 
same time on straight lines. Since we know all 
about straight-line motion, it means we also 
know all about motion in a plane. 

Let us then throw an object into the air with 
velocity vector 7 (of magnitude o) at an angle 
6 to the horizontal. The suffix zero in 7 is to 
remind us that this is the initial velocity of the 
object. The component of initial velocity in the 
horizontal direction is simply v cos 4. 

» At any future time, the horizontal velocity 

* component will be the same, that is 
: vy =vgcost 

   
‘horizontal direction x, then after a time of 

“I's goesby IR 
x=val cosd 3 

On the other hand, in the vertical direction 
there is acceleration, namely the acceleration 
due to gravity, g. (In our formulae, the 
acceleration will be taken to be negative. A 
positive velocity means that the mass is moving 
up. On the way up, the velocity decreases and so 
the acceleration is negative. On the way down, 
the velocity is getting more and more negative 
and so the acceleration must again be taken to 
be negative.) 

» The initial velocity in the vertical direction 
is¥ysin g, so the vertical velocity 
component at any time | after launch is 
given’by. 

¥y =vysind - gt 

‘The displacement in the vertical direction, 
v, after time  seconds is given by 

y=vatsing - Lgt*  
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Note that we are dealing with displacements 
here and not distances. The distance travelled is 
the length of the arc of the parabola from O to 
wherever the mass finds itself after time (. 
Setting = 0 in these formulae gives the 
formulae for a horizontal launch, as in the 
previous section. 

  

Unlike the velocity in the horizontal direction, 
which stays the same, the vertical velocity is 
changing. It begins with the value v sind at 
time zero, starts decreasing, becomes zero, and 
then keeps decreasing, becoming more and 
more negative. At what point in time does the 
vertical velocity component become zero? 
Setting vy = 0 we find 

0=vosing —gt 
| Vosing 
  

‘The time when the vertical velocity becomes 
zero is, of course, the time when the mass 
attains its maximum height. What is this 
height? Going back to the equation for the 
vertical component of displacement we find 
that when 

vosinG 

9 
  

y is given by, 

  

W sin5)7 vosing 1 ( 
/max = Vo— —sinég o= Vo= 297 

  

  

“This is the formula for the maximum height 
attained by the mass. You should not remember 
it by heart but rather you should be able to 
derive it. 

‘What about the maximum displacement in the 
horizontal direction (sometimes called the 
range)? At this point the vertical component of 
displacement is zero. Setting y = 0 in the 
formula for y gives 

  

vot sing — 3 gt? 
twosing — 3 gt) 

  

and sot =0 and 

_ 2using 
9 

‘The first time { = 0 is, of course, when the mass 
first starts out. The second time is what we 
want - the time in which the range is covered. 
‘Therefore the range is 

t   

2v§sing cos 

9 
vEsin20 

9 
Note, incidentally, that the time it takes to cover 
the range is twice the time needed to reach the 
maximum height. This suggests that the motion 
is symmetric about the highest point. 

  

The maximum value of sin 20 is 1 and this 
happens when 20 = 90° (i.e. § = 45°); in other 
‘words, we obtain the maximum range with a 
launch angle of 45°. This equation also says that 
there are two different angles of launch that 
give the same range for the same initial speed. 
‘These two angles add up to a right angle (can 
you see why?). 

Example questions 
Q3 Emsssemnsmsse s e TI— 
A mass is launched with a speed of 10 m s™ at 
(@) 30° to the horizontal; 
(b) 0° to the horizontal; 
(c) 90° to the horizontal. 
Find the x- and y-components of the initial velocity 
in each case. 

  

Answer 
(@) vo = vycos 8 

0 x cos 30° 
= 8.66 s 

Vy=vosin® 
=10 x sin30° 

  

  

- 

) ve=10ms" 
oms’ 

       



QI IS T ASITRIRN PEIL LS. 

Sketch graphs to show the variation with time of 
the horizontal and vertical components of velocity 
of the projectile of example question 3(a). 

Answer 
See Figure 10.7. 

et 

866 

o) " 

st 
50 

©9)| 05 s   
Figure 10.7. 

Q5 MY STTITIETTTIITIIITITIS0St00. 

Amass is launched at 30° to the horizontal with 
initial speed 25.0 m s™'. What is the maximum 

height obtained? 

Answer 
The vertical velocity is given by 
V= vosing — gt 
and becomes zero at the highest point. Thus 

vosin 
g 

=125s 

  

  

and so maximum height = 7.82 m by substituting 
in the formula for y. 

e 
After what time does the mass in the previous 
example question move a horizontal distance of 
3.0m?   
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Answer 
X= vtcosh 

and so 

3.0 
 cos 307 

  

()7 sssssmEmrTITIIIIte st s sSNARERETR TS, 

For the same mass as in example questions 5 and 
6, when s the height of the mass 4.0 m? 

Answer 

From 

y=votsing — jgt* 

we find 
40=25(x05~5¢ 

and so y = 4.00 m when t = 0.38 sand t = 2.1 s. 

There are two solutions here since the mass 
attains the height of 4 m twice: on its way up and 
on its way down. 

Qb e — 
A projectile is launched horizontally from a height 
of 45 m above the ground. As it hits the ground, 
the velocity makes an angle of 60° to the 
horizontal. Find the initial velocity of launch. 

Answer 
The time it takes to hit the ground is found from 
y= 181" (here 0 = 0 since the launch is 
horizontal) and so 

—45 = -5 
St=3s 

Thus, when the projectile hits the ground 

Vy=0-10x3 
~30ms™! 

Hence 
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The shape of the path 
(The proof is not required for examination 
purposes.) The last thing that remains to be 
done here is to figure out the shape of the path 
the object follows in the air. We can do this very 
easily by concentrating on the formulae for 
displacement in the x and y directions: 

X = Vot cosf 

y=votsing - hgt? 

Using the first equation we solve for time to 
find = ;55 and substituting in the 
expression for y we find 

  

  

  

    y=vosing (—~ ,la( X vocoss) 29 \igcose 
tand —     

20?0 25 cos?0 

which is the equation of a parabola. 

Use of energy conservation 
In some problems we are asked to find the speed 
of a projectile at some point along its path. If 
speed is all that is being asked for, a very simple 
method using the law of conservation of energy 
can be used. Consider the following example. A 
ball is launched at 12 m s at an angle of 60° to 
the horizontal. It lands on the roof of a building 
5m high (see Figure 10.8). What is the speed of 
the ball on landing? 

  

[ sn 

Figure 10.8 A ball is launched at ground level and 
Tands on the roof of a building. 

    
  

Let us use conservation of energy first. At 
launch, the total energy of the mass is 
E = jmv? and on landing it is E- = jmu? + mgh.   

Equating the two results in 
2 i + mgh = Y 

  

=u?=v?-2h 

“This gives 
=144 -2x10x5 
44 

=Su=663ms" 
Another method of solution uses the equations of 
projectile motion and is much more complicated. 
‘We must find the vertical component of velocity 
when the vertical displacement of the ball is 5 m: 
we use y = vot sinf — } gt? to find the time 
when the vertical displacement becomes 5 m. 
‘The result is found from: 

5=12tsin 60° — 5t* 
= 512~ 10392t +5=0 

‘The roots are 0.756 s and 1.322 5. At these times, 
the vertical velocity component is 

    

vy 

  

osiné — gt 
= 125in60° — 10t 

283ms™ 
‘The speed on landing is thus given by 

a2 
=283+ 

=6.63ms” 

    

The advantage of the energy conservation 
method is clear. 

Effect of air resistance forces 

Figure 10.9 shows the effect of a 
on the path of a projectile launched with 
speed 200 m s~ at 60° to the horizontal. The 
path in black dots corresponds to the case of 
zero air resistance. (The position is shown 
every 0.8 5) A similar projectile launched with 
the same velocity but with an air resistance 
force follows the path in open circles. Shown 
here is the case of a resistance force of 
magnitude proportional to the speed and 
directed opposite to the velocity. We see that 
with air resistance: 

   



+ the path is no longer parabolic; 
+ the maximum height and range are less 

than without air resistance; 
+ the angle at which the projectile impacts 

the ground is steeper. 

   i 
01 S0 1000 1500 2000 2500 3000 3500 

Figure 10.9 The motion of a projectile without air 
resistance (black dots), and with a resistance 
force directed opposite to the velocity and of 
‘magnitude proportional to the speed (open 
circles). 

1 An arrow is shot horizontally towards point O, 
which is at a distance of 20.0 m. It hits point 
P 0.10 s later. (See Figure 10.10.) 
(@) What is the distance OP? 
(b) What was the arrow’s initial velocity? 

  

Figure 10.10 For question 1. 

2 Aball rolls off a table with a horizontal speed 
2.0ms™. If the table is 1.3 m high, how far 
from the table will the ball Jand? 
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3 Aballis kicked horizontally with a speed of 
5.0 ms! from the roof of a house 3 m high. 
(@) When will the ball hit the ground? 
(b) What will the speed of the ball be just 

before hitting the ground? 

4 An object is launched horizontally with a 
speed of 8.0 m s~ from a point 20 m from the 
ground. 
(a) How long will it take the object to land on 

the ground? 
(b) What s the speed of the object 1 s after 

launch? 
(c) What angle does the velocity make with 

the horizontal 1 s after launch? 
(d) With what velocity does the object hit the 

ground? 

5 Two objects are thrown horizontally with the 
same speed (4.0 m s™') from heights of 4.0 m 
and 8.0 m, as shown in Figure 10.11. What 
distance will separate the two objects when 
both land on the ground? 

o 

80m 

O 

40m 

Figure 1011 For question 5. 

6 With what speed should the object at 4.0 m 
height in Figure 10.11 be launched if itis to 
land at the same point as the object launched 
from 8.0m at4.0ms™'? 

   

7 Aplane flying at a constant speed of 50.0 m s~ 
and a constant height of 200 m drops a package 
of emergency supplies to a group of hikers. If 
the package is released just as the plane flies 
over a huge fr ree, find at what distance from 
the tree the package will land. 

8 The longest distance an athlete can throw the 
discus is L. How high would the same athlete 
be able to throw the discus vertically? 
(Assume, unrealistically, that the speed of 
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10 

il 

12 

13 

14 

15 

throwing is the same in both cases and ignore 
air resistance.) 

in a loop-the-loop cart, as shown in Figure 
10.12, a passenger drops their keys when 
at the highest point. The cart is moving at 
6m s~ and is 8 m from the ground. Where 
will the keys land? 

Figure 10.12 For question 9. 

For an object thrown at an angle of 40° to 
the horizontal at a speed of 20 m s, draw 
graphs of: 
(@) horizontal velocity against time; 
(b) vertical velocity against time; 
(€) acceleration against time. 

What is the highest point reached by an 
object thrown with speed 4.0 m s™ at 40° to 
the horizontal? 

A stone is thrown with initial speed 6.0 m s~ 
at35° 10 the horizontal. What s the direction 
of the velocity vector 1 s later? 

An object is thrown with speed 20.0 ms™" at 
an angle of 50° o the horizontal. Draw graphs 
10 show the variation with time of: 
() the horizontal displacement; 
(b) the vertical displacement. 

An object of mass 4.0 kg is thrown with speed 
20.0m s at an angle of 30° to the 
horizontal. Draw graphs to show the variation 
with time of 

(@) the gravitational potential energy of the 
body; 

(b) the kinetic energy of the body. 

  

Acruel hunter takes aim horizontally at a 
monkey that is hanging from the branch of a 
tree, as shown in Figure 10.13. The monkey 
lets go of the branch as soon as the hunter 
pulls the trigger. Treating the monkey and the     

Figure 10.13 For question 15. 

bullet as point particles, determine if the 
bullet will hit the monkey. 

16 Aball is launched horizontally from a height 
of 20 m above ground on earth and follows 
the path shown in Figure 10.14. Air resistance 
and other frictional forces are neglected. 
“The position of the ball is shown every 0.20's. 
(a) Determine the horizontal component of 

velocity of the ball. 
(b) Draw the net force on the ball at t = 1 s. 
(©) The ball is now launched under identical 

conditions on the surface of a planet 
where the acceleration due to gravity is 
20 ms. Draw the position of the ball on 
Figure 10.14 at time intervals of 0.20 s. 

  

yim 
04   

15   

  

  

            xim 
0 s 10 is 20 
Figure 10.14 For question 16. 

17 Aball is launched from the surface of a 
planet. Air resistance and other frictional 
forces are neglected. The position of the ball 
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0 
Fij 

is shown every 0.20 s in Figure 10.15. Use 
this diagram to determine: 
() the components of the initial velocity of 

the ball; 
(b) the angle to the horizontal the ball was 

launched at; 
(©) the acceleration due to gravity on this 

planet. 
(d) Draw two arrows on Figure 10.15 to 

represent the velocity and acceleration 
vectors of the ball at 1= 1 5. 

(@) The ball is now launched under identical 
conditions from the surface of a different 
planet where the accelerition due to 
gravity is twice as large. Draw the path of 
the ball on Figure 10.15. 

  

  

  

  

    
              xim 

02 30 4 s 60 
igure 10.15 For question 16. 

T 

18 A soccer ball s kicked so that it has a range 
of 30 m and reaches a maximum height of 
12 m. What velocity (magnitude and 
direction) did the ball have as it left the 
footballer’s foot? 

19 A stone is thrown with a speed of 20.0m 5™ 
at an angle of 48" to the horizontal from the 
edge of a cliff 60.0 m above the surface of the 
sea. 

  

(a) Calculate the velocity with which the 
stone hits the sea. 

(b) Discuss qualitatively the effect of air 
resistance on your answers 10 (al. 

20 A projectile s launched with speed v at the 
foot of an inclined plane at an angle of @ to 
the horizontal, as shown in Figure 10.16. 
The inclined plane makes a smaller angle ¢ 
with the horizontal. Show that the projectile 
will land a distance d up the plane given by 

212 cosd sin(0 — 9) 
gcos’d. 

    

Figure 10.16 For question 20. 

21 Aball is kicked with a velocity of 5.0 m s 
up an inclined plane that makes an angle of 
30° to the horizontal. The ball's velocity 
makes an angle of 25° to the base of the 
incline. (See Figure 10.17.) What is the 
shape of its path? Explain. Find how high on 
the incline the ball will get. 

Figure 10.17 For question 21, 

22 The maximum height reached by a projectile 
is 20 m. The direction of the velocity 1.0's 
after launch is 20°; find the speed of launch.



  

CHAPTER PARE 

Motion in a 
gravitational field 
Newlon's law of gravitation makes it possible to calculate the orbits of planets, comets, 
satelltes and entire galaxies. The details of the motion of the planels were discovered by ] 
observation by Kepler, whose three [aws can be seen to be a direct consequence of the | 
gravitational law of atraction and Newton's laws of mechanics. Kepler's laws were 
published in 1619 in a book called the Harmony of the World, nearly 70 years before : 
Newton published his work. In ancient times, Ptolemy constructed an involved system in 
which the sun and the planets orbited the earth in perfectly circular paths. When 
observations did not agree with the assumed ircular paths, Prolemy and his successors 
asserted thal planets move along additional smaller circular paths at the same time that 
they complete the orbit. This elaborate theory of epicycles has no foundation in physical 
prindiples and is a good example of attempts to explain physical phenomena without an 
understanding of the underlying principles. The Ptolemaic world view prevailed for : 
centuries until Copernicus, early n the sixteenth century, asserted that the sun was at the. 
centre of the motion of the planets in the solar system. Newton's law of gravitation has. 
had great success in dealing with planetary motion but cannot account for some small 
irregularities, such as the precession of the orbit of Metcury and the bending of light near 
very massive bodies. In 1915, Einstein intraduced the general theory of relativit, which 
replaced Newton's theory of gravity and resolved the difficultes of the Newtonian theory. 

  

Objectives 
By the end of this chapter you should be able to: 
« state the definitions of gravitational potential energy, £, = —G**: and 

| gravitational potential, V = —G 4 
+ understand that the work done as a mass m is moved across two points 

with gravitational potential difference AV is W = mAV; 
* understand the meaning of escape velocity, and solve related problems 

using (l/lg\latlan for escape speed from a body of mass M and radius R: 
Voo =/ 21 

* solve problems of orbital motion using the equation for orbital speed at a 
distance r from a body of mass M: 

    

* understand the term weightlessness. 
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Gravitational potential energy 

Consider a mass M placed somewhere in space. | 
and a second mass m that s a distance R from 
M. The two masses have gravitational potential 
energy, which is stored in their gravitational 
field. This energy is there because work had to 
be done in order to move one of the masses, say 
m, from a position very far away (infinity) to the 
position near the other mass. (See Figure 11.1.) 
The work that was done by the agent moving 
the mass went into potential energy. 

® | infinitcly far 

Figure 11.1 Work is being done in bringing the 
small mass from infinity to a given position 
away from the big mass. This work is stored as 
potential energy. 

  

  
Supplementary materi 

The gravitational force is not constant but 
decreases as the separation of the masses. 
increases, so we cannot straightforwardly 
compute the work done. Using calculus, the 
total work done in moving the mass from infinity 
toRis 

  

M Gmm 
  

  

A satellite’s total energy as it orbits the earth is 
the sum of its kinetic and gravitational 
potential energies: 

GMm 
  E=jm?— 

This expression simplifies if we use Newton's 
law of gravitation and the second law of 
‘mechanics 

  

or 

E = —m? 
Figure 11.2 shows the kinetic energy Fy 
potential energy E, = — ¢4 and total energy 
E = —C4m of a mass of 1 kg in orbit around 
the earth, as a function of distance from the 
carth’s centre. This distance is measured in 
terms of the earth’s radius R. 

Gt 
0 

    

encrgyM) 

  

    

  R 

    
  

  

  
Figure 112 Graphs of the kinetic, potential and 

total energy of a mass of 1 kg in circular orbit 
around the earth, 

Related to the concept of gravitational potential 
energy is that of gravitational potential, V. The 
gravitational potential is a field, because it is 
defined at every point in space, but unlike the 
gravitational field strength, it is a scalar quantity.



  

  

If we know that a mass, or an arrangement of 
masses, produces a gravitational potential  at 
some point in space, then putting a mass m at 
that point means that the gravitational 
potential energy of the mass will be £ =mV. 

Ifa mass m is positioned at a point in a 
gravitational field where the gravitational 
potential is V; and is then moved to another 
point where the gravitational potential is Vz, 
then the work that is done on the mass is 

W=m(Vs - V) 
=mAV 

Example questions 
Q1 e —— 
The graph in Figure 11.3 shows the variation of 
the gravitational potential due to a planet with 
distance r. Using the graph, estimate: 
() the gravitational potential energy of an 800 kg 

spacecraft that s at rest on the surface of the 
planet; 

(b) the work done to move this spacecrait from 
the surface of the planet to a distance of four 
planet radii from the surface of the planet. 

  

  

VISTke! o 4 6 8 
0 
B 
  

    

  

  

  

  

  

  
                      

(@) On the suriace of the planet r = R, or 
/R =1, and from the graph V = 
—~5x10° |kg~". Hence 

my 
=800 x (=5 x 10%) 
=-4x10"] 

(b) When the distance from the surface s four 
planet radii, r/ R = 5 and the potential there is 
V =-1x10°Jkg™". Hence 

mavV 

800 x (=1 x 10°+5 x 10°) 
32x10") 

Q2 TR ——— 
igure 11.4 shows the variation of the 

gravitational potential due to a planet and its 
moon with distance r from the centre of the 
planet. The centre-to-centre distance between the 
planet and the moon s d. The planel’s centre is at 
7= 0and the centre of the moon is at 7 = d. 

  

   

      

   

  

04 
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211 Motion in a gravitational field 145 
S —-- 

  

What is the minimum energy required so that a 
500 kg probe at rest on the planet’s surface will 
artive on the moon? 

Answer 
The probe will arrive at the moon provided it has 
enough energy o get to the peak of the curve. 
Once there, the moon will pull it in. On the 
surface of the planet V = —390 x 10° Jkg™". At 
the peak the potential is V = —40 x 10° Jkg™". 

Hence 
  

w=mav 
=500 x (=40 x 10° + 390 x 10°). 
=1.75x 10" 

  

  

Escape velocity 
‘The total energy of a mass m moving near a 
large, stationary mass M is 

2 GMm 
[ .   

where v is the speed of the mass when at a 
distancer from M. (If M is also free to move, 
then the total energy would have to include a 
term JMu?, where u is be the speed of M. This 
complicates things so we assume that M is held 
fixed.) The only force acting on m s the 
gravitational force of attraction between M and 
m. Suppose that the mass m is launched with a 
speed v away from M. Will m escape from the 
pull of M and move very far away from it? To 
move very far away means that the distance 
between M and m is so large that it is 
practically infinite. Then the law of energy 
conservation states that 

Lo GMm L g — L = g 2 

‘The lefthand side of this equation represents 
the total energy E (kinetic plus potential) of the 
mass m at the point of launch, a distance R 
from the centre of M, and the right-hand side is 
the total energy of the mass at infinity, where 
the potential energy is zero. Thus, if the mass m   

is to escape from the pull of M, it must have a 
total energy that is either zero or positive. If 
F =0, then the mass m makes it to infinity and 
just about stops there, v, = 0. IF E > 0, then m 
not only gets to infinity but s also moving 
there with speed V., given by the expression 
above. If, on the other hand, E < 0, then the 
‘mass cannot make it to infinity; it is forever 
trapped by the pull of M. So 

+ E > 0:mass escapes and never returns; 
+ E < 0: mass moves out a certain distance but 

returns - mass is trapped; 

+ [ =0: the critical case separating the other 
two - mass just barely escapes. 

  

“This is a general result: whenever the total 
energy of a mass is negative, that mass is 
trapped by the attraction of whatever is 
causing the total energy to be negative. Here it 
is gravity that is responsible, Later on we will 
see that the total energy of the electron in its 
orbit around the atomic nucleus is also 
negative. There it is the electrical force that is 
responsible for £ < 0. The quarks inside 
protons also have < 0. The strong nuclear 
force is the reason for that. 

Back to gravitation again. What must the 
smallest launch velocity be for a mass to escape 
the pull of the earth? 
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Using the fact that g = &4 we see that the 
escape velocity can be rewritten as 

Vesc = V2gR, 

where g is the acceleration due to gravity at the 
surface of the earth. The numerical value of 
this escape velocity is about 11.2 km s . 

‘The order-ofmagnitude arithmetic without a 
calculator is as follows: 

[2GM 
3 

_ [2x6.67 x 10-1 x 5.98 x 1024 
- 638 x 100 

o [2x7x6x107 

=V2x7x107 

= /140 x 100 
~12x10°ms™! 

  

In practice, in order to escape, a mass must 
overcome not only the pull of the earth but also 
the pull of the sun and the big planets. This 
means that the escape velocity from the earth is 
somewhat larger than 11.2 km s, This 
discussion does not apply to powered objects 
such as rockets; it applies only to objects 
launched from the earth like cannon balls. In 
other words, it applies to ballistic motion. 

Example questions 
Q3 
The inevitable example! What must the radius of 
a star of mass M be such that the escape velocity 
from the star is equal to the speed of light, c? 

  

Answer 

Using 

2GM 

  

Since nothing can exceed the speed of light, the 
result above states that if the radius of the star is 

  

equal 10 o less than the value above, nothing 
can escape from the star. It is a black hole. The 
interesting thing about this formula is that it 
correctly gives the radius of the black hole even 
though Newton’s law of gravitation, which we 
used, does not apply! When dealing with very 
massive objects, Newton’s law has 1o be replaced 
by Einstein's law of gravitation. Surprisingly, 
though, the answer is the same. This radius is 
called the Schwarzschild radius of the star. 
R 
Compute the Schwarzschild radius of the earth 
and the sun. 

Answer 
For the sun 

  

2x6.67 x 107" x 2 x 10% 

(3% 100)° 
~3x10°m 

m 

  
Similarly, for the earth R, = 8.86 mm. This shows 
that both the earth and the sun are far from being 
black holes! 
  

Orbital motion 
The law of gravitation combined with 
Newton's second law of mechanics allows an 
understanding of the motion of planets 
around the sun as well as the motion of 
satellites around the earth. The motion of an 
object that is attracted and bound to a much 
heavier mass is, according to the law of 
gravitation, necessarily an ellipse or a circle. 
‘This follows because the law of gravitation is 
an inverse square law: M. No other 
form of the law of gravitation (except for a 
Hooke’s law type force, F =kr) would lead to 
closed orbits as observed for the planets. 
Elliptical orbits with the sun at the focus of 

the ellipse is what Kepler deduced (Kepler’s 
first law) by analysing the observations made 
by Tycho Brahe. Newton's law of gravitation 
and his second law of mechanics provide a 
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theoretical understanding of Kepler’s 
conclusions. 

Orbital speed 
Consider a planet of mass m in a circular orbit of 
radiusr around the sun, as shown in Figure 115. 
‘The force on the planet is the gravitational force 
Detween the mass of the sun and the mass of the 
planet, that is 

GMm =2   

  

Figure 115. 

Equating the force with the product of mass 
times acceleration (the acceleration here is 
centripetal) we get 

  

“This formula gives the velocity of the planet 
when it is in an orbit of radius r. For satellites, 
M stands for the mass of the earth, and this 
formula shows that the closer the satellite s to 
the earth, the larger its speed has to be 
(Figure 11,6 shows this relationship s a graph). 

vikan 57t 

  

  

  

          

  

  
  iR 
0 2 ) o 8 10 

Figure 11.6 The speed of a satellite in circular 
orbit around the earth. The distances are from 
the earth’s centre in terms of the earth’s radius, 

Note that the speed does not depend on the 
satellite’s mass. 

Example questions 
Q5 ML LITIIITENTTPIOOP S83o4s 06 SSLALITTTTTIFY 

Evaluate the speed of a satellite in orbit at a 
height of 500 km from the earth's surface and a 
satellite that just grazes the surface of the earth. 
(Take the radius of the earth to be 6.38 X 10° m) 

Answer 

The speed is given by 

GM 
e 
667 x 10°" x 5.98 x 104 

- 86 x 10° 
6% 107 ms™! 

  

V= 

  

Sv= 

  

For a grazing orbit, using the same method 

v=79x10"ms™' 

Qf TTTESIt e ISR LT 
This problem is known as the ‘satellite paradox 
Asatellite in a low orbit will experience a small 
frictional force (due to the atmosphere) in a 
direction opposite to the satellte’s velocity. 
(@) Explain why the satellite will move into a 

lower orbit closer to the earth's surface. 
(b) Deduce that the speed of the satellite will 

increase. 

  

(©) Explain how a resistance force actually 
increases the speed of the satellite (this is the 
origin of the ‘paradox’). 

Answer 
(@) Since there is a frictional force acting, the 

satellite’s total energy will be reduced. The total 
energy of a satellte of mass m in a circular 
orbit of radius raround the earth of mass M is 

GMm 
G 

A reduced total energy thus means a smaller 
radius, ie. the satellite comes closer to the 
carth by spiralling inwards. 

(b) The speed of the satellite in a circular orbit is 
given by 

Vo [CH 7 
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S0 we see that, as the satellite comes closer fo 
earth, its speed increases. 

(©) The resolution of the ‘paradox” rests on the 
fact that, as the satellite begins to spiral 
towards the earth, its velocity is no longer at 
right angles to the force of gravity (which is 
directed towards the centre of the earth). 
Therefore the forces on the satelite in the 
direction of the velocity are not just the 
frictional force (opposite to the velocity) but 
also the component of the gravitational force 
(see Figure 11.7). Thus, 

sing Fsing = G’:’"   

A detailed analysis shows that the magnitude 
of this component is approximately double 
that of the frictional force. Hence, the satellite 
increases its speed even though a frictional 
force opposes the motion because the | 
tangential net force on the satellite is, in fact, | 
in the direction of the velocity. | 

friction 

           

    

   
gravitational 
force 

of motion 

  Figure 11. 
  

Period of motion 
If the time taken for one revolution of the 
satellite or planet is T, then we must have 
v = 4. So, substituting in the formula for 
speed we find 

ey 

  

T 

=>T2= 

      

For elliptical orbits, R should be replaced by the 
semi-major axis of the ellipse or (approximately) 
by the average distance of the planet from the 
sun. 

  

ry material 

Kepler's second law states that planels sweep 
out equal areas in equal times. This law also 
follows from Newton’s law of gravitation and 

Newton's laws of mechanics. 

Weightlessness 
Consider an astronaut of mass 
m in a spacecraft in orbit 
around the earth a distance r 
from the earth’s centre (see 
Figure 118). 

‘The forces on the astronaut are 
the reaction force N from the 
floor and his weight W (i.e. the 
gravitational force from the 
earth). The net force on the 
astronaut is 

  Figure 118.
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But the speed of the astronaut is given by 
v? = M which implies that N = 0. Thus, the 
astronaut experiences no reaction forces from 
the floor and so ‘feels’ weightless. 

    

Looked at in a simpler way, the astronaut is 
falling freely but so s the spacecraft, hence there 
are no reaction forces. At a distance of 300 km 
from the earth’s surface, gravity is not 
negligible. There is a force of gravity on the 
astronaut but no reaction force from the 
spacecraft floor. 

Equipotential surfaces 

As we have seen, the gravitational potential at a 
distance r from the centre of a spherical 
uniform mass M is given by 

M -y v 

We may therefore consider all the points in 
space that have the same potential. 

From the formula above, it follows that those 
points are all at the same distance from the 
centre of the mass, and so lie on a sphere 
whose centre is the same as that of the 
spherical mass. A two-dimensional 
representation of these surfaces of constant 
potential is given in Figure 11.9. They are 
called equipotential surfaces. 

  

  

Similarly, we may construct the equipotential 
surfaces due to more than one mass. Figure 
11.10 shows the equipotential surfaces due to 
two equal masses centred at the points with   

05 

  

  
ET) 05 0 05 0 

Figure 11.9 Equipotential surfaces due to one 
spherical mass at the origin of the axes. The 
difference in potential between any two 
adjacent surfaces is the same, 

coordinates (—0.5,0) and (+0.5,0). The shape of 
the surfaces is no longer spherical. (Very far 
from both masses, the equipotential surfaces 
tend to become spherical because, from far 
away, it looks as if we have one body of mass 
equal to twice the individual masses.) 

05 @ 

o 

s L/ 

ET—] 0 05 10 
Figure 1110 The equipotential surfaces due to two 

equal masses. 
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Figure 11.11 shows the equipotential surfaces 

is double the other). 

  

  

  

for two unequal masses (the mass on the right 

| 
| 

  
  

10 05 0 [ 10 
Figure 1111 The equipotential surfaces due to two 

unequal masses. 

‘There is a connection between the 
gravitational potential and the gravitational 
field, which is explained in the following 
paragraphs. This mathematical connection 
also translates to a relation between 

equipotential surfaces and gravitational field 
lines as we will soon see. 

Consider two equipotential surfaces a distance 
Ar apart. Let AV be the potential difference 
between the two surfaces. The situation is 
shown in Figure 1112, We want to move the 

A, 
Figure 1112 A point mass m s to be moved from 

one equipotential surface to the other. 

point mass m from one equipotential surface to 
the other. 

‘We know that this requires an amount of work 
W given by 

w=mav 

But we may also calculate the work from I = 
force % distance. The force on the point mass is 
the gravitational force F = mg, where g is the 
‘magnitude of the gravitational field strength at 
the position of the mass m. Assuming that the 
two surfaces are very close to each other means 
that g will not change by much as we move 
from one surface to the other, and so we may 
take g to be constant. Then the work done is 
also given by 

W = (mg)ar 

Equating the two expressions for work done 
gives 

AV 

ar 

  

“This gives the magnitude of the gravitational 
field as the rate of change with distance of the 
gravitational potential. 

A more careful treatment, based on calculus, 

gives the more precise result: 

dv 
dr 

  

‘This means that the gravitational field is the 
negative derivative of the gravitational 
potential with respect to distance. The minus 
sign is not important for our purposes here. 

Consider again Figure 11.9. Recall that adjacent 
equipotential surfaces have the same potential 
difference, and notice that as we move away 
from the mass the surfaces are further apart. 
Using 

    

implies that the magnitude of the gravitational 
field strength is decreasing (since AV is the
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same and Ar is getting larger). The following is 
also true. 

¥ If we have a graph showing the variation 
‘with distance of the gravitational 
potential, the slope (gradient) of the graph 

 is the magnitude of the gravitational field 
strength. 

Another implication of this relation s that 
equipotential surfaces and gravitational field 
lines are normal (perpendicular) to each other. 
We already know this for the case of a single 
mass: the field lines are radial lines and the 
equipotential surfaces are spheres centred at 
the mass. The two are normal to each other, as 
shown in Figure 11.13. 

field line: 
equipotential \     

  
Figure 1113 Equipotential surfaces and ficld lines 

are at right angles to each other. 

The point, though, is that this is generally 
true for all shapes of field lines and 
equipotential surfaces. This means that 
Kknowing one set of lines or surfaces, we can 
find the other. 

The binary star system 
(This section s not required for examination 
purposes but will be useful to those who study 
the astrophysics option.) 
Two stars can orbit around each other in what 
is called a binary star system. The orbit of 
each star can be an ellipse but we will 
consider here the much simpler case of 
circular orbits. Consider two stars of mass 
My and M,. They attract each other with the 
gravitational force 

MM F=G=5? 

where d is the separation of their centres of 
mass (see Figure 11.14). 

o @ 
Figure 11.14 The two stars in the binary star 

system attract each other. 

“The centre of mass of the two stars is not acted 
upon by any external forces and is thus moving 
in a straight line with constant speed. Without 
loss of generality, we may consider the speed to 
be zero, in which case it follows that the two 
‘masses orbit the common centre of mass. Taking 
the orbits to be circular, the orbit radil 1. the 
distances of each mass from the centre of mass) 
are given by 

_ M 
T MM 

Mid 
T M+ My 

Ry 

  

See Figures 1115 and 11.16. 

  

Figure 11.15 The two stars orbit their centre of 
mass.
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§_§i . 
Figure 11.16 The orbits of the two stars. 

The speeds of rotation can be found from 

  

   
a> My + M, 

GM3 
= My M) 

3 My Myd 

Ve 
GM} 

d(My + M2) 

  

is therefore 

  

2 M 
ict? 
G 
T 
antd? 

G(M; + M2) 

4     

  

“This shows that if one mass is much larger than 
the other, then the formula for T reduces o the 
familiar one from Kepler's third law. 

  

“The total energy of the binary star syster is 
given by 

1 MM E==Mvi+ =Myvi—G: M 5 = 

1 ami 
=My 

27V (M + Ma) 
1 am? MMz 
PGy O d 

( My My 
M+ M) (M + M 

  

1GMM; 
2t 

If the binary star system loses energy, for 
example because of gravitational radiation, then 
the energy decreases and thus the separation of 
the two stars, d, decreases as well. This means 
that each star now moves faster and the 
rotational period decreases. This decrease in 
the rofational period of a binary star system has 
been observed and is indirect evidence for the 
existence of gravity waves. 

     

    

1 Show by applying Newton’s law of gravitation 

and the second law of mechanics that a 
satellite (or planet) in a circular orbit of radius 

Raround the earth (or the sun) has a period 
(i.e. time to complete one revolution) given by 

aniR)    
GM 

where M is the mass of the attracting body 
(earth or sun). This is Kepler's third law. 

2 Show that a satellite orbiting the earth (mass 
M) in a circular orbit of radius rand angular 
velocity w satisfies 

   
3 What is the speed of a satellite that orbits the 

carth at a height of 500 km? How long does it 
take to go around the earth once? 

  
 



4 A satellite that always looks down at the same 

spot on the earth's surface is called a 
geosynchronous satellite. Find the distance of 

this satellte from the surface of the earth 
Could the satellite be looking down at any. 
point on the surface of the earth? 

5 (a) What s the gravitational potential energy 
stored in the gravitational field between the 
earth and the moon? 

(b) What i the earth's gravitational potential 
at the position of the moon? 

() Find the speed with which the moon orbits 
the earth. (Use the data in Appendix 3.) 

LRy 
6 A spacecrait of mass 30 000 kg leaves the 

earth on its way o the moon. Plot the 
spacecraits potential energy as a function of 
its distance from the earth's cenre. 

   

7 (@) What s the gravitational potential at a 
distance from the earth's centre equal to 
5 earth radii? 

(b) What is the gravitational potential energy 
of a 500 kg satellite placed at a distance 
from the earth's centre equal to 5 earth 
radii? 

8 Figure 11.17 shows cross-sections of two satellte 
orbits around the earth. (To be in orbit means 
that only gravity is acting on the satellite. 
Discuss whether either of these orbits s possible. 

@& 
orbit 2 

Figure 11.17 For question 8. 

9 In the text it was calculated that the acceleration 
due to gravity at a height of 300 km above the 
carth's surface is far from negligible, yet 
astronauts orbiting in the space shuttle at such 
a height feel weightless. Explain why.   
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TR, 

  

10 Earler in the topic of mechanics we used the 
expression mgh for the gravitational potential 
energy of a mass m. This expression is only 
approximate. Show, by using U = — 942, 
which is the correct expression, that the 
difference in gravitational pofential energy of 
2 mass on the surface of the earth and at a 
height h from the earth’s surface i indeed mgh 
provided s small compared with the radius. 
of the earth. (Use the binomial expansion.) 

  

11 Figure 11.18 shows the variation of the 
gravitational force with distance. What does 
the shaded area represent? 

  

Figure 1118 For question 11. 

12 Figure 11.19 shows the variation with distance 

of the gravitational potential (in terajoules per 
kilogram) due to a planet whose radius is 
2.0x10° m. 

(@) Calculate the mass of the planet. 
(b) Show that the escape speed from the surface 

of the planet is vee = v=2V, where Vis the 
gravitational potential on the planet's 
surface. 

©) Use the graph to determine the escape 
speed from this planet. 

(d) How much energy s required to move a 
rocket of mass 1500 kg from the surface of 
the planet to a distance of 1.0 x 10¢ m 
from the centre? 

(e) A probe is released from rest at a distance 

from the planet’s centre of 0.50 x 10 m 

 



154 AHL - Mechanics 

and allowed to crash onto the planet’s 
surface. With what speed will the probe hit 
the surface? 

Wikt 1 
[ Sr/m’m      

   

  

  

  

  
            

  

, IR 
Figure 1119 For question 12. 

13 Figure 11.20 shows the variation with distance 

from the centre of the planet of the 

gravitational potential due to the planet and 
its moon. The planet's centre s at r = 0 and 
the centre of the moon s at r = 1. The units 
of separation are arbitrary. At the point where 

0.75 the gravitational field is zero. 
(@) Determine the ratio of the mass of the 

planet to that of the moon. 
(b) With what speed must a probe be launchec! 

from the surface of the planet in order to 
arrive on the surface of the moon? 

  

vk 02 

      
| 

Figure 1120 For question 13. 

14 Prove that the total energy of the earth (mass 
m) as it orbits the sun (mass M) is £ = 

or E = 4, where ris the radius of the 
earty's circular orbit. Calculate this energy 
numerically. . 

  

  

15 Figure 11.21 shows two identical satellites in 

circular orbits. Which sateflite has the larger: 
(a) kinetic energy; 
(b) potential energy; 
(@ total energy? 

  

Figure 11.21 For question 15. 

16 Show that the total energy of a satellite of 
mass m in orbit around the earth (mass M) at a 
distance from the Earth's centre of 5 earth 
vadii is given by £ 

  

17 The total energy of a satellite during launch 
from the earth's surface is £ = 
Ris the radius of the earth. It eventually settles 
into a circular orbit; calculate the radius of 
that orbit. 

  

18 What is the escape velocity from the earth if 
the launch takes place not on the surface of 
the earth but from a space station orbiting 
the earth at a height equal to ReZ You must 
find the velacity of faunch as measured by 
an observer on the space station. The 
taunch takes place in the direction of 
motion of the space station. 

19 Asatellite is in a circular orbit around the 
earth. The satellite turns on its engines so that 
a small force is exerted on the satellite in the 
direction of the velocity. The engines are on 
for a very short time and the satellite now 
finds itself in a new circular orbi 
(@) State and explain whether the new orbit is 

closer to or further away from the earth. 
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(b) Hence explain why the speed of the [ 
satellite will decrease. 

(©) It appears that a force, acting in the 
direction of the velocity, has actually 
reduced the speed. How do you explain 

this observation? [ 
20 Figure 11.22 shows a planet orbiting the sun 

counter-clockwise, at two positions - A and B. | 
Also shown is the gravitational force acting on | 
the planet at each position. By decomposing | 
the force into components normal and 
tangential to the path (dotted lines), explain | 
why it is only the tangential component that ‘ 

    

does work. Hence explain why the planet will 
accelerate from A to P but will slow down 
from P to B. 

  

Figure 1122 For question 20. 

21 Figure 11.23 shows a planet orbiting the sun. 
Explain why at points A and P of the orbit the 
potential energy of the planet assumes its 
‘minimum and maximum values, and 
determine which is which. Hence determine 
at what point in the orbit the planet has the 
highest speed. 

e 

Figure 1123 For question 21 

22 The diagrams in Figure 11.24 are not drawn to 
scale and show, separately, the earth and the 
moon, and the earth and the sun. A point 
mass mis placed at point A and then at point 
B. The force experienced by the mass at A 
due 10 the moon is F,, and at B itis Fl,, 
Similarly the forces at A and B due to the sun 
are £, and FJ, 

  

carh 

  

carth 

Figure 1124 For question 22. 

(@) Using data from Appendix 3, calculate the 
ratio Sp=then 

(b) The tides on the earth have to do with the 
difference between the forces on opposite 
sides of the earth. Using your answer in 
(@), suggest whether the sun or the moon 
has the dominant role for tides on earth. 

23 Show that the escape speed from the surface 
of a planet of radius R can be writien as 
Ve = V28R, where g is the gravitational field 
strength on the planet’s surface. 

24 Consider two particles of mass m and 16m 

separated by a distance d. 
(@) Deduce that at point P, a distance ¢ from 

the particle with mass m, the gravitational 
field strength is zero. 

(b) Determine the value of the gravitational 
potential at P. 

25 (a) Deduce that a satellite orbiting a planet of 

mass M in a circular orbit of radius 7 has a 
period of revolution given by T = /42 

  

(b) A grazing orbit is one in which the orbit 
radius i approximately equal to the radius 
Rof the planet. Deduce that the period of
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revolution in a grazing orbit s given by 
T ‘[G, where p is the density of the 
planet. 

(c) The period of a grazing orbit around the 
earth is 85 minutes and around the planet 
Jupiter it is 169 minutes. Deduce the 
ratio At A 

    

26 (a) The acceleration of free fall at the surface 
of a planet is g and the radius of the planet 
is R. Dedluce that the period of a satellte in 
a very low orbit is given by T = zm@ 

(b) Given that g = 4.5ms™ and R = 
3.410°m, deduce that the orbital period 
of the low orbit is about 91 minues. 

(€) A spacecraft in orbit around this planet has a 
period of 140 minutes, Deduce the height of 
the spacecraft from the surface of the planet. 

27 Two stars of equal mass M orbit a common 
centre as shown in Figure 11.25. The radius 
of the orbit of each star is R. Assume that 
each of the stars has a mass equal to 1.5 
solar masses (solar mass = 2% 10*°kg) and 
that the initial separation of the stars is 
20%10°m. 

Figure 11.25 For question 27, 

(@) State the magnitude of the force on each 
star in terms of M, Rand G. 

(b) Deduce that the period of revolution of 
each star is given by the expression 

_1677R? 
oM 

(c) Evaluate the period numerically 
(d) Calculate that the total energy of the two 

stars s given by 
GM? 

4R 

po)   

E=-   

(€) The two-star system loses energy as a result 
of emitting gravitational radiation. Deduce 
that the stars will move closer to each 
other. 

() ) Explain why the fractional loss of 
energy per unit time may be calculated 
from the expression 
AE/E _3AT/T 

At 2 At 

  

  

where 8221 is the fractional decrease in 
period per unit time. 

(i The orbital period decreases at a rate of 
AT = 72 ps yr'. Estimate the fractional 

| energy loss per year. 
[ (8) The two stars will collapse into each 

other when AE = E. Estimate the 

lifetime, in years, of this binary star 
system. 

| 28 Figure 11.26 shows equipotential surfaces due 
{0 two spherical masses. 

S 

  

  

D 0 
Figure 1126 For question 25. 

S0 

(@) Using the diagram, explain how it can be 
deduced that the masses are unequal. 

(b) Copy the diagram and draw in the 
gravitational field lines due to the two 
masses. 

() Explain why the equipotential surfaces 
are spherical very far from the two 
masses.    
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29 Figure 11.27 shows the variation with distance 
rirom the centre of a planet of the combined 
gravitational potential due to the planet (of 

V108 kgt 
02 04 06 08 10 

  

Figure 11.27 For question 29. 

mass M) and its moon (of mass m) along the 
line joining the planet and the moon. The 
horizontal axis is labelled 5, where d is the 
centre-to-centre separation of the planet and 
the moon. 
(a) The distance d is equal to 4.8 X 10°m. Use 

the graph to calculate the magnitude of the 
gravitational field strength at the point 
where § = 0.20. 

(b) Explain the physical significance of the 
point where § = 0.75. 

(©) Using the graph, calculate the ratio 4. 

   

   



  [Tt 

  

Thermal concepts | 
This chapter is an introduction to. thermal physics. It introduces the concepts of 
temperature, heat, intemal energy and thermal equilibrium. 

  

Objectives 
By the end of this chapter you should be able t 
« understand how a temperature scale is constructed: 
« appreciate that heat is energy that is exchanged between systems at 

different temperatures; 
« appreciate that internal energy is the total kinetic energy of the molecules 

of a system plus the potential energy associated with the intermolecular 
forces; 

    

+ understand that the absolute temperature of a gas is a measure of the 
average kinetic energy of its molecules; 

  

« state the meaning of the mole and the Avogadro constant and do 
calculations using them. 

  

In 1742, Andreas Celsius created the temperature | 
scale that is commonly used today and is known 
by his name. In the Celsius scale a value of zero ‘ 
degrees is assigned to the freezing point of ‘ 
water and a value of one hundred degrees is 
assigned to the boiling point of water. A ‘ 

Temperature 

Temperature is the intuitive concept of 
“hotness’ or ‘coldness’ of a substance. To 
measure the temperature of a body we need to 
find a property of the body that changes as the 
‘hotness’ changes. Consider a thin tube filled with thermometer employing the Celsius scale can be 
mercury - as it becomes hotter, the length of | made by first placing a glass tube containing 
mercury increases (see Figure 1.1). The length of | mereury in a mixture of ice and water and 
the mercury column then becomes a measure | labelling the length of the mercury as 0, then ‘ 
of the temperature of the mercury in the tube. | placing it in boiling water and labelling the 
(Other properties such as electrical resistance, | New length as 100. Finally, the range from zero 
voltage and pressure may be used, depending | to one hundred degrees is subdivided into equal ‘ 
on the kind of thermometer to be constructed.) intervals. The degree of the Celsius scale is 

denoted by °C. (it is a curious historical note 
that Celsius himself actually assigned 0°C to ‘ 

cold the boiling point of water and 100 °C to the. 
freezing point.) 

B o ‘ 
a1 A e oAy Pahitin se b hoten A thermometer like the one just described 

length increases., This can be used to define a actually measures the temperature of the 
temperature scale on a thermometer. | mercury it contains. To measure the ‘



temperature of another body we must bring the 
thermometer into thermal contact with the body 

of interest. If a thermometer originally at room 
temperature is placed in  hot cup of coffee, the 
length of the mercury column (i.e. the reading 
of the thermometer) will go up and eventually 
will settle to a constant value. Similarly, if the 
thermometer is placed in a cup containing ice 
water, the reading will start going down until, 
eventually, a constant reading is obtained. 
While the thermometer reading is changing, 
there is a thermal interaction between the two 

bodies (the thermometer and the coffee, say). 
When the reading settles at a constant value, 
the two bodies (thermometer and coffee) are in 
thermal equilibrium. When thermal equilibrium 
is reached, the temperature of the two bodies 
is the same. Thus, the reading on the 
thermometer is also the temperature of the 
body. 

Thermal equilibrium can exist between more 
than two bodies. Consider three bodies, A, B 
and C. Suppose that C s in thermal equilibrium 
with both A and B. This implies that A and B 
have the same temperature as C. They therefore 
also have the same temperature as one another 
and hence are in thermal equilibrium with one 
another (see Figure 12). 

  

    
  

  

Figure 1.2 Body A and body B are each in thermal 
equilibrium with body C. Therefore they are in 
thermal equilibrium with each other and hence 
have the same temperature. 
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The absolute temperature scale (to be 
discussed in more detail in later chapters) is 
defined in terms of the conventional Celsius 
scale through 

7 in kelvin) 

  

T (in degrees Celsius) +273 

‘The lowest possible temperature on the absolute 
scale is zero kelvin, 0 K. It is not possible to 
achieve a lower temperature. On the Celsius 
scale the lowest possible temperature is, 
therefore, —273 °C. 

Heat as energy 

It was not until the nineteenth century that 
“heat’ was recognized as a form of energy. Up 
to then it was regarded as a kind of fluid 
that moved from place to place. A historic 
experiment by Joule demonstrated the 
equivalence of heat and energy. 

In the previous section, we mentioned that 
two bodies that are in thermal contact and 

have different temperatures will have a 
thermal interaction. This interaction involves 
heat. 

» Heat is energy that is transferred from 
one body and into another as a result of & 

rence in temperature. i 

  

‘Thus, when a hot object is brought in contact 
with a colder body, heat will be transferred to 
the colder body and increase its temperature. 
We say that the colder body has been ‘heated 

Now, all substances consist of molecules and, 
whether in the solid, liquid or gas phase, the 
molecules are in constant motion. They 
therefore have kinetic energy. In a gas the 
molecules move randomly throughout the 
entire volume of the gas. In a solid the motion 
of the molecules is on a very much smaller 
scale - the molecules simply vibrate about their 
equilibrium positions. This requires kinetic
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energy as well. In addition, there are forces 
between molecules (intermolecular forces, 
‘which are electrical in nature). For gases these 
forces are very small (under reasonable 
conditions they are almost negligible). But they 
are substantial for solids. Increasing the average 
separation of two molecules of a solid requires 
work to be done. This work goes into potential 
energy associated with intermolecular forces. 
(The case of liquids is intermediate between 
gases and solids.) 

We thus define the internal energy of a 
substance as follows: 

  

“Thus, the heat that is transferred from a hot to 
a cold body increases the internal energy of the 
cold body (and decreases the internal energy of 
the hot body by the same amount). So the term 
‘heat’ refers to energy associated with the 
thermal interaction of two or more systems due 
10 a difference of temperature. 

Similarly, if we place a large number of lead 
pellets in a box and shake the box vigorously, 
the temperature of the lead pellets will go up. 
The lead pellets will be ‘heated" and their 
internal energy increases. But there is no heat 
exchanged here. The internal energy of the 
pellets increases because of the work that we 
perform in shaking the box. 

So the internal energy of a system can change 
as a result of heat added or taken out and as a 
result of work performed. Internal energy, heat 
and work are thus three different concepts. 
What they have in common is that they are all 
‘measured in joules. Temperature is yet another 
different concept. One of the big discoveries of 
nineteenth-century physics was the relation 
between temperature and kinetic energy of 
molecules. 

  

  

      
    

  

‘We therefore have a relationship between a 
‘microscopic concept (the average kinetic energy 
of molecules) and a macroscopic concept 
(temperature). 

Note that sometimes the term ‘thermal energy’ 
is also used. Some books use thermal energy to 
mean heat as we defined it and others to mean 
internal energy. The term thermal energy will 
mostly be avoided in this book but when it is 
used it will mean internal energy. 

The atomic model of matter 

Ordinary matter can be found in three forms or 
phases: solid, liquid and gaseous. The solid 
phase is characterized by high density and the 
‘molecules are at fixed positions. In the liquid 
phase, the density is lower and the molecules 
are further apart. Unlike the solid phase, 
molecules are free to move about, thus the 
distance between them s not fixed. In the gas 
phase, the molecules experience little 
resistance to motion and move freely about - 
the average distance between molecules is large. 
‘This is illustrated in Figure 13. 
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Figure 13 Typical arrangements of molecules in a 
solid, a liquid and a gas. 

In all three cases there are forces acting 
between the molecules of the substance. These 
intermolecular forces are strongest in the solid 
phase and weakest (almost negligible) in the gas 
phase. In the solid phase they are responsible  



for keeping the molecules in their fixed 
positions (solids have fixed shapes) and are the 
reason why large forces are needed to compress 
or stretch solids. 

If we consider a solid at low temperature, the 
Kinetic energy of each molecule is quite 
small compared with the energy required to 
move any two molecules a large distance 
apart. The average distance between 
‘molecules does not change and so the solid 
stays a solid. As the temperature is increased, 
the average kinetic energy of the molecules 
increases and becomes comparable to the 
energy required for separation. When this 
‘happens, the molecules abandon their fixed 
positions and move apart. The solid begins to 
melt - it turns into a liquid. This 
phenomenon is called a phase transition. If the 
temperature is increased further, the 
‘molecules may have enough energy to move 
so far apart from each other that the 
intermolecular forces are no longer 
significant, The liquid turns into a gas. 

The Avogadro constant 
One mole of any substance is that quantity of 
the substance whose mass in grams is 
numerically equal to the substance’s molar 
mass, 1. The mole is the ST unit for quantity. 
The molar mass of hydrogen gas (Hy) is 
2 g mol™" and so one mole of hydrogen has a 
mass of 2 g; one mole of oxygen (O, molar 
mass 32 g mol ) has a mass of 32 g, and so 
on. 

  

      

31 Thermal concepts 161 
—_— 

  

        
        
  

  

Example question 
QI TFTPrrI2808 SR T IITORMMRARIIRTISSELNTATNT 

How many grams are there in a quantity of 
oxygen gas containing 1.20 x 10 molecules? 

Answer 

The number of moles is 
1.20 x 10% oy g = 1993 mol 

Since the molar mass is 32 g mol " the mass is 
19.93 % 32 = 638 g = 0.638 kg 
  

1 Give definitions of: 
() temperature; 
(b) heat; 
(©) internal energy. 

2 A hot body is brought into contact with a 
colder body until their temperatures are the 
same. Assume that no other bodies are 
around. Is the heat lost by one body equal 
10 the heat gained by the other? Is the 
temperature drop of one body equal to the 
temperature increase of the other? 

3 Abody at a given uniform temperature of 
300 K and internal energy 8 x 10° | is split 
into two equal halves. 
(a) Has any heat been exchanged? 
(b) What i the temperature of each half2 
(c) What i the interal energy of each half? 

4 The volume of 1 mol of hydrogen gas (molar 
mass 2 g mol") at stp (standard temperature 
and pressure) is 224 L.
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@) Find out how much volume corresponds 5 The density of aluminium is 2.7 g cm™" and its 
10 each molecule of hydrogen molar mass is 27 g mol-. 

(b) Consider now 1 mol of lead (molar mass (@) Find the mass of an atom of aluminium. 
207 g mol ', density 11.3 x 10° kgm=). | (b) Find the number of aluminium atoms per 
How much volume corresponds o each cubic metre. 
molecule of lead? 6 The density of copper is 8.96 g cm* and its 

(c) Find the ratio of these volumes (hydrogen molar mass is 64 g mol-". 
to lead). (a) Find the mass of an atom of copper. 

(b) Find the number of copper atoms per 
cubic metre. 

{d) Hence determine that the order of 
magnitude of the ratio 
separation of hydrogen molecules 

Separation of lead atoms 
is 10, 

 



  

Thermal properties 
This chapter is an introduction to the basic principles of calorimetry and to experimental 
methods used in measuring specific heat capacities and latent heats. 

Objectives 
By the end of this chapter you should be able to: 

etry, such as specific heat capacity 
and specific latent heats of fusion and vaporization; 

+ state the basic definitions of cal 

  

+ understand why temperature stays constant during a phase change; 
« outline methods for determining specific and latent heats 

experimentally; 
« solve calorimetry problems using Q = mecAT and Q = mlL 
+ state the factors that affect the rate of evaporation and distinguish 

evaporation from boiling: 
« appreciate Boltzmann’s equation, the fundamental relationship between the 

absolute temperature and the average kinetic energy of the molecules. 

  

specific heat capacity 

When thermal energy is provided to a body, the 
temperature of the body will, in general, increase. 

¥ The amount of thermal energy needed to 
“raise the temperature of a mass of one 
Kilogram of a substance by one kelvin is 
called the specific leat capacily. ¢, of the 
‘material. To raise the temperature of a mass 
mby AT Kelvins, the amount of thermal 
energy required is therefore 
- Q=meAT 
(assuming that ¢ is temperature 
independent), The units of specific heat 
capacity areJ kg K% 

As Table 2.1 shows, different substances have 
different values of specific heat capacity. 

Consider, for example, iron and silver. The 
thermal energy required to raise the 

temperature of 1 kg of iron by 1K is 470 J, 
whereas the energy required to raise the 
temperature of 1 kg of silver by 1K is only 234 J, 
‘which is about half. On the other hand, it is 
Kknown that the thermal energy required to 
raise the temperature of 1 mol of iron and 
1 mol of silver by 1K is about the same. This can 

910 
130 
a7 

     
  

  

390 
24 

Water 4200 
Ethanol 2450 
Iee 2200 
Marble 850 

‘Table 21 Specific heat capacities.
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be understood in terms of the molecular 
picture of matter as follows. 

A given amount of thermal energy provided to 
1 mol of any substance will be divided among 
the same number of molecules (since 1 mol has 
Avogadro's number of molecules) and so, on 
average, the kinetic energy of each molecule 
will increase by the same amount. This shows 
up macroscopically as the same increase in 
temperature. The reason that different 
‘materials show different temperature increases 
when the same amount of thermal energy is 
provided to 1 kg of each material (ie. they have 
different specific heat capacities) is that 1 kg of 
each material contains a different number of 
molecules. 

‘The product of mass times specific heat capacity 
defines the heat capacity of a body, C: 

C=mc 

Heat capacity is the amount of thermal energy 
required to change the temperature of one 
Kilogram by one kelvin. The concept of heat 
capacity is useful when a body consists of a 
‘number of parts of different specific heat 
capacities, such as, for example, a metal tank 
containing water. If the tank has mass M and 
specific heat capacity ¢ and the water has mass 

‘m and specific heat capacity ¢', then the heat 
capacity of the water tank is 

€ =Mc+mc' 

Knowing the heat capacity of the water tank 
allows us to say that, if a quantity of thermal 
energy Q is given to the water tank, then the 
ise in temperature AT will be found from 

a=car 

Unlike specific heat capacity, which depends on 
the substance, heat capacity only depends on 
the particular body in question. 

Example question 
Q! rETERAEsTTETE = 
When a car brakes, an amount of thermal energy 
equal to 112 500 | is generated in the brake 
drums If the mass of the brake drums is 28 kg   

and their specific heat capacity is 460.5 ) kg™ 
K, what is the change in their temperature? 

Answer 
From Q= meAT we find 

L 
me 
112500 

8 x 460.5 
e 

AT = 

    

Thermal equilibrium 
It is everyday experience that thermal energy 
flows from hot bodies into cold bodies (see 
Figure 2.1). When a cold and a hot body are 
placed in contact, thermal energy will flow 
until the temperature of both bodies is the 
same. (In fact, temperature can be defined as 
that property which is common to the two 
bodies in this case) This state of affairs s called 
thermal equilibrium. The amount of thermal 
energy lost by the hot body is equal to the 
amount of thermal energy gained by the cold 
body. 

  
Figure 2.1 In an isolated system thermal energy 

always flows from the hotter body to the colder. 

Example question 
Q2 mEEEmRsssnTEsatesRITI 
A piece of iron of mass 200 g and temperature 
300°C is dropped into 1.00 kg of water of 
temperature 20°C. What will be the eventual 
temperature of the water? (Take c for iron as 
470 J kg™ K™" and for water as 4200 | kg™ K~') 

Answer 
Let T be the final unknown temperature. The iron 
will also be at this temperaure, so 
amount of thermal energy lost by the iron 

= My Cion (300 — T)  
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and 

amount of thermal energy gained by water 
Mt Cuer (T = 20) 

  

Conservation of energy demands that 
thermal energy lost = thermal energy gained, so 
M Cion (300 = T) = Myter Cuanee( T = 20) 

=T =26.1°C~26°C 

Note how the large specific heat capacity of water 
results in a small increase in the temperature of 
water compared with the huge drop in the 
temperature of the iron. 

Change of state 

Ordinary matter can exist as a solid, a liquid or 
a gas. These three are called states of matter. 
Heating can turn ice into water and water into 
steam. Ice will turn into water if the temperature 
of the ice is its melting temperature: 0 °C. 
Similarly, to turn water into steam the 
temperature must be 100 °C. This means that 

if we are given a piece of ice at a temperature 
of, say, —10 °C, to melt it we must first raise its 
temperature from —10 °C to zero. 

    

  

After all of the ice has turned into water, we 
have water at a temperature of 0 °C. Any 
additional thermal energy supplied will 
increase the temperature of the water. When 
the temperature reaches 100 °C, any additional 
thermal energy supplied is used to turn water 
into steam at the same temperature of 100 °C. 
That is, the thermal energy is used to do the 
‘work necessary to move the molecules further 
apart. After all of the water has turned into 
steam, the temperature begins to increase 
again. We thus see that when the state of 
‘matter is changing, the temperature does not 
change. 

  

  

  

Table 2.2 shows values of the specific latent 
heats of fusion and vaporization for various 
substances. 

‘The term latent heat (without the ‘specific’ in 
front) is used to denote the thermal energy 
necessary to change the phase of a substance 
irrespective of mass. 

  

  

  

  

  

‘Water 3344 o 257 100 
Ethanol 1089 — 810 783 
Auminium 395 660 10548 2467 

Tead z 327 84197 1740 
Gopper 205 1078 2567 519 
Tron 275 1540 6285 2800 

‘Table 2.2 Latent heats of fusion and vaporization together with the melting and boiling temperatures.
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Figure 2.2 shows how the temperature of 0.5 kg 
of a hypothetical substance changes as thermal 
energy is provided to it. 
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Figure 2.2 When thermal energy is provided to a 
Solid substance, the temperature increases, 
except when the phase is changing. 

We may deduce the following from Figure 2.2 
First, that the melting and boiling points are, 
respectively, ~10 °C and 130 °C. The specific 
latent heat of fusion is found from 

Q=mly 

>1,=2 m 
50k = 55kg 

=100kikg™" 

and the specific latent heat of vaporization is 
found from 

Q=mlL, 

=l= 

200k/kg™" 

‘The specific heat capacity in the solid phase is 
found from 

Q=mear 
. 

mAT 
50k) 

  

5kgx 70K 

A3k0kg K 

    

In the liquid itis ¢ = 0.7 kJ kg™ K~ and in the 
vapouritisc = 2.86 1 kg™ K™\, 

If thermal energy is supplied at a constant rate 
10 a given mass of a solid, then its temperature 
as a function of time might be as shown in 
Figure 2. 

     

  

boiling. liquid and vapour 
point 

meliing 
point 

Figure 2.3 Graph of temperature as a function of 
time when a substance is heated at a constant rate. 

‘The temperatures corresponding to the 
horizontal parts are the melting and boiling 
temperatures. 

Knowledge of the rate of thermal energy supply 
and the actual time over which melting and 
boiling take place enables us to determine the 
specific latent heats. (See Example questions 4 
and 5 below) 

Example questions 
Q3w e 
An ice cube of mass 25.0 g and temperature 
~10.0 °C is dropped into a glass of water of mass 
300.0 g and temperature 20.0 °C. What is the 
temperature eventually? (Specific heat capacity of 

      

ice = 2200 kg K'; latent heat of fusion of 
ice = 334 K kg™ 

Answer 
Let this final temperature be T. Ignoring thermal 
energy lost by the glass itself, water will cool 
down by losing thermal energy. This thermal 
energy will be taken up by the ice to: 
(a) increase its temperature from —10 °C to 0 °C, 

the thermal energy required being 
25 x 107" x 2200 x 10; 

(b) melt the ice cube into water at 0 °C, the themmal 
energy required being 25 x 10~ x 334 x 10%; 

() increase the temperature of the former ice 
cube from 0 °C 1o the final temperature 7.  



Thus 

0.3x4200% (20~T) = (25 10~ x 2200 10) 
+(25x107 x334x10°) 
+(25% 107 x4200)x T 

Solving for T gives T=11.9°C. 

Q4 PR SR T S IAEE S EETI IS 

Thermal energy is provided at a constant rate of 
833)s”" 101 kg of copper at the melting 
temperature. I it takes 4 minutes to completely melt 
the copper, find the latent heat of fusion of copper. 

Answer 
The thermal energy needed to melt 1 kg of 
copper is L, the specific latent heat of fusion. 
In 4 minutes the heat supplied is 
833 x 60 x 4=200k), 50 L; =200kl kg™ 

Q) T TSIV I 

Look back at Figure 2.3 and determine the 
relative sizes of the speciic latent heats and 
specific heat capacities. Recall that thermal 
energy s provided at a constant rate. 

Answer 
To compare the specific heats in the solid, 
liquid and vapour phases remember that 
AQ=mcAT and so 

sQ_ . AT 
Ty 

_ (aQ/an 
" m(AT/Al 

Since the rate of thermal energy supplied is 
constant, it follows that the phase in which the rate 
of increase of temperature is the largest has the 
<mallest specific heat capacity. Clearly, the 
ransition that lasts the longest also has the fargest 
specific latent heat. 

Measuring specific heats 

The specific heat capacity of a solid or liquid can 
be measured using an electrical method that 
directly measures the amount of thermal 
energy flow into a body. The liquid or solid is 
placed inside a calorimeter of-known heat 
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capacity, C, and its mass and initial 
temperature recorded. The calorimeter is 
insulated and an electrical heating element is 
inserted through a small opening at the top 
into the liquid or into a hole drilled in the 

solid (see Figure 2.4). The heating element is 
connected to a source of potential difference 
and the voltage across it is recorded, as is the 
current through the element. A thermometer 
is also inserted into a hole drilled in the solid. 
If the material to be measured is liquid, then a 
similar arrangement can be used, stirring the 
liquid every time a temperature measurement 
is made. 

heating 
element 
D 

Lo thermometer 
  

  

  

               
Figure 2.4 Apparatus for measuring the specific 

heat capacity of a solid (left) and a liquid (right). 

‘The current is switched on at { = 0 and allowed 
to run until the temperature is increased by 40 
10 50 °C. The temperature is recorded at regular 
intervals of about a minute. If the maximum 
temperature reached after time [ is 7,,., then 
the energy supplied by the battery to the 
liquid is 

energy supplied = VIt 

where I is the current in the heater and V' the 
voltage across it. The thermal energy absorbed 
by the liquid and the calorimeter is 

e (Tna = T) 4 C (Trax = T 

Equating the two quantities of energy allows us 
to determine ¢. 

energy absorbed = 

  

Another method, the method of mixtures, 
measures the specific heat capacity as follows. 
Aot solid of known initial temperature is put 
in an insulated calorimeter, of known heat
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capacity and initial temperature, which 
contains a liquid such as water. The final 
temperature of the water is recorded after 
thermal equilibrium has been reached. Thus, 
consider a mass of 0.400 kg of a solid at 80 °C 
that is put in a 100 g copper calorimeter 
containing 800 g of water at 20 °C. The final 
temperature of the water is measured to be 
22°C. From these values, we may deduce the 
specific heat capacity of the solid as follows. 

Amount of thermal energy lost by the solid: 

0400 x ¢ x (80 —22) =25.2c J 

Amount of thermal energy gained by the 
calorimeter and the water: 

0.100 x 390 x (22~ 20) 
+0.800 x 4200 x (22 — 20) = 6798 ) 

Equating the two we find 
€=2931kg7'K"! 

Measuring specific latent heats 
o measure the specific latent heat of fusion of 
ice, a simple method (the method of mixtures) 
is to put a quantity of ice at 0 °C (the ice is in a 
mixture with water at 0 °C) into a calorimeter 
containing water at a few degrees above room 
temperature. (The ice is blotted dry before being 
thrown into the calorimeter. Its mass can be 
determined by weighing the calorimeter at the 
end of the experiment,) Thus, suppose that 25 g 

of ice at 0 °C s placed in an aluminium 
calorimeter of mass 250 g containing 300 g of 
‘water at 24 °C. The temperature of the water is 
measured at regular intervals of time until the 
temperature reaches a minimum value. 
Suppose that this temperature is 17 °C. The 
calorimeter and water lost thermal energy, 
which the ice received. So 

‘Thermal energy lost by calorimeter and water: 

0250 x 910 x (24— 17) 
+0.300 x 4198 x (24 — 17) = 10408 

‘Thermal energy received by ice: 

0.025 x L +0.025 x 4198 x 17 
0.025 x L +1784     

Equating the two gives 

1784 40.025 x L = 10408 
= L~340k/kg™" 

To measure the specific latent heat of 
vaporization of water we can use an electrical 
method. Water is heated in a double container 
(as shown in Figure 2.5) with an electric heater. 

  

  

         

  

      

  T 
Figure 25 Steam condenses in the outer 

container and the water is collected in a beaker. 

Steam can leave the inner container through a 
small hole and collects in the outer container, 
where it condenses into water. This water can 

be allowed to drip into a beaker, which can then 
be weighed to determine the mass of water that 
has been boiled away. If the experiment lasted 
for time t and the voltage and current in the 

heater were measured as V' and I, respectively, 
the energy supplied was VIt. I m is the mass of 
water that boiled away, the thermal energy it 
received was mL,. Equating the two expressions 
allows us to determine the specific latent heat 
of vaporization. 

Evaporation 

‘The molecules of a gas move about with a 
distribution of speeds. The same is true for the 
‘molecules of a liquid. The faster molecules are  



the most energetic and if they find themselves at 
the surface of the liquid they may escape from 
the liquid. This phenomenon is known as 
evaporation. Note that unlike boiling (where 
‘molecules from anywhere within the volume 
occupied by the liquid can escape) only surface 
‘molecules participate in evaporation. This means 
that the average kinetic energy of the molecules 
that stay behind is reduced, which in turn means 
that the temperature of the liquid is reduced, 
since temperature is a measure of the average 
Kinetic energy of the molecules of the substance. 

‘The rate of evaporation (that is, the number of 
molecules escaping the liquid per second) 
increases as the surface area and temperature 

of the liquid are increased. If the liquid is 
placed in an enclosed volume, then the 
molecules that escape collect over the liquid 
and their pressure is called vapour pressure. 
‘The vapour pressure increases as more 
molecules escape and equilibrium is reached 
when as many molecules escape as fall back 
into the liquid. Thus, if a stream of air is 
directed at the vapour over the liquid, hence 
pushing away the evaporated molecules, the 
Tate of evaporation will increase. 

The kinetic theory of gases 

‘The properties of gases can be understood in 
terms of a simple but effective mechanical 
model. The gas consists of a very large number 

of molecules moving randomly about with a 
range of speeds and colliding with each other 
and the container walls. We can make a model 
of this by making certain assumptions and 
seeing what these lead to. The basic assumptions 
of the kinetic theory of gases are: 
1 A gas consists of a large number of molecules. 
2 Molecules move with a range of speeds. 
3 The volume of the molecules is negligible 

compared with the volume of the gas itself. 

4 The collisions of the molecules with each other 

and the container walls are elastic. 
5 Molecules exert no forces on each other or the 

container except when in contact.   
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6 The duration of collisions is very small 
compared with the time between collisions. 

7 The molecules obey Newton’s laws of 
mechanics. 

Some of these assumptions are illustrated in 
Figure 2.6. 

  

MT > 

Figure 2.6 The molecules move randomly in the 
volume of the container with a range of speeds. 

    
  

Using these assumptions together with the laws 
of mechanics and the equation of state allows 
the derivation of one of the most important 
formulac in physics, namely the Boltzmann 
equation 

mi? 

  

Here the speed v is defined by 

jr (i+vit o+ vl) 
N 

Sow is the square root of the average of the 
squares of the speeds of the molecules of the gas (the 
average of the velocity vectors of all the 
‘molecules is zero since they move randomly in 
all directions). We call v the root mean square 
speed or rms speed. (It must be realized that v 
is not the average speed of the molecules - but 
it is numerically close to the average, so we are 
usually excused for calling v the average 
‘molecular speed even if it is not technically 
correct.) 

Appearing in this equation is a new constant 
of physics, the Boltzmann constant k, the 
value of which is k = 1.38 x 102 J K" (it is 
the ratio of the gas constant K to the Avogadro 
constant).
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» The meaning of this im 

 average kinelic energy of molecules. 
- absolule temperalure : 
 that is, the absolute temperature is a 
‘measure of the average kinetic energy of the 
‘molecules of a substance. 17 

  

  

Example questions 
Q6 TR TSI IO IS MR MOT AT 

Four molecules have speeds of 300 m s 
350ms™', 380 ms™' and 500 m 5. Find the 

average speed and the rool mean square speed. 

  

  

Answer 
300 +350 +380 + 500 

average speed = L= m 

=3825ms” 

  

    [300% + 3507 + 3807 + 5 . 

  

ms~'=389.5 s 

  

Q7 mesermeseressrsersrsresTETSETII— 

1f the root mean square molecular speed is 
doubled, what i the new temperature? 

Answer 
From the Boltzmann equation it follows at once 
that the temperature is four times as bi 

  

Molecular explanation of pressure 
‘The pressure of a gas originates from the 
collisions of the molecules with the walls of its 
container. At every collision, each molecule has 
its momentum changed and so a force acts from 
the wall onto the molecule. By Newton’s third 
law, the molecule exerts an equal and opposite 
force on the wall. The total force due to all the 
colliding molecules divided by the area over 
‘which the force acts gives the pressure of the gas. 

  

From the molecular point of view, we may 
identify two factors that affect the pressure of 
the gas. The first is the average molecular speed 
(the higher the speed, the larger the change in 
momentum of the molecules and so the higher 

the force - see Figure 2.7) 

  

    

      

Figure 2.7 A molecule exerts a force on the 
Container wall because its momentum p 
changes with every collision. 

‘The second factor is the frequency of collisions. 
‘The more frequent the collisions, the higher the 
pressure. Thus, in providing molecular 
explanations for pressure it is sufficient to 
remember that roughly 

  

P o speed x frequency of collisions 

As an application of this, consider a gas that has 
been heated under constant volume. The 
molecules are moving faster on average 
(increased temperature) and the frequency with 
which the collisions take place also increases 
(the time between collisions is reduced since 
molecules are moving faster). For both reasons 
(speed and frequency) the pressure then goes up. 

By contrast, if a gas is compressed isothermally, 
the average speed stays the same. But the 
distance molecules have to travel between 

collisions with the walls is reduced (since the 
volume s reduced) and so the frequency of 
collisions increases. Hence the pressure 
increases (because of frequency only). 

Example questions 
Q8 sEEEmsmsemsesmessweressecmey 
A gas is compressed slowly by a piston. Explain 
why the temperature of the gas will stay the same.  



Answer 
1§ a gas is compressed slowly, the speed with 
which the molecules rebound off the piston is the 
same as that before the collision with the piston. 
Hence, the average kinetic energy of the 
molecules stays the same. Since the average 
kinetic energy is proportional 10 the absolute 
temperature of the gas, the temperature will stay 
the same. 

QY CETTTITITIITIIIeees s HITITIA RPN 

A gas is compressed rapidly by a piston (see 
Figure 2.8). Explain why the temperature of the 
gas will increase. 

    

Answer 
The rapid movement of the piston means that 
molecules will rebound off the piston with an 
increased speed. Hence the average kinetic 
energy of the molecules will increase, and since 
the average kinetic energy is proportional to the 
absolute temperature of the gas, the temperature 
will increase as well. 
QI sEEETTETTE——————— 
A gas expands isothermally. Explain from a 
molecular point of view why the pressure 
decreases. 

Answer 
‘The volume of the gas expands, which means 
that, on average, molecules have a larger distance 
1o travel between successive collisions with the 
walls. Thus, the collisions are less frequent than 
before and so the pressure decreases. 

32 Thermal properties 171 

Q11 I5PIrTTeese s resss S EaEEa eIt 

Asgas i heated at constant pressure. Explain why 
the volume must increase as well. 

Answer 
The temperature increases and so the molecules 
move faster, on average. From P o speed x 
frequency, we deduce that the frequency of 
collisions must decrease if the pressure s to stay 
the same. This can happen if the volume of the 
gas increases so that molecules have a longer 
distance to travel in between collisions. 

In the questions that follow, you may need to use 
the specific heat capacities shown in Table 2.1 on 
page 163 and the latent heats shown in Table 2.2 
on page 165. 

  

1 Define what is meant by speciiic heat 
capacity of a substance. Consider two metals 
that have different specific heat capacities. 
The thermal energy required to increase the 
temperature of 1 mol of aluminium and 
1 mol of copper by the same amount are 
about the same. Yet the specific heat 
capacities o the two metals are very 
different. Suggest a reason for this 

2 Abody of mass 0.150 kg has its temperature 
increased by 5.00 °C when 385 ) of thermal 
energy is provided to it. What is the body's 
specific heat capacity? 

  

3 A radiator made out of iron has a mass of 
45.0 kg and is filled with 23.0 kg of water. 
(a) What is the heat capacity of the water- 

filled radiator? 
(b) 1f thermal energy is provided to the radiator 

at the rate of 450 W, how long will it take 
for the temperature to increase by 20.0 °C? 

4 Acar of mass 1360 kg descends from a hill of 
height 86 m at a constant speed of 20 km h™'. 
Assuming that all the potential energy of the 
car goes into heating the brakes, find the rise 
in the temperature of the brakes. (Take the 
heat capacity of the brakes to be 16 kJ K- 
and ignore any thermal energy losses to the 
surroundings.)
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5 The water in an iron pipe has frozen to ice 
at —4.8 °C. The heat capacity of the pipe is 
7.1 kI K- The volume of ice in the pipe is 
12.3 L. What is the combined heat capacity 
of the pipe and ice? To melt the ice, a 
heater of power output 4.99 kW is 
connected to the pipe. How long will it 
take for the ice to melt? (Density of ice = 
0.929 kg L-'; specific heat capacity of ice 
=220 K kg™ K-'; latent heat of fusion of 

ic 334k kg ') 

6 How much ice at ~ 10 °C must be dropped 
into a cup containing 300 g of water at 20 °C 
in order for the temperature of the water to be 
reduced 10 10 °C? The cup itself has a mass of 
150 g and is made out of aluminium. Assume 
that no thermal energy is lost to the 
surroundings. 

  

7 The surface of a pond of area 20 m? is 
covered by ice of uniform thickness 6 cm. 
The temperature of the ice is 5 °C. How 
much thermal energy is required to melt this 
amount of ice into water at 0 °C? (Take the 
density of ice to be 900 kg m".) 

8 Afrozen pond, of surface area 50.0 m? 
covered by a sheet of ice of thickness 15 cm. 
1f the pond receives solar radiation of intensity 
342 W m2, find out what fraction of the ice 
will be tumed into water in 6.0 h. (Take the 
ice temperature to be 0.0 °C and the latent 
heat of fusion of ice as 334 k] kg-". Take the 
density of ice to be 900 kg m) 

9 Radiation from the sun falls on the frozen 
surface of a pond at a rate of 600 W m~. If 
the ice temperature is 0 °C, find how long it 
will take to melt a 1.0 cm thick layer of ice. 
(Take the density of ice to be 900 kg m") 
What assumption have you made in reaching 
your answer? 

    

10 (a) How much thermal energy is required to 
warm 1.0 kg ice initially at —10 °C to ice 

ato°c? 

(b) How much thermal energy is required to 
melt the ice at 0 °C. 

(©) How much thermal energy is required to 
further increase the temperature of the 
water from 0 °C 10 10 °C   

n 

12 

13 

14 

15 

16 

— 

(@) In which stage (warming the ice, melting 
the ice, warming the water) s the thermal 
energy requirement largest? 

Ice at 0 °C is added to 1 L of water at 20 °C, 

cooling it down to 10 °C. How much ice was 
added? 
Aquantity of 100 g of ice at 0 °C and 50 g 
steam at 100 °C are added to a container that 

has 150 g water at 30 °C. What is the final 

temperature in the container? Ignore the 
container iself in your calculations. 
A calorimeter of mass 90 g and specific heat 
capacity 400.0 | kg~ K~' contains 300.0 g 
of a liquid at 15.0 °C. An electric heater rated 

at 20.0 W warms the liquid to 19.0 °C in 

3.0 min. Assuming there are no thermal 
energy losses 1o the surroundings, find the 
specific heat capacity of the liquid. 
A calorimeter of heat capacity 25 J K~' 
contains 140 g of a liquid; an immersion 
heater is used to provide thermal energy at a 
rate of 40 W for a total time of 4.0 min. The 

temperature of the liquid increases by 15.8 °C. 
Calculate the specific heat capacity of the 
liquid. State an assumption madle in reaching 
this result, 
A hair dryer consists of a coil that warms air 
and a fan that blows the warm air out. The coil 
generates thermal energy at a rate of 600 W. 
Take the density of air to be 1.25 kg m~" and 
its specific heat capacity to be 990 ) kg~ K. 
The dryer takes air from a room at 20 °C and 
delivers it at a temperature of 60 °C. 
(a) What mass of air flows through the dryer 

per second? 
(b) What volume of air flows per second? 
An auditorium of size 40 m X 20 m X 8 m 
has 600 people in it. The temperature of the 
air is initally 27 °C. It takes 29 ) of thermal 
energy to raise the temperature of 1 mol of 
air by 1 K and the molar mass of air is about 
29 g mol-". Take the density of air to be 
constant at 1.25 kg . 
(@) How many moles of air are there in the 

auditorium? 

(b) Assuming that each person gives off 
thermal energy at a rate of 80 W, calculate  



how fast the temperature in the auditorium 
is rising. Assume that the auditorium is 
closed so that cooler air does not enter. 

17 (a) Discuss the factors that affect the 
evaporation rate of a liquid. 

(b) Explain, in terms of molecular behaviour, 
why cooling takes place as a result of 
evaporation. 

(c) Give one practical application of the 
cooling effect of evaporation. 

18 A container of fixed volume is filled with an 
ideal gas at 0.00 °C. The total kinetic energy 
of the molecules in the container s £ An 
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lentical container has twice the mass of gas 
in it and the total kinetic energy of those 
molecules is 2. Find the temperature of the 
second container. 

A container is filled with a mixture of 
nitrogen and oxygen. What s the ratio of 
the rms speed of oxygen molecules to that 
of nitrogen molecules? (Molar mass of 
oxygen = 32 g mol-'; molar mass of 
nitrogen = 28 g mol-".) 
By wha factor does the rms speed of neon 
molecules increase if their temperature 
increases by a factor of 47 

 



CHAPTER 

  

Ideal gases | 
Agas i a collection of a very large number of molecules. We call the gas ideal f the 
molecules do not exert any forces on each other. Many real gases show behaviour that 
is a very close approximation of ideal gas behaviour. As a result of colisions between the 
molecules and the walls of the container of the gas, pressure develops. The pressure, 
volume, temperature and the number of moles i the gas are related thiough the ideal 
gas law. Application of the laws of mechanics to the motion of the molecules leads to 
the connection between the average. kinetic energy of molecules and the absolute 
temperature of the gas. 

  

| Objectives 

By the end ofthis chapter you should be abe to 
| state the definition of pressure: 

* understand that an ideal gas is a gas in which the molecules do not exert 
Jorces o each other except when colliding; an ideal gas obeys the law 
PV =nRT at all pressures, temperatures and volumes; 

+ understand the ideal gas law and solve problems using it: 

  

    
« appreciate that pressure in a gas develops as a result of collsions between 

the molecules and the walls of the container in which the momentum of 
molecules changes. 

  

Pressure 

Pressure is defined as the normal force to an 
area per unit area. The pressure on the small 
circular area A in Figure 3.1 is thus given by the 

  

  

  

  

  

cxpression Figure 3.1 Pressure is the force normal to an area 
divided by that area, 

P Fcosé 

A 
Example question 

‘The unit of pressure is newton per square Q 
melrs) Ning:e:akeo kW 5 pascal. P Anothas Two hollow cubes of side 0.25 cm with one face 
commonly used non-SI unit is the atmosphere, e 
atm, which equals 1.013 x 10° Pa. 

  

ing are placed together at the missing face: 
(see Figure 3.2). The air inside the solid formed is 
pumped out, What force is necessary to separate 
the cubes? 

  
 



Figure 3.2 What force is necessary to separate the 
cubes? 

Answer 
The pressure inside the solid is zero and outside it 
equals atmospheric pressure, 1.013 X 10° Pa. 
Thus, the force is 

  

F=PA 
=1.013 x 10" x (0.25)* 
=633x10°N 

Gases 
It is convenient to use the number of moles, 1, 

of the gas rather than the mass itself to specify 
the quantity of a gas. Recall that 1 mol of any 
substance contains the same number of 
molecules, the Avogadro constant 

Ny = 6.02 x 10% molecules mol ™' 

and that the number of moles of a gas can be 
found by dividing the total number of 
molecules by the Avogadro constant 

N 
N 

‘The size of molecules varies from substance to 
substance, but the typical order of magnitude 
of molecular size is in the range from 10* m 
0107 m. 

n 

  

The parameters P, V, T and n are related to each 
other. The equation relating them is called the 
equation of state. Our objective is to discover the 
equation of state for a gas. To do this a number 
of simple experiments can be performed as 
described in the following sections. 

Example questions 
Q2 PSS TIIIITIE ST SRR 

How many molecules are there in 6 g of 
hydrogen gas?   
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Answer 
A quantity of 6 g of hydrogen gas corresponds to 
3 mol, since the molar mass of hydrogen gas is 
2 g mol ™. Thus, there are 3 X N, molecules or 
1.81 X 10%, 

Q3 FeesaerETTETIII IS (I ITE I s ST 

Make a rough estimate of the number of water 
molecules in an ordinary glass of water. 

Answer 

Aglass contains about 0.3 L of water, which has a 
mass of about 300 g. Since the molar mass of water 
s 18 g mol”", it ollows that the glass contains 

=17 mol 
B 

or 10% molecules. 
  

The Boyle-Mariotte law 

The equipment shown in Figure 3.3 can be used 
to investigate the relationship between pressure 
and volume of a fixed quantity of gas that is 
kept at constant temperature. 

  

Figure 3.3 Apparatus for verifying the 
Boyle-Mariotte law. 

It consists of a syringe inside which a quantity 
of air is trapped. The pressure inside the syringe 
(i.e. the pressure of the air) can be increased by 
adding weights to the piston as shown. By 
varying the weights on the piston and 
recording the changes in the volume of the gas,
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the pressure-volume relationship can be 
established. 

‘The results of a typical experiment are shown 
in Figure 3. 

P P 

v e w 
Figure 3.4 The relationship between pressure and 
volume at constant temperature. The points on 
the curves have the same temperature. 

    

  

Figure 35 The Boyle-Mariotte law. 

‘The hyperbola in the pressure-volume diagram 
is also known as an isothermal curve or 
isotherm: the temperature at any point on the 
curve is constant. 

Example question 
Q) BT G cseTETIE T IR 
“The pressure of a gas is 2 atm and its volume 
0.9 L. If the pressure s increased to 6 atm at 
constant temperature, what i the new volume? 

Answer 
From PV, = P,V; we have 2 X 0.9 
from which v = 0.3 L. 

  

  

The volume-temperature law 

‘The dependence of volume on temperature of a 
fixed quantity of gas kept at constant pressure 
can be investigated with the apparatus shown 
in Figure 3.6. This was how it was first done by 
Charles and Gay-Lussac. The gas is surrounded 
by water that is heated from below. As it 
expands, the pressure is kept constant by 
adjusting the amount of mercury in the tube so 
that h stays the same. The constant gas pressure 
is thus the sum of atmospheric pressure plus 
the amount pgh. 

  

  

" 

    

  mercury   

  

Figure 3.6 Apparatus for verifying the 
volume-temperature law. 

Itis found that the volume increases uniformly 
‘with temperature. If this same experiment is 
repeated with a different quantity of gas, or a 
gas at a different constant pressure, the result 
is the same. In each case, the straightline graph 
of volume versus temperature is different. But 
the striking fact is that when each straight line 
is extended backwards it always crosses the 
temperature axis at —273.15 °C, s in Figure 3. 

    
‘Tange of experiment 

B emperatrerC 
Figure 3.7 When the graph of volume versus 

temperature is extended backwards, all the lines 

intersect the temperature axis at the same point.  



“This suggests that there exists a minimum 
possible temperature, namely 27315 °C. Thus, 
we can devise a new temperature scale, in 
which the minimum possible temperature 
occurs at zero. This scale s called the Kelvin 
scale, and the relationship between the Celsius 
and Kelvin scales is 

7 (in kelvin) = T (in degrees Celsius) +273.15 

(We usually approximate 273.15 to 273.) 

  

When the temperature in a graph of volume 
versus temperature is expressed in kelvin, the 
straight line passes through the origin, as in 
Figure 3.8. 

0 K 
Figure 3.8 If temperature is expressed in kelvin, 

the graph goes through the origin. 

The volume-temperature law is illustrated in 
Figure 3.9. 

  
T 

Figure 3.9 The volume-temperature law.   
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Example question 
Q5 TITSSSEIEErIres I ITIET ISR LTI 

A gas expands at constant pressure from an 
original volume of 2 L at 22 °C to a volume of 
4 L. What is the new temperature? 

Answer 

  

onstant 

it follows that 

2 4 
%577 

and so 
T 

  

90 K or 317 °C 

Note that we converted the original temperature 
into kelvin. 
  

The pressure-temperature law 

‘What remains now is to investigate the 
dependence of pressure on temperature of a 

fixed quantity of gas in a fixed volume. This can 

be done with the apparatus shown in Figure 3.10.     
pressure gauge 

Figure 3.10 Apparatus for verifying the 
relationship between pressure and temperature. 

The gas container is surrounded by water whose 
temperature can be changed and a pressure
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gauge measures the pressure of the gas. We find 
that pressure increases uniformly with 
increasing temperature. The graph of pressure 
versus temperature is a straight line that, when 
extended backwards, again intersects the 
temperature axis at —273.15 °C, as in Figure 3.11. 

    

  

    

range of experiment. 

temperatureC 
Figure 3.1 The graphs of pressure versus 

temperature when extended backwards intersect 
the temperature axis at the same point. 

When the temperature in a graph of pressure 
versus temperature is expressed in kelvin, the 
straight line passes through the origin, as in 
Figure 3.12. 

0 7K 
Figure 3.12 If temperature s expressed in kelvin, 

the graph goes through the origin. 

‘This is more evidence in favour of the existence 
of an absolute temperature scale. 

    

‘The pressure-temperature law is illustrated in 
Figure 3.13. 

- - - P m 
  

  

Figure 3.13 The pressurwempemure Taw. 

Example question 
Q6 e T————— 
Agas in a container of fixed volume is heated 
from a temperature of 20 °C and pressure 3 atm to 
a temperature of 85 °C. What is the new pressure? 

  

Answer 
From 

& stant — = cons 
T 

we have 

3 _ P 
293 7358 

and so 

P = 3.67 am 
  

The equation of state 

If we combine the results of the three preceding 
experiments, we see that what we have 
discovered is that 

rv 
7 = constant   

‘What is the value of the constant? To determine 
that, we repeat all of the preceding experiments, 
this time using different quantities of the gas. 
‘We discover that the constant in the last 
equation is proportional to the number of moles 
1 of the gas in question: 

PV 
n x constant 

 



We can now measure the pressure, temperature, 
volume and number of moles for a large 
number of different gases and calculate the 
value of 2. We find that this constant has 
the same value for all gases - it is a universal 
constant. We call this the gas constant R. It has 
the numerical value 

831 JK" mol”! 

    

A gas that obeys this law at all temperatures, 
pressures and volumes is said to be an ideal 
gas. Real gases obey this law only for a range 
of temperatures, pressures and volumes. The 
equation of state can be illustrated as in 
Figure 3.14. 

- - - PV PV 
  

W, 
Figure 3.14 The equation of state. 

Example questions 
Q7 enmrrressIeaIETITTTEETTR L ATIE] 
How many moles of gas are there in a gas of 
temperature 300 K, volume 0.02 m? and pressure 
2% 10° Pa? 

Answer 

PV 
RT 
2x10° x 0.02 
831 x 300 

1.60 mol   
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Q EEEEEEs TSI SIS 
A container of hydrogen of volume 0.1 m” and 
temperature 25 °C contains 3.20 x 10* 
molecules. What is the pressure in the container? 

Answer 

The number of moles present is 
320 x 107 

  

A gas of volume 2 L, pressure 3 atm and 
temperature 300 K expands to a volume of 3 L 
and a pressure of 4 atm. What is the new 
temperature of the gas? 

  

  

so 
3x2 3 
300 "4 T 

giving 
T = 600K 

Figure 3.15 shows two isothermal curves for the 
same quantity of gas. Which is at the higher 
temperature? 

  
Figure 3.15.
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Answer 
Draw a vertical line that intersects the two 
isotherms at points A and B. Since B is at higher 
pressure than A and both have the same volume, 
it follows from £ = constant that B is at the higher 
temperature. 

Q1] BEEEseeecITTIIEN sttt e S TTITI RS E S 
Figure 3.16 shows two curves obtained in an 
experiment to investigate the dependence of 
pressure on temperature at constant volume. 
Which straight line corresponds to the larger 
volume? (Both curves correspond 1o the same 
number of moles) 

   1 
0 K 
Figure 3.16. 

Answer 
Draw a vertical line which intersects the two 
straight lines at points C and D. Since D has 
higher pressure than C and both have the same 
temperature, it follows from PV = constant that C 
is at higher volume, 

Q12 BT 
Figure 317 shows how the pressure of a fixed 
quantity of gas depends on temperature in kelvin. 
As the temperature increases, is the volume of the 
gas changing? 

Answer 
If the volume is kept constant, a graph of pressure 
versus temperature will give a straight line going 
through the origin. Hence, in this problem, the 
volume must be changing.   

’ B 

A 

0 K 
Figure 3.17. 

QI3 PTEEEssT TS 
Is the volume increasing or decreasing in Example 
question 122 

Answer 
Draw the dotted lines through the origin and going 
through points A and B, as shown in Figure 3.18. 
These are isochoric lines, which means the 
volume s constant along each one. Also, draw a 
horizontal line from A to C as shown. Points A and 

C have the same pressure. Since C is at higher 
temperature, it must also be at higher volume. 
Hence point B also has a higher volume than A. 
The gas is therefore expanding. 

  

If the temperature of a gas is increased by a factor 
of 4 and the density remains the same, what is the 
new pressure of the gas? 

Answer 
Since the density stays the same, the volume stays 
the same. Using # = constant we deduce that the 
pressure must increase by a factor of 4. 

  

 



  

1 A volume of 2.00 L of a gas is heated from 
20.0 °C to 80.0 “C at constant pressure, What 

is the new volume? 
2 A sealed bottle contains air at 22.0 °Cand a 

pressure of 12.0 atm. If the temperature is raised 
10 120.0°C, what will the new pressure be? 

3 Agas is kept at a pressure of 4.00 atm and a 
temperature of 30.0 °C. When the pressure is 
reduced 10 3.00 atm and the temperature 
raised 10 40.0 °C, the volume is measured to 
be 0.45 L. What was the original volume of 
the gas? 

4 An air bubble exhaled by a diver doubles in 
radius by the time it gets to the surface of the 
water. Assuming that the air in the bubble 
stays constant in temperature, find by what 
factor the pressure of the bubble is reduced. 

5 12.0 kg of helium is required to fill a bottle of 
volume 5.00 L at a temperature of 20.0 °C. 

What pressure will the helium have? 

  

6 What mass of carbon dioxide is required to fill 
a tank of volume 12.0 L at a temperature of 
20.0°C and a pressure of 4.00 atm? 

7 Aflask of volume 300.0 mL contains air at a 
pressure of 5.00 X 10° Pa, and a temperature 
0f 27.0°C. I the flask loses molecules at a 
fate of 3.00 X 10'” per second, after how 
much time will the pressure in the flask be 
reduced to half its original value? (Assume 
that the temperature of the air remains 
constant during this time.) 

8 The point in Figure 3.19 represents the state of 
a fixed quantiy of ideal gas in a container 
with a movable piston. The temperature of the 
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gas in the state shown is 600 K. Copy the 
diagram. Indicate on it the point representing 
the new state of the gas after the following 
separate changes. 
@) The volume doubles at constant 

temperature. 
(b) The volume doubles at constant pressure. 
() The pressure halves at constant volume. 

9 The point in Figure 3.20 shows the state of a 
fixed quantity of ideal gas kept at a 
temperature of 300 K. The state of the gas 
changes and is represented by the dotted 
route in the pressure-volume diagram. The 
gas is eventually returned to its original state. 
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! 2 8 VL 
Figure 3.20 For question 9. 

(a) Find the temperature of the gas at the 
comers of the rectangle on the pressure— 
volume diagram. 

(b) At what point on the dotted path is the 
internal energy of the gas greatest? 

10 Two ideal gases are kept at the same 
temperature in two containers separated by a 
valve as shown in Figure 3.21. What will the 
pressure be when the valve is opened? (The 
temperature stays the same.) 

  

  

valve 6L = 3L 
  

  

2am 
6am 

            

Figure 3,19 For question 8. 

  

Figure 321 For question 10.
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n 

12 

Figure 3.22 shows a cylinder in a vacuum, 
which has a movable, frictionless piston at 
the top. An ideal gas is kept in the cylinder. 
The piston is at a distance of 0.500 m from the 
bottom of the cylinder and the volume of the 
cylinder is 0.050 m’. The weight on top of 
the cylinder has a mass of 10.0 kg. The 
temperature of the gas is 19.0 °C. 

  

Figure 3.22 For question 11. 

(a) What is the pressure of the gas? 
(b) How many molecules are there in the gas? 
() If the temperature is increased to 152.0 °C, 

what is the new volume of the gas? 
The molar mass of a gas is 28 g mol . A 
container has 2.00 mol of this gas at 0.00 °C 
and a pressure of 1.00 atm. What are the mass 
and volume of the gas? 

HL only 

13 A container with  volume of 1.25 m* is 
filled with hydrogen gas at pressure 2.35 atm 
and temperature 25.0°C. 
(@) How many molecules are there? 
‘The container has a safety valve that opens 
releasing hydrogen whenever the pressure 
exceeds 2.50 atm. The container is now 

heated and then cooled down again. When 
the temperature has fallen to 21.0 “C the 
pressure is 2.05 atm. 
(b) How many molecules escaped? 
(c) What was the highest temperature the 

hydrogen achieved during heating? 

    

14 

15 

16 

17 

18 

19 

A container with a volume of 1.07 m? is filled 
with 2 monatomic gas. The temperature is 
140°C and the pressure 1.47 atm. 
(a) What will the pressure be if the 

temperature becomes 215 “C? 
(b) If the temperature of the gas falls below 

140 °C, a number of the atoms in the gas 
willjoin together to form diatomic 
molecules. When the temperature falls to 
46.0°C, the pressure is measured to be 
only 0760 atm. How many moles of the 
diatomic molecules are there at 46.0 *C? 

A balloon has a volume of 404 m’ and is 
filled with helium of mass 70.0 kg. If the 
temperature inside the balloon is 17.0 °C, find 
the pressure inside the balloon. 
Aflask has a volume of 5.0 X 10~ m* and 
contains air at a temperature of 300 K and a 
pressure of 150 kPa. 
(@) Find the number of moles of air in the flask. 
(b) Find the number of molecules in the flask. 
(©) Find the mass of air in the flask. You may 

take the molar mass of air to be 29 g mol-! 
‘The molar mass of helium is 4.00 g mol~! 
(@) Calculate the volume of 1 mol of helium 

atstp (T = 273K, P =1 atm). 
(b) What is the density of helium at stp? 
(c) What is the density of oxygen gas at sip 

(the molar mass is 32 g mol-")? 

    

(@) By finding the volume of 1 mol of helium 
(molar mass 4 g mol-") at stp, 1 mol of 
water (molar mass 18 g mol ', density 
1.0 X 10" kg m") and 1 mol of uranium 
(molar mass 238 g mol ", density 
18.7 X 10° kg m™), find what volume 
corresponds to each molecule. 

(b) Assuming this volume to be a cube, find 
the size of the side of this cube for each of 
the three cases. 

(©) How does this size compare with the 
actual size of each molecule? 

The density of an ideal gas is 1.35 kg m~". 
If the temperature in kelvin and the pressure are 
both doubled, find the new density of the gas.  



   CHAPTER 

  

Thermodynamics 
Thermodynamics deals with the conditions under which thermal energy can be 
wansformed into mechanical work. The first law of thermodynamics states that the 
amount of thermal energy given to a system is used to increase that system’s internal 
energy and to do work. The second law invokes imitations to how much thermal 
energy can actually be transformed into mechanical work. 

  

Objectives 
By the end of this chapter you should be able to: 

understand the meaning of internal energy: 
+ calculate work when a gas expands or compresses using sW = P 5V 
+ state the relationship between changes in the internal energy. the work 

done and the thermal energy supplied through the first law of 
thermodynamics, AU = Q = W; 

+ define the terms adiabatic, isothermal, isobaric and isochoric and show these 
on a pressure-volume diagram; 

+ understand what is meant by irreversibility and disorder; 
« understand that entropy is a measure of disorder; 
« state the second law of thermodynamics; 
* understand the meaning of energy degradation. 

  

Internal energy ¥ It follows that the internal energy L/ of an 
ssirsriliririiiiril il i s atangary: w&flmmrmmcyswlfllNimmskm . 
In Chapter 3.1 we defined the internal energy of by NE,, thatis 3 
agas as the total kinetic energy of the molectles 3 

of the gas plus the potential energy associated U= INKT 
‘with the intermolecular forces. If the gas is ideal, % 
the intermolecular forces are assumed to be or, 'flMenuj{ = 

strictly zero, and if the gas is also monatomic, all 
the internal energy of the gas comes from the 
random kinetic energy of the atoms of the gas 
(a non-monatomic gas would also have energy 

U=InRT =3PV i 

~ wheren is the number of moles. The change 

   due to the rotation and vibration of the atoms s dnternal energy due to changeir °: 
within the molecule). The average kinetic energy temperature is thus given by 

of the molecules is given by AU = InRAT 57 
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‘We can use any version of this formula that is 
convenient for a particular problem. As is seen 
from this formula, the internal energy of a 
fixed number of moles of an ideal gas depends 
only on temperature and not on the nature of 
the gas, its volume or other variables. In a 
classic experiment, Joule allowed a gas to 
expand freely from container A into container B 
as shown in Figure 4.1 

  

walve 

A B       

Figure 4.1 Joule’s experiment in which internal 
energy is shown to depend only on temperature.   

When the valve separating the two containers is 
opened, the gas fills the entire volume available 
to it. The containers are well insulated so no 
thermal energy enters or leaves the system. 
Joule tried to observe a temperature difference 
as the gas expanded and found none. Despite its 
increased volume and reduced pressure, the 
internal energy stayed the same. Actually, in a 
real gas a small drop in temperature is 
expected, since the molecules must do a certain 
amount of work against the attracting 
intermolecular forces which, although very 
small, are not exactly zero. With more accurate 
measurements than those available to Joule, 
this temperature drop can be detected. 

(In the case of polyatomic molecules, the 
internal energy includes additional 
contributions. A polyatomic molecule can 
rotate as well as vibrate and these motions 
require energy. The energy associated with 
these motions must be included in the internal 
energy of the gas.) 

Example question 
Q) PPTrITErareresiecs st IS S ITRIINTIS 

Aflask contains a gas at a temperature of 300 K. If 
the flask is taken aboard a fast-moving aeroplane, 

will the temperature of the gas increase as a result 
of the molecules moving faster? 

Answer 
No. The temperature of the gas depends on the 
random mation of the molecules and not on any 
additional uniform motion imposed on the gas as 
a result of the motion of the container. 

Systems 
In thermodynamics we often deal with systems, 
‘which simply means the complete set of objects 
under consideration. Thus, a gas in a container 
is a system, as is a certain mass of ice in a glass. 
Asystem can be large - for example, it can be 
the entire carth. Perhaps we may even consider 
the entire universe as a system. A system can be 
open or closed: mass can enter and leave an open 

system but not a closed system. An isolated 
system is one in which no energy in any form 
enters or leaves. If all the parameters defining 
the system are given, we speak of the system 
being in a particular state. For example, an ideal 
gas is specified if its pressure, volume and 
temperature are specified. Any processes that 
change the state of a system are called 
thermodynamic processes. Thus, heating a gas may 
result in changed pressure, temperature or 
volume and is thus a thermodynamic process. 
Doing work on the gas by compressing it is also 
a thermodynamic process. 

It is important to realize that internal energy is 
a property of the particular state of the system 
under consideration, and for this reason 
internal energy is called a state function. Thus, 

if two gases originally in different states are 
brought to the same state (i.e. same pressure, 
volume and temperature), they will have the 
same internal energy irrespective of what the 
original state was and how the gas was brought 
to that final state. By contrast, thermal energy 
and work are not state functions. We cannot 

spealk of the thermal energy content of a system 
or of its work content. Thermal energy and 
work are related to changes in the state of the 
system not to the state itself.  



Work done on or by a gas 

Imagine that we are given a quantity of a gas in 
a container with a frictionless, movable piston 
and that the gas is compressed slightly by 
exerting a force on the piston from the outside, 
as in Figure 4.2. 

during the 
compression the 
pressure of the. 
s can be 
considered 
constant 

  

Figure 42 When the piston is pushed in by a 
‘small amount, work is being done on the gas. 

If the pressure in the gas initially is P, and the 
crosssectional area of the piston is A, then the 
force with which one must push s PA. If the 
‘piston moves an infinitesimal distance 55, the 
work done s 

SW =Fss 
PASs 

But Ass is the amount by which the volume of 
the gas has been reduced, 5V. 

  

  

Note that, as soon as the piston is moved, the 
pressure in the gas will, in general, change. This 
is why it is necessary to give the expression for 
‘work done in the form of infinitesimal 
quantities, as above. To find the work done 
under a large change of volume one must use 
calculus to integrate the expression given 
above; the pressure, and hence the force that 
must be exerted, is not constant. We will not be 
concerned with this here. There is, however, one 
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rather simple case where work done can be 
casily calculated. This is the expansion o 
compression of a gas at constant pressure. In 
this case, the work done is 

W=P:=1) 

where (V, — V3 is the total change in volume 
and need not be small. 

Example question 
Q2 weszsssssserssrrE TR TIITIIIGL 
A gas is compressed at constant pressure 
2.00 x 10° Pa from a volume of 2.00 m’ to a 

volume of 0.500 m’. What is the work done? If 
the temperature initially was 40 °C what s the 
final temperature of the gas? 

Answer 
Since the compression takes place under constant 
pressure, the work done is 

.00 % 10°Pa x 1.50m’ 
00 x 107 

  

P x change in volume 

  

The final temperature is found from 

X constant Y constan T 
that is 

  

T=78.25K=~195°C   

| he work done has a simple interpretation on a 
pressure-volume diagram: in Figure 43, the 
volume of a gas changes by an infinitesimal 
amount 5V, and the work done is thus P5V. 
This is approximately equal to the area of the 
strip whose width is 5V and height Po, where Py 
is the pressure of the gas as given by the graph 
during the change. Even though P changes as 
well during the change of volume, we can 
consider it to have the constant value given by 
Py on the graph.  
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» ks 

  

  
  

oY vi v 
Figure 43 (a) Even though the pressure is not 

constant, the work done can be calculated for an 
infinitesimal volume change by considering that 
for such a small change the pressure is constant. 
(b) For a change in volume that is not small, the 
work done s found from the area under the 
curve in the pressure-volume diagram. 

‘The pressure-volume diagrams in Figure 44 
show an arbitrary series of changes on an ideal 
gas that begin and end in the state A (diagram (c)). 
‘The gas expands from A to B and thus the work 
done by the gas is the area between the curve 

and the V/ axis from A to B (diagram (a)). From B 
10 A, the gas is being compressed so the work is 
being done by an outside agent. That work 
equals the area between the curve and the V/ axis 
(diagram (b)). 

  

    

© ¥ 
Figure 44 For a closed loop in a pressure-volume 

diagram, the work done is the area of the loop. 

A number of interesting processes can be 
identified on a pressure-volume diagram. A 
process in which the gas expands or contracts 
at constant pressure is called an isobaric process. 
On a pressure-volume diagram it is represented 
by a horizontal straight line (Figure 4.5a). A 
process in which the volume of the gas stays 
fixed is called isochoric and is represented by a 
vertical line (Figure 4.5b). 
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isobaric isochoric 
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adiabatic isothermal 

© v T v 
Figure 45 Isobaric, isochoric, isothermal and 

adiabatic processes.  



Since pressure is fixed in an isobaric process, 
the work done is easy to calculate, W = PAV. 
Note that in an isochoric process no work is 
done on or by the gas. 

Apart from isothermal processes, which we met 
carlier, the last process of interest is called 
adiabatic and is a process during which the gas 
does not absorb or give out any thermal energy, 
50 Q = 0 (Figure 4.5¢, d). We have also drawn an 
isotherm to show that the adiabatic curve is 
steeper than an isotherm going through the 
same point. In general, an isothermal process 
takes place slowly and the system must be in 
thermal equilibrium with its surroundings; an 
adiabatic process takes place very fast and the 
system is not in thermal equilibrium with its 
surroundings (see Figure 46). To help understand 
the difference between adiabatic and isothermal 
processes better, we will introduce the first law of 
thermodynamics here. 

adiabatic isothermal 

fast, eylinder 
wellinsulated 

  

Figure 46 Isothermal and adiabatic systems. 

The first law of thermodynamics 

   

     

% When a small amount of thermal energy 

w’ 2y and 3 s th mal 
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    is that a positive 5 denotes thermal 

* negative 5Q stands for et 
Dy the gas. Similarly, amflvfibn’ 

expanding) andnagznvexwmmmpn_: 
v.h!m(d:egisls hemgcumpxm.& 

    

‘This formula is known as the first law of 
thermodynamics and is a consequence of the 
law of conservation of energy. This law also 
incorporates what we stated earlier: namely 
that internal energy is a state function whereas 
thermal energy and work are not. 

  

Example questions 
Q3 sEEETTE————————— 
Agas in a container with a piston expands 
isothermally (.e. the temperature stays constant). 
1f thermal energy @ =10° | is given to the gas, 
what is the work done by the gas? 

  

Answer 
The pressure is not kept constant during the 
expansion, so we cannot use the formula we 
derived for work done. But since T = constant, it 
follows that AU = 0 and since 
AU=Q-W 

we must have 

w=Q 

50, the work done by the gas in this case s equal 
10 the thermal energy supplied to it: 10° ). 

QF FE T TR S21eTR T 

A gas expands adiabatically (.e. it does not 
receive or lose thermal energy). Will its 
temperature increase or decrease?
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Answer 

Again using the first law with 5Q = 0 we find 

U= —sW   

The gas expands and so it i the gas that does the 
work, that is 

W>0 

Therefore 

sU<0 

That i, the internal energy and thus temperature 
decrease. Similarly, i the gas is compressed 
adiabatically, the temperature will increase.    

This explains why the adiabatic curve starting 
from a point on the pressure-volume diagram is 
steeper than the isothermal curve starting from 
that same point (see Figure 4.7). Consider an 
adiabatic and an isothermal process, both 
starting from the same point and bringing the gas 
10 the same (expanded) final volume. Since the 
adiabatic process will reduce the temperature 
and the isothermal process will not, it follows 
that the pressure of the final state after the 
adiabatic expansion will be lower than the 
pressure of the state reached by the isothermal 
expansion. Hence, the adiabatic is stecper. 

     

    

  

     

isothermal 

adiabatic 

Figure 4.7. 

Q5 TSI R IIITI IS 

A monatomic gas is kept at constant pressure 
3.00 x 10°Pa, initial volume 0.100 m* and 

temperature 300 K. If the gas is compressed at 
constant pressure down o a volume of 0.080 m’, 
find: 
(@) the work done on the gas; 
(b) the thermal energy taken out of the gas.   

Answer 
() The work done is 

3.00 x 10° x 0.020 = 6.00 x 10* 

(b) From the first law 

Q=au+w 
500 find the thermal energy taken out we 
must first find the change in the internal 
energy of the gas. Since 

U=INKT or U=3PV 

it follows that 

AU = INKAT 

or (which is more convenient here) 

AU = 3PV 

  

PV 

Thus 
AU=-9.00 x 10*) 

Finally 

Q=-9.00 x 10° ~ 600 x 10* 
~1.5%10°) 

  

  

(Note that AU was taken as negative since the 
temperature dropped. The negative sign in Q 
means tha this thermal energy was removed 
from the gas. 

The second law of 
thermodynamics 

There are many processes in thermodynamics 
that are consistent with the first law but are 
nonetheless impossible. A few of these processes 
involve: 
+ the spontancous (i.e. without the action of 

another agent) transfer of thermal energy from 
a cold body to  hotter body; 

« the air in a room suddenly occupying just one 
half of the room and leaving the other half 
empty: 

« aglass of water at room temperature suddenly 
freezing, causing the temperature of the 
toom to rise.  



‘These processes do not happen because they are 
forbidden by a very special law of physics - the 
second law of thermodynamics. 

Order and disorder 
To begin our discussion of this law, consider a 
1 kg mass moving at 10 m s~'. Friction brings it 

1o rest and so the initial kinetic energy of 50 | 
has been lost. Suppose that all of this energy 
went into the internal energy of the body. This 
‘means that the molecules now vibrate about 
their equilibrium positions faster than before. 
‘The original kinetic energy of the ball was 
associated with the ordered motion of the body 
as a whole. Every molecule of the body moved 
forward with the same component of velocity in 
addition to the random or disordered motion 
associated with the vibrations of the atoms. (See 
Figure 4.8) 

Figure 48 The ordered mechanical energy of the 
ball has been converted into disordered 
internal energy. 

The mechanical (i.e. kinetic) energy of the ball 
was totally converted into disordered energy as a 
result of friction. There is an irreversibility in 
this conversion of energy. The ball that has been 
brought to rest by friction is not expected to 
convert part of this disordered motion into 
ordered motion and start accelerating back 
towards the direction it came from. The original 
Kinetic energy cannot be recovered from the 
internal energy of the ball. Because this energy 
cannot be recovered. we say that it has been 
degraded. Nothing in the laws of physics we 
have seen so far actually prevents the ball from 
accelerating backwards. What does prevent it is 
the second law of thermodynamics.   
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Reversibility 
Let us continue with a discussion on 
reversibility and irreversibility, concepts that, as 
we will soon see, are intimately related to the 
second law of thermodynamics. All natural 
processes are irreversible - they lead towards 
states of increased disorder. An irreversible 
process captured on film would look absurd if 
the film were to be run backwards. A glass of 
‘water looks ordered just before it slips from 
your hand and falls to the floor, breaking into 
‘many pieces. Capturing this on film and then 
running it in reverse would show the pieces of 
glass and drops of water assembling themselves 
into an unbroken glass full of water. It looks 
like thermodynamics is related to the arrow of 
time - the direction in which natural processes 
take place. A reversible process for a system 
consisting of a large number of molecules is 
reversible only as an idealized approximation. 
We may formally define a process as irreversible 
if it is impossible to reverse the process by an 
infinitesimal change in the conditions under 
which the change takes place. Thus, a hot body 
at 50 °C placed in contact with a colder body at 
20°C results in thermal energy flowing from 
the hot to the cold body. This process is 
irreversible since it is not possible to reverse the 
flow of thermal energy by small changes in the 
temperatures of the two bodies. On the other 
hand, if the two bodies have temperatures that 
differ by an infinitesimal amount, then a small 
change in the temperature of one body would 
reverse the flow of thermal energy. Similarly, 
consider a gas expanding isothermally. The 
piston is moving out at infinitesimal constant 
speed and at all times we have thermal and 
‘mechanical equilibrium. The temperature of 
the gas is the same as that of its surroundings 
and the pressure exerted on the piston by the 
gas is matched by an equal pressure from the
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outside. An infinitesimal change in these 
conditions might involve slightly increasing the 
outside pressure so that the gas will now start 
compressing. The outside pressure will, of 
course, increase only momentarily so that the 
expansion is reversed and when that happens 
the two pressures will again be made the same. 
‘The process just described is a reversible 
process. 

Inreversibility can be quantified. There exists a 
quantity called entropy which, like internal 
energy, is a state function: that is, once the state 
of the system is specified, so s its entropy. 
Entropy depends only on the state of the system 
and not on how it got there. 

  

If thermal energy is given to the system, 
5Q > 0 and entropy increases. If thermal 
energy is removed, 5Q < 0 and entropy 
decreases. For a reversible process that returns 
the system to its original state, 55 = 0. One 
such example is the isothermal expansion 
of a gas and the subsequent isothermal 
compression back to the initial state. Since the 
expansion and compression are isothermal, 
leaving the temperature constant, we may 
write 

5Q| 
85 = — 

T 
during expansion and 

  

during compression. (The gas receives thermal 
energy upon expanding and discards thermal 
energy upon compressing - use, the first law of 

thermodynamics) The net entropy change is 
thus zero. Since natural processes are 
irreversible, we may claim that these processes 
increase the entropy of the system under 
consideration and those theoretical processes 
that are reversible leave the entropy of the 
system unchanged. (In general, we need 
calculus to evaluate the entropy changes in a 
system since the formula above is valid for 
small amounts, 5Q, that do not change the 
temperature. Care must also be taken to 
evaluate the change in entropy along reversible 
paths connecting the initial and final states of 
the system - we will not spend any time on 
these technical problems here.) 

Let us apply the expression for 5 given above 
0 the case of the flow of thermal energy 
between a hot body A and a cold body B. If a 
very small quantity of thermal energy 5Q flows 
from the hot to the cold body, the total entropy 
change of the two bodies is 

8Q  8Q 5= 

1 1 

=sa(z-7) 
=85>0 

(the temperature of each body is assumed 
unchanged during this infinitesimal exchange 
of thermal energy) and in fact thermal energy 
will flow from the hot body inta the cold one 
(Figure 4.9a). The opposite (Figure 4.9b) does not 

bt cold hot cold 

@ here eniropy (0 here entropy decreases — 
increases hence this process docs not 

happen 
Figure 49 (a) When thermal energy flows from a 

hot to a cold body, the entropy of the universe 
increases. (b) If the reverse were to happen 
without any performance of work, the entropy 
would decrease, violating the second law. 

   



happen because it corresponds to a decrease in 
the entropy of the system: 

sa_sq s=T- 

1 
=l=n) 

=385 <0 

Similarly, when thermal energy is given to a 
solid at its melting temperature, the solid will 
use that thermal energy to turn into a liquid at 
the same temperature. The entropy formula 
again shows that the entropy increases as the 
solid absorbs the latent heat of fusion. The 
same is also true for vaporization. 

This allows us to state the second law of 

thermodynamics in its general form: 

  

A number of equivalent statements of the 
second law also exist. If one of these statements 
is accepted, the others can be proved from it. 
‘The statement due to Clausius is: 

  

The statement of the second law from Kelvin 
and Planck is that: 

     

Lel»u 2 
A’N"’«« 

  

Equivalence of the different statements 

of the second law 
A device that converts thermal energy (heat) 
into mechanical energy (work) is called a heat 
engine. Consider an engine working between a 
hot and a cold reservoir, as shown in Figure 
4.10. The engine is enclosed in the dotted line 
and in fact consists of two heat engines. The 
first engine (left) converts all the thermal 
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energy extracted from the hot reservoir into 
‘mechanical energy without rejecting any 

| thermal energy into the colder reservoir. This 
engine thus violates the second law of 
thermodynamics in its Kelvin-Planck form. If 
this mechanical energy is then fed into the 
second heat engine, we see that the net result 
of the combined engine (in the dotted line) is to 
transfer thermal energy from a cold to a hotter 
reservoir without the performance of work. And 
this violates the Clausius formulation of the 
law. By arguing in this way it can be shown that 
all the formulations of the second law are 

equivalent to each other. 

ot reservoir 

  

cold reservoir 
Figure 4.10 A heat engine that transfers thermal 

energy from a cold to a warmer reservoir 
without the performance of work is impossible. 

An example of a heat engine 
Consider now a heat engine whose working 
substance is an ideal, monatomic gas and is 
represented on a pressure-volume diagram by 
the cycle shown in Figure 4.11. 

3 g 

  

010 040 vim? 
Figure 411 A cycle on a pressure-volume diagram, 

consisting of two isobaric and two isochoric 
processes.    
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We are given that the pressure at A (the 
starting point of the cycle) is 4.0 atm, the 
volume is 0.10 m® and the temperature is 800 
K. The volume at B is 0.40 m® and the pressure 
at Cis 2.0 atm. We are asked to find the 
temperatures at points B, C and D, the 
amount of thermal energy given to and taken 
from the gas, the internal energy changes and 
work done along each leg of the cycle. Finally, 
we want to calculate the efficiency of this 
engine 

  

The temperatures are easily found by use of 
the gas law, PV = RnT. Comparing A and B we 
see that (use the ideal gas law) since the 
volume increases by a factor of 4 at constant 
pressure, the temperature at B must be 
4% 800 K = 3200 K. Comparing B with C we 
find the temperature at C to be 3200 x K = 
1600 K. That at D is half of that at A, namely 
400 K. 

From the data at point A we can find the 
number of moles of the gas, namely 

rv 
RT 

_4x10°x0.10 
T 831 x800 
= 6.0 mol 

  

(note that we converted atmospheres to pascal). 

‘This can be used to find the internal energy 
changes: 

  

along AB, AU = JRnAT = 180kJ 
along BC, AU = —120k) 
along €D, AU = ~90k) 
along DA, AU =30k) 

There is no work done along CB or DA, since the 
volume stays the same along these legs. 

Along AB the gas does work 

.0 % 10° x 0.3 = 120k) 

  

Along CD the work is done on the gas 

Weo = =2 x 10° x 0.30) =.~60kJ   

To find the thermal energy taken in or out we will 
use the first law, Q = AU + W, along each leg: 

  

  

along AB, @ = 180KJ + 120kJ = 300k) 
along BC, Q = ~120kJ 
along CD, Q = —90kJ — 60k) = ~150KJ 
along DA, @ =30k 

(Positive Q means thermal energy is given to 
the gas, negative Q implies thermal energy 
taken out of the gas) 

‘The et thermal energy given to the gas is 

300K) — 120k) — 150k) 4+ 30kJ = 60kJ 

‘The net work done by the gas is 

120K — 60KJ = 60kJ 
as it should be: the net work done is equal to 

the net thermal energy into the gas. It also 
equals the area of the loop, as you can check. 
‘The efficiency of this engine is the ratio of the 
net work done to the amount of thermal energy 
into the engine, that is 

60k _ 
330k 

(The highest and lowest temperatures achieved 
during this cycle are 3200 K and 400 K) 

0.18 

More on the second law 

‘The second law of thermodynamics leads, as we 
have seen, to an increase in the entropy in the 
universe, a state of increased disorder. Many 
processes that are possible under the first law 
(i.e. the law of energy conservation) do not 
‘happen because they would violate the second 
law. For example, a glass of water at 0 °C has 
never been observed to freeze into ice by giving 
thermal energy into the warm surroundings, 
‘making them even warmer. To say that this 
violates the second law does not imply that 
such a process is impossible - only very 
unlikely. The probability of this happening is 

Pl 
sa. 

   



For 1 kg of water this is about e —an 
infinitesimal number. 

Life has evolved from less ordered to more 
ordered species. This does not violate the 
second law. Although the entropy of any one 
particular species has decreased, the metabolic 
processes that have led to the growth of that 
species involve a larger entropy increase, so the | 
overall entropy has increased. 

Degradation of energy 
Thermal energy flows, as we have seen, from 
hot to cold bodies. The difference in 
temperature between the two bodies initially 
offers us the opportunity to run a heat engine 
between those two temperatures, extracting | 
useful mechanical work in the process. With | 
time, the two bodies will approach the same 
temperature and the opportunity for using 
those two bodies to do work will be lost. Thus, 
the flow of thermal energy from the hotter to 
the colder body tends to equalize the two 
temperatures and deprives us of the 
opportunity to do work. 

  

The energy of the universe tends to move from 
highly ordered, useful forms to disordered. 
useless forms. If the second law is applied to the 
universe as a whole, then since it has nowhere 
to receive thermal energy from or give thermal 
energy away to, its expansion is adiabatic. | 
Despite the smallscale non-uniformity of the 
universe (planets, solar systems, stars, galaxies, | 
clusters of galaxies) we can still think of it on a 
very large scale as an expanding gas. If so, then 
by the first law of thermodynamics 

AU=0-W<0 

  

and so the temperature of the universe is 
decreasing. The universe is filled with 
electromagnetic radiation, produced during the   
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original explosion (the Big Bang) that created 
the universe some 14 billion years ago. The 
spectrum of this radiation (ie. how much 
energy is stored per interval of wavelength) is a 
direct function of the ambient temperature 
that this radiation finds itself in equilibrium 
with. Today, measurements of this temperature 
through the spectrum of the ambient radiation 
give it a value of only 2.7 K. The temperature of 
the universe, which originally was enormous, is 
constantly decreasing as a result of the 
expansion of the universe. If this expansion 
continues, the temperature will keep 
approaching absolute zero, leading to the ‘heat 
death of the universe'. 

1 Agas is compressed isothermally so that an 
amount of work equal to 6500 ) is done on it. 
How much heat i taken out or given to the 
gas? 

2 Agas expands at a constant pressure of 5.4 atm 
from a volume of 3.6 L to a volume of 4.3 L. 

(a) How much work does the gas do? 
(b) If the initial temperature of the gas was 

310K, find the final temperature. 
3 In an adiabatic expansion of an ideal gas 

initially at 280 K, 2.2 L and 4.8 atm, an 

amount of work of 350.0 | is done by the gas. 
Find the final temperature of the gas. 

  

4 Anideal gas is kept at constant pressure 
6.00 x 10° Pa, initial volume 0.200 m* and 

temperature 300.0 K. If the gas expands at 
constant pressure to a volume of 0.600 m’, 
find: 
(a) the work done by the gas; 
(b) the temperature of the gas at the new 

volume; 
() the change in the internal energy of the gas; 
(d) the thermal energy taken out of or put into 

the gas. 
5 Two moles of an ideal gas are kept in a 

container with a movable piston at a pressure 
0f 5.0 x 10° Pa and a temperature of 
300.0 K. The gas is heated so that the  
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temperature is increased to 400.0 K without 
changing the volume. Find: 
@) the thermal energy that must be provided 

to the gas; 
(b) the new pressure of the gas; 
(@ the change in the intemal energy of the gas 
“The gas is then allowed to expand at constant 
pressure until the volume doubles. 
(d) What i the new temperature of the gas? 

6 Prove, using calculus, that the work done by 
agas at temperature T during an isothermal 
expansion fiom a volume ¥, 10 a volume V. is 

Vi w= (%) 
(where n is the number of moles in the gas). 

7 In an experiment in which a number of coins 
are tossed, the entropy of a given oulcome 
may be defined by kInN, where N is the 
number of ways a particular outcome may be 
realized. Ten coins are thrown and the 
outcome s 5 heads and 5 tails. In a second 
throwing the outcome is 3 heads and 7 tails. 
(@) What is the change in entropy? 
(b) Does this violate the second law of 

thermodynamics? Explain. 
8 Find the change in entropy of 10.0 g of water 

that boils into steam at 100 °C. (Latent heat of 
vaporization of water = 2257 ki kg ') 

  

10 

" 

12 

13 

  

d the change in entropy of 10.0 g of water 
that freezes into ice at 0.0 °C. (Latent heat of 
fusion of ice = 334.4 kI kg™".) 
A gas is suddenly heated from A to B from a 
pressure of 2.0 atm and temperature 300 K to 
a pressure of 5.0 atm. The volume stays 
constant at 2.0 L. From B the gas expands 
isothermally to a volume of 5.0 L at C. The 
gas then returns to its original state at A by 
an isobaric compression at a pressure of 
2.0 atm. 

(@) Sketch these changes on a pressure— 
volume diagram. 

(b) Find the temperature of the gas at B. 
(c) Find the internal energy change and the 

thermal energy given to or taken from the 
gas from A to B, 

(d) For the leg from C 1o A find (i) the work 
done, (i the change in internal energy 
and (iii) the thermal energy given to or 
taken from the gas. 

Can you cool down your kitchen by leaving 
the refrigerator door open? Explain your 
answer. 
In an isothermal expansion all the thermal 
energy that is given to a gas is converted to 
work as the gas expands. Why does this not 
violate the second law? 
Explain (in terms of entropy) why the 
following processes are irreversible: 
() the lid of a container of gas is opened and 

the gas leaks out; 
(b) two different liquids mix; 
(c) an ice cube melts in a warm room. 

 



  

Simple harmonic motion 
Oscilations are a very common phenomenon in all areas of physics. They are interesting 
in their own right, but they are also needed to understand many diverse phenomena, 
from sound to light, This chapter introduces a very special and important type of 
oscillatory motion, called simple hamonic mation (SHM). We discuss the case of free 
oscillations in detail, and qualitatively discuss the effect of damping and of an external 
periodic force on the oscillations. 

Objectives 
By the end of this chapter you should be able to: 
+ recognize the occurrence of simple harmonic motion through the 

  

defining relation, a = —w?x; 
+ understand the terms amplitude, displacement, angular frequency. frequency. 

period and phase: 
« use the equations x = A cos(wl +9).v = —w Asin(! + ). 

  V= +oJyAT—x and T 

  

« discuss the properties of simple harmonic motion from graphs; 
+ solve problems with kinetic energy and elastic potential energy in simple 

harmonic motion; 
« understand that in simple harmonic motion there is a continuous 

transformation of energy, from Kinetic energy into elastic pote 
and vice versa; 

  

energy 

+ describe the effect of damping on an oscillating system; 
+ understand the meaning of resonance and give examples of its 

occurrence; 
« discuss qualitatively the effect of a periodic external force on an oscillating 

system. 

  

Oscillations 
A typical example of an oscillation is provided 
by the simple pendulum, i.c. a mass attached to 
a vertical string. When the mass is displaced 
slightly sideways and then released, the mass 
will begin to oscillate. In an oscillation the 
motion is repetitive, i.e. periodic, and the body 
‘moves back and forth around an equilibrium 
position. A characteristic of oscillatory motion 
is the time taken to complete one full 

  

oscillation. This s the time taken to move from. 
one extreme position of the motion and back 
to the same position. This is called the period 
(see Figure 1.1). We will mostly be interested. 
in those oscillations where the period stays 
constant, i.e. when successive oscillations take 
the same time to complete. Many oscillations do 
not share this property. For example, the leaf of 
atree blowing in the wind oscillates, but ts 
oscillations do not have a fixed period, and the 
amount by which the leaf moves away from its
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Figure 1.1 A full oscillation lasts for one period. At the end of a time interval equal to one 
period T, the system is in the same state as at the beginning of that time interval. 

equilibrium position is not a regular function 
of time. 

Examples of oscillations include: 

+ the motion of a mass at the end of a horizontal 
or vertical spring after the mass is displaced 
away from its equilibrium positio 

  

« the motion of a ball inside a bowl after it has 
been displaced away from its equilibrium 
position at the bottom of the bowl; 

  

« the motion of a body floating in a liquid after 
it has been pushed downwards and then 
released; 

* atight guitar string that is set in motion by 

plucking the string; 
+ the motion of a diving board as a diver 

prepares to dive; 

  

* the motion of an aeroplane wing; 
+ the motion of a tree branch or a skyscraper 

under the action of the wind. 

The examples mentioned above are all 
‘mechanical, but there are of course other kinds 

of oscillation, for example electrical. 

Avery special periodic oscillation is called 
simple harmonic motion (SHM) and is the 

main topic of this chapter. We shall consider 
three examples of SHM in the main text, and 
some others in the example questions. 

| Kinematics of simple 
harmonic motion 

A mass at the end of a horizontal spring 
We consider first a particle of mass m that is 
attached to a horizontal spring of spring 
constant k (Figure 1.2). If the particle is moved a 
distance /1 to the right and is then released, 
oscillations will take place because the mass 
will be pulled back towards the equilibrium 
position by a restoring force, the tension in the 
spring. The particle will perform oscillations 
about its equilibrium position (the vertical 
dotted line) between the extreme positions of 
the second and last diagrams in Figure 1.2. 

Consider the particle when it is in an arbitrary 
position, as in the third diagram in Figure 12. 
At that position, the extension of the spring is 
x. The magnitude of the tension F in the spring 
is therefore (by Hooke’s law) equal o F = 
where k is the spring constant. The tension 
force s directed to the left. Assuming that 
displacement (i.c. distance moved) to the right 
of the equilibrium position is taken as positive, 
then 

  

ma = —kx 

since the tension force is directed to the left 
and 50 is taken as negative. This equation can  
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=10 
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si 

x=0,1=Tl4 

A, =112   

  

Figure 12 The mass-spring system. The net force on the body is 
proportional to the displacement and opposite to it. 

be rewritten as 

K a=-=x m 
If we define o* = & we then have the generic 
form: 

a=-aix 

‘The constant w is known as the angular 
frequency of the motion. Its unit is the inverse 
second, 5™\ The equation a = —wx is the 
defining relation for SHM. Thus we can say the 
following: 

  
  

            

  

  
    

      
      

‘Therefore, in general, to check whether SHM 
will take place, we must check that: (1) we have 
a fixed equilibrium position; and (2) when the 
particle is moved away from equilibrium, the 
acceleration of the particle must be both 
proportional to the amount of displacement 
and in the opposite direction (o it. 

] 

SHM is defined by the relation a = —w’x. In 

calculus, the acceleration is written as a = 

and 5o the defining relation becomes 
& 
ar 

This is a second-order differential equation 

whose general solution is 
Acos(@t +¢). 

  

   

x 
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where Aand ¢ are consiants. To check that 
= Acos(ol + ¢)is a solution, we calculate both 

I _awsinot+9) d 2 
and 

i 
ar 

sothat 

=~ Ao’ cos(! + ¢) 

& 

ar 
  Aw’ cos(@t -+ ¢) 

+0[A cos(@t + ¢)] = 

Fatx= 

  

The meaning of the constants A dnd ¢ is the 
following: 
= The maximum value of the cosine function is 

1, and so the maximum value of x is A. Thus 
A s the amplitude of the motion, the 
maximum displacement. 

« The value of ¢ determines the displacement 
at 0. At t = 0 we have that x = Acos¢. 

1 ¢ =0, then at t = 0 we have x = A 
1f ¢ = L, then at ¢ = 0 we have 

= Acos=0, and so on. The angle ¢ is 
called the phase of the motion. 

     

    

Given two oscillations with phases ¢, and ¢, 
the difference | — .| is called the phase 
difference between the two oscillations. 

The velociy is given by 
= —Awsin(@t + ¢). Given that 

X=Acos(@t + ¢), we know from 
mathematics that this is a periodic function with 
period T given by 

  

The period is the time to complete one full 
oscillation. We have the important result that the. 
period in SHM depends only on o and not on 
the amplitude or the phase. 

  

.aregtvznby 

x=Acos(al +4) 
—wAsin(t + )        

  

independent of the amplitude A and the 
phzse¢ We will mnm'l::wvflflngm 

  

‘The typical behaviour of the displacement, 
velocity and acceleration as functions of time 
when ¢ = 0 is shown in Figures 13 and 14, 

We can see how the three graphs are related 
without using calculus as follows. We 
must recall that the gradient of the 
displacement-time graph gives the velocity, and 
the gradient of the velocity-time graph gives 
the acceleration. Let us begin with the graph 
showing the variation with time { of the 
displacement x. We must examine how the 
gradient of this graph changes as time goes on. 

Att =0, the gradient is zero, and soat f =0 
the velocity v is zero as well. 

From ! =0 to! = T/4, the gradient is negative, 
so the velocity is negative. The gradient assumes 
its most negative value at = T /4, which means 
that at this time the velocity is most negative. 
(The gradient is decreasing in this interval, so 
the velocity is decreasing as well. 

Fromt = T/4 tot = T /2, the gradient of the 
displacement graph is negative and becomes 
zero at { = T/2. The velocity is therefore 
negative in this interval and becomes zero at 
t = T/2.(The gradient is increasing in this 
interval because it is getting less negative, so 
the velocity is increasing.) 

From { =T/2 to! = 3T /4, the gradient is 
positive and reaches its most positive value at 
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Figure 13 Graphs showing the variation with time 
of the displacement, velocity and acceleration in 
SHM. 

t = 3T /4. The velocity in this interval is 
therefore positive and has a maximum value at 
{ = 5T/4. (The gradient is increasing in this 
interval and so is the velocity,) 

  

Fromt =37/4 tot =T, the gradient is positive 
but decreases to zero at { = 1. In this interval 
the velocity s therefore positive and becomes 

  

displacement velocity acceleration      
time 

Figure 14 The variation of displacement, velocity 
and acceleration in SHM on the same axes. 

zero att =T (In this interval, the gradient is 
decreasing and so is the velocity,) 

In this way we begin to build up the graph 
showing the variation with time { of the velocity 
v. Having established the velocity-time graph, 
we may repeat the process above to determine 
the graph showing the variation with time of 
the acceleration a. This is left as an exercise. 

Example questions 
Note: In this chapter, all calculations performed 
with the calculator must be done with the 
calculator in radian mode. 
QI T 
A particle undergoes SHM with an amplitude of 
4.0 mm and angular frequency of 2.0 5. At 
=0, the displacement is *§ mm. Wite down the 
equation giving the displacement for this motion. 

Answer 
We use x = A cos(@t +¢), with @ = 2.05" and 
A=4.0mm. So we have 

X =40 cos2.01 + ) 

where t is in seconds and x is in millimetres. At 
=0 we have 

  

20 _40cose 

which implies 
' 

cos¢ 
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or 

  

Hence the equation is 

  x=4.0 cos(Z.Dl * ‘) 

Q2 EEETTSTsTeTI et IsIeIStTISII 

A particle undergoes SHM with an amplitude of 
8.00 cm and an angular frequency of 0.250 5. Al 
=0, the velocity is 1.24 ™. 
(a) Write down the equations giving the 

displacement and velocity for this motion. 
(b) Calculate the initial displacement. 
(©) Calculate the first time at which the partcle is 

at x = 2,00 cm and x = -2.00 cm. 

    

Answer 
() We have that x = A cos(@t + ¢) and therefore 

v=—wAsin(@t +¢). At t = 0 we therefore 
deduce that 

1.24 =-0.250 x 8.00 sing   

which gives 

¢ =-0.669rad 
Hence the displacement is 

x = 8.00c05(0.250t — 0.669) 

and the velocity is 

= ~2.005in(0.250t — 0.669) 

{b) Att =0, we have 

X =8.00¢05(-0.669) = 6.28 cm 

(©) From 

2.00 = 8.0005(0.250t — 0.669) 

we find 

€05(0.2501 ~ 0.669) = 0.25 

and thus 

0.250t — 0.669 = cos'(0.25) = 1.32 

which gives 

(=7955 

From 

200 = 

  

0005 (0.250t - 0.669)   

we find 

€05(0.250t — 0.669) = ~0.25 

and thus 
0.250t — 0.669 = cos™'(-0.25) = 1.82 

which gives 

t 

  

975 

It is convenient also to define the frequency f 
of the motion. This is defined as the number 
of oscillations per second. Since we have 
one oscillation in a time equal to the period T, 
the number of oscillations per second is + 
and so 

f=   

T 
‘The unit of frequency is the inverse second, 
‘which is called the hertz (Hz). It follows from 
T=2 that 

w=2nf 

A particle in a bowl 
‘We consider now a particle of mass m that is 
placed inside a spherical bowl of radius r, as 
shown in Figure 1.5, The first diagram shows 
the particle at its equilibrium position E at the 
bottom of the bowl. In the second diagram 
the particle is shown displaced away from 
equilibrium. The particle will be let go from 
that position P. In the absence of friction, the 
particle will perform oscillations about the 
equilibrium position. Will these oscillations 
be simple harmonic? To answer this question, 
we must relate the acceleration to the 
displacement. 

E 

  

Figure 15 A particle in a bowl. The equilibrium 
‘position E is at the bottom of the bowl. The 
particle is released from P.  



4.1 Simple harmonic motion 201 
- e—_— 

‘The forces on the particle are its weight mg and 
the reaction force R from the bowl, as shown in 
Figure 15. The displacement of the particle is 
the length of the arc joining points E and P, i.e. 
X =r6, where § is as shown in the diagram. The 
force trying to bring the particle back towards 
the equilibrium position is found by taking 
components of the weight along the dashed set 
of axes shown in Figure 1 

    

mg X 
Figure 16 The forces on the particle in a bowl. 

‘The force trying to bring the mass back is the 
component mg sin6: 

F=ma 

  

-mgsin® 

‘which implies that 

a=-gsing 

Bringing in the displacement we see that 

~gsn(%) v 
The acceleration is opposite to the displacement 
x, but it is not proportional to it. We will have 
oscillations, but they will not be simple 
harmonic. 

a 

  

Let us now assume that the amount of 
displacement x is actually quite small compared 
to the radius of the bowl 7. Then * is a small 
number and we know that   

sin(¥) ~ } in that case. Then, approximately, 

    

x a Iy T 
and so 

P 

  

where in this case ©” = £. So we will have SHM 
but only for very small amplitudes. For small 
oscillations the period is then 

  

Y. 
g 

The simple pendulum 
We consider next a mass m that is attached to a 
vertical string of length L that hangs from the 
ceiling. The first diagram in Figure 1.7 shows 
the equilibrium position of the mass. In the 
second diagram, the particle is displaced away 
from the vertical and is then released. 

  

     L 

cqulbriom  mgsind mecos 

mg. 

    

Figure 1.7 The equilibrium position of the 
pendulum, and the forces on the mass when the 
pendulum is displaced. 

‘The force pushing the particle back towards the 
equilibrium position is mg sin@ and so we have 

ma=-mgsiné = a   gsing 

    

L6, where L and 6 are 
and so 

‘The displacement is 
as shown in Figure 1. 

() 
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Again, the acceleration is not proportional to the 
displacement, x. But if x is small compared to 
L, then sin () ~ § and so 

  

a=-w’x with 

Tor small oscillations the period of the 
pendulum is then 

  

  

(b) Using the propagation of errors as in Chapter 1, 
we have &7 ~ 3. From this we find 
AT = 1 % 4.00% = 2.00%. Hence 

  

    0 00 =300 % 7= Top * 100 =0025 

“The new period is then T = 1.02's. 
Q4 nemsprenans s eI 
When a body is immersed in a liquid of density p 
it experiences an upward force called the 
upthrust, which is given by 

U= pgVim 

where Vi, is the volume of the body immersed 
in the liquid. A rectangular body is floating in a 

liquid of density p as shown 
in Figure 1.8. The body is 
pushed downwards by a 
distance Aand is then 

AT 

  

  
released. Show that the 

  

    

        

Figure 18 (a) A rectangular body floating in a liquid, with depth d 
immersed. (b) The body after it has been pushed down by a distance A. 

Example questions 
Q3 FessrsreneTTTTETTITT IR 

(@) Calculate the length of a pendulum that has a 
period equal t0 1.00 5. 

(b) Calculate the percentage increase in the 
period of a pendulum when the lengih is 
increased by 4.00%. What is the new period? 

Answer 

  

(a) From the text, the period of the pendulum is 

T’g 

== 
_ 1.00% x 9.81 
T A 

=0248m     

body will perform simple 
harmonic oscillations, and 
find the period of the 
motion. 

  Answer 
The diagram in Figure 1.9 
shows the body after it has 
moved up a bil, so that it s 
now a distance x below its 

iginal equilibrium 
pos 

    

original position 
  

  

  

    

    

  
Figure 1.9 The floating body after it has moved 

back up a bit from its maximum displacement,
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The forces on the body are its weight mg 
downwards and the upthrust U upwards. The 
upthrust is given by 

U= pgViem = pgS(d+x) 

where § is the base area of the body. The net 
force is upwards and equals 

Fou= U~ mg = pgS(d-+ x) ~mg 

Atthe equilibrium position x = 0, we have that 

pgSd =mg 

Substituting this value of mg in the net force, we 
find 
Fr = pgS(d + X)-pgSd = pgSx 

The net force on the body is upwards, i.e. 
opposite o the displacement x. We therefore 
have that 

ma=-pgsx 

and so 

285 
m 

  

i.e. the oscillations are simple harmonic, with 
@' = £ The period of the oscillations is 
therefore 

T=2z 
gs 

Qs 
The graph in Figure 1.10 shows the variation 
with displacement x of the acceleration a of a 
body. 
(a) Explain how it may be deduced that the body 

executes SHM.. 

(b) Use the graph to determine the period of 
oscillations. 

(©) Determine the maximum speed of the body 
during the oscillations. 

Answer 
(@) The graph is a straight line through the origin 

with negative slope, and so fits the defining 
relation for SHM, a = ~wx, where —* is the 
slope of the graph. 

  

  

afm s 

  

Figure 1.10 Graph showing the variation with time 
of the acceleration of a body performing SHM. 

(b) From the graph we find that the slope is 

  

©=505" 

The period is thus T 

  

(c) The amplitude of the motion is A= 6.0cm. 
The maximum speed is 

  

Vo = 0A=5.0x 6.0 x 107 =0. 

e e e e 
The graph in Figure 1.1 shows the displacement 
of a particle from a fixed equilibrium position. 
(a) Use the graph to determine: () the period of the 

motion, (i) the maximum velocity of the partcle 
during an oscillation, and (iii) the maximum 
acceleration experienced by the particle. 

(b) On a copy of the diagram, mark: (i) a point 
where the velocity is zero (label this with the 
letter 2), (i) a point where the velocity is 
positive and has the largest magnitude (label 
this with the letter ), and (ii) a point where 
the acceleration is positive and has the largest 
magnitude (label this with the letter A). 
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afem 

s 

2| 
Figure 1.11 Graph showing the variation with 

time of the displacement of a particle 
performing SHM. 

Answer 
(@) (i) The period is read off the graph as 

T =0.20s. Since T = 2 we have that 

_xm 
T 

(i) The maximum velocity is then 

© —314x315" 

Vow = 0A= 314 % 2.0 x 107 = 0.63ms" 

(iii) The maximum acceleration is found from 

  

A = 0" A=31.4" x 2.0 x 107 = 20ms~ 

(b) (i) The velocity is zero at any point where the 
displacement is at a maximum or a 
minimun. 

(i) For example at t = 0.15 5. 
(i) For example at t =0.10s or t = 0305, 

Q7 emmmEEOT TS a—s—— 
Abody of mass mis placed on a horizontal plate 
that undergoes vertical SHM (Figure 1.12). The 

I 

Figure 1.12 A particle on a horizontal plate 

amplitude of the motion is A and the frequency 
isf. 
(@) Derive an expression for the reaction force on 

the particle from the plate when the particle is 
atits highest point. 

(b) Using the expression in (), deduce that the 
particle will lose contact with the plate if the 
frequency is higher than /722 

Answer 
(@) At the highest point x = Awe have a = ' A, 

s0 
Roiig = iimiidh 

and substiuting = 2rf gives 

R—mg =-m(2nf A 

4m*fmA 

  

R=mg - 47 ’mA 

(b) The particle will lose contact with the plate 
when R <0, i.e. when 

mg-4nf’mA<0 

mg < 4 *mA 

4x'f'mA = mg 

  

Energy in simple harmonic 
motion 

Consider again a mass at the end of a horizontal 
spring. Let the extension of the spring be x ata 
particular instant of time, and let the velocity of 
the mass be v at that time. The elastic potential 
energy stored in the spring is 

Ep= 

and the kinetic energy of the mass is 

  

my? 

  

These are shown separately in Figure 1.13, and   executing SHM. on the same axes in Figure 1.14.  
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potential energy Kinetic energy 

0 0 
Figure 1.13 Graphs showing the variation with 

displacement of the potential energy and 
Kinetic energy of a mass on a spring. 

energy 

   

  

tota energy 

/ potential 
/ energy 

Kinetic 
energy 

    

  

  

Figure 1.14 Graphs showing the variation with 
displacement of the potential energy and 
Kinetic energy of a mass on a spring. The total 
energy is a horizontal straight line. 

The total energy of the system is then 

  

E=Ep+Ex=3ke?+ ym 

In the absence of frictional and other resistance 
forces, this total energy is conserved, and so 

E = j ke + jmv? = constant 

If the mass is released from rest when the 
extension is the amplitude of the motion A, then 

T 4+ I = L2 x4 = 1A 
Solving for the velocity v we find 

v=s K/ 
We need both signs since the mass passes any 
one position twice, once going to the right 
(positive velocity) and once going to the left 
(negative velocity).   

Recalling that for this motion o” = £, we see 
that 

v =twVAZ-x2 

The maximum velocity is achieved when x = 
. as the mass moves past its equilibrium 
position. The value of the maximum velocity is 
then 

  

Venon = 0A 

At the extremes of the motion, 
¥ =0 as we expect. 

=4/, and so 

  

Atx = %A the system has elastic potential 
energy only, and at x = 0 it has kinetic energy 
only. At intermediate points the system has 
both forms of energy: elastic potential energy 
and kinetic energy. During an oscillation, we 
therefore have transformations from one form 
of energy to another. 

  

Example questions 
Q8 IS TSI S S S LIATEITINIRIS 4SS 

‘The graph in Figure 1.15 shows the variation with 
the square of the displacement (x") of the potential 

EJm 

0 

Y 

i e 
o 1 2 3 4 / 

Figure 115 Graph showing the variation with the 
square of the displacement of the potential 
energy of a particle in SHM.



206 Core - Oscillations and waves 
— 

energy of a particle of mass 40 g that is executing 
SHM. Using the graph, determine: 
(@) the period of oscillation; 
(b) the maximum speed of the particle during an 

oscillation. 

Answer 

(@) The maximum potential energy is 
E= {mw2. From the graph the maximum 
potential energy is 80.0 m) (80 x 10°J) and 
the amplitude is 2.00 cm (2.00 x 10 m). Thus 

2F 

T At 

  

  

  

__ 2x80x10" 
7 0,040 x (2.00 x 107)? 

=10's? 

»=100s" 

(b) The maximum speed is found from 

Vowr = @A =100 x 2.00 x 107 = 2.00 ms™" 

QY eI 
‘The graph in Figure 1.16 shows the variation with 
displacement of the kinetic energy of a particle of 
mass 0.40kg performing SHM. Use the graph to 
determine: 
(@) the total energy of the particle; 
(b) the maximum speed of the particle; 
(€) the amplitude of the motion; 

    

Kinetic cnergy/mi 

  
  
Figure 116 Graph showing the variation with 
displacement of the kinetic energy of a particle.   

(d) the potential energy when the displacement is 
2.0 cm; 

(e) the period of the motion. 

Answer 
(a) The total energy is equal to the maximum 

kinetic energy, i.e. 80 m). 

(b) The maximum speed is found from 

MV = Eran 
2 2B = 

2% 80X 1 
40 

  

    Vi 

Vo = 0.63 M 

(c) The amplitude is 4.0 cm. 
(d) When x = 2.0 cm, the kinetic energy is 60 m) 

and 50 the potential energy is 20 mJ. 
{e) The maximum potential energy is 80 m) and 

equals 1kA”. Hence 

    

  

KA = 

2 
& 
2x80x107 
(4.0 % 10-2)? 

k=100Nm"' 

and then 

  

and so the period is T 0.40s. 

  

QU BT E—— 
A particle of mass 0.50 kg undergoes SHM with 
angular frequency @ = 9.0 s and amplitude 
3.0 cm. For this particle, determine: 
(a) the maximum velocity; 
(b) the velocity and acceleration when the 

particle has displacement 1.5 cm and moves  



a1 
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towards the equilibrium position from i 
initial position at x = 3.0 cm; 

(©) the total energy of the motion. 

    

Answer 
(@) The maximum velocity is given by 

Vi = A 

=9.0x30x107 

=0.27ms" 

(b) At x = 1.5 cm, the velocity is 

  

X? = £9.0,/(3.0° ~ 1.5%) x 107 =0 yA = 

= 4023 ms™ 
    

We must choose the negative sign since the 
particle is moving to the left, so 
v=-0.23 ms". The acceleration is 

a=-w'x 

  =-9.0'x 1.5 x 107 

=—t2ms? 

(©) The total energy is 

  

Damping 

‘The SHM described above is unrealistic in that 
we have completely ignored frictional and other 
resistance forces. The effect of these forces on 
an oscillating system is that the oscillations will 
eventually stop and the energy of the system 
will be dissipated mainly as thermal energy to 
the environment and the system itself. 

  

Oscillations taking place in the presence of 
resistance forces are called damped 
oscillations. The behaviour of the system 
depends on the degree of damping. We may 
distinguish three distinct cases: under-damping, 
critical damping and over-damping. 

‘ Under-damping 
Whenever the resistance forces are small, the 
system will continue to oscillate but with a 
frequency that is somewhat smaller than that 

| in the absence of damping. The amplitude 
gradually decreases until it approaches zero 
and the oscillations stop. The amplitude 
decreases exponentially. Typical examples of 
under-damped SHM are shown in Figure 1.17. 
‘The case represented by (b) corresponds to 
‘heavier damping than (a) and the oscillations 

| die out faster. Note that the period of 
oscillation in the case of the heavier damping 
(b) s larger than that in the case of lighter 
damping () 

  

    

  

heavy 
_ damping 

s 

03 

| -0l 

-1s   
® 

Figure 1.17 Graphs showing the variation with 
time of the displacement of a particle in 
damped SHM. The curve in (b) corresponds to 
heavier damping than in (a), and has a slightly 
longer period,  
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Critical damping 
In this case the amount of damping is large 
enough that the system returns to its 
equilibrium state as fast as possible without 
performing oscillations. A typical case of 
critical damping is shown in Figure 1.18. 

   
    

eritical 
damping 

     
& h Ll 

Figure 1.18 Critical damping. The displacement 
goes to zero without oscillations. 

Over-damping 
In this case the degree of damping is so great that 
the system returns to equilibrium without 
oscillations (as in the case of critical damping) but 
‘much slower than in the case of critical damping. 
‘“The system shown in Figure 1.18 if over damped 
would behave as the upper curve in Figure 1.19. 

lem 

   
     

critcal 
damping. 
  s   q 3 T 6 8 

Figure 119 A system that is overdamped. The 
displacement goes 1o zero slower than in the 
case of critical damping 

Forced oscillations and resonance 

We will now examine qualitatively the effect of 
an externally applied force F on a system that 
is firee to oscillate with frequency fo. The force 

  

F will be assumed to vary periodically with 
time with a frequency (the driving frequency) 
fo, for example as F = Fy cos(2n fof). The 
question is how the oscillating system will 
respond to the presence of the external driving 
force. The oscillations that take place in this 
case are called forced oscillations. 

  

In general, some time after the external force is 
applied, the system will switch to oscillations 
with a frequency equal to the driving frequency 
fo. However, the amplitude of the oscillations 
will depend on the relation between fp and fo, 
and the amount of damping. We might expect 
that, because the system wants to oscillate at its 
own natural frequency, when the external force 
has the same frequency as the natural 
frequency, large oscillations will take place. On 
the other hand, at very low frequencies, fp = 0, 
and so F= Focos(2xfof)  Fo, i.e. it is constant. 
A constant force applied to a spring, for 
example, will extend the spring by a constant 
amount. 

A detailed analysis produces the graph in 
Figure 1.20 showing how the amplitude of 
oscillation of a system with natural frequency 
fo varies as it is subjected to a periodic force of 
frequency fo. The degree of damping increases 
as we move from the top curve down. 

  @ 
Figure 1.20 Graph showing the variation with 

driving frequency of the amplitude of forced 
SHM when the system is driven by an external 
periodic force.  
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‘The general features of the graph in Figure 1.20 
are as follows: 

« Fora small degree of damping, the peak of the 
curve occurs at the natural frequency of the 
system, fo. 

+ The lower the degree of damping, the higher 
and narrower the curve. 

+ As the amount of damping increases, the peak 
shifts to lower frequencies. 

« Atvery low frequencies, the amplitude is 
essentially constant. 

If fo is very different from fo, the amplitude of 
oscillation will be small. On the other hand, if 
Iy is approximately the same as fo, and the 
degree of damping is small, the resulting driven 
oscillations will have large amplitude. The 
largest amplitude is obtained when fy is equal 
to fo, in which case we say that the system is in 
resonance. 

  

Resonance can be disastrous: we do not want 
an aeroplane wing to resonate; nor is it good 
for a building to be set into resonance by an 
earthquake. Resonance can be irritating: if the 
car in which you drive is set into resonance by 
bumps on the road or a poorly tuned engine. 
But resonance can also be a good thing: 
resonance is used by a microwave oven to 
warm food; and your radio uses resonance to 
tune into one specific station and not another. 
Another useful example of electrical 
resonance is the quartz oscillator, a crystal 
made out of quartz that can be made to 
vibrate at a specific frequency. The resonant 
frequency of the quartz oscillator depends on 
how it is cut from the original crystal. These 
crystals are used as the timing device in 
electronic watches and many-other devices in 

  

  

electronics. They are cheap and keep their 
characteristics with time. The operation of the 
quartz oscillator uses a phenomenon called 
piezoclectricity in which an electrical signal 
applied to the crystal forces the crystal to 
vibrate. In turn, the mechanical vibration is 
fed back as another electrical signal at the 
crystal’s resonant frequency. 

1 State what is meant by oscillation and simple 
harmonic motion. 

2 State two ways in which an SHM oscillation is 
different from a general oscillation. 

3 Aball goes back and forth along a horizontal 
floor bouncing off two vertical walls. Is the 
motion an example of an oscillation? If yes, is 
the oscillation simple harmonic? 

4 Aball bounces vertically off the floor. Is the 
motion of the ball an example of an oscillation? 
Ifyes, is the oscillation simple harmonic? 

  

5 Explain how you would use a spring of known 
spring constant to measure the mass of a body 
when in a spacecraft in outer space. 

6 Explain why the oscillations of a pendulum 
are, in general, not simple harmonic. What 
condition must be satisfied for the oscillations 
1o become approximately simple harmonic? 

7 Show explicitly that, if x = A cos(et + ), the 
period of the motion is given by 
independently of Aand ¢. 

  

8 The displacement of a particle executing SHM 
is given by y = 5.0cos (21), where y is in 
millimetres and ¢ is in seconds. Calculate: 
(a) the initial displacement of the particle; 
(b) the displacement at t = 1.25; 
(c) the time at which the displacement first 

becomes ~2.0 mm; 
(d) the displacement when the velo 

particle is 6.0mm s 

of the 

  

9 (a) Wiite down an equation for the 
displacement of a particle undergoing 
SHM with an amplitude equal o 8.0 cm
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and a frequency of 14 Hz, assuming that 
at t = 0 the displacement s 8.0 cm and 
the particle s at rest 

(b) Find the displacement, velocity and 
acceleration of this particle at a time of 
0.025s. 

10 A point on a guitar string oscillates in SHAM 
with an amplitude of 5.0mm and a frequency 
of 460 Hz. Determine the maximum velocity 
and acceleration of this point. 

11 A guitar string, whose two ends are fixed 
50 that they cannot move, oscillates as 
shown in Figure 1.21. 

Figure 121 For question 11 

The vertical displacement of a point on 
the string a distance x from the left end is 
given by y = 6.0cos(104071)sin (xx), 
where y is in millimetres, x is in metres 
and tis in seconds. Use this expression 
to: 
(a) deduce that all points on the string 

execute SHM with a common 

frequency and common phase, and 
determine the common frequency; 

(b) deduce that different points on the 
string have diferent amplitudes; 

{¢) determine the maximum amplitude of 
oscillation; 

(e calculate the length L of the string; 
(@ calculate the amplitude of oscillation 

of the point on the string where 
x=3L. 

      

12 A body performs SHM along a horizontal 
straight line between the extremes shown by 
the dashed lines in Figure 1.22. 

   

  

equilibrium 
position    

A B ¢ D 
Figure 122 For question 12. 

The arrows represent the direction of motion 
of the body. The body is shown in four 
positions, A, B, C and D. Copy the diagram 
and, in each position, draw arrows to 
represent the direction and relative magnitude 
of (a) the acceleration of the body, and (b) the 
net force on the body. 

13 The piston (of mass 0.25 kg) of a car engine 
has a stroke (i. distance between 
extreme positions) of 9.0 cm and operates at 
4500 rev min”!, as shown in Figure 1.23. 
(@) Calculate the acceleration of the piston at 

maximum displacement. 
(b) Calculate the velocity as the piston moves 

past its equilibrium point. 
() What i the net force exerted on the piston 

at maximum displacement? 

  

  

stroke 
  

  

        
Figure 1.23 For question 13, 

14 The graph in Figure 1.24 shows the variation 
with time  of the velocity v of a particle   executing SHM.
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viem 57t 

  

Figure 124 For question 14. 

(a) Using the graph, estimate the area 
between the curve and the time axis from 
0.105100.30s. 

(b) State what this area represents. 
() Hence write down an equation giving the 

lacement of the particle as a function 
e. 

    
of 

15 The graph in Figure 1.25 shows the variation 
with time  of the displacement x of a particle 
executing SHM. 

slem 

15 

0 

s o 04) 08 

-5 
Figure 125 For question 15. 

Draw a graph to show the variation with 
displacement x of the acceleration  of the 
particle (put numbers on the axes). 

16 The graph in Figure 1.26 shows the variation 
with displacement x of the acceleration a of a 
body of mass 0.150 kg. 
(a) Use the graph to explain why the motion 

of the body is SHM. Determine the 
following: 
the period of the motion; 
the maximum velocity of the body during 
an oscillation; 
the maximum net force exerted on the 
body; 
the total energy of the body. 

  

(b) 
(© 

  

(d 

(e 

afm s 

  

Figure 126 For question 16. 

17 Abody of mass 0.120 kg is placed on a 
horizontal plate. The plate oscillates 
vertically in SHM making five oscillations 
per second. 
(a) Determine the largest possible amplitude 

of oscillations such that the body never 
loses contact with the plate. 

(b) Calculate the normal reaction force on the 
body at the lowest point of the oscillations 
when the amplitude has the value found 
in (a). 

18 A passenger on a cruise ship in rough seas 
stands on a set of ‘weighing scales'. The 
reading R of the scales (in kilograms) as a 
function of time is shown in Figure 1.27. 
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5 0 15~ 
Figure 127 For question 18. 

Use the graph to determine: 
() the mass of the passenger; 
(b) the amplitude of the waves in the sea. 

  

HL only 

19 This is a very unrealisic but interesting 
‘thought experiment’ involving SHM. Imagine 
boring a straight tunnel from one place (A) on 
the surface of the earth o another place (B) 
diametrically opposite, and then releasing a 
ball of mass m at point A (Figure 1.28). To 
answer the following questions, you need to 
know that gravitation implies thal, when the 
ball is at the position shown in Figure 1.28, it 
experiences a force of graviation from the 
mass inside the dotted circle only. Further, 
this mass inside the doted circle may be 
considered 1o be concentrated at the cenire 
of the earth. Assume thal the density of the 
earth is uniform. 

  Figure 128 For question 19. 

  

(a) Denoting the mass of the earth by M 
and its radius by R, derive an 
expression for the mass inside the 
dotted circle (of radius x). 

{b) Derive an expression for the 
gravitational force on the ball when at 
the position shown in Figure 1.28, a 
distance x from the centre. 

(©) Hence deduce that the motion of the 
ball is simple harmonic. 

(d) Determine the period of the motion. 
(e) Evaluate this period using 

0 10%kg, 
.4 x 10°m and 

67 x 107 Nkg?m., 
() Compare the period of this motion 

with the period of rotation of a satellite 
around the earth in a circular orbit of 
radius R. 

   

  

   

  

20 A particle of mass m s attached to the middle 
of a horizontal sring of constant tension T. 
“The length of the string is L. The tension in the 
string s o large that the srng is essentially 
horizontal at the equilibrium position. The 
particle is displaced vertically by a small 

ance Aand is then released (Figure 1.29). 

      

Figure 129 For question 20. 

(@) Deduce that the net force on the particle 
at the position shown is 27 sin. 

(b) Hence deduce that the particle’s 
acceleration is given by a = —4L   x, where   

xis the vertical distance of the particle 
rom the horizontal fine. 

() Determine the period of oscillations of this 
particle. 

21 Abody is suspended vertically at the end of a 
spring that is attached to the ceiling of an 
elevator (Figure 1.30). The elevator moves 
with constant acceleration. Discuss 

   



}L 

|| m 
Figure 130 For question 21. 

qualitatively the effect, if any, of the 
acceleration on the period of oscillations of 
the mass when the acceleration is (a) upwards 
and (b) downwards. 

22 A particle undergoes SHM with angular 
frequency o. The initial displacement is x, 

  

and the initial velocity is . Deduce that 
an expression for the amj 
motion is. 

ide of this 

    

23 Ablock is attached 0 a spring and 
performs SHM along a horizontal straight 
line. A piece of putty is dropped vertically 
50 that it sticks to the block when it lands 
on it (Figure 131). 

b 
Figure 131 For question 23. 

   

  

  

      

Discuss qualitatively the effects of his, i 
any, on the amplitude and the period of 
oscillation in the following two separate 
cases in which the putty lands on the block: 
(@) when the block moves past its 

equilibrium position; 
(6) when the block is momentariy at rest 

at maximum displacement. 
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24 A body of mass 1.80 kg executes SHM such 
that its displacement from equilibrium s given 
by x = 0.360 cos(6.801), where x is in metres. 
and t is in seconds. Determine: 

@) the amplitude, frequency and period of the 
oscillations; 

(b) the total energy of the body; 
(¢ the kinetic energy and the elastic potential 

energy of the body when the displacement 
is 0.125 m. 

25 A body of mass 2.0 kg is connected to two 
springs, each of spring constant k = 120 Nm! 
(Figure 1.32). 
(a) When the springs are connected as in 

Figure 1.32(a), calculate the period of the 
oscillations of this mass when it is 
displaced from its equilibrium position 
and then released. 

(b) When the springs are connected instead as 
in Figure 1.32(b), would the period change? 

oo i oo 
Figure 132 For question 25. 

  

   
  

26 A woman bungee-jumper of mass 60 kg is 
attached to an elastic rope of natural length 
15 m. The rope behaves like a spring of spring 
constant k= 220 N, The other end of the 
spring is attached to a high bridge. The 
woman jumps from the bridge. 
(a) Determine how far below the bridge she 

falls, before she instantancously comes to 
rest. 

(b) Calculate her acceleration at the position 
you found in (a). 

(@) Explain why she will perform SHM, and 
find the period of oscillations. 

(d) The woman will eventually come to rest at 
aspecific distance below the bridge. 
Calculate this distance. 
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(e) Explain whether her oscillations are under- 

® 

27 State what is meant by under-damping, 

  

damped, ci 
damped. 
The mechanical energy of the woman aiter 
she comes to rest is less than the woman's 
total mechanical energy just before she 
jumped. Explain what happened to the 
“lost mechanical energy. 

ally damped or over- 

cal 

  

damping and over-damping in the context of 
SHM oscillations. 

28 State two examples of oscillating systems 
where damping is desirable and two examples 
where it s undesirable. 

29 The graph in Figure 1.33 shows the variation 
with time t of the displacement x of a particle 
undergoing SHM that is under-damped. 

  

(@ 

(b) 

© 

By making measurements on the diagram, 
determine whether the ratio of successive 
amplitudes stays constant, 
‘The amount of energy stored in the 
oscillation s proportional to the square of 
the amplitude. Determine, for these 
oscillations, the amount of energy lost in 
one oscillation as a percentage of the 
energy stored in the previous oscillation. 
On the same axes, draw a graph to show 
the changes, if any, to the variation of 
isplacement if the amount of damping 

were to increase (but still keep the 
oscillations under-damped). 

  

30 The graph in Figure 1.34 shows the variation 
with time 1 of the displacement x of a particle 
performing critically damped SHM. On the 

  

Figure 133 For question 29.    
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o 
Figure 134 For question 30. 

same axes, draw sketch graphs to show the 
variation of the displacement when the same 
system i (a) under-damped and (b) over- 
damped. (Note: no numbers are required on 
the axes.) 

31 The shock absorbers of a car protect the 
passengers by absorbing the impact felt by the 
car when going over bumps on the road. Should 
the shock absorbers be under-damped, critically 
damped or over-damped? Discuss your answer, 

32 State one advantage and one disadvantage of 
over-damped car shock absorbers. 

33 A particle performs SHM. Draw sketch graphs 
on the same axes (no numbers are required) 
10 show the variation with time  of the 
amplitude A of the motion for (a) no damping, 
(b) light damping and (c) heavy damping. 

T 

34 A particle of mass m s attached to a 
horizontal spring of spring constant k and 
executes SHM of amplitude A 
(@) State the angular frequency of 

oscillations of the particle. 
(b) Deduce that the velocity and 

displacement of the particle satisfy the 

  

  

relation 

ViR 
w? AT    

(€] Sketch a graph to show the variation 
with displacement x of the velocity v 
of the particle. Your graph must 
represent one full oscillation. 

(d) The area of the ellipse 2 + % = 1is 
given by wab. Determine the area of 
the graph you have drawn in (c). 

{e) The mass is now subject to light 
damping, Suggest how the graph in (c) 
changes. 

    

  

35 Distinguish between free oscillations and 
forced oscillations. 

36 State what you understand by the term 
‘resonance’. Give one example of resonance. 

37 Itis said that soldiers marching over a bridge 
will break their step. What might be a reason 
for thist 

38 A body of mass mis attached to a spring of 
spring constant k and unstretched length L. 
“The other end of the spring is attached to a 
frictionless horizontal table. The spring is free to 
rotate as shown in Figure 1.35. The body moves 
along a circle on the table with frequency . 
(@) State the natural frequency of the 

spring-mass system. 
(b) Calculate the extension of the spring. 
(€ Comment on your answer to (b) when the 

frequency of rotation becomes equal to 
the natural frequency you stated in (a). 

(e How is the difficulty discovered in (c) 
resolved? 

  

  
      

Figure 135 For question 38.



  

Travelling-wave characteristics 
This chapter introduces a new and special kind of motion: wave motion. There are two 
Jorge classes of waves: mechanical and electiomagnetic waves. Waves can be further 
dassified into transverse and fongitudinal waves. 

I]meullves 
By the end of this chapter you should be able to: 
« state what is meant by wave motion; 

  

« distinguish between longitudinal and transverse waves; 
*+ define amplitude, wavelength period and frequency and state the 

relationship between them, 
+ state what is meant by crest and trough and identify these on a graph; 
« find amplitude and period from a displacement-time graph: 
+ find amplitude and wavelength from a displacement-position graph; 
+ understand the meaning of the terms wavefront and ray; 

    

What is a wave? 

‘Waves are a very special kind of motion that 
differs significantly from the motion we have 
studied in earlier chapters. To understand the 
difference, and to appreciate this new kind of 
motion, let us look at what we have learned in a 
somewhat different way. If a stone is thrown at a 
‘window and the window breaks, this is because 
the stone transferred its kinetic energy from the 
point at which it was thrown onto the window. 
‘The stone exerted a force on the window (transfer 
of momentum) and broke it. A wave is also a way 
of transferring energy and momentum from one 

place to another but without the actual largescale 
motion of a material body. For example, light (a 
kind of wave) from the sun arrives on earth 
having travelled a large distance in a vacuum, 
and upon arrival warms up the earth. A soprano 
singing can break a crystal glass because energy 
and momentum have been transferred through 
air by a sound wave. 

Light is an example of a wave that does not 
need a medium in which to travel. It can travel 
in a vacuum as well as in solids (e.g. glass) or 
liquids (e.g. water). Light is part of a large 
family of waves called electromagnetic waves. 
Sound, along with water waves, string waves, 
etc, belongs (o a family called mechanical waves. 
‘These do require a medium for their 
‘propagation. Sound, for example, cannot travel 
in a vacuum. Sound can travel in solids and 
liquids as well as, of course, in gases. Similarly, 
‘water waves travel, not surprisingly, in water. 

How do we describe a wave? A wave is always 
associated with a disturbance of some kind. A rope 
held tight is horizontal when no wave is 
travelling on it. By moving one end up and 
down, we create a disturbance and individual 
‘points on the rope are now higher or lower than 
their original undisturbed positions. In the case 

of sound, the density of air becomes successively 
‘higher or lower when a sound wave travels
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through the air compared with when there is no 
sound wave. (The case of light is a bit more 
complicated and we will not discuss it here) 

  

Note that in all the examples we have talked 
about, there is no largescale motion of the 
medium. Points on a rope oscillate up and 
down, and molecules in air move back and 
forth along the direction of a sound wave that 
is travelling through the air. This is local, small- 
scale motion; the material of the medium does 
not itself travel large distances. 

Transverse and longitudinal 
waves 
In addition to the division into mechanical and 
electromagnetic, waves can be further divided 
into two classes. The first class is called 
transverse and consists of those waves in which 
the disturbance is at right angles to the direction 
of propagation of the wave. A typical example is 
a wave on a string: the direction of propagation 
is along the string but the disturbance is at 
right angles to the string (see Figure 2.1) 
Electromagnetic waves are also transverse. 

‘The second class is called longitudinal and 

consists of those waves in which the disturbance 
is along the direction of propagation of the wave. 
Atypical example is sound: if we imagine that a 
sound wave is moving from left to right in a 
thin tube, the disturbance is the motion of air 
molecules back and forth along the tube. In 
Figure 2.2 the dots represent molecules of air. 
In the top picture the molecules are equally 
spaced, representing the gas in its equilibrium 
state. As the wave passes through the gas, the     

Figure 2.1 A transverse wave on a string travelling 
to the right. At the early time of the top picture, 
the parts of the string marked are at their 
‘maximum displacement above and below the 
equilibrium position of the string. Some time 
later the left part has moved up and the right 
part down - their motion is at right angles to 
the direction of motion of the wave. 

  

Figure 2.2 In a longitudinal wave, molecules 
execute simple harmonic motion along the 
direction of propagation of the wave. 

molecules move to the right or left. As they do 
so they create regions of higher than normal 
density (compressions) and regions of lower 
than normal density (rarefactions). For 
convenience we have marked one molecule grey 
to indicate that molecules execute simple 
harmonic oscillations about their equilibrium 
positions (dotted line for the grey molecule). 
Figure 2.3 shows the compressions and 
rarefactions that occur in the medium in which 
the wave moves. 

t compressions 1 4 rarcfactions 
Figure 2.3 The motion of the molecules causes 
compressions and rarefactions in the medium 
in which the wave moves. 
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Wave pulses 

To help us to understand waves we will start 
with a simple case, that of a wave pulse. If you 
tie one end of a rope to a wall and move the 
other end sharply up and then back down o its 
starting position, you will produce a wave pulse 
that will travel along the rope. It looks like 
Figure 2.4 (this is idealized (o0 a triangular 
pulse - the real pulse would be curved): 

G 
S T X i 

  

  

disturbance is normal to the direction of 
motion. 

If your hand is first moved down below the rope 
then back up to the starting point, continues up 
above the rope and finally back down to the 
starting point, the pulse will look like Figure 2.5. 

this partiscreated last direction of motion 

  

< this part is created first 

the pulse some time later 

  

Figure 2.5 A full pulse travelling to the right. 

1t takes a certain time for this disturbance to 
move along the rope (i.e. for this wave pulse to 
reach another point in the rope). The wave 
pulse travels with a certain speed down the 
rope. In the case of the wave pulse on the rope; 
the speed of the pulse is determined not by the 
way in which the pulse was created (big or 
small pulse, wide or narrow) nor by how fast or 
slow your hand moved the rope; rather, it is 

determined by the tension T in the rope and 
the mass per unit length jx = % of the rope. 
Although not required for examination 
purposes, it is good to know the following: 

» The speed of the pulse on the stringis 
given by 

ynfi 
The speed of the wave is determined by 
the properties of the medium and not by 

how the wave is created. 

  

‘The greater the tension in the medium, the 
greater the speed of the wave produced. You can 
convince yourself that the speed is greater 
when the tension is greater by creating pulses 
on a slinky, which can be kept at various 
tensions by having it stretched by different 
amounts. You will then also see that v is 
independent of the shape of the pulse you 
produce and of how fast you produced it. 

‘The statement that the speed of the pulse is 
independent of the amplitude s true provided 
the amplitude is not too big. If the amplitude is 
big, then the string is more stretched and thus 
the tension is greater, implying a greater pulse 
speed. Not too big an amplitude means not big 
compared with the length of the string. 

Travelling waves 

In the previous section we saw how a single 
pulse can be produced on a stretched rope. We 
can create a travelling wave if we now produce 
one pulse after another. If, in addition, the 
agent forcing the rope up and down executes 
simple harmonic motion, then the wave will 
ook like a sine wave (also called a harmonic 
wave) - see Figure 2.6 (top). 

If the sequence of pulses produced are square 
pulses, then the wave generated is a travelling 
square wave - see Figure 2.6 (bottom).  
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After a second full period, a second full wave 
will be produced (see Figure 2.8). The original 
full wave has moved forward a distance equal to 
the wavelength, 

wave produced 
« 

= 
o full wave) 

Figure 2.8 Two full waves are produced in 
sequence by the oscillating tuning fork. 

   

  

    
  

            
Figure 2.6 A periodic sine wave and a periodic 

square wave. 

It thus follows. dflam&mflu wave moves. 

Harmonic waves are very important because 
any periodic disturbance can be expressed as a 

    

   
sum (superposition) of a number of harmonic of the wave is givenby 
waves. This is a general theorem in x 
mathematics known as Fourier’s theorem. | B § i 

Harmonic waves Since one full wave is produced in a time of T's, 
Asimple way of producing harmonic waves is to | it follows that the number of full waves 
attach one end of a ope to a tuning fork, as produced in 15 is 1/T. This is the frequency. 
shown in Figure 2.7, I the tuning fork is then 
made to oscillate, one full wave will be 
produced on the rope after a time equal to the | ¥ 1hé number of fill waves produced in 15 
period of the tuning fork. is called the frequency of the wave, : 

= L. The unit of frequency is the 
inverse second, which is given the special 

—_— © name hertz (Hz). In nmmffnq,n:ncy 
»‘hflm speed is thus. 

v=af 5 

Waves can be represented graphically. This is a 
=T bit complicated because a wave depends on 

distance (where along the wave are we 
one full wave looking?) as well as time (at what time are we 

Figure 2.7 A full wave is produced in a time equal looking at the wave?). First we have to decide 

toone period: how we will quantify the ‘disturbance’ of the 
wave. For a wave on a string the obvious 
choice is to measure the height of a point on 
the string above or below the undisturbed 
position of the string. The disturbance here is 
thus the displacement of a point on the string 
and is measured in units of length. We 
normally denote this displacement by v, 
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which will be a function of distance () and 
time (). 

In the case of sound, the disturbance may be 
associated with the density of the medium 
through which sound propagates. We may then 
define the difference y, = p — po as the 
displacement of density (s) relative to the 
equilibrium density of the medium when no 
sound is present in it (py). The displacement 
here has unis of density and s also a function 
of position and time. In the case of sound, we 
could equally well define displacement as the 
difference y, = p — po. which is the difference 
between the pressure of the medium when 
sound is present and the equilibrium pressure 
when no sound is present. Displacement would 
then have units of pressure. 

‘This discussion can be generalized to all waves. 
Al waves have a displacement that is the 
difference of some quantity and the 
equilibrium value of that quantity when no 
wave is present. The displacement of any wave 
is a function of position and time. We may 
therefore represent waves in graphs of 
displacement versus position (distance) and 
graphs of displacement versus time. 

Let us consider a wave propagating along a 
string from left to right. The left end of the 
string is represented by x = 0 m and any other 
point on the string is specified by giving its 
corresponding x coordinate (see Figure 2.9). 

  

  

sing 

——— 
o 1 2 3 4 5 6 71 8 m 
Figure 29. 

As the wave propagates along the string, we 
would like to know the displacement at each 
point on the string at a specific point in time. This 
is given by a graph of displacement versus 
position - Figure 2.10. 

‘The first important piece of information from 
such a graph is the wavelength,   

  

  

  
  

    
  e 

0 
| 
  

  

            06 
Figure 2.10 A graph of displacement versus 

position tells us the disturbance of any point on 
the string at a specific moment in time. 

  

  
‘This graph also tells us that at the point on the 
string that is 0.5 m from the string’s left end 
the displacement is zero at some point in time. 
At that same point in time at a point 1.125 m 
from the left end the displacement is 0.6 cm, 
etc. Thus, a graph of displacement versus 
position is like a photograph of the string taken 
ata particular time. If we take a second 
photograph of the string some time later, the 
string will look different because the wave has 
moved in the meantime. It might look like 
Figure 2.11, 
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Figure 2.11 A graph of the disturbance of any 

point on the string at a later moment in time. 
Note that every point has a different 
disturbance from that shown in Figure 2.10. 

  

  

  04             
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We see that the displacement at x = 0 m that 
was zero in the first photograph is not zero 
now. It is about 0.5 cm. The displacement at a 
particular point on the string changes as time 
goes on and thus we can graph it as a function 
of time. 

Figure 2:12 shows how the displacement of a 
particular point on the string (the point x = 0 m 
to be precise) varies as time goes on. This is a 
graph that shows the variation of displacement 
with time. 

om 

06   
  04   

  

  02   

0   

  

02   

044        1 

i                   06 
Figure 2.12 A graph of displacement versus time 

tells us the disturbance of a specific point on 
the string as time goes on. 

  

  

From these graphs we can deduce the following 
information about the wave. From any graph we 
see that the maximum displacement of the 
‘wave is 0.6 cm. The wavelength of the wave can 
be determined by looking at a displacement- 
‘position graph. From Figure 2.10 it thus follows 
that & = 0.5 m. To find the period we must look 
at a displacement-time graph. From Figure 2.12 we 
find T = 4.0 ms. Hence, the frequency is 250 Hz 
and the speed of the wave is 125 m s . (Note 
that by comparing Figures 2.10 and 2.11 we see 
that the wave moved forward adistance of 

  

0.1 m. Since the speed of the wave is 125 m s, 
it follows that the photograph of Figure 2.11 
was taken 0.1/125 s = 0.8 ms later than that of 
Figure 2.10.) 

Consider now the wave of Figure 2.13. We 
deduce that the disturbance is a pressure 
measured in kPa. However, in this graph the 
experimenter has not plotted the difference 
of pressure and the equilibrium value of 
the pressure. We may then deduce that the 
pressure in the medium when no wave 
travels through (the equilibrium pressure) is 
4.0 kPa. We may also deduce that the 
maximum displacement (the amplitude) is 
0.5 kPa. The wavelength is 4.0 m and in the 
absence of a displacement-time graph we can 
say nothing about the period or frequency, 
and hence speed, of this wave, On the other 
hand, if we are given the additional 
information that this is a sound wave of 
speed 340 m s, then we deduce that the 
frequency is 85 Hz and so the period is 
11.8 ms. 

PP 
as   

  

  

  

              B
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0 2 4 6 8 

Figure 2.13 A wave in which the disturbance is 
about a nonzero value. 

‘The wave of Figure 214 is an electromagnetic 
wave in which the displacement is the electric 
field measured in volts per metre. The amplitude 
i502Vm " and the period is 3 x 10~ 5. The 
frequency is thus 3.33 x 10" Hz. If we are told 
further that this wave moves in a vacuum 
then we know that the speed of such a wave
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Figure 2,14 An electromagnetic wave as a function 
of time. 

is 3 % 10° m s and so the wavelength is 
9.0 x 1077 m. 

bmwzvg!@‘mmhlmwedefiptdmbe 
quxengmqumlmvz als,o;qg@)m     
Thema(wmd:udefigm tobethe 
duration of one full wave) is also equal to 
the time between successive crests or 

- successive froughs in a displacement- 
- time graph. 

‘The wavelength and frequency are two of the 
characteristics of a wave. A third characteristic 
is amplitude. 

» The amplitude of a wave is defined to be 

    

‘The amplitude of a wave is a measure of the 
energy the wave carries. In general, the energy 
carried is proportional to the square of the 
amplitude, which means that (all other things 
being equal) a water wave of amplitude 2.0 m 
carries four times as much energy as a water 
wave of amplitude 1.0 m. 

In the first diagram of Figure 2.15 the 
amplitude of the wave is 2.0 cm. In the second 
itis 2.0 em as well. The dotted line at 4.0 cm 
shows the equilibrium position, when no wave 
is present. The 4.0 cm might represent the 
height of a bit of water in a container. When 
no waves are present on the surface of the 
water, all points on the surface are 4.0 cm 
from the bottom of the container. When a 
small water wave is established in the 
container, the distance of various points on 
the surface varies as shown in the diagram. As 
the amplitude is the maximum displacement 
away from the equilibrium position, it is thus 
2.0 cm. 

   

    

  

amplitude 
0 — . 
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et em 
amplitude 

dem Ao equilirium 

2em wough 

Figure 2.15 Diagrams showing the amplitude, 
crests and troughs of a travelling wave. In the 
second case, the equilibrium value is not at 
zero. 

# Points on the wave with maximum 
plac called crests while those 

at minimum dlsp!mmmt are c:}lkd 
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‘The diagrams in Figure 2.16 show the 
variation of displacement with position at 
various times. We see the meaning of the term 
travelling wave. The crests of the wave move 
forward. 

  

  

e 2.16 A sequence of pictures taken every 
0.5 ms showing a travelling harmonic wave. 
Note how the peaks move forward. We have 
marked a point on the string to show that in 
a transverse wave points on the string move 
perpendicularly to the direction of the wave. 
After a full period (T = 3.0 ms) a picture of the 
rope looks like it did at the beginning 
(t'= 0 ms), which is what allowed us to 
determine the period of the wave in the first 

place. The speed of the wave is 33.3 m s 
(found by dividing the wavelength by the 
period) and the frequency is 333 Hz. 

    

Example questions. 
QU e 
A radio station emits at a frequency of 90.8 MHz. 
What is the wavelength of the waves emitted? 

Answer 
The waves emitted are electromagnetic waves and 
move at the speed of light (3 % 10° m s°/), 
Therefore, from v = 3/ we find A = 3.3m. 

Q2 rErreereTe ST I 

A sound wave of frequency 450 Hz is emitted 
from A and travels towards B, a distance of 150 m 
away. Take the speed of sound to be 341 ms™'. 
How many wavelengths fit in the distance from A 
to B? 

  

Answer 
The wavelength is 

s 
450 

—0758m 
Thus the number of wavelengths that fit in the 
distance 150 m is 

0 N= 
0758 

= 198 wavelengths (approximately) 

  

03 T 
The noise of thunder is heard 3 s after the flash of 
lightning. How far away is the place where 
lightning struck? (Take the speed of sound to be 
340ms') 

Answer 

Light travels so fast that we can assume that 
lightning struck exactly when we see the flash of 
light. If thunder is heard 3 s later, it means that it 
100k 3 s for sound to cover the unknown distance, 
d. Thus 

d=wt 
=340 x3m 
1020m
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Q4 IS TITIIIIIIII I IS STITITA L 30200000 S 

Water wave crests in a lake are 5.0 m apart and 
pass by an anchored boat every 2.0 s. What is the 
speed o the water waves? 

  

QIR TR T 
A toothed wheel has 300 teeth on ts 
circumference. It rotates at 30 rpm (revolutions per 
minute). A piece of cardboard is placed such that 
itis hit by the teeth of the wheel as the whel 
fotates. What s the frequency of the sound 
produced? 

Answer 
In 1 min the cardboard will be hit by a tooth 
30 X 300 = 9000 times, which is 150 times in 
1'5. The frequency of the sound is thus 150 Hz. 

Q6 s e 
A railing consists of thin vertical rods a distance of 
2 cm apart. A boy runs past the railing at a speed 
of 3m s~ dragging a stick against the rods. What 
is the frequency of the sound produced? 

Answer 
In 1 s the boy moves a distance of 3 m, or past 
300/2 = 150 rods. The frequency of the sound s 
thus 150 Hz 
  

Wavefronts 

Imagine a wave propagating in some direction, 
for example, water waves approaching the shore 
(see Figure 2.17). 

‘The direction of the waves is horizontal, so if 
we imagine vertical planes going through the 
crests, the planes will be normal to the 
direction of the wave. These planes are called     

Figure 2.17 A two-dimensional wave. 

wavefronts; and lines at right angles to them 
are called rays. 

  

        

  

  

wavefront 

y 

— 
wavelength 

Figure 2.18 Surfaces through crests and normal to 
the direction of energy propagation of the wave 
are called wavefronts or wavecrests. Rays are 
‘mathematical lines perpendicular to the 
wavefronts in the direction of propagation of 
the wave. 

(A wavefront is properly defined through the 
concept of phase. All points on a wavefront have 
the same phase. This will be discussed in 
Option G3) 

On the other hand, if we consider the surfaces 
going through crests of water waves caused by a 
stone dropped in the water, we would find that 
in this case the wavefronts are cylindrical 
surfaces (see Figure 2.19). 
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Figure 2.19 Example of cylindrical wavefronts. The 
cylinders go through the crests dnd are normal to 
the plane of the paper. The rays are radial lines. 

Example question 
Q7 Tt 
A stone dropped in sill water creates circular 
ripples that move away from the point of impact. 
“The initial height of the ripple is about 2.4 cm 
and the wavelength is 0.5 m. Draw a sketch of 
the displacement of the ripples as a function of 
the distance from the point of impact. 

  

Answer 
The energy carried by the wave is distributed 
along the (circular) wavefronts. As the wave 
moves away from the point of impact, the length 
of the wavefront increases and so the energy per 
unit wavefront length decreases. Thus, the 
amplitude has to decrease as well. So we gel the 
graph shown in Figure 2.20. 

sem 

o > v 
jos I hs 2 

‘The wavefronts of light waves leaving a point 
source (a very small lamp) would be spherical. 
We can thus spealk of plane, cylindrical and 
spherical waves, according to the shape of the 
wavefronts. Note that cylindrical and spherical 
waves tend to become plane waves very far away 
from their source. 

  

1 In football stadiums fans often create a ‘wave’ 
by standing up and sitting down again. What 
determines the speed of the ‘wave'? 

2 A number of dominoes are stood next to each 
other along a straight line. A small push is 
given 10 the first domino and one by one the 
dominoes fall over. How is this an example of 
wave motion? How can the speed of the wave 
pulse be increased? Design an experiment in 
which this problem can be investigated. 

3 What is the wavelength that corresponds to a 
sound frequency of: 
(a) 256 Hz; 

(b) 25 kHz? 

‘Take the speed of sound to be 330 ms™'. 

4 By making suitably labelled diagrams explain 
the terms: 
() wavelength; 
(b) period; 
(c) amplitude; 
A crest; 
(@) trough. 

5 The tension in a steel wire of length 0.800 m 
and mass 150.0 g is 120.0 N. What s the 
speed of transverse waves on this string? 
Wsev=/T) 

6 Astring has a length of 20.0 m and is kept at a 
tension of 50.0 N. Its mass is 400.0 g. A 
transverse wave of frequency 15.0 Hz travels 
on this string. 
(a) What is its wavelength? 
(b) 1f the same wave is created on the same 

kind of string (same mass per unit length 
and same tension) but of double the 
length, what wil the wavelength of the 
wave bet (Use v = ‘/,-{.;



226 Core - Oscillations and waves 
— 

7 Astone is dropped on a sill pond at £ = 0. 
The wave reaches a lea floating on the pond 
a distance of 3.00 m away. The leaf then 
begins to oscillate according to the graph 
shown in Figure 2.21. 
(@) Find the speed of the water waves. 
(b) Find the period and frequency of the 

wave. 
(©) Find the wavelength and amplitude of the 

wave. 

m     -10 

Figure 2.21 For question 7. 

8 A sound wave of frequency 500 Hz travels 
from air into water. The speed of sound in air 
is 330 m s~ and in water 1490 m s~'. What 

is the wavelength of the wave in: 
(@) air; 

(b) water? 

9 The speed of ocean waves approaching the 
shore is given by the formula v = /gh, where 
his the depth of the water. It is assumed here 
that the wavelength of the waves is much 
larger than the depth (otherwise a different 
expression gives the wave speed). What is the 
speed of water waves near the shore where 
the depth is 1.0 m? Assuming that the depth of 
the water decreases uniformly, make a graph 
of the water wave speed as a function of 
depth from a depth of 1.0 m to a depth of 
0.30 m. 

10 (a) Explain, in the context of wave motion, 
‘what you understand by the term 
displacement. 

  

(b) Using your answer in (a), explain the 
difference between longitudinal and 
transverse waves. 

(©) A tock thrown onto the stll surface of a 
pond creates circular ripples moving away 
from the point of impact. Why is more 
than one ripple created? 

(d) Why does the amplitude decrease as the 
tipple moves away from the centre? 

11 A ship sends a sonar pulse of frequency 
30 kHz and duration 1.0 ms towards a 

submarine and receives a reflection of the 
pulse 3.2 s later. The speed of sound in water 
is 1500 m s, Find the distance of the 

submarine from the ship, the wavelength of 
the pulse and the number of full waves 
emitted in the pulse. 

12 Figure 2.22 shows three points on a string on 
which a transverse wave propagates to the 
ight. Indicate how these three points will 
move in the next instant of time. 

  

Figure 2.22 For question 12. 

13 How would your answers change if the wave 
in question 12 were moving to the left? 

14 Figure 2.23 shows a piece of cork floating on 
the surface of water when a wave travels 
through the water. On the same diagram draw 
the position of the cork half a wave period later. 

  
Figure 2.23 For question 14.  
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15 Figure 2.24 shows the same wave at two 
different times. The wave travels to the right 
and the bottom diagram represents the wave 
0.2 5 aiter the time illustrated in the top 
diagram. For this wave determine: 
(a) the amplitude; 
(0) the wavelength; 
() the speed; 
(d) the frequency. 
(e) Can the graph be used to determine 

whether the wave is transverse or 
longitudinal? 
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Figure 2.24 For question 15. 
  

16 Figure 2.25 is a picture of a longitudinal wave 
travelling towards the right taken at a specific 

. The density of the lines is proportional 
10 the density in the medium the wave travels 
through. 

  

(a) Draw this wave a very small interval of 
time later. 

(b) Indicate on the diagram the wavelength of 
this wave. 

Figure 2.25 For question 16 
    

17 Indicate on Figure 2.26 a compression, a 
rarefaction and the wavelength. Draw the 
picture of this wave half a period later. 

Figure 2.26 For question 17. 

18 By drawing suitable diagrams, explain the 
difference between transverse and longitudinal 
waves. 

19 In the context of wave motion explain, with 
the aid of a diagram, the terms: 
(@) wavefront; 
() ray. 

20 An earthquake creates waves that travel in the 
earth's crust; these can be detected by seismic 
stations. Explain why three seismic stations 
must be used to determine the position of the 
carthquake. Describe two diferences in the 
signals recorded by three seismic stations, 
assuming they are at different distances from 
the centre of the earthquake.



  TG 

  

Wave phenomena I: 
reflection and refraction 
This chapter introduces the principle of superposition, which allows us to find the wave 
disturbance when two or more waves arrive at the same point in space at the same 
time. Two basic wave phenomena, reflection and refraction, are discussed. We also 
introduce Huygens’ principle, which determines the evolution of a wavefront and 
explains reflection and refraction. 

Objectives 

By the end of this chapter you should be able to: 
« state the principle of superposition and apply it to pulses and waves; 
+ state the laws of reflection and refraction and solve problems involving 

these phenomena; 
give the definition of index of refaction, n = 
state Snell’s law % = %% and n, sin 6, = 

    

« understand Huygens' principle. 

  

the displacement at that point is the algebraic 
sum of the individual displacements. As we can 
see in Figure 3.1, when the two pulses meet, the 
displacement is quite large; it is, in fact, the 
sum of the displacements of the two pulses. 
Note the word ‘algebraic’. This means that if 
one pulse is “up’ and the other is ‘down’, then 
the resulting displacement is the difference of 
the individual ones. 

The principle of superposition 

Suppose that two pulses are produced in the same 
rope and are travelling towards each other from 
opposite ends. Something truly amazing happens 
when the two pulses meet. Figure 3.1 shows what 
happens in a sequence of pictures. For simplicity 
we have drawn idealized square pulses. 

‘The disturbance gets bigger when the two pulses 
meet but subsequently the two pulses simply ‘g0 
through each other® as if nothing had 
happened. You should contrast this with what 
happens in the ordinary kind of motion: when 
two balls collide they bounce off each other. 

> Mathematically, the principle of 
superposition states that if y, and y; are the 
individual displacements, then at the point 

| where the two meet the toral displacement 
‘What happens when two (or more) pulses meet ‘has the value 
at some point in space is described by the i 
‘principle of superposition, which states that  
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{a) The pulses are approaching each other. ~ 

(b) The pulses are beginning to overlap. 

    

  
  

  

    
  

(c) The overlap is complete; the pulses are on top 
of each other. 

    

Iy 
      

      
Figure 32 The situation in Figure 3.1b analysed. 

  

5o the resulting pulse is also zero. In region b, 
both are non-zero and the resulting pulse is the 
sum of the individual pulse heights. 

  

  

al b e = v e           
Figure 33 The situation in Figure 3.1c analysed. 

If the two pulses are like the ones shown in the 
sequence in Figure 3.4, the resulting pulse when 
the two meet is momentarily zero. The situation 
in Figure 3.4b is analysed in Figure 3.5. 

  

(d) The pulses move through each other. 
Figure 3.1 The superposition of two positive pulses. 

Let us look at Figures 3.1b and c in detail. In 
Figure 3.1b the two pulses are partially 
overlapping - Figure 3.2 shows both of them 
separately (the pulse moving toward the right is 
drawn in black and the one moving to the left 

in grey). There are five regions to consider. In 
region a, both pulses are zero. In region b, the 
black pulse is nonzero and the grey is zero. In 
region c, both are nonzero. In region d, the 
black is zero and the grey is not. In region e, 
both are zero. The shape of the resulting pulse 
is simply the sum of the two pulses. Thus, in 
region a, we get zero. In region b, we get the 
height of just the black pulse. In region c, we 
get a pulse whose height is the sum of the 
heights of the black and grey pulses. In region 
d, the height equals the height of just the grey 
pulse. In region e, we get zero. 

In Figure 3.1c we have three regions to consider 
(see Figure 3.3). In a and ¢, both pulses are zero, 

    
  

    
— 
  

(a) Positive and negative pulses are approaching 
each other. 

(b) The positive and negative pulses momentarily 
cancel each other out when they totally overlap. 

  
  

    
(¢) The positive and negative pulses move through 
each other. 
Figure 3.4 The superposition of a positive and a 

negative pulse. 

  

    
        
Figure 35 The situation in Figure 3.4b analysed.
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At that instant when there is complete 
cancellation of the two pulses, the rope looks 
flat but it is moving as shown in Figure 3.6. 

_mIHA - 

Figure 3.6 Parts of the rope are moving when the 
two pulses cancel each other out. 

You should be able to convince yourself that when 
the rope looks like the first diagram in Figure 3.7 
it is because the individual pulses are only 
partially overlapping, as in the sécond diagram. 

    

  

          

LI LT   
Figure 3.7, 

Reflection of pulses 
‘What happens when a pulse created in a rope 
with one end fixed approaches that fixed end? 
Consider the pulse of Figure 3.8. The instant 
the pulse hits the fixed end, the rope attempts 
1o move the fixed end upward: that is, it exerts 
an upward force on the fixed end. By Newton's 
third law, the wall will then exert an equal but 
opposite force on the rope. This means that a 

displacement will be created in the rope that 
will be negative and will start moving towards 
the left. 

incident 

  reflected 
— 

Figure 3.8 A pulse reflecting from a fixed end is 
inverted.   

‘The pulse has been reflected by the wall and 
has been inverted. We can understand this in a 
different, more abstract, way as follows. The 
fixed end of the rope must remain fixed at all 
times. Imagine a pulse travelling along an 
imaginary rope that is an extension of the real 
rope into the wall. This imaginary pulse is 
‘moving from right to left. Using the principle of 
superposition, we ask: what is the shape of the 
imaginary pulse in order that when the real 
and imaginary pulses meet, the end of the rope 
(that tied to the wall) always stays fixed? The 
answer is a pulse that is identical to the real 
pulse but is inverted (see Figure 3.9). It is as if 
the real and imaginary pulses exchange places 
upon reflection. 

  

Figure 3.9 The real and imaginary pulses meet, 
keeping the end of the rope fixed. 

If the end of the rope is not fixed but free to 

move (imagine that the end of the rope is now 
tied 10 a ring that can slide up and down a 
vertical pole), the situation is different (see 
Figure 3.10). Here the reflected pulse is the 
same as the original pulse. There is a change of 
direction but no inversion here. Can you see 
why? 

    incident 

Figure 3.10 A pulse reflecting from a free end is 
not inverted.  
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Reflection and refraction 

of waves 

“This section deals with the wave phenomena of 
reflection and refraction as they apply to waves, 
especially light. The study of light has played a 
crucial role in the history of science. Newton 
discovered that ordinary white light is 
composed of different colours when he let 
sunlight go through a prism and saw the 
colours of the rainbow emerging from the other 
side. The wave nature of light was put forward 
by the Dutch physicist Christiaan Huygens in 
his book A Treatise on Light published in 1690. A 
bitter controversy between Huygens and 
Newton (Newton had postulated a particle 
theory of light) ended in Huygens' favour. 

The law of reflection 
‘The law of reflection states the following: 

» The angle of incidence i (angle between 
the ray and the normal to the reflecting 
‘surface at the point of incidence) is equal 
the angle of reflection 1 (angle between 

   

  

 normal to the surface lie on th 
plane, called the plane of incidence. 
(See Figure 3.11) 3 

Reflection can be demonstrated experimentally 
in a variety of ways. For light, this is most easily 
done by placing two pins in front of a mirror 
and then looking at the mirror from such a 
position that the image of one pin is behind the 
image of the other. Two additional pins are 
then placed along the line of sight of the first 
two pins. If one line is drawn joining the first 
pair of pins and a second line joining the other 
two, it will be found that the two lines intersect 
at a point on the surface of the mirror such 
that the normal to the mirror at that point 
bisects the angle between the original lines. 

incident sl reflected 

W angeof | angleor 
incidence | reflection           

@ 

eye 

o 

  

   image 

) 
Figure 3.11 (a) Reflection at a plane (flat) surface. 

(b) The position of an image seen in a plane mirror. 

‘This shows that the angle of incidence £ is 
equal to the angle of reflection <r. This is 
illustrated in Figure 3.12. 

o imageofpin | 

Jmage ofpin2 
  

| hese two pins are on 
pint P2 g thelnejoining the 

u two image pins 

Figure 3.12 Demonstration of reflection for light. 

In the case of sound, a source of sound can be 
directed at a solid surface and the reflected 
sound picked up by a microphone connected to 
an oscilloscope. The microphone is moved until 
itis in the position that gives the maximum 
reading on the oscilloscope. When this position
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is recorded, it is again found that the angle of 
incidence equals the angle of reflection. This is 
illustrated in Figure 3.13. 

     

  

  signal generator 
Figure 3.13 Demonstration of reflection for sound. 

Reflection takes place when the reflecting 
surface is sufficiently smooth. This means that 
the wavelength of the incident wave has to be 
larger than the size of any irregularities of the 
surface. 

Refraction 
Light travels with a velocity of 3 x 10° m s in 
avacuum. In all other media, the velocity of 
light is smaller. The difference in the speed of 
‘propagation of light in different media is 
responsible for an effect called refraction. (In 
fact, any wave whose speed of propagation is 
different in different media will experience the 
same effect.) When a ray of light travelling in a 
given medium, say air, strikes an interface with 
another medium, say the surface of water in a 
pond, it will change direction as it enters the 
second medium. 

Usually, when a ray of light strikes an interface 
between two media, there is both reflection and 
refraction (see Figure 3.14). 

    

norma to surface. 
incident ray 

       i il 

  

Figure 3.14 A ray of light incident on the interface 
of two media partly reflects and partly refracts. 

In the case of light only, we usually define a 
quantity called the index of refraction of a 
given medium as 

=L 
Cm 

where ¢ is the speed of light in vacuum and ¢, 
is the speed of light in the medium in question. 

  

Since the speed of light is always largest in a 
vacuum, the index of refraction is always larger 
than one. By definition, the index of refraction 
of a vacuum (and approximately of air) is one. 
Thus, if we are given the index of refraction of a 
medium we can find the speed of light in that 
medium. For example, in a glass with n = 1.5, 
the speed of light is 

c_3x100 ms L = 2x10°ms   

  

     

“The index of refraction depends slightly on 
‘wavelength, so rays with the same angle of 
incidence but of different wavelength are 
refracted by different angles. This phenomenon 
is called dispersion.  
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Example questions 
Q1 e TT————— 
Light of wavelength 680 nm in air enters water 
making an angle of 40° with the normal. Find the 
angle of refraction and the wavelength of light in 
water. The index of refraction of water is 1.33. 

Answer 
By straightiorward application of Snell's law we 
find 
1x5ind40° =133 x sind 
>6=289 
The wavelength in air is 680 nm, so the frequency 
inairis 

3.00 x 10° 

680 x 10 
= 4.41 x 10" Hz 
      

The frequency cannot change as the wave moves 
into the second medium. Imagine an observer 
right a the interface of the two media. The 
frequency can be found from the number of 
wavefronts that cross the interface per second. 
“This number is the same for both media. Since the 
speed of light in water is 

3.00 x 10* 

733 
=226x10"ms™" 

  

  G 

it follows that the wavelength in water is 

226 x 10° 
241 x 10" 

=5120m 

  

  

Q2 EEnremssETT——————— 

white light 

blue 

Figure 3.15.   

The paths of rays of red and blue light passing 
through a glass prism are as shown in Figure 3.15. 
What can be deduced about the index of 
tefraction of glass for red and blue light? 

Answer 

Considering the first refraction when the rays first 
enter the glass, we see that blue makes a smaller 
angle of refraction (draw the normal at the point 
of incidence to see that this is so). Hence its index 
of reffaction must be larger. 

  

  

Refraction for other waves 
We have talked at length about refraction of 
light. Refraction, of course, is a phenomenon 
that applies to all waves. It happens whenever 
the wave changes its speed when going from 
one medium to another. For example, water 
waves will move more slowly when they enter a 
region of shallow water. Since the frequency is 
always unchanged, this means that the water 
waves will have a shorter wavelength in the 
shallow water (see Figure 3.16). 

shallow water, 
slow wave 

wavelength decreases 

    

  

decp water, 
fast wave. 

Figure 3.16 Water waves travel more slowly in 
shallow water. Thus refraction takes place when 

a water wave travels in water of variable depth. 

It is a common observation that water waves 
approach the shore almost always parallel to the 
shoreline, even though when they were first 
created their direction was arbitrary. This is 
because as the waves approach the shore they 
refract into a medium of lower wave speed 
(shallow water). Thus, the direction of motion 
of the wave bends toward the normal, so the 
waves tend to become parallel to the shore 
(see Figure 3.17).
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deep 

Figure 3.17 Wavefronts approaching the shore 
where the water is shallow slow down and so 
refract parallel to the shore. 

A sound wave directed at a balloon filled with 
hydrogen will change its direction (i.e. refract) 
because the speed of sound in hydrogen is 
different from the speed of sound in air. The 
same s true when sound enters a liquid from, 
say, air. The speed of sound is greater in 
liquids than in gases, so sound entering a 
liquid will increase its wavelength. Finally, 
sound travels even faster in solids, metals, 
rock, etc. Typically, the speed of sound in a 
solid is a few thousand metres per second, 
compared with a few hundred metres per 
second in gases. The speed in liquids is in 
between. Table 3.1 gives the speed of sound in 
various media. 

  

  

  

  

  

  

  

  

Air(0°Q) 331 
Air (100 °C) 366 
Helium (0 °C) o2 
Oxygen (0°C) 332 

Water 1480 
Sea water 1530 

Mercury 1454 
luminium 5100 

‘Table 3.1 The speed of sound in various media. 

Huygens’ principle 

(Huygens’ principle is not on the 1BO 
examination syllabus. It is included here for 
completeness and because it s needed later) 

  

  

  

How does a wavefront propagate in space? 
Huygens' idea was to consider every single point 
on the waveffont of the wave as itself a source of 
waves. This is niow known as Huygens’ principle. 

» Every pointon the wavefront emitsa 
- spherical wavelet or secondary wave, of the 

same velocity and wavelength as the 
* original wave. The wavelet is assumed to be. 

~ emitted in the forward direction only. The 
amplitude of the wavelet is maximum in 

the forward direction and decreases ¢ 
 rapidly away from that direction. The new 
‘wavefront s then the surface thatis 
tangent to all the wavelets. 

  

We can easily see that a plane or circular 
wavefront moving undisturbed forward easily 
obeys this construction (see Figure 3.18). The 
same s true for a spherical wave. 

o ) wavefront 
touches waveles 

new wavefront 
time ar 

  

Figure 3.18 Each point on the old wavefronts 
acts as a source of spherical wavelets in the 
forward direction. The new wavefront 

touches all these wavelets. 

The test comes when the wavefront encounters 
an obstacle of some kind or another. As we will 
so0n see, the principle allows us to understand 
the phenomena of reflection and refraction. 

Reflection 
Huygens' principle allows us to theoretically 
understand the law of reflection in the following 
way. Consider a wave that s incident on a plane 
surface. Figure 3.19 shows two incident 
waveftonts, f; and Iy, The first wavefront (0 touch  
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Figure 3.19 Huygens' construction applied to 
reflection. 

the surface is fy and it touches at point A. & 
touches later, say a period T later, at B. We have 
drawn a wavelet centred at A. All points on this 
wavelet have been emitted one period after those 
on y and the same is trve for point B. Thus, there 
must be a wavefront that contains both point B 
and a point on the wavelet. This wavefront is 
found by drawing a tangent from B to the 
wavelet. We call this the reflected wavefront ;. 

Itis then clear from simple geometry that the 
angle of incidence (¢1) equals the angle of 
reflection (2r); lengths AD and EB are equal since 
they both represent a wavelength. Thus, triangles 
ADB and AEB are equal, being right-angled and 

g two equal sides. Hence ZEAB (= L) 
equals LDBA (= 2r); that is, the angle of 
reflection equals the angle of incidence. 

hay    

Notice that the angle of incidence is defined as 
the angle between the normal to the surface and 
the incident ray. This angle is exactly the same 
as the angle between the surface and the 
incident wavefront. The same is true for the 
angle of reflection. 

Figure 3,20 shows the effects of various barriers 
on waves in a ripple tank. 

Refraction 
The law of refraction s a consequence of 
Hoygens' principle as follows. Figure 3.21 shows 
a wavefront (AB) that has hit the interface at A, A 
previous wavefront (CD) has already hit the 
interface at C at a time equal 1o one period earlier. 
(Since we are plotting waveffonts one wavelength 
apart it means that wavefront CD hit the interface 
atime equal to one wave period earlier) 

0} 

  

  

© 

Figure 3.20 Waves in a ripple tank. (a) Waves 
reflected from a 45° barrier. Their 
wavelength stays the same. (b) Straight 
(plane) waves approach a concave barrier. 
The reflected waves are focused t0a point. 
(¢) Plane waves approach a convex barrier. 
The reflected waves spread out. 

   
  

medium | 
  

medivm 2 

Figure 321 Huygens’ construction applied to 
refraction.
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Notice again that the angles of incidence and 
refraction are equal to the angles between the 
surface and the incident and refracted 
wavefronts, respectively. 

Attime t =0, say, which is the time wavefront 
CD hits the interface, point C will emit a wavelet 
as shown. The radius of this wavelet is the 
wavelength in medium 2. Assuming that the 
wave s slower in medium 2, it follows that 
the wavelength will be smaller than the 
wavelength in medium 1. To find the new 
wavefront we must draw a tangent from A to this 
wavelet. Hence, the refracted wavefront is R, as 
shown in Figure 3.21. From trigonomelry 

  

4 = DA 
singy == 

: CE b= sindy = = 

But DA is the wavelength in medium 1 and CE 
the wavelength in medium 2, so it follows that 

sindy a 
sinb, ko 

  

  

where the last equality holds since the. 
frequency is the same in both media. This is 

Snell’s law. 

Figure 3.22 shows refraction of water waves in a 
ripple tank as the waves move from deep 1o 
shallower water, In shallower water the waves 
have a lower speed. 

/ decp 

Shallow 
step 

Figure 322 Refraction of water waves at a 
“step'. 

The fact that the law of refraction (Snell's law) is 
a consequence of a principle of wave motion 
(Huygens’ principle) is strong evidence that light 

deed a kind of a wave. 

    

1 Two pulses of equal width and height are 
travelling in opposite directions on the same 
string as shown in Figure 3.23. When the 
pulses completely overlap, what is the shape 
of the string? 

  

    
  

. 
Figure 323 For question 1. 

2 Two pulses of equal width and height are 
travelling in opposite directions on the same 
string as shown in Figure 3.24. When the 
pulses completely overlap, what i the shape 
of the string? 

  

      

Ly ]     

Figure 324 For question 2. 

3 The wave pulses shown in Figure 3.25 travel 
at1 cm s and both have width 2 cm. The 
heights are indicated on the diagram. In each 
case, draw the shape of the resulting pulse 
according to the principle of superposition at 
limes t= 055, 1=1.0sand ( = 1.5 5. Take 
=05 t0 be the time when the pulses are 
about to meet each other. 

  

height= 1 unit 
            height=2 units 

  

Figure 3.25 For question 3.



  

4 Two waves are simultaneously generated on a 
string as shown in Figure 3.26. Draw the 
actual shape of the string. 

. 
EomerRE 

06 - T ] 

02 . 
o . o > 
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Figure 3.26 For question 4. 

5 Red light of wavelength 6.8 X 107 m enters 
glass with an index of refraction of 1.583 from 
air, with an angle of incidence of 38°. Find: 
(@) the angle of refraction; 
(b) the speed of light in the glass; 
() the wavelength of light in the glass. 

6 Light of frequency 6.0 X 10 Hz is emitted 
from point A and is directed toward point B a 
distance of 3.0 m away. 
(a) How long will it take light to get to B? 
(b) How many waves fit in the space between 

Aand B2 
7 Aray of light is incident on a rectangular 

block of glass of index of reffaction 1.450 at 
an angle of 40°, as shown in Figure 3.27. If 
the thickness of the block is 4.00 cm, find the 
amount d by which the ray is deviated. 

  

normal 
  

40 glass 
  

      

d < 

Figure 3.27 For question 7. 

8 Aray of light enters glass from air at an 
angle of incidence equal to-45°, as shown in   

Figure 3.28, Draw the path of this ray 
assuming tha the glass has an index of 
refraction equal 1o 1.420 and the plastic has 
an index of reffaction of 1.350. 

Figure 3.28 For question 8. 

9 Aray of light moving in air parallel to the base 
of a glass prism of angles 45°, 45° and 90° 
enters the prism, as shown in Figure 3.29. 
Investigate the path of the ray as it enters the 
glass. The index of refraction of glass s 1.50. 

Figure 3.29 For question 9. 

10 The speed of sound in air is 340 m 5! and in 
water itis 1500 m s~'. At what angle must a 
beam of sound waves hit the air-water 
interface 5o that no sound ges transmitted 
into the water? 

11 A pulse with the shape shown in Figure 3.30 
travels on a string at 40 m s~ towards a fixed 
end. Taking t = 0 s to be when the front of the 
pulse first arrives at the fixed end, draw the 
shape of the string at: t = 1.0 ms; ¢ = 1.5 ms; 
t=20ms t=25ms; t=3.0ms    

  

    

Figure 330 For question 11.
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Wave phenomena Il: 
diffraction and interference 
This chapter introduces two of the fundamental wave phenomena, diffraction and 
interference. These phenomena are so characterstic of wave behaviour that anything 
showing these phenomena can be defined to be a wave. 

Objectives 

By the end of this chapter you should be able to: 
+ understand that diffraction is the spreading of a wave through an 

opening or past an obstacl 
« appreciate that significant diffraction takes place only if the wavelength is 

comparable to or bigger than the size of the opening: 
« decide if diffraction for a given wave will take place in a given situation; 
+ understand that, as a result of superposition, when two identical waves 

arrive at the same place they will experience constructive interference if the 
crest of one matches the crest of the other, or destructive interference if the 
crest of one matches the trough of the other; 

« appreciate the significance of the path difference in the phenomenon of 

  

interference, 

  

Diffrac 

‘The spreading of a wave as it goes past an 
obstacle or through an aperture s called 
diffraction. Let us consider a plane wave of | T 
wavelength A propagating towards an aperture 
of sizea. 

  

n Let us first assume that the wavelength is very 
small compared with a (see Figure 4.1). 

0 wesetensih smalt compared with aperture 

> What will the wavefronts look like after the ] 
* wave has gone through the aperture? As we. 5o wave here 

will see, the value of the wavelength in 
relation to the aperture size will be crucial in - Figure 4.1 When the wavelength is small 

| determining what answerweget, compared with the opening of the aperture, the 
amount of diffraction is negligible.  



  

‘That part of the wave that is blocked by the 
screen does not propagate through and only the 
part which is free to go through does so. If the 
wave in question is light, this picture says that 
light goes through the opening, so that if we 
put a screen beyond the aperture we will see 
light on an area of the screen identical to the 
opening and darkness around . Light travels in 
straight lines and does not bend as it goes 
through the aperture. There is no diffraction. 

On the other hand, if the wavelength is 
comparable to or bigger than a. the new 
wavefronts are curved and the wave spreads 
around the edges of the opening (see Figure 4.2) 

wanelengih comparable (0 sperture 
% A 

" 

Figure 42 When the wavelength is comparable to 
the opening of the aperture, diffraction takes 
place. 

the wave is 
spreading 

If we put a screen some distance away from the 
aperture, we would see light in places where we 
would not expect any, such as at points A and B. 
‘This s the phenomenon of diffraction. 

¥ Diffraction takes place whenever a wave: 

  

] 

Application of Huygens’principle helps 
10 understand the phenomenon of diffraction. If 
the aperture size is very small it is as if only one 
point on the wavefront will act as a source of 
waves and these will be circular: that s, the wave 
will spread. I the aperture is large, then many 
points on the wavefront will act as sources of 
secondary waves and these will tend to be planar: 
that s, there will not be appreciable diffraction. 

(It must be realized, though, that Huygens’ 
principle works in the same way for small and 
large wavelengths, so the principle by itself would 
give the same answer in both cases. It is a refined 
and much more sophisticated principle, the 
Huygens-Fresnel principle, that gives the correct 
wavefronts past the aperture. This principle is, 
however, beyond the scope of this book) 

  

Diffraction explains why we can hear, but not 
see, around corners. For example, a person 
talking in the next room can be heard through 
the open door because sound diffracts around 
the opening of the door - the wavelength of 
sound for speech is roughly the same as the 
door size. On the other hand, light does not 
diffract around the door since its wavelength is 
‘much smaller than the door size. 

Other examples of diffraction are shown in 
Figures 4.3 and 4.4, Figure 4.3 shows diffraction 
around an obstacle. 

Figure 43 Diffraction also takes place when a 
wave moves past an obstacle.
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If the wavelength is much smaller than the 
obstacle size, no diffraction takes place, as seen 
in Figure 4.4a. Diffraction does takes place if 
the wavelength is comparable to the obstacle 
size as seen in Figure 4.4b. 

  

@ ® 
Figure 4.4 (a) If the wavelength is much smaller 

than the obstacle, no diffraction takes place and 
a shadow of the abject is formed. (b) If the 
‘wavelength is comparable to the obstacle size, 
diffraction takes place and the wave appears far 
from the object in the region where the shadow 
was expected. 

  

Interference 

‘The most characteristic property of waves is 
their ability to interfere and diffract. The 
fact that light exhibits these phenomena is 
evidence that light is a wave. Interference is 
the result of superposition of two waves. We 
have met this principle of superposition in the 
previous chapter where we applied it mainly to 
individual pulses. Interference for light was 
demonstrated in 1801 by Thomas Young, an 
English scholar who also came close to 
deciphering hieroglyphics. 

Let us be specific by considering two sources S; 
and S,. Waves from the two sources meet at some 
point, say P, some distance away (see Figure 45). 

  

Suppose that at time f = 0 both sources emit 
identical waves (same amplitude A, wavelength 
 and frequency f). The wave from S, will take 
a certain time to arrive at P. From Figure 4.6, we 
read off this time as 2 5. The wave from the 
second source will take longer. Suppose that it 
takes 4 s (see Figure 4.7).     

se———— " - 
—_— e 

4 & 
Figure 45 Interference from two sources. In the 

top diagram the waves arrive at P from the two 
sources and travel different distances in getting 
there. In the bottom diagram there is really only 
one source but the point P receives two waves, 
The first comes from the source § directly and 
the second wave is first reflected off the screen 
and then travels to P. 

wave from S, 

AN 
1V 

Figure 4.6 The first wave arrives at P 2 s after 
emission from the source. 

  

wave from S, 

05 

s 

05 

-1 
Figure 4.7 The second wave arrives at P 45 after 

emission.  
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‘We see that, even though the waves are identical 
at emission, when they arrive at the observation 
point P, the crest of one matches the trough of 
the other. Thus, when they are added, according 
to the principle of superposition the resulting 
‘wave will be zero. We have a case of destructive 
interference: the two waves have cancelled each 
other out. If the two waves are sound waves, it 
means that at point P we hear no sound at all. 

Suppose that we now change the distances of 
the two sources from P and the two waves 
arrive at P as shown in Figures 4.8 and 49, 

wave from S, 

' 

05 

-1 
igure 4.8 The first wave arrives at P 25 after 
emission. 

  

wave from §, 

s 

  

  
Figure 4.9 The second wave arrives at P 6 after 

emission. 

‘The arrival time from the first source is still 25 
but that from the second source is 6 5. Now the 
crests of one wave match the crests of the other. 
“Thus, when we add them, we obtain a wave 
with double the amplitude of the individual 
‘waves (from 6 5 on), as shown in Figure 4.10.   

sum of two waves 

  

Figure 4.10 The sum of the waves from 6 5 on 
(when both waves are present) has an amplitude 
that is double that of the individual waves. 

“This is a case of constructive interference. If the 
waves are sound waves, we would hear a very 
loud sound at point . (Since loudness is 
proportional to the energy carried by the 
wave, and energy is proportional to the square 
of the amplitude, the loudness would be four 
times as great as the loudness of one wave 
alone.) 

Note that the period of the individual waves is 
4. In the first case of destructive interference 
the difference in arrival times was 2. In the 
case of constructive interference the difference 
in arrival times was 4. You must be able to 
convince yourself that, we would get destructive 
interference also when the difference in arrival 
times is 65, 10's, 14's, and 5o on (i.e. half- 
integral multiples of the period). Similarly, we 
would get constructive interference for 
differences in arrival times of 0, 4 (as in the 
example), 85, 125, and 5o on (i.e. integral 
multiples of the period), 

   

What is the general rule? If the distance from 
S, to Pisd; and the distance from S, to P is d, 
(as shown in Figure 4.5), then the time of arrival 

 



242 Core - Oscillations and waves 
— 

of the first wave is d, /v, where v is the wave 
velocity. Similarly, the wave from S, will arrive 
at P after a time d,/v. The difference in arrival 
times is thus 

4 _d 

  

‘There are two extreme cases: in case (i), the 
difference % — % is an integral multiple of the 
period T of the wave. Then the crests of the 
wave from Sy match the crests of the wave 
from S;. The resultant wave has therefore the 
maximum possible amplitude, twice the 
amplitude of one of the waves. Ii case (i) the 
difference % — % is a halfintegral multiple of the 
period. Then the maxima of one wave match 
the minima of the other. The two waves cancel 
each other out completely. The wave observed 
is zero. In case (i) we have constructive 
interference, and in case (ii) we have 
destructive interference. 

  

   

» The condition for consu-u:m interference is 

ar g 2   

  

As we already mentioned, if the wave is a sound 
wave, points of constructive interference are 
points of high intensity of sound. Points of 
destructive interference are points of no sound 
atall. If the wave involved is light, and then 
constructive interference means bright light, 
and destructive interference means points of 
darkness. 

¥ if the path difference is anything other 
‘than an integral or halfintegral multiple 

of the wavelength, then the resultant 
‘amplitude of the wave at P will be some 
value between zero and 241, where A is the 
amplitude of one of the waves. 

Example question 
Q1 e SEETTaTR ST aT——— 
Waves leaving two sources arrive at point P. Point 
P is 12 m from the first source and 16.5 m from 
the second. The waves have a wavelength of 3 m. 
What is observed at P? 

Answer 
The path difference is 4.5 m. It equals 
(1) x 3 m: that i, itis a half-integral multple 
of the wavelength. We thus have destructive 
interference. 

  

Q 

  

™ 

1 Planar waves of wavelength 1.0 cm approach 
an aperture whose opening is also 1.0 cm. 
Draw the wavefronts of this wave as they 
emerge through the aperture. 

2 Repeat question 1 for waves of wavelength 
1 mm approaching an aperture of size 20 cm. 

3 In the corridor shown in Figure 4.1 an 
observer at point P can hear someone at 
point Q but cannot see them. What physical 
phenomena may account for this? How 
could P see Q? 

me 

O 
P 

Figure 4.11 For question 3.  
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4 Two loudspeakers are connected to the same 
audio oscillator. An observer walks along 
the straight line joining the speakers (see 
Figure 4.12). At a point M halfway between 
the speakers he hears a loud sound. By the 
time he gets to point P a distance of 2.00 m 
from M he hears no sound at all. Explain 
how this is possible. Find the largest possible 
wavelength of sound emitted by the 
loudspeakers. 

fl M P 
Figure 4.12 For question 4. 

  

5 A radio station, R, emits radio waves of 

wavelength 1600 m which reach a house, H, 
directly and after reflecting from a mountain, 
M, behind the house (see Figure 4.13). If the 
reception at the house is very poor, what is 
the shortest possible distance between the 
house and the mountain? 

= 
R H M 

Figure 4.13 For question 5. 

6 Acar moves along a road that joins the twin 
antennas of a radio station that is broadcasting 
at a frequency of 90.0 MHz (see Figure 4.14). 
When in position A, the reception is good but 
it drops to almost zero at position B. What is 
the minimum distance AB? 

éffgl,%,, - 

b Figure 4.14 For question 6. 

7 Two sources emit identical sound waves with 
a frequency of 850 Hz. 
(a) An observer is 8.2 m irom the first source 

and 9.0 m from the second. Describe and 
explain what this observer hears. 

(b) Asecond observer is 8.1 m from the first 
source and 8.7 m from the second. Describe 
and explain what this observer hears. 

(Take the speed of sound to be 340 m s 
8 In the context of wave motion, state what 

you understand by the term superposition. 
Hllustrate constructive and destructive 
interference by suitable diagrams. 

 



CHAPTER 

  

The Doppler effect 
This chapter looks at the Doppler effect, the change in frequency of a wave when there 
is relative motion between the Source and the observer. The Doppler effect is a 
fundamental wave phenomenon with many applications. This chapter discusses this 
phenomenon quantitatively. The phenomenon applies to all waves but sound waves only 
are considered here. 

    

| Objectives 

By the end of this chapter you should be able to: 
+ understand the Doppler effect in a qualitative way and explain it by 

drawing appropriate diagrams for a moving source or a moving observer; 
+ derive the Doppler formula for a moving source f, = - and a moving 

observer f, = f,(1 + '), and use these in solving problems; 
+ qualitatively explain the Doppler effect by suitable wavefront diagrams 

    

  

that the source emits a wave of frequency f 
that trayels with speed c. This means that f 
‘wavefronts are emitted per second. An observer 
who is also stationary will clearly receive f 
‘wavefronts every second as well, so there is no 
Doppler effect. 

Consider a source of waves and an observer who 
receives them. If there is relative motion 
between the observer and the source (i.e. the 
source or the observer, or both, move) then, in 
general, the observer will receive the wave at a 
frequency that is different from the emitted 
frequency. This is a phenomenon of everyday life. 
For example, if an approaching car creates a high- 
pitched sound, as it goes past us and recedes the 
frequency of the sound becomes lower. 

  

> The Doppler effect is the change in    
 compared with the frequency with which it 

‘was emitted. The effect takes place whenever Figure 5.1 The wavefronts emitted by a stationary 
source are concentric. The common centre is the 

position of the source. 

  

   Now consider a stationary observer and a source 
of sound that moves with speed v, (<¢) towards 
the observer (Figure 5.2). The source emits sound 
of a single frequency f. as measured by an 

We can understand the Doppler effect in 
terms of wavefront diagrams. Consider first a 
stationary source of waves emitting circular 

The Doppler effect ‘ ‘wavefronts (Figure 5.1). Suppose for simplicity
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stationary 
observer 

Source moving, 

Figure 5.2 A source is approaching the stationary 
observer with speed . 

observer moving along with the source. (In 
‘what follows c stands for the speed of the wave, 
e, here for the speed of sound in still air and 
later on for the speed of light in a vacuum.) 

In a time equal to one second, the source will 
therefore emit f, wavefronts. In that same time 
interval, the source will move a distance equal 
10 ¥, towards the stationary observer (Figure 5.3). 

towards stationary observer 

source emits 
first wavefront 

      J;wavefronts in 
this distance 

Source emits 
last wavefront 

Figure 5.3 Determining the Doppler frequency. 

first wavefront i now here. 

Therefore, these f, wavefronts are within a 
distance of ¢ -, and so the stationary observer 
will measure a wavelength (separation of 
wavefronts) equal to 

vy 
do==p   

The frequency measured by the stationary 
observer s therefore 

  

source moving towards 
observer 

  

As the source approaches, the stationary 
observer thus measures a higher frequency than 
that emitted by the source. 

Asimilar calculation for the case of the source 
moving away from the stationary observer 
gives 

o= s source moving 
©=TFZ  swayfiomohserver 

In the case of a stationary source and a moving 
observer we may argue as follows. First let us 
consider the case of the observer moving 
towards the source. The observer who moves 
with speed v with respect to the source may 
claim that he s at rest and that it is the source 
that approaches him with speed v,. The 
observer will then measure a higher wave 
speed, equal to ¢ + . We are now back to the 
case of a moving source, and so the frequency 
measured by the observer is 

    
Is(c +vo) 

CH+vo—vo 

4o 
c 

Dividing through by ¢ gives 

rn=r‘(1*yf—“) observer moving 
towards source
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Similarly, if the observer moves away from the 
source we get 

. ,(l Yo\ observer moving away 
M from source 

Notice carefully that, in the case of the moving 

source and the stationary observer, the 
wavelength measured by the observer, A, is 
different from that measured by the source, J. 
Consider the case of a source moving towards 
the observer: 

  

= 
I 

However, in the case of the moving observer 
(towards the source for example): 

  

  

v 
=g 

_ c4v 
TR0 E 

c 
% 

Ao=12s 

and is the same as that measured by the source. 

‘This is why in defining the Doppler effect we 
refer to the change in frequency measured by 
the observer and not the change in wavelength. 

‘The Doppler effect has many applications. One 
of the most common is to determine the speed 
of moving objects from cars on a highway (as 
the next Example question shows). Another 

  

application is to measure the speed of flow of 
blood cells in an artery. 

Example questions 
Q| P ETITR ST TS A SALS 

A sound wave of frequency 300 Hz s emitted 
towards an approaching car. The wave is reflected 
from the car and is then received back at the 
emitter at a frequency of 315 Hz. What is the 
velocity of the car? (Take the speed of sound to be 
340ms) 

Answer 
The car is approaching the emitter so the 
frequency it receives is 

340 +u £ =300 x 
340 
  Hz 

where u is the unknown car speed. The car now 
acts as an emitter of a wave of this frequency (1), 
and the original emitter will act as the new 
receiver, Thus, the frequency received (315 Hz) is 
(car is approaching) 

  

  

340 

    

from which we find u = 

  

Atrain with a 500 Hz siren on is moving at a 
constant speed of 8.0 m ™' in a straight line. An 
observer is in front of the train and off its line of 
motion. What frequencies does the observer hear? 
(Take the speed of sound to be 340 m s™'.) 

Answer 
What counts is the velocity of the train along the 
line of sight between the train and the observer. 
When the train is very far away (Figure 5.4) it 
essentially comes straight towards the observer 

» 
. =   

train close by 

observer 
Figure 5.4.



and s the frequency received is 

c 
v 

  

  

340 
340-8 

~510Hz 

=500 x   

When the train is again very far away to the right, 
the train is moving away from the observer and 
the frequency received will be 

    v 
340 

340+8 
%490 Hz 

500 x   

As the train approaches, we take components of 
the train's velocity vector in the direction along 
the line of sight and the direction normal to it (see 

Figure 5.4). 

As is seen from the diagram, the component along 
the line of sight s decreasing as the train gels 
closer 1o the observer. Thus, the observer will 
measure a decreasing frequency. It starts at 510 Hz 
and falls to 500 Hz when the train is at position P. 
As the train moves past P 1o the right, the observer 
will hear sound of decreasing frequency starting at 
500 Hz and ending at 490 Hz. 

Thus, the observer hears frequencies in the range 
of 510 Hz t0 490 Hz, as shown in Figure 5.5. 

fhe 

  
Figure 5.5. 

‘The Doppler effect also applies to light, but the 
equations giving the frequency observed are 
‘more complicated. However, in the case in 
which the speed of the source or the observer is 
small compared to the speed of light, the 
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equations take a simple for 

af="~ 

  

f forlight only 
c 

In this formula v is the speed of the source or 
the observer, ¢ is the speed of light and f and & 
stand for the frequency and wavelength 
emitted. Then Af gives the change in the 
observed frequency (and A}, the change in the 
observed wavelength). 

Example question 

Q593638335530 TRIEE RIS T 

Hydrogen atoms in a distant galaxy emit light of 
wavelengih 658 nm. The light received on earth is 
measured to have a wavelength of 689 nm. State 
whether the galaxy is approaching the earth or 
moving away, and calculate the speed of the 
galaxy. 

  

Answer 
The received wavelength is longer than that emitted, 
and so the galaxy is moving away from earth. 

The emitted frequency is 

  

< 
i 

 3.00x10° 
T 658 %107 

=4.56 % 10" Hz 

and the received frequency is 

  

3.00 x 10 
T 689x 107 

=435x 10" Hz 

giving a shift of AF = 0.21 x 10/ Hz. Hence the 
speed is found as follows: 

af=traval < 7 
3.00 x 10° x 0.21 x 10" 

4.56 x 10" 

4x107ms™! 
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Take the speed of sound to be 343 m s 
problems that follow. 

Tin all the 

1 A source of sound is directed at an 
approaching car. The sound is relected by 
the car and is received back at the source. 
Careully explain what changes in frequency 
the observer at the source will detect. 

2 Light from a nearby galaxy is emitied al a 
wavelength of 657 nm and is observed on 
carth at a wavelength of 654 nm. What can 
we deduce about the motion of this galaxy? 

3 Explain, with the help of diagrams, the 
Doppler effect. Show clearly the cases of a 
source that (a) moves towards and (b) goes 
away from a stationary observer as well the 
case of a moving observer, 

4 A source approaches a stationary observer 
at40 m s™! emitting sound of frequency 
500 Hz. What frequency does the observer 
measure?, 

  

5 A source is moving away from a stationary 
observer at 32 m 5! emitting sound of 
frequency 480 Hz. What frequency does the 
observer measure? 

6 Asound wave of frequency 512 Hz is emitied 
by a stationary source toward an observer 
who is moving away at 12 m s~'. What 
frequency does the observer measure? 

7 Asound wave of frequency 628 Hz is 
emitied by a stationary source toward an 
observer who is approaching at 25 m s 
What frequency does the observer 
measure? 

  

8 A sound wave of frequency 500 Hz is 
emitied by a stationary source toward a 
receding observer. The signal s reflected by 
the observer and received by the source, 
where the frequency is measured and found 
1o be 480 Hz. What is the speed of the 
observer? 

9 A sound wave of frequency 500 Hz is 
emitted by a moving source toward a 
stationary observer. The signal is reflected by 
the observer and received by the source, 

where the frequency is measured and 
found to be 512 Hz. What is the speed of 
the source? 

10 A disc rotates about its axis with constant 

angular velocity. A point on the rim moves 
with a speed of 7.5 m 5. Sound of 
frequency 500.0 Hz is emitted from a source 
on the circumference of the disc in 
directions parallel to the source’s velocity 
as shown in Figure 5.6, and is received by 
an observer very far away from the disc. 
What frequencies does the observer 
measure? 

1o observer 
— 3 

emitted waves 
Figure 5.6 For question 10. 

11 Consider the general case when both the 
source and the observer move. Let v be the 
velocity of the source and v, that of the 
observer. In the frame of reference in which the 
observer is at rest, the waves appear (o move 
with velocity ¢+ v, and the source appears to 
move with velocity v, +v.. Thus, show that the 
frequency received by the observer is 
f=St% 

c—v 
12 Consider a source moving away from a 

stationary observer with speed v. The source 
emits waves of speed c and wavelength .. 
Explain why the observer will measure a fonger 
wavelength for the waves received and show 
that the shift in wavelength A = &, — A, 
obeys 3 = ¥, 

13 Assource of sound emits waves of frequency 
towards an object moving away from the 
source. The waves are reflected by the object 
and are received back at the source. The 
speed of the object is v. 
(@) Deduce that the frequency of the reflected 

waves as measured by an observer at the 

   



14 

15 

16 

source is given by 

  

(B)1 £ is small, it can be shown in 
mathematics that 

1 v Al-- 
T+ < 
  

Deduce that the magnitude of the 
frequency shift measured by the observer at 
the source becomes 

ar=2¢ c 

(©) Ulrasound of frequency 5.000 MHz 
reflected from red blood cells moving in an 
artery is found to show a frequency shift of 
2.4 kHz. The speed of ultrasound in blood 
is 1500 ms”'. 
(i) Estimate the speed of the blood cells. 
(i) In practice, a range of frequency shifts is 

observed. Explain this observation. 
“The sun rotates about its axis with a period 
that may be assumed to be constant at 27 
days. The radius of the sun is 7.00 x 10°m. 
Discuss the shifts in frequency of light emitted 
from the sun's equator and received on arth. 
Assume that the sun emits monochromatic 
light of wavelength 5.00 x 107 m. 
The human ear can detect frequencies in the 
range of about 20 Hz to 20 kHz. A source of 

sound moves towards and then away from a 
stationary observer. Describe qualitatively the 
changes, if any, in the frequency of sound 
heard by the observer when the source emits 
(@) sound of a single frequency 500Hz; 
(b) sound with frequency in the range S00Hz 

to 1000Hz; 

(c) all frequencies covering the entire audible 
range of the observer. 

In a binary star system, two stars orbit a 
common point and move so that they are 
always in diametrically opposite positions. 
Light from both stars reaches an observer on 
earth, Assume that both stars emit light of 
wavelength 6.58 x 107 m. - 
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(a) When the stars are in the position shown in 
Figure 5.7, the observer on earth measures 
a wavelength of light of 6.58 x 107 m 
from both stars. Explain why there is no 
Doppler shift in this case. 

  

Figure 5.7 For question 16(a). 

    

  

(b) When the stars are in the position shown in 
Figure 5.8, the earth observer measures 
two wavelengths in the received light, 
6.50 x 107 m and 6.76 x 107 m. 

Determine the speed of each of the stars. 

star B 
e 

  

towards earth, 

Figure 5.8 For question 16(b). 

17 A source of sound emits waves of frequency 
850 Hz in all directions as it approaches and 
then recedes from an observer close to its 
path. The power of the sound emitted is 
constant. 
(a) Draw a sketch graph (no numbers required) 

10 show the variation with time of the 
fensity of the sound heard by the 

    

observer. 
The observer is 4.0 m away from the line of 
motion of the source. The source moves at a
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constant speed of 12 m 57, and its initial 
position is 24 m away, as shown in Figure 5.9. 
(b) Draw a detailed graph to show the 

variation with time of the frequency of the 
sound heard by the observer. 

(c) How does your graph in (b) change if 
the source is moving with constant 
acceleration? (Assume that the acceleration 
is 2.0 m s, the initial position is the same. 
(24 m away) and the inital velocity is 
10 m ) Draw a detailed graph and 
explain the shape you have drawn. 

  

T 
e m I 0 

. 
observer 

Figure 5.9 For question 17, 

18 Sound of frequency 530 Hz is emitted by a 
stationary source. An observer approaching 
the source at high speed receives the sound 
and measures a frequency of 580 Hz. 

(a) Determine the speed of the observer. 
(b) Calculate the wavelength of the sound as 

measured by 
(i) the source; 

(i) the observer. 
Take the speed of sound in still air to be 
340ms’. 

19 (a) The shift in frequency due to a source of 
light moving at speed v and emitting light 
of frequency fis given by 
af=Yr 

  

< 
Using the approximation (valid if  is small) 

1 v e 
i Te 

show that the shift in wavelength is given by 

Ak 

  

I < 
where 4 is the emitied wavelength. 

(b) Calculate the speed of a galaxy emitting 
light of wavelength 5.48 x 107" m which 
when received on earth is measured to 
have a wavelength of 5.65 x 107 m.



CHAPTER    
Standing waves 
A special wave s formed when two ordinary identical waves travelling in opposite 
directions meet. The result is a standing (stationary) wave: a wave in which the crests 
do not move. 

Objectives 

By the end of this chapter you should be able to: 
« state the differences between a standing wave and a travelling wave; 
« describe how a standing wave is formed; 
« draw the various harmonics on strings and tubes and find the wavelength in 

terms o the string or tube length; 
« state the meaning of the terms fundamental and harmonics; 
« state the meaning of the term resonance; 
« solve problems with standing waves, 

    

Standing waves on strings 

and tubes 

> When two waves of the same speed and 
wavelength and equal or almost equal 
amplitudes travelling in opposite directions 
‘meet, a standing wave is formed. This 
interesting wave is the result of the 
superposition of the two waves travelling in 
‘opposite directions. 

‘The main difference between a standing wave 
and a travelling wave is that in the former no 
energy or momentum is transferred. A standing 
wave is characterized by having a number of 
points at which the displacement is always zero. 
These are called nodes. (In a travelling wave, 
there are no points where the displacement is 
alyways zero,) The points at which the 
displacement is a maximum are called 
antinodes. (Note that the nodes always have 
zero displacement whereas the-antinodes are at 

maximum displacement for an instant of time 
only,) In Figure 6.1 a string of length | has been 
plucked in the middle and is about to be 
released. 

  

L et e et e S T I 
Figure 6.1 A standing wave on a string with both 

ends fixed. The string is held in this position 
and then released. A standing wave like this 
with a single antinode is known as a 
fundamental standing wave. 

  

Successive pictures of the string will then look 
like Figure 6.2: the end points of the string 
remain fixed at all times (nodes) but the rest 
of the string oscillates. The middle point is 
the point on the string with the largest 
displacement (antinode). The string will return 

nal position after a time equal to the 
period of the wave. In the absence of friction, 
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Figure 6.2 Positions of the string at various time 

intervals after being released. The dark circles 
show the positions of the nodes. The dotted line 
shows the position of the antinode. 

this oscillation will continue fofever. When the 
string is in its original position (¢ = 0) all the 
energy of the wave is in the form of potential 
energy of the stretched string. When the string 
assumes its undisturbed position, all the energy 
is in the form of kinetic energy. At all other 
positions the energy of the string consists of 
both potential and kinetic energy. Note that the 
crest of this wave (i.e. the antinode) does not 
move to the right or left as a crest does in a 
travelling wave. 

‘The standing wave depicted above has a specific 
wavelength. Note that we have fitted half a full 
wave on the length of the string. This means that 

  

Si=2L 

  

‘The wave with & = 2L is not the only standing 
wave that can exist on this string, however. 
Figure 6.3 shows the next standing wave. Note 

Figure 63 A standing wave with three nodes and 
two antinodes. A standing wave like this is 
known as the second harmonic. 

that the only constraint we have is that the 
ends of the string are nodes. Here, we have 
fitted one full wave on the string. Thus, 4 = L. 
‘This standing wave has three nodes and two 
antinodes. 

  

An infinity of standing waves can thus exist on 
the string by ‘fitting’ waves with the constraint 
that the ends are nodes. The next standing wave 
is shown in Figure 6.4. 

Figure 6.4 A standing wave with four nodes and 
three antinodes. A standing wave like this is 
known as the third harmonic. 

For the third harmonic, we have fitted one and 
a half full waves on the string. Thus, 

  

8, 
2 

2L 
A= 

In general, we find that the wavelengths satisfy 

a=Z ne1234. n 

‘The wave with wavelength corresponding to 
| n=1is called the fundamental mode of the 

string or the first harmonic. All other modes 
are called higher harmonics. So, for example, 
the mode with n = 3 is the third harmonic. The 
fundamental mode has the largest wavelength 
and thus the smallest frequency (f = 
v is the speed of the wave). 

  

     



Figure 6.5 shows that particles between two 
consecutive nodes move in the same direction. 
Particles between the adjacent pair of nodes 
move in the opposite direction. 

Figure 6.5 All points between two consecutive 
nodes are in phase: that is to say, they move in 
the same direction. They differ in phase by 180 
‘with those between the next pair of nodes, 
which are moving in the opposite way. 

If one end of the string is free and the other 
fixed, then the free end must be an antinode 
and the fixed end a node. The allowed 
wavelengths are then 

4L - X 3,855 

(Here n is an odd integer) Examples of these 
standing waves are shown in Figures 6.6-6.8. 

‘You must convince yourself that the wavelengths 
of these harmonics are indeed those given by 
the formula 2 = % 

  

L 
D 

Figure 66 The fundamental standing wave on a 
string with one end fixed and the other free. 

Figure 6.7 The second harmonic. 
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Figure 6.8 The third harmonic. 

When both ends are free, the condition is 

21 = no1234. n 

‘The situation here is entirely analogous to that 
‘with both ends fixed with the roles of node and 
antinode interchanged (see Figure 6.9). 

Figure 6.9 Standing waves on a string with both 
ends free are similar to those for both ends 
fixed except that nodes and antinodes are 
interchanged. The fundamental and second 
harmonic are shown here. 

We have discussed standing waves exclusively in 
terms of waves on a string whose ends are fixed 
or free. Exactly the same results apply to sound 
standing waves formed in a pipe (such as a 
‘musical instrument) whose ends are open 
(corresponding to free string ends) or closed 
(corresponding to fixed string ends) - see 
Figure 6.10. Nodes exist at closed ends and 
antinodes at open ends. 

  e 
(@) lftend (moutis  (b) left end (mouth) s 
open, right end s closed  open, rightcnd i open 
Figure 6.10 (a) A pipe with one end closed and one 

open. (b) A pipe with both ends open.
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Nodes in this case correspond to points in the 
pipe where the air molecules are not moving 
whereas antinodes correspond to points where 
the air molecules move with maximum 
displacement (see Figure 6.11). These are called 
displacement nodes and antinodes. Note, 
however, that at a displacement node the 
pressure of the gas varies the most (i.c. we have 
a pressure antinode), and at a displacement 
antinode the pressure variation s zero (i.c. we 
have a pressure node). 

  

Figure 6.1 Air molecules in the pipe vibrate the 
‘most at antinodes and not at all at nodes. 

You don’t need to memorize the formulac for 
wavelength in terms of string or tube length. 
Rather, you should note that in all cases the 
distance between successive nodes or antinodes 
is half a wavelength and that the distance 
between a node and the next antinode is a 
quarter of a wavelength. This should allow you 
to figure out what kind of standing wave you 
can fit in the particular case you are examining. 
We see from these formulae that, as the length 
of the tube becomes smaller, the allowed 
wavelengths also get smaller, which means that 
the corresponding frequencies get larger. This is 
seen when you put a bottle under a tap and 
start to fill it with water. The falling water 
excites a standing wave in the bottle whose 
length of air column is getting smaller as the 
bottle fills. This means that the frequency of 
the sound emitted by the bottle becomes high 
pitched, as we know from experience. 

Example questions 
Q1 e ———n—— 
A standing wave is set up on a string kept under 
tension 7. What must be done to the tension in 

order to double the fundamental irequency of the 
wave? 

Answer 

Since 7 = , and the wavelengih is fixed in terms 
of the length of the string & = 21, we can double 
1 by doubling the velocity of the wave, This 
means that the tension must increase by 4. 
Q2 CETTs——————— 
What is the ratio of the frequencies of the 
fundamental to the second harmonic for a 
standing wave set up on a string, both ends of 
which are kept fixed? 
Answer 
The frequencies are 

  

v v h=o and fi= Sy @ T 
hence 
o _1 
T2 

Q3 s ———— 
Atube has one end open and the other closed. 
What is the ratio of the wavelengths of the 
fundamental to the second harmonic? 
Answer 
‘The fundamental and second harmonic have 
wavelengths 

aL 
and k=   o = 4L 

hence 

  

Q4 re—mnm————— 
Astanding wave s set up in a tube with both 
ends open. The frequency of the fundamental is 
300 Hz. What i the length of the tube? Take the 
speed of sound to be 340 m s~ 

Answer 

The wavelengh is 
34 
300 

  

m=1.13m 

The fundamental’s wavelength is equal to 2L and 
s0L=057m.  



Resonance and the speed 

of sound 
When a vibrating tuning fork is brought near to 
the end of a long tube partially filled with water, 
a buzzing sound may be heard from the tube. 
‘When that happens, addition of more water in 
the tube will ruin the effect. This is an example 
of resonance. The tuning fork will excite the air 
in the tube and force it to vibrate with a 
frequency equal to the tuning fork's frequency. 
The amplitude of this standing wave will be 
appreciable, though, only if the frequency of the 
standing wave that the tube can support is equal 
to the tuning fork’s frequency. When these two 
frequencies are the same, we hear the buzzing 
sound from the tube. Pouring more water in the 
tube changes the frequency of the tube and so 
the amplitude is now very small - no sound is 
heard from the tube. 

  

‘This actually provides a simple method for 
measuring the speed of sound in air. A set of 
tuning forks of known frequencies are each 
sounded over a column of air in a long tube 
partially filled with water. The height of the 
column of water s adjusted (by pouring water in 
or out) until resonance is obtained (i.e. the tube 
emits a sound). The corresponding height of the 
air column and the frequency are recorded and 
this is repeated with the other tuning forks. The 
standing wave inside the tube must have a 
wavelength such that 2 = 4L, where L is the 
length of the air column. But & = ., where  is 
the corresponding frequency, which equals the 
known frequency of the tuning fork. Thus, v, 
which is the speed of sound, can be determined 
by repeating this procedure for various different 
tuning forks and then plotting L versus 1/f. 
One must get a straight line with slope v /4. 

upplementary materia 

“This discussion ignores end corrections. End 
cortections are necessary in practice because 
the standing wave may have a wavelength that 
does not satisfy § = L but rather & = L + ¢, 
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where ¢ is a constant depending on the diameter 
of the tube. In an experiment to measure the 
speed of sound by resonance the end correction 
must be included. 

Resonance is a general phenomenon. It occurs 
whenever a system that is capable of oscillation 
or vibration is subjected to an external 
disturbance with a frequency equal to the 
natural frequency of the system itself. In that 
case, the system oscillates with a large 
amplitude. If the frequencies do not match, the 
system still vibrates but the amplitude is very 
small. Clearly, resonance can be a dangerous 
phenomenon. A system that is set into vibration 
by something external and develops large 
amplitudes may eventually break or fall apart. 
Aeroplane wings, engines, bridges, tall 
buildings, etc., must all be protected against 
resonance from external vibrations due to 
wind, other vibrating objects, etc. Soldiers 
always break their step when walking over a 
bridge, in case the force that they exert on the 
bridge starts uncontrollable oscillations of the 
bridge. An earthquake may set a building into 
oscillation if the frequency of the longitudinal 
wave created by the earthquake is equal to the 
natural frequency of vibration of the building. 
This frequency is - where ¢ is the speed of 
sound in the structure of the building and L is 
its height. (See Figures 6.12-6.14) 

Figure 6.12 The Tacoma Narrows bridge collapsed 
in 1940, a victim of resonant failure.  



256 AHL - Oscillations and waves / SL Option A - Sight and wave phenomer 

    

     

  

wavelengih of 
fundamental is 2L 

  

Figure 6.13 A building will be made to oscillate in 
a standing wave mode if the frequency of the 
earthquake wave matches the natural frequency 
of oscillation of the building. 

  

Figure 6.14 The severe carthquake that struck 
northern Turkey in August 1999 released vast 
amounts of energy. Hundreds of buildings 
toppled and tens of thousands of people were 
killed. 

      . 

1 Describe what is meant by a standing wave. 
In what ways does a standing wave differ from 
a travelling wave? 

2 How is a standing wave formed? 

3 In the context of standing waves describe 
what is meant by: 
(@) node; 
(b) antinode. 

4 Describe how you would arrange for a s 
that s kept under tension, with both ends 

  

  
10 

il 

12 

fixed, (o vibrate in its second harmonic mode. 
Draw the shape of the string when it is 
vibrating in its second harmonic mode. 
Explain what is meant by resonance and give 
two examples where it occurs. 
Car drivers occasionally experience a ‘shaking 
steering wheel’ when travelling at a particular 
speed. The shaking disappears at lower or 
higher speeds. Suggest a reason for this 
observation. 
Astring s held under tension, with both ends 
fixed, and has a fundamental frequency of 
250 Hz. If the tension is doubled, what will 
the new frequency of the fundamental 
mode be? 
Astring has both ends fixed. What is the ratio 
of the frequencies of the first to the second 
harmonic? 
The fundamental mode on a string with both 
ends fixed is 500 Hz. What will the frequency 
become if the tension in the string is increased 
by 20%? 

The wave velocity of a transverse wave on a 
string of length 0.500 m is 225 m s 
(a) What is the fundamental frequency of a 

standing wave on this string if both ends. 
are kept fixed? 

(b) While this string is vibrating in the 
fundamental harmoric, what is the 
wavelength of sound produced in air? 

(Take the speed of sound in ai to be 330 m s 
Figure 6.15 shows a tube with one end open 
and the other closed. Draw the standing wave 
representing the third harmonic standing wave 
in this tbe. 

        

  

  
Figure 6.15 For question 11. 

Aglass tube is closed at one end. The air 
column it contains has a length that can be 
varied between 0.50 m and 1.50 m. If a 

tuning fork of frequency 306 Hz is sounded at 
the top of the tube, at which lengths of the air  



13 

14 

15 

16 

column would resonance occur? (Take the 
speed of sound to be 330 m s~'.) 
Aglass tube with one end open and the other 
closed is used in a resonance experiment to 
determine the speed of sound. A tuning fork 
of frequency 427 Hz is used and resonance 
is observed for air column lengths equal to 
17.4 cm and 55.0 cm. 

(a) What speed of sound does this experiment 
give? 

(b) What is the end correction for this tube? 
Atube with both ends open has two. 
consecutive harmonics of frequency 300 Hz 
and 360 Hz. 

(a) What i the length of the tube? 
(b) What are the harmonics? 
(Take the speed of sound to be 330 m s~ 
Astring of length 0.50 m is kept under a tension 
0f90.0 N and vibrates in its fundamental mode. 
The mass of the string is 3.0 g. 
(a) Whatis the frequency of the sound emitted? 

(Take the speed of sound to be 330 m ™) 
(b) The same string now vibrates in water. 

What is the wavelength of the sound 
emitted? (Take the speed of sound in water 
to be 1500 ms~') 

A container of water of length 12 cm is placed 
on top of a vibration generator (Figure 6.16). 
When the generator is tured on, the water in 
the container sloshes back and forth. 

  

  

  

® 1 ® 

Figure 6.16 For question 16. 

    
  

When the frequency is adjusted to about 
0.75 Hz, the water actwally spills out of the 
container. 
(a) Suggest a reason for this. 
(b) Estimate the speed of water waves in the 

container. 
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17 Do the following experiment at home. Take a 
styrofoam cup (top diameter approximately 
8 cm) and fil it with cold coffee or tea. Now 
drag it slowly over a surface that i neither too 
smooth nor too rough, for example a kitchen 
counter. 
(2) Observe and explain what you see on the 

surface of the liquid as the speed at which 
you drag the cup is varied. 

(b) Knowing that the speed of water waves in 
the cup is about 15 m 5™, estimate the 
frequency that makes the water vibrate. 

(@) 1s this frequency related to the speed of 
the cup? 

18 Consider a string with both ends fixed. 
A standing wave in the second harmonic 
mode is established on the string, as 
shown in Figure 6.17. The speed of the wave 
is180ms™', 

(@) Explain the meaning of wave speed in the 
context of standing waves. 

(b) Consider the vibrations of two points on 
the string, P and Q. The displacement 
of point P is given by the equation y = 
5.0 cos (45w, where  is in mm and 
is in seconds. Calculate the length of the 
string. 

(© State the phase difference between the 
oscillation of point P and that of point Q. 
Hence write down the equation giving the 
displacement of point Q. 

  

   

Figure 6.17 For question 18. 

19 A sound wave of wavelength 1.7 m passes 
through air, where the speed of sound is 
330 m 5. Assume that a molecule of air 
has mass 4.8 x 10~ kg and that, as a result 

of the sound wave, it oscillates with an 
amplitude of 4.0 x 10”7 m. Calculate the 
maximum kinetic energy of the molecule due 
10 its oscillations.
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20 Astring with both ends fixed vibrates in the 
third harmonic mode, as shown in Figure 
6.18. The length of the string is 6.0 m and the 
speed of the wave is 120 m s~ 

  

Figure 6.18 For question 20. 

(a) Calculate the wavelength of the wave on 
the string. 

(b) The amplitude of oscillation of point P is 
4.0 mm. Explain why the displacement of 
point P is given by the equation 
y = 4.0 cos(60r 1), where y s in 
millimetres and s in seconds, 

(©) The amplitude of oscillation of points 
Qand R is 2.0 mm. State the equation 
giving the displacement of (i) point Q and 
(i) point R. 

(d) Calculate the average speed of (i) point 
P and (i) point Q fromto t = 0to t = £, 
where T is the period of the wave. 

(e) Calculate the maximum speed of () point 
P and (i) point Q. 
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Diffraction 
In previous chapters, we saw the behaviour of light in the geomelrical approximation, 
which is when the important phenomena of diffraction and interference are neglected 
50 that we can treat light propagation along straight lines. This chapter deas in detail 
with the problem of single-sit diffraction and the effect of sit width in the interference 
pattern. 

  

Objectives 
By the end of this chapter you should be able to: 
+ understand difraction and draw the diffraction patterns from a rectangular 

slit, a sharp edge, a thin tube and a circular aperture; 
« appreciate that the first minimunm in single-slit diffraction past a slit of 

  width b is approximately at an angle 0 = }: 
« draw the intensity patterns for a single slit of finite width and for two slits of 

negligible width; 
+ show the effect of slit wideh on the intensity pattern of two slits. 

  

wavelengih small compared with aperture. 
      

Diffraction 
Diffraction, as we have seen earlier, s the 
spreading of a wave as it goes past an obstacle 
or through an aperture. 3 ¥ Let us consider a plane wave of wavelength ) 
propagating toward the right, where an | 
aperture of size b is waiting. What will the orhere 

wavefronts look like after the wave has gone Figure 7.1 When the wavelength is small compared 
through the aperture? The answer is not so with the size of the opening of the aperture, the 
straightforward. As we will see, the value of the amount of diffraction is negligible. 
wavelength in relation to the aperture size will 
be crucial in determining what answer we get. that light goes through the opening, so that if 
In the first case let us assume that the | we puta screen beyond the aperture we will see 
wavelength is very, very small compared with b | light on an area of the screen identical to the 
(see Figure 7.1). opening and darkness around it. Light travels 

in straight lines and does not bend as it goes 
Ihat patCataie VR i BUCE D e through the aperture. There is no diffraction. 
screen does not propagate through and only 
that part which is free to go through does so. On the other hand, if the wavelength is 
If the wave in question is light, this picture says | comparable to or bigger than b, the new.
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wavefronts are curved and the wave manages 
10 go around the edges (see Figure 7.2). 

wavelength comparable (0 aperture 

the wave is 
spreading 

B 
Figure 72 When the wavelength is comparable to 

the opening of the aperture, diffraction takes 
place. 

If we put a screen some distance away from 
the aperture, we would see light in places 
where we would not expect any, such as points 
Aand B, for example. This is the phenomenon 

of diffraction. It takes place whenever a wave 
whose wavelength is comparable to or bigger 
than the size of an aperture or an obstacle 
attempts to move through or past the aperture 
or obstacle. (Note that here ‘comparable to' 
means that the wavelength can be a few times 
smaller than the aperture size,) 

Diffraction explains how we can 
hear, but not see, around corners. 
For example, a person talking in the 
next room can be heard through the 
open door because sound diffracts 
around the opening of the door; the 
wavelength of sound for speech is 
roughly the same as the door size. 
On the other hand, light does not 
diffract around the door since its 
wavelength is much smaller than 

1 
Figure 73 Diffraction also takes place when a 

‘wave moves past an obstacle. 

Diffraction does takes place if the wavelength is 
comparable to the obstacle size, as seen in 
Figure 74(b). 

Figure 7.5 shows interference patterns due 
t0 (a) a single slit, (b) two slits, (c) a sharp 
edge, (d) a circular aperture and (¢) a thin 
cylindrical tube. Notice the wide central 
maximum in (a) and the secondary maxima in 
(b). In (¢) the pattern consists of bright and 
dark strips and in (d) of bright and dark rings. 
In (¢) notice the presence of a bright fringe 
right behind the tube. 

L 
o wave here. 

| 
® 

Figure 74 (a) If the wavelength is much smaller 
than the obstacle, no diffraction takes place and 
a shadow of the object is formed. (b) If the 
wavelength is comparable to the obstacle size, 
diffraction takes place and the wave appears far 
from the object in the region where the shadow 
was expected. 

the door size. ® 

Other examples of diffraction are 
shown in Figures 7.3-7. 

  

If the wavelength is much smaller 
than the obstacle size, no diffraction 
takes place, as seen in Figure 74(a).  



    

sharp edge 

  

© 
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© 
Figure 75 (a) Single-rectangularslit diffraction pattern. (b) Doubleslit diffraction 

pattern. (c) Sharp-edge diffraction pattern. Note that light extends on the inside of 
the sharp edge. (d) Diffraction pattern from a circular aperture. (¢) Diffraction 
pattern due to a very thit 
directly behind the tube. 

  

single-slit diffraction 
When a wave of wavelength A falls on an 
aperture whose opening size is b, an important 
wave phenomenon called diffraction takes 
place. As we saw earlier: 

» Diffraction is appreciable if the wavelength 
is of the same order of magnitude as the 
opening or bigger. 
azb 

Diffraction is negligible, however, if the 
wavelength is much smaller than the 
opening size. 

A&b 

To investigate this phenomenon we use Huygens' 
principle (see pp. 234-6) and say that every point 
on the wavefront that hits the slit will act as a 

source of secondary coherent radiation. Then 
what we see at a point P on a screen a large 

tube with sharp edges. Note that there is light even 

1A 1A 
| o screen 

b 1as 
1o 

By 

LB 

Figure 76 In the case of finite slit width each 

point on the wavefront entering the slit acts 

source of waves according to Huygens’ principle 
and so interference will, in general, result on a 
screen some distance away. 

  

distance away will be the result of the interference 
of the waves arriving at P from each of the points 
on the wavefront. Figure 7.6 shows 10 such points 
labelled Ay, Ag, As, Ay, As and By, By, By, By and Bs.
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‘We choose the Bs in such a way that they are 
symmetrically placed relative to the As. 

All these points are on the same wavefront and 
therefore are coherent. But, in general, the 
wave from A, will travel a different distance in 
order to get to P than the wave from B, (see 
Figure 7.7). This path difference will, as in our 
discussion of interference, result in a phase 
difference between these two waves at P. 

0P 
A 

  

[ 
Figure 7.7 Diagram used to calculate the path 

difference. The path difference equals the 
distance B,C . Lines AP and B,P are 
approximately parallel since P is far away. Thus, 
triangle AjB,C; is approximately right angled 
and angle B,A,C; equals 6. The path difference is 
the length B,C,. 

If the path difference is half a wavelength, the 
two waves arrive at P with a 180° phase 
difference,so the maxima of one wave match the 
minima of the other. The result is destructive 
interference, or no wave at P. But remember, we 
still have to consider the other points, not just A, 
and B,. What about A, and B2 Triangles A,B,C; 
and A,B,C; are equal since they are right angled, 
that is AB, = AB; and [BAC, = (BAC (see 
Figure 7.8). Thus, we sce that whatever phase 
difference exists at P from A, and By, the same 
will be true for A, and By, and 50 on. 

  

Thus, if we get zero wave at P from the first 
pair, we will get the same from. the second as   

Figure 7.8 Triangles A,C.B, and A,C:B; are equal 

well. Continuing this argument we see that all 
the points on the wavefront will result in 
complete destructive interference if the first 
pair results in destructive interference. To get 
destructive interference, the path difference must 

| be a halfintegral multiple of the wavelength. The 
path difference between waves arriving at P from 
A, and B, is & sin@ (see Figure 7.6) and so this 

| means tha if 

  L 
2 2 
=bsing = 

  

we get a minimum at P. If we split the aperture 
into four equal pieces instead of two and repeat 
this argument, we will find that the condition 
for destructive interference is also 

8. A Fsno=75 

=bsing =21 

  

¥ In general, in interference from a single siit 
‘we get destructive interference at points P if 

bsinp=m  n=1.23 . 
“This equation gives the angle ¢ at which. 
‘minima are observed on a screen behind 
the aperture of size b on which light of. 
wavelength  fals, Since the angle ¢ is  



  

‘The maxima of the pattern are dpproximately 
halfway between minima. This equation is very 
important in understanding the phenomenon 
of diffraction so let us take a closer look. 

The first minimum (1 = 1) occurs at bsin 6 
If the wavelength is comparable to or bigger 
than b, appreciable diffraction wil take place, as 
we said earlier. How do we see this from this 
formula? If & > b, then sin # > 1 (i.e. # does not 
exist). The wave has spread so much around the 
aperture, the central maximum is so wide, that 
the first minimum does not exist. (Remember 
that diffraction is the spreading of the wave 
around the aperture, not necessarily the 
existence of interference maxima and minima,) 

  

If now the wavelength is comparable to b, then 
again appreciable diffraction takes place and a 
number of minima and the intervening maxima 
are visible (comparable means that the wavelength 
can be a bit less than b). If, on the other hand, 
& < b, then from 6 = it follows that 6 is 
approximately zero. In other words, the wave 
goes through the aperture along a straight line 
represented by ¢ = 0. There is no wave at any 
point P on the screen for which § is not zero. 
“This means that the passage of the wave leaves 
a shadow of the aperture on the screen. There is 
10 spreading of the wave and hence no 
diffraction, as we expected. 

‘The intensity of light observed on a screen some 
distance from the slit is shown in Figure 7.9(a) for 
the case b = 24 and in Figure 79(b) for b = 51 
(the vertical units are arbitrary). 
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Figure 79 The singleslit intensity pattern for (a) a 

slit of size b = 2, and (b) a slit of size b = 31. 

  

Note that the narrower slit (a) has a wider 
central maximum. 

The effect of slit width 
At this point it is worth reminding you that in 
our previous discussion of the Young twoslit 
interference experiment, we never talked about 
the size of the slit width, only the separation d of 
the two slits entered in the formula. This is 
because we assumed that the slit width was much 
smaller than the wavelength. As we discussed 
above, in this case (1 > b) there is no interference 
pattern from points within the individual slit. The 
wave just spreads past the slit. The interference 
pattern we got on the screen in that case was the 
interference of the two waves after each had 
spread through each slit. Thus, in this limiting 
case, if one of the two slits were covered, the 
interference pattern would disappear.
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On the other hand, the case of two slits whose 
widths cannot be so neglected will result in a 
more complicated pattern on the screen. This 
pattern will be the combined effect of (a) the 
interference pattern from one slit alone and 
(b) the interference from waves coming from 
different slits. Let us consider the intensity 

pattern for two very narrow slits separated by 
d = 161 shown in Figure 7.10. 

e 0 
100 - 0 5 10° 
Figure 7.10 The two-slit interference intensity 

pattern for slits of negligible width separated by 
d =162 

The intensity pattern for a single slit of width 
b =34 was shown in Figure 7.9(b). 

Finally, the intensity pattern for two slits 
separated by d = 162 as before, but whose 
width is not negligible, b = 34, is shown in 
Figure 7.11. 

We have shown the single-slit pattern again, 
which is in fact the envelope curve for the 
twosslit pattern. The position of the maxima is 
the same as in the case of the narrow slits but 
the effect of the slit width is to modulate the 
intensity by the singleslit diffraction pattern. 

Missing orders 
If the slit width is ignored in a Young-type two- 
slit interference pattern, we observe a number of 
equally bright maxima, as in Figure 7.10. If the 
slit width is not ignored, this intensity pattern 
will be modulated by the diffraction effects of 
the slits. It sometimes happens that the first 
diffraction minimum in the oneslit diffraction 
pattern coincides with one of the maxima in the 
twoslit interference pattern. If that happens, the 
‘maximum will be reduced to a point of zero 

  Y 20 10 0 107 207 30 
Figure 7.11 The modulated two-lit intensity pattern when the slit width is not 

  

negligible. 
  

hown here is the case for b = 3% and d = 164. 

  

he heavy curve is the 
oneslit diffraction eurve for a slit width of b = 3.  



2° 

  

a0 20° 
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0 00 
Figure 712 The fourth maximum in the twoslit pattern is missing because it 

coincides with the first diffraction minis 
conclude that d = 4b. 

intensity and we then speak of a missing order. 
Suppose that the first diffraction minimum 
occurs at an angle 0. Then bsin6 = 1 x . 
Suppose that the nth maximum of the twoslit 
pattern coincides with the first diffraction 
minimum. Then d sin = nz. Combining the two 
equations we see that 

  

dsing =ni 
=d=nb 

bsing =1 

that i, the slit separation is n times the slit 
width where n is the missing order. Figure 7.12 
is an example of this where the missing order is 
n=4. 

1 Asingle slit of width 1.50 wm is illuminated 
with light of wavelength 500.0 nm. Find the 
angular width of the central maximun. 

imum of the oneslit pattern. We can 

2 Microwaves of wavelength 2.80 cm fall on a 
slit and the central maximu at a distance of 
1.0 m from the slit is found to have a hali- 
width (i.e. distance from middle of central 
maximum to first minimum) of 0.67 m. Find 
the width of the sl 

| 

| 3 The intensity pattern for single-slit difiraction 
| is shown in Figure 7.13. (The vertical units are 
| arbitrary.) 

| 1 

| o ety § 
‘ w w2 0 w0 a0 

iigure 713 For question 3
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(a) Find the width of the slit in terms of the 

wavelength used. 
(b) On a copy of the diagram, draw the 

intensity pattern for two such slits placed 
parallel to each other and separated by a 
distance equal to 10 wavelengths. How 
many interference maxima fall within the 
central diffraction maximum? 

La0m 
Figure 7.14 For question 4    

  

4 From the information in Figure 7.14, | screen is 0.60 m from the slit and the slit 
determine the wavelength used to obtain the | width is 2.30 cm. What kind of wave is most 

single-slit diffraction pattern shown. The | likely being used?



  

Resolution 

SL Option A - Sight and wave phenomena 

  

; AHL - Oscillations and waves 

This short chapter deals in detail with the imils to resolution imposed by diffraction. 

Objectives 

By the end of this chapter you should be able to: 
+ understand what is meant by resolution; 

« apply the Rayleigh criterion. 

  

The Rayleigh criterion 

In the previous chapter, we discussed in some 
detail the diffraction of a wave through a slit 
of linear size b. One application of diffraction 
is in the problem of the resolution of the images 
of two objects that are close to each other. 

Light from a distant star will, upon passing 
through a lens, diffract around the circular 

aperture of the lens. The image of a star is an 
extended disc with diffraction rings around it. 
‘Two distant objects that are very close to each 
other will, in general, produce diffraction 

patterns that will merge with each other, making 
it difficult to distinguish the pattern as one 
belonging to two separate objects (see Figure 8.1). 

010, 
Figure 8.1 Diffraction limits our ability to 

distinguish two separate sources. In the first 
diagram the diffraction patterns have merged.   

Rayleigh suggested that a useful criterion for 
deciding whether the two objects can be 
resolved is that the central maximum of one of 
the sources is formed at the position of the first 
minimum in the diffraction pattern of the 
other (see Figure 8.2). 

  

- o 
w200 0w A e s 

Figure 82 The Rayleigh criterion states that 
two sources are just resolved if the central 
maximum of the diffraction pattern of one 
source falls on the first minimum of the 
other. 
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Figure 8.3 shows two unresolved and two well- 
resolved sources. 

  

  

@ 

10) 

0 
200 0 20° 40° 60° 80° 100° 

® 
Figure 83 (a) Two unresolved sources. (b) Two well- 

Tesolved sources. 

In Figure 8.4 the two objects are separated by a 
distance s and their distance from the observer 
is d. Their angular separation 6 is given by 
6 =s/d in radians. 

.J’ 

Figure 8.4 To sce the two objects as distinct we 
need a lens that can resolve the angle 0. 

  

  

Example questions 

   has a diameter of 35 cm. What is the smallest 
distance this camera can resolve on the surface of 
the earth? (Assume a wavelength of 500 nm.) 

Answer 
Using Rayleigh's criterion and a wavelength of 
5.0 %1077 m, e find that the distance s that can 
be resolved is given by s = 1 where 

  

122 x5 %107 
035 

~1.74 % 10 rad 
=Ss=r6 

X 10°x 1.74 10 m 
=034m 

o~ 

    

()2 FPeeteIPTIIIIT ISR ST IRV IS NI REASERLE 

The headlights of a car are 2 m apart. The pupil of 
the human eye has a diameter of about 2 mm. 
Suppose that light of wavelength 500 nm is being 
used. What is the maximum distance at which the 
two headlights are seen as distinct? 

   

Answer 

“The resolution of the eye is 

1.22x5x 107 

2x 10 
~3x 107 rad 

o~ 

   
3x10+ 

=0.67 x 10 
~700m 

The car should be no more than this distance 
away. 

Q3 nE— T — 
The pupil of the human ey has a diameter of 
about 2 mm and the distance between the pupil 
and the back of the eye (the retina) where the 
image is formed is about 20 mm. Suppose the eye 
uses light of wavelength 500 nm. Use this 
information to estimate the distance between the 
receptors in the eye.  



Answer 
The angular separation, 4, of two objects that 
can be resolved is, from the answer to Example 
question 2 above, 3 x 10-* rad. From Figure 8.5 
this s also the angular separation between two 
receptors on the retina. Thus, the linear 
separation of the two receptors must be smaller 
than about 

=0 
=20x107 x3x10™ 
=6x10°m 

As we have seen, the Rayleigh criterion states 
that two objects are just resolvable as distinct 
objects if their angular separation is not 
smaller than the angle 6 given by 

x 
6=122; 

In the case of a microscope, the object is placed 
a distance from the lens (see Figure 86) equal to 
the focal length  of the lens, and so 

s=10 

Then the condition for resolution on the object 
Dbecomes 

A 
s=1229 

In practice, f b, .. these two lengths are of 
the same order of magnitude, and this means that 

sA 

(in writing down this formula we neglect the 
factor of 1.22 because the expression above is   
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Figure 86 The Rayleigh resolution criterion applied 
t0.a microscope used to view a very small object. 

only meant to be understood at the level of 
orders of magnitude) This states the very 
important general result that: 

  

“This illustrates, for example, the operating 
principle of the electron microscope. To ‘see’, i.e. 
resolve, a small object of size, say, 0.0 nm, 
waves of roughly this wavelength must be used. 
‘This means that visible light cannot be used. On 
the other hand, according to de Broglie, 
electrons have a wave nature and so they are 
used in an electron microscope. If the electrons 
are accelerated to, say, 10° V, their kinetic energy 
will be £y = 10% eV = 1.6 x 10~ . Using 

  

  

(not o scale) 

  

Figure 8.5 The point here is that if the two receptors had a separation larger than 6 um, the two 
images would fall on the same receptor and would then appear as one.
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p=amEy 
2% 91 % 105 x 

  

71x 1072 Ns 

  

and hence a de Broglie wavelength of 
h 

x 

  

P 
6.63 x 103 
171 x 102 

=4x10"m 

‘This is small enough to resolve the size of 
0.01nm. An extension of this general principle 
of resolution therefore implies that, to resolve 
the structure of elementary particles, where 
separations as small as 10 m are involved, one 
must use a wavelength of this order of magnitude. 

If electrons are used, the energy required for the 
electron is in excess of 1000 GeV. This means 
that particle physics requires accelerators! 

1 Could a telescope with an objective lens of 
diameter 20 cm resolve two objects a distance 
of 10 km away separated by 1 cm? (Assume 
we are using a wavelengih of 600 nm.) 

  

2 The headlights of a car are separated by a 
distance of 1.4 m. At what distance would these 
be resolved as two separate sources by a lens of 
diameter 5 cm if a wavelength of 500 nm is 
being used? What effect would decreasing the 
wavelengih used have on the distance you just 
found? 

3 Assume that the pupil of the human eye has a 
diameter of 4.0 mm and receives light of 
wavelength 5.0 x 107 m. 

  

(@) Calculate the smallest angular separation 
that can be resolved by the eye at this 
wavelength. 

(b) What s the least distance between 
features on the moon (a distance of 
3.8 x 10* m away) that can be resolved? 

“The Jodrell Bank radio telescope has a 
diameter of 76 m. Assume that it receives 

electromagnetic waves of wavelength 21 cm. 
(@) Calculate the smallest angular separation 

that can be resolved by this telescope. 
(b) Determine whether this telescope can 

resolve the two stars of a binary star 
system that are separated by a distance of 
3.6% 10" m and are 8.8 x 10 m from 
carth (assume a wavelengih of 21 cm). 

The Arecibo radio telescope has a diameter 
of 300 m. Assume that it receives 

electromagnetic waves of wavelength 8.0 cm. 
Determine if this radio telescope will see the 
Andromeda galaxy (a distance of 2.5 x 10° 
light years away) as a point source of light or 
an extended object. Take the diameer of 
Andromeda to be 2.2 x 10° light years. 
A spacecraft is returning to earth after a long 
mission far from earth. At what distance from 
carth will an astronaut in the spacecraft first 
see the earth and the moon as distinct objects 
with a naked eye? Take the separation of the 
earth and the moon to be 3.8 x 10° m, and 

assume a pupil diameter of 4.5 mm and light 
of wavelength 5.5 x 107 m. 

  

“The Hubble Space Telescope has a mirror of 
diameter 2.4 m. 

(a) Estimate the resolution of the telescope 
assuming that it operates at a wavelength 
0f 55 x 107 m. 

(b) Suggest why the Hubble Space Telescope 
has an advantage over earth-based 
telescopes of similar mirror diameter.  



LI 

  

e 

Polarization 
This chapter introduces polarization, a property of transverse waves, A wave is polarized 
if the displacement of the wave always lies in the same plane. This chapter discusses 
how a wave can be polarized and introduces Malus's law for the intensity of light 
ansmitted through a polarizer. We also discuss Brewster’s law and close with a few 
applications of polarized fight. 

Objectives 
By the end of this chapter you should be able to: 
- explain the meaning of the term polarization; 
+ understand how light can be polarized: 
« state and apply Malus's law; 
« state and apply Brewster’s law; 
+ understand the terms optical activity and optically active substances; 
+ outline some applications of polarized light, including the structure and 

operation of liquid crystal displays. 

  

What is polarization? 

Light (like all other transverse waves) has the 
important property of polarization. Before 
discussing the case of light, let us look at a 
simpler mechanical wave, a wave on a string, | 
Figure 9.1 shows a string that is made to oscillate | 
50 that a transverse wave propagates along the | 

| 

  

  string. In Figure 9.1(a) the string is always in the 
same vertical plane. In Figure 9.1(b) the string is fetieal oranil, 
always in a horizontal plane. The string waves S asrng 
here are said to be plane polarized because in each @ ® 
case the string is always in a fixed plane. Figure 9.1 A string wave that is (a) vertically 

2 B . 5 polarized and (b) horizontally polarized. 
Now imagine a vertically polarized string wave. 

If an obstacle with a vertical slit is placed in the 
path of this wave (see Figure 9.2), the wave will Like all other electromagnetic waves, light is a 
simply go through the slit unimpeded. However, 
if the obstacle has a horizontal slit, the wave 
will be stopped, and no wave will be 
transmitted beyond the obstacle. 

transverse wave in which an electric field and a 
‘magnetic field at right angles to each other 
propagate along a direction that is normal to 
both fields. For the discussion of the
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@ ® 
Figure 92 A vertical string wave passes through a 

vertical slit (a) 
slit (b). 

but not through a horizontal 

polarization of light, it is sufficient to 
concentrate only on the electric field in the 
electromagnetic wave and to ignore the 
magnetic field. 

An electromagnetic wave is said to be plane 
polarized if the electric field always lies in the 
same plane, as the wave propagates. Thus in 
Figure 9.3(a) the wave is plane polarized, but in 
Figure 9.3(b) the wave is unpolarized. In both 

cases the wave is propagating along the direction 
into the plane of the page. 

(@ (b) 

Figure 93 Electric field vectors of (a) polarized 
and (b) unpolarized light. Both waves are 

propagating into the plane of the page. 

Most of the light around us, for example light 
from the sun or a light bulb, is unpolarized 
light. Unpolarized light can be polarized by 
letting it go through a polarizer. A polarizer is 
a sheet of material with a molecular structure 
that only allows a specific orientation of the 
electric field to go through (see Figure 9.4). The 
most common polarizer is a plastic called 
Polaroid invented by Edwin Land, a 19:year-old 
undergraduate at Harvard, in 1928. Thus a sheet 
of Polaroid with a vertical transmission axis   

    

  

   

polarized light 

  

ine indicates. 
polarization unpolaized 

poilond ligh direction 

Figure 9.4 This polarizer only allows components 
of electric fields parallel to the vertical 
transmission axis to go through. Vertically 
polarized light is transmitted through this 
polarizer. 

(this means only vertical electric fields can go 
through) placed in the path of unpolarized 
light will transmit only vertically polarized 
light. In diagrams, the transmission axis of the 
polarizer is indicated with a line. 

Malus’s law 

Thus, consider an electromagnetic wave whose 
electric field £o makes an angle 0 with the 
transmission axis of a polarizer. We may resolve 
the electric field into a component along the 
transmission axis and a component at right 
angles to it. Only the component along the axis 
will go through (see Figure 9.5).     polarizer with 

this vertical 
component is transmission axis 
transmitted 

his companent 
s blocked 

Figure 9.5 This polarizer has a vertical 
transmission axis. Therefore, only the 
component of the electric field along the 
vertical axis will be transmilted. 
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‘This component of the electric field along the 
transmission axis is 

E=Egcost 

The transmitted intensity I is proportional to 
the square of the electric field. So we have that 

I=lcos'd 

where Iy is the incident intensity. This is Malus's 
law, named after the Frenchman Etienne Malus, 
who studied this effect in 1808, The polarizer 
reduces the intensity of the transmitted light. 
We see that when the electric field is along the 
transmission axis (9 = 0) then I = Iy, and when 
the electric field is at right angles to the 
transmission axis (¢ = 90°) then I = 0. 

Example question 
Q1 unurEETmrTDeINnoDn 
Vertically polarized light of intensity Iy s incident 
on a polarizer that has its transmission axis at 
6= 30" to the vertical. The transmitted light is 
then incident on a second polarizer whose axis is 
al0 = 60" to the vertical. Calculate the factor by 
which the transmitted intensity is reduced. 

  

Answer 
After passing through the first polarizer the 
intensity of light is 

1 

  

‘The second polarizer has ts transmission axis at 
0= 30" to the first polarizer, and o the final 
transmitted light has intensity 

3h 240 _ %% 1= cost30 =2 

The intensity is thus reduced by a factor of 

  

Polarizers and analysers 
A polarizer can be used to produce polarized 
light. It can also be used to determine if light is 
polarized. A polarizer used for this purpose is 
called an analyser. Unpolarized light passing 
through a polarizer (analyser) will have its 
intensity reduced by the same amount (by 50% in 
fact - see below) no matter what the orientation   

  

of the polarizer (analyser). Polarized light, on the 
other hand, will have its intensity reduced by an 
amount that depends on the orientation of the 
polarizer (analyser). 

When unpolarized light is incident on a 
polarizer, the transmitted light will have its 
intensity reduced (since part of the light will be 
blocked by the polarizer). We can calculate the 
factor by which the intensity is reduced as 
follows. We think of the incident unpolarized 
light as having two electric fields, of equal 
magnitude, in directions along and normal to 
the transmission axis of the polarizer. The 
incident intensity is then proportional to 
E2 4+ E2 = 2E2, where E is the magnitude of 
cither the vertical or the horizontal electric 
field component. One of these components will 
be blocked, and so the transmitted intensity will 

be proportional to just E 2 Thus the intensity is 
reduced by a factor of 2 or 50% (Figure 9.6). 

   

  

transmitted 
light 
intensity 15/2 

unpolarized light 
intensity 1 

Figure 9.6 Unpolarized light has its intensity 
reduced by a factor of 2 after passing through a 
polarizer (analyser). 

o7 

  

al T 

  

For the more mathematically minded the 
transmitted intensity will be, using Malus's law; 
1,0 . But each component of the 

incident unpolarized light will make a different 
angle 0 with the transmission axis. Since we 
have a very large number of randomly chosen 
angles 0, we must find the average value of 
cos*. This is just , and so the transmitted 
intensity is half of the incident intensity. 
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When two polarizers are placed with their 
transmission axes at right angles to each other, 
1o light emerges from the second polarizer 
(Figure 9.7). 

  

   

  

transmitted 
lght 
intensity 1o/2 

first polarizer 

  

   unpolarized light 
intensity 

Figure 9.7 No light gets transmitted by an 
arrangement of two polarizers at right angles 
to each other. 

plane of incidence 
  

unpolarized partially 
incident ray i larized 

Felcted ay 

N 
reflecting surface: 

      

@ 

plane of incidence 

  
® reflecting surfuce: 
Figure 9.8 Partial polarization by reflection. 

(a) There is a small electric field component 
in the plane of incidence. (b) There is a larger 
electric field component in the plane parallel 
10 the reflecting surface, as shown in this edge 
view. 

      

Second polarizer 

  

Polarization by reflection 
Polarized light can be obtained not only by 
passing light through a polarizer but also by 

reflection. When unpolarized 
nolighthere  light reflects off a non-metallic 

surface, the reflected ray is 
partially polarized (Figure 9.8). 
‘The ‘glare’ from reflections off 
the sea is partially polarized, and 
can be reduced by wearing 
Polaroid sunglasses (which have 
polarizing plastic lenses). The 
plane of polarization is parallel to 
the reflecting surface. Partially 
polarized light in this case means 
that the reflected light has 
various components of electric 
field of unequal magnitude. The 
component with the greatest 
magnitude is found in the plane 
parallel to the surface, and so the 
light is said to be partially 
polarized in this plane. 

    

‘The two diagrams in Figure 9.8 can be combined 
into one, as shown in Figure 9.9. In this 
diagram, a dot indicates an electric field into or 
out of the page, and a double-headed arrow an 
electric field along the plane of incidence. 

  

‘The degree to which the reflected ray is 
polarized depends on the angle of incidence. 
Consider an unpolarized light ray incident 

normal 

      
unpolarized 

dent ay 

reflecting surface 
Figure 9.9 A double-headed arrow represents an 

electric field in the plane of incidence. A dot 
represents an electric field into or out of the 
page (i.e. polarizations parallel to the reflecting 
surface).



on a partly reflecting non-metallic surface 
(which is transparent to some extent, so that 
some light is transmitted). There exists a 
particular angle of incidence, called the 
polarizing angle or Brewster angle, for which 
the reflected ray is 100% polarized along a 
plane parallel to the reflecting surface (see 
Figure 9.10). 

completely 
arized unpolarized - pol 

incident ray L reflected ray 
    

   

      

   

Teiractive 
index. ny 

refractive 
index. n; 

partaly polarized 
refracted ray 

Figure 9.10 When the angle of incidence equals 
the Brewster angle (polarizing angle), the 
reflected ray is totally polarized in a plane 
parallel to the reflecting surface. Notice that the 
refracted ray is partially polarized. 

   
In 1812, Sir David Brewster (who also invented 
the kaleidoscope) found experimentally that, 
when the reflected ray is 100% polarized, the 
angle between the reflected ray and the refracted ray 
is 90°. 

‘The Brewster angle 6y is determined by the 
refractive indices of the two media separated by 
the partly reflecting surface. Let the refractive 
index in the medium from which the ray is 
incident be m and the refractive index of the 
medium the ray is entering be ny. Then, the 
angle of incidence s 6 and the angle of 
refraction is 90° — f. Applying Snell’s law 
we find 

  

= msin(90° — 6y) 
=mcosty 

m 
n 
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» Brewster's law states that 

tanoy = 2 et 

    

 in particular,ifthe ray i incident from aic 
1y = 1), then tan fy = . 1 

Example question 

Q2 mErrTrresseesseesstossesess TSR AMAININIIY 

Calculate the Brewster angle for light incident on 
the surface of water, The refractive index of water 
is1.33. 

  

  

  

Answer 
Applying tan 6 

133 =1 = Gy = tan™ 1.33 = 53.1 tanéy = 55 =t =tan”' 133 =53 
The angle of refraction 6, for an angle of incidence 

equal to the Brewster angle 6, is expected to be 
90° — 6 = 36.9. Indeed, from Snell’s law 

nysin = nysiné, 

  

1.00 x sin53.1 

  

x sinf, 

sin6, = 0.601 

  

6,=369 

Optical activity 
Consider two polarizers (analysers) whose 
transmission axes are at right angles to each 
other, as shown in Figure 9.11. No light is 
expected to be transmitted through the second 
polarizer (analyser). However, if we place certain 
sugar solutions between the two polarizers 
(analysers), light does get transmitted 

“This is because the sugar solution has rotated 
the plane of polarization of the light entering 
it, so that this light, entering the second 
polarizer (analyser), has a component of electric 
field along the second transmission axis. 

  

¥ The rotation of the plane of polarization is 
‘called aptical activity and materials showing. 
‘this phenomenon are said to be optcaly acive. 
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routed 
plane of 
polarization 

polarized 
transmitted   

    sugar solution 

unpolarized 
incident ray 

Figure 9.1 No light would normally pass through the two polarizers at 
right angles to each other. The presence of the sugar solution rotates the 
plane of polarization, so that light does get through. 

‘The phenomenon of optical activity was first 
studied by the French physicist Dominique 
Arago in 1811. The phenomenon is exhibited by 
very many substances, such as organic 
compounds, notably sugar solutions, tartaric 
acid and turpentine, as well as many 
substances in crystal form, such as quartz. The 
angle by which the plane of polarization 
rotates depends on the distance travelled 
within the material and the wavelength of 
light used. In quartz, the angle rotates by 
approximately 22° for every millimetre 
travelled by yellow light. It is an interesting 
fact that some substances will rotate the plane 
of polarization clockwise (as we face the source 
of light) and others in an anticlockwise sense. 
‘This has fascinating applications in biology 
and biochemistry. 

  

In the simple arrangement of Figure 9.11, the 
angle by which the plane of polarization 
rotates can easily be measured simply by 
rotating the second polarizer (analyser) until 
no light gets transmitted. The angle by which 
the polarizer (analyser) must be turned is equal 
0 the angle of rotation by the optically active 
substance.   

secand polarizer 

Practical 

i applications of 

polarization 

Stress analysis 
It has been discovered (by 

Sir David Brewster in 1816) 

that certain materials that 
are not normally optically 
active become so if 
subjected to stresses. The 
degree to which the 
substance becomes optically 
active is proportional to the 
stress. A complicated 
pattern will be seen when a 
picce of plastic, under 
stress, is placed in between 
two polarizers at right 

angles to each other (Figure 9.12). Examination of 
the pattern reveals information about how the 
stress varies in the material. You can sometimes 
see patterns of coloured light on the windshield 
of a car if the glass has not been properly 
installed and is under stress. 

  

Figure 9.12 Plastic under stress.  



Measuring solution concentrations | 
The amount of otation of the plane of 
polarization in a sugar solution depends on the 
concentration of the solution. An early 
application of polarization has been to measure | 
concentrations in solutions by measuring the | 
angle of rotation of the polarization plane. 

Liquid crystal displays 
A more modern application is in liquid crystal 
displays (LCDs). These can be seen on | 
calculators, watches and the elegant, thin, flat | 
computer and TV screens available today. | 

An LCD consists of a sutface of tiny rectangles | 
called pixels (picture elements). Each pixel has | 
liquid crystals in between two glass plates. The 
liquid crystals are relatively long, thin | 
‘molecules that attract each other rather 
weakly. The first glass plate has very thin (the 
order of magnitude is 1 nm) slits or scratches 
along its surface so that the long, rod-like 
molecules align themselves with the slits, The 
other glass plate has similar slits but is 
rotated by 90° with respect to the first. Thus if 
the molecules next to the first glass plate are, 
say, vertical, those in contact with the other 
plate will be horizontal. The molecules in 
between will therefore, because of the forces 
between them, slowly change orientation 
from vertical to horizontal (see Figure 9.13). 

Figure 9.13 The liquid crystal molecules are long 
and attract each other weakly. Here they form 
a line that gradually twists as we move into 
the plane of the page. The orientation of 
the molecules eventually becomes horizontal 
at the back plate. 

Suppose now that a polarizer with ts axis 
vertical is placed in front of the top glass plate. 
‘The transmitted light will be vertically 
polarized. As the light moves from molecule to 
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molecule, its plane of polarization changes so as 
to be aligned with the orientation of the 
molecules. By the time the light reaches the 
back plate, the plane of polarization has rotated 
by 90°. If a second polarizer is placed behind the 
back plate with an axis of transmission at 90° 
with respect to the first polarizer, the light will 
simply go through and the pixel will be bright. 

However, if a potential difference is established 
between the two glass plates, the molecules will 
tend to align their long axes with the electric 
field. The light reaching the back polarizer will 
therefore not be able to go through since it will 
still be vertically polarized. The pixel will then 
be dark (Figure 9.14). 

  

      

Figure 9.14 The number 7 on a calculator LCD is 
formed from dark pixels to which a voltage has 
been applied. The rest of the pixels are bright. 

‘The idea, then, is to apply a voltage to certain 
pixels so they will appear black against the 
bright background of those pixels where no 
voltage is applied. The background can be made 
to look bright by placing a mirror there to 
reflect the light that went through the bottom 
polarizer (Figure 9.15). 

  

Figure 9.15 In the absence of a voltage between 
the plates, the light has its plane of polarization 
rotated, so it can transmit through the lower 
polarizer. With a voltage, the light is blocked.
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Colour can be introduced into LCDs by using 
green, red and blue filters on sub-pixels. 
Depending on the relative brightness of the 
individual subpixels, various other colours can 
be perceived. Computer and TV LCD screens are 
substantially more sophisticated than the 
description given above, but the basic principle 
is the same. 

1 (a) State what is meant by polarized light. 
(b) State two methods by which light can be 

polarized. 
2 Explain why only transverse waves can be 

polarized. 
3 Light is incident on an analyser. The 

transmitted intensity s measured as the 
orientation of the analyser is changed. In each 
of the following three outcomes, determine 
whether the incident light is polarized, 
partially polarized or completely unpolarized, 
explaining your answers. 
a) The intensity of the transmitted light is the 

same no matter what the orientation of the 
analyser. 

(b) The intensity of the transmitted light varies 
depending on the orientation of the 
analyser. At a particular orientation, the 
transmitted intensity is zero, 

(c) The transmitted intensity varies as the 
orientation varies, but it never becomes 
zero. 

4 (a) State Malus’s law. 

(b) Polarized light i ident on a polarizer 

whose transmission axis makes an angle of 
25° with the direction of the electric field 
of the incident light. Calculate the fraction 
of the incident light intensity that gets 
transmitted through the polarizer. 

5 Polarized light is incident on a polarizer whose 
transmission axis makes an angle 6 with the 
direction of the electric field of the incident 
light. Sketch a graph to show the variation with 
angle 6 of the transmitted intensity of ight. 

6 Unpolarized light of intensity I, is incident on 
a polarizer. Calculate, in terms of Iy, the 

    

  

10 

n 

12 

13 

intensity of light transmitted through the 
polarizer. 
Unpolarized light of intensity Iy is incident on 
a polarizer, The transmitted light is incident on 
a second polarizer whose transmission axis is 
at 60" to that of the first. Calculate, in terms of 

I, the intensity of light transmitted through the 
second polarizer. 
Unpolarized light of intensity Iy i incident on 
a polarizer. A number of other polarizers will 
be placed in line with the first so that the final 

transmitted intensity is 2. If each polarizer 
has its transmission axis rotated by 10° with 
respect 1o the previous one, how many 
additional polarizers are required? 
Light is incident on two analysers whose 
transmission axes are at right angles to each 
other. No light gets transmitted. Determine 
whether it can be deduced if the incident light 
is polarized or not. 
Unpolarized light s incident on two polarizers 
whose transmission axes are parallel to each 
other. Calculate the angle by which one of 
them must be rotated so that the transmitted 
intensity is half of the intensity incident on the 
second polarizer. 
Unpolarized light is incident on two 
polarizers. The angle between the transmission 
axes of the two polarizers is 50°. Wha fraction 
of the incident intensity gets transmitted? 
Two polarizers have their transmission axes at 
tight angles 1o each other. 
(@) Explain why no light will get transmitied 

through the second polarizer. 
(b) A third polarizer is inserted in between the 

first two. Its transmission axis is at 45° to 

the other two. Determine whether any 
light will be transmitted by this 
arrangement of three polarizers. 

(©) 1§ the third polarizer were placed in front 
of the first rather than in between the two, 
would your answer to (b) change? 

    

(@) State what is meant by the term Brewster 
angle (polarizing angle). 

(b) Calculate the Brewster (polarizing) angle 
for light incident on a liquid of refractive 
index 1.40. 

 



1 

15 

16 

17 

(@) Calculate the angle of refraction for a ray 
of light incident on the liquid with an 
angle of incidence equal to the value you 
found in (b). 

  

Calculate the Brewster (polar 
light that is 
(a) incident on a water-air surface from ai 

(b) incident on a water-air surface from water. 
“Take the refractive index for water to be 1.33. 
Afisherman is fishing in a lake. Explain why it 
would be easier for him to see fish in the lake 
if he was wearing Polaroid sunglasses. 

ng) angle for 

    

Describe the advantage of Polaroid over 
ordinary sunglasses. 
You stand next to a lake on a bright moming 
with one sheet of Polaroid glass. You don't 
know the orientation of its transmission axis. 
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Suggest how you can determine it. (You may 
not use other Polaroid sheets with known 
transmission axes.) 

  

18 State what is meant by 
(@) optical activity; 
(b) an optically active substance. 

19 State two factors tha affect the angle of 
rotation of the plane of polarization by an 
optically active substance. 

20 Plan an experiment that will allow you to 
measure the concentration of a sugar solution. 
What do you need o have? What 
measurements must you make? How will the 
concentration of an unknown sugar solution 
be deduced? 

21 State practical applications of polarization. 
22 Outline the operation of liquid crystal displa    



  

Electric charge 
Electicty is the study of electric charge, of which there are two kinds: positive and 
negative. Electric charge is a quanfity that is conserved; like total energy, electric charge: 
cannot be created or destroyed. It s believed that the total charge of the universe is 
zero -~ there is exactly as much posiive charge as there is negative. Another important 
property of electric charge is that it is quantized, which means the charge on a body is 
always an integral multple of a basic unit. Basic investigations into the nature and 
interactions of electric charge were carried out in the 17805 by Charles Coulomb, who 
discovered the law for the force: between electric charges. Ingenious experiments in 
electrostatic induction and many other aspects of electricity were performed by Michael 
Faraday in the nineteenth century. 

| Objectives 

By the end of thi 

    

chapter you should be able to: 
« appreciate that there s a force between electric charges and that vector 

methods must be used to find the net force on a given charge; 
+ describe the methods of charging by friction and electrostatic induction and 

outline their differences; 
+ understand the use of the electroscope; 
« understand that charge resides on the outside surface of a conductor - 

the net charge inside a conductor is zero; 
+ use the formula for the elctric force between point charges (Coulomb’s law) 

1 Q.Q, 

ez O F 
Q,Q;     

  

Properties of electric charge 

Negative charge resides on particles called 
electrons (and on many others - but we will 
only deal with electrons here). Positive charge 
resides on protons (and others), which exist in 
the nuclei of atoms. Electrons are much lighter 
than nuclei and so it is much easier for 
electrons to move than nuclei. This means that 
in solid bodies the motion of electric charge is 
brought about by the motion of electrons, but 
in liquids and especially in gases positive ions 

can also transport charge. As we will see later, 
the electron carries the smallest unit of electric 
charge. (Quarks, particles found in protons and 
neutrons, carry charges that are 1/3 or 2/3 of 
the electron charge. These particles cannot be 
observed as firee particles so the electron can 
still be thought of as the carrier of the smallest 
unit of charge) Electric charge is measured in a 
unit called the coulomb (C), and the electron’s 
charge is (negative) 1.6 x 10 C. Materials can 
be classified into two large classes. The first 
class is conductors, which are materials that  



contain many free electrons inside them (free 
clectrons are those that do not belong to one 
particular atom). The second class is insulators, 
which do not have many such free electrons. 
‘This means that in an electric field (explained 
later) the free electrons of a conductor will 
begin to move parallel to the electric field 
whereas no motion takes place in an insulator. 
‘This distinction between conductors and 
insulators is not completely clear-cut. There also 
exist materials called semiconductors, which have 
intermediate properties. 

  

  

Example question 
Q1 
Two separated, identical conducting spheres are 
charged with charges of 4 xC and —12 uC. 
respectively. If the spheres are allowed to touch 
and then separated again, what will be the charge 
on each sphere? 

  

   

Answer 
The net charge on the two spheres is ~8 uC. 
When the spheres are allowed to touch they will 
end up with the same charge since they are 
identical. When they separate, each will therefore: 
have a charge of —4 uC. 

The electric force 
Simple experiments allow us to deduce that 
there s a force between electric charges. This is 
the electric force. The details of this force were 
discovered by Coulomb and Henry Cavendish 
and are presented later in this chapter. For our 
purposes in this section it will be sufficient to 
know that the force is attractive between 
charges of opposite sign and repulsive for 
charges of similar sign.   
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Charging by friction 
‘When a glass rod is rubbed with silk, it will 
develop a positive charge. This is because 
frictional forces between the silk and the glass 

remove electrons from the glass rod and deposit 
them on the silk. This method is called charging 
by friction. 

Charging by induction 
Suppose that a charged rod is brought near to, 
but does not touch, a conductor that rests on 
an insulating stand. Let us assume that the 
charge on the rod is negative. Then, electrons 
in the conductor nearest the charged rod 
will be repelled towards the other side of 
the conductor. This means that the side of 
the conductor nearest the rod will have a 
positive charge and the side furthest from it a 
negative charge. Note that since the conductor 
was originally electrically neutral, it remains 
s0: the negative and positive charges on the 
sides of the conductor are equal. This is 
illustrated in Figure 1.1. 

  

Figure 1.1 A negatively charged rod brought near 
to an insulated conductor forces electrons in 
the conductor to the side furthest from the rod. 

Now imagine that, with the charged rod still 
nearby, you touch the conductor with your 
finger. What happens is that the electrons will 
flow to the earth through your body, leaving 
the conductor with a surplus of positive net 
charge (see Figure 1.2). If the charged rod is now 
removed, this positive charge will distribute 

itself on the surface of the conductor and we 
are left with a charged conductor. This method 

of charging is called electrostatic induction. We 
have induced charge on a body without actually 
touching that body with a charged object.
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Figure 1.2 If the conductor is earthed, electrons 
from the conductor flow into the earth, leaving 
the conductor positively charged. 

‘The induced charge in this case was positive, 
‘which is opposite to the charge of the charging body. 
This is always the case. Suppose, for example, 
that the external charge was positive. Then 
electrons would move towards this external 
charge, leaving a positive charge behind. By 
touching the conductor, we allow electrons from 
the earth to move up to the conductor and 
neutralize this positive charge, leaving the 
conductor with a net negative charge. You may 
‘wonder what determines which way the 
electrons will move. (In our example here, 

electrons moved toward the earth the first time, 
and on to the body from the earth the second 

time). Electrons always move in a direction 
that will increase their potential. The 
concept of a potential is something we will 
meet later and, when we do, this point will 
be clarified. 

  

Here is another example of electrostatic 
induction. A charged body is brought near 

t0 two touching conducting spheres, each 
resting on insulating stands, as shown on the 
left of Figure 13. 

If the external charge is negative, then 
electrons in the left sphere will be pushed 
away, leaving a positive charge on the left 
sphere. If we now separate the two spheres, as 
on the right of Figure 13, we will find that the 
lefit sphere has a net positive charge while the 
right sphere has a net negative charge. Again, 
the amount of positive charge on one body 
equals the amount of negative charge on the 
other, as required by the law of conservation of 
charge. 

The electroscope 
The electroscope is a simple and useful device 
for investigating electrostatic properties. A 

metallic rod with a 
= metallic sphere on the 

I e N O‘ 0 ’ top end is inserted 
- through a piece of 

plastic into a glass cage 

Figure 13 A negatively charged rod brought near 
two touching conductors will induce equal and 
opposite charges when the conductors are 
separated (in the presence of the rod). 

?   
  

      

foil can 
move ——— glasscage 

  

      

  

(the cage may also be 
conducting, in which 
case it is earthed). The 
lower end of the rod has 
astrip of aluminium foil 
attached to it so it can 
move (in the original 
instruments a gold leaf 
was used instead). Figure 
1.4 illustrates how an 
electroscope is used. 

‘When an electric charge 
is placed near to (but not   

  

Figure 14 A negatively charged rod placed near the 
ball of the electroscope forces electrons from the 
ball down to the foil, causing it to diverge. 

touching) the ball, the 
foil diverges. Let us 
assume that the charge is  



negative. This negative charge pushes electrons 
away from the ball. These electrons collect at 
the lower end of the rod and on the foil, and so 
the repulsive electric force between the similar 
charges causes the foil to diverge. (Note: If the 
cage had been made of a conducting material, a 
positive charge would be induced on the inside 
surface of the cage) 

  

‘The metal ball of the electroscope is thus left 
with a positive charge. Note that the net charge 
on the electroscope is still zero (conservation of 
charge). If we remove the external charge, the 
electrons will move back up to the ball, cancel 
the positive charge there and the foil will 
collapse completely. 

If, when the foil is diverged, we keep the 
external charge nearby and then touch the ball 
of the electroscope, the foil will again collapse 
(Figure 1.5a). What happens is that the electrons 
from the foil and the lower end of the 
electroscope flow to the earth, leaving the 
electroscope with a net positive charge. It is 
important to observe that even though the electroscape 
is now charged, the foil is collapsed. Therefore, the 
electroscope does not measure the amount of 
charge on it. Rather, it measures its electric 
potential, relative to the zero potential of the 
carth, The concept of potential will be 
introduced in the next chapter. When the 
electroscope is connected to the earth, it has 
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the earth’s potential (i.e. zero) and so the foil is 
collapsed. 

Why did the electrons move to the earth? This 
is because electrons always tend to move to a 
place of higher potential. The earth is at zero 
potential whereas the electrons on the lower 
end of the rod and the aluminium leaf are at 
some negative potential. Thus, by moving to the 
earth, the electrons increase their potential. 

After earthing the electroscope, the rod can be 
‘moved away. The electroscope foil again 
diverges and stays raised (Figure 1.5b). This is 
because now there is a positive charge 
everywhere in the electroscope and so the foil is 
pushed away from the electroscope rod. 
Equivalently, the electroscope is now at a 
positive potential, higher than the potential of 
the earth. Note that the original external 
charge was negative. Charging the electroscope 
in this way always results in a charge opposite 
to the external one. It is another example of 
electrostatic induction. 

Actually, we can test the sign of the charge of a 
charged electroscope in the following way. 
Suppose that we have charged our electroscope 
with an external negative charge as described 
above. Now bring the negative external charge 
close to the ball of the electroscope again. This 
negative charge will push electrons towards the 
lower end of the rod and the aluminium leaf. 

But these already have positive charge on 
them. The arrival of these extra electrons 

will reduce the amount of positive charge 
  

  

      

      

on the rod and leaf and will therefore 

cause the leaf to diverge less. On the 
other hand, if we bring a positive charge 
close to this positively charged 
electroscope, then electrons will be   attracted to the top, leaving the lower end 

    

  

@ © 
Figure 15 If the electroscope s earthed (a) and 

the rod then removed (b), the electroscope stays 
positively charged. A positively charged rod 
would result in a negatively charged 
electroscope. 

of the rod and the leaf even more 
positive, thus causing the leaf to diverge 
even further. Thus, the general rule for 
testing the sign of an unknown charge is 
to first charge the electroscope with a 
known charge. (You need that much to 
begin with,) Then bring the unknown
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charge near to the ball of the electroscope. If 
the leaf diverges more, the unknown charge is 
of the same sign as the charge on the 
electroscope (which, remember, is opposite to 
the external charge that charged it). If the leaf 
collapses, then the unknown charge is opposite 
to that of the electroscope. (See, however, the 
first question at the end of the chapter,) 

Electrostatic experiments 
In static electricity, the charge that is deposited 
on a conductor always stays on the outside 
surface of the conductor. The net charge inside 
any conductor is zero. This amazing result was 
deduced experimentally by Benjamin Franklin, 
and later by Michael Faraday, in the following 
simple but ingenious experiment (see Figure 
16). A metal sphere, on which an amount of 

  

Figure 16 A positively charged sphere is lowered 
into a conducting bucket. Negative charge is 
induced in the interior of the bucket and an 
equal amount of positive charge is induced on 
the outside. 

@ ®) 

  

  

charge was placed, was lowered into an 
ordinary metal bucket. The outside of the 
bucket was connected to an electroscope. With 
the sphere inside the bucket, the electroscope 
leaf diverged. 

‘The charge on the sphere (assumed positive) 
attracted electrons to the inside surface of the 
bucket, leaving the outside surface of the 
bucket (and hence also the electroscope) with a 
positive charge, which caused the leaf to 
diverge. The sphere was then allowed to move 
inside the bucket but the amount of divergence 
of the electroscope leaf never changed. The 
sphere was then allowed to touch the inside of 
the bucket (Figure 1.7a). It was then taken out 
(Figure 1.7b) and connected to a second 
electroscope (Figure 1.7¢). 

‘The second electroscope’s leaf did not diverge, 
indicating that the sphere was not charged: 
the sphere’s positive charge was cancelled by 
the negative charge of the inside of the bucket. 
But the charge on the outside of the bucket 
did not change, since the leaf of the first 
electroscope did not change its divergence. 
“Thus, the amount of charge on the sphere 
must have been exactly equal and opposite 
to the charge on the inside of the bucket. The 
amount of net charge inside the bucket was thus 
zero all along. 

  
oE 

Figure 1.7 If the sphere is allowed to touch the interior of the bucket, its positive charge 
is completely cancelled by the negative charge in the bucket's interior. The sphere is 
completely neutral, as can be checked by connecting it to another electroscope.  



Coulomb’s law for the electric 

force 

The electric force between two electric charges, 
Q, and Q,, was investigated by Coulomb and, 
independently, by Cavendish. They discovered 
that this force is inversely proportional to the 
square of the separation of the charges and is 
proportional to the product of the two charges. 
Itis attractive for oppositessign charges and 
repulsive for similarsign charges. 

  

Figure 1.8 The force between two point electric 
charges is given by Coulomb’s law. Shown here 
is the case of opposite charges. 

‘We may call the factor 
Coulomb's law reads 

Q,Q, 
£ 

simply k, so that 

  

  F=k 

‘The numerical value of the factor 7L or kis 
8.99 x 10° N m? C* (we will often approximate 
the 8.99 t0 9). The constant  is called the 
electric permittivity of a vacuum and 
£ =885 1072 C*N™' m™ The index zero in 
2 signifies that we are considering the two 
charges to be in a vacuum. If the charges are in 
a medium, such as plastic or water, then we 
must use the value of  appropriate to that 
medium in the formula above. Air has roughly 
the same value of & as a vacuum. Note that this 
law is very similar to Newton's law of 
gravitation. Both forces are proportional to 
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products of masses or charges and both are 
inversely proportional to the square of the 
separation. This means that many problems 
in electricity have the same solution as 
corresponding problems in gravitation; the big 
difference is, of course, that there are two kinds 

of electric charge but only one kind of mass. 
Also, the gravitational force is always attractive 
whereas the electrical force can be either 
attractive or repulsive. 

  

Example questions. 
Q2 BEETETEETEEEEESEEESEI 
Two charges, g, = 4 uC and g, = 6 uC, are placed 
along a straight line separated by a distance of 
2 cm. Find the force exerted on each charge. 

  

Answer 
‘This is a straightforward application of the formula 

i 2. We find that 

9% 10" x4 x6x 1072 
X 10+ 

F 

  

=540 N 

This is the force that g, exerts on g; and vice- 
versa. 

Q3 T ——— 
Atwhat distance from g, of example question 2 
would a third positive charge experience no net 
force? 

Answer 

Let that distance be x. A positive charge Qat that 
point would experience a force from ¢; equal to 
Fy = 722 and a force in the opposite direction 
from g, equal to F, = ;-89 
is the distance between g, and q, (see Figure 1.9). 

  

  where d =2 cm 

    

i F_2 £ T S 

  

Figure 19, 

Charge @ will experience no net force when 
Fi=F, 50 
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that i (substituting g = 4 and ¢, = 6) 

4(d—x =6x 
= ¥4 4dx-2d" =0 

2d+ Vad" + 2d° 
=-2d+dvV6 

  

=x 

  

The two values of x are x = 0.90 cm and 

x=—8.90cm. The second value is meaningless, 
50 X = 0.90 cm. 

Q4 TR ST PSS LI TSI ION 

Three charges ¢, = 2 uC, #C and 
@ = —3 uC are at the vertices of an equilateral 
triangle, of side 3 cm. Find the net force on g 

  

Answer 
q experiences a force ., from g, and a force F, 
from g,. Finding the magnitudes of F; and F; is 
easy: F, = 40N and F, = 60N. To find the net 
force (see Figure 1.10) we take horizontal and 
vertical components of the forces. 

  

@ 

  

  

      

Figure 1.10. 

Then 
Fay = Facos 60 

=20N 

Fay = Fasin 60° 
=34.64N 

Fyu= Fy cos 60 
0N 
Fy5in 60° 

=51.96N 
Thus, the net force in the x-direction is 50 N and 
that in the y-direction 17.32 N-down. The 

  

  

magnitude of the net force is therefore 52.9 N 
making an angle of 19.1° with the horizontal, as 
shown on the right of Figure 1.10. 

Qs 

Two equal charges q are suspended irom strings as 
  

shown in Figure 1.11. Show that tan # = =2 

Teost 

Tsing. 

me 

  

Figure 1.1, 

Answer 
Equilibrium demands that 

Tcos0=mg 
ey ) 

= osh 
and that 
Tsino = F 
= F="% gno cos6 

= mg tan6) 

  

= tan@ 
mg 

The electric force F is given by Coulomb’s law as 

  

Two identical conducting spheres are kept a 
certain distance r apart. One sphere has a positive 
charge Qon its surface and the other is neutral. 

The spheres arc allowed to touch and are then 
separated. Write down an expression for the 
electric force between the spheres. One of the 
spheres is discharged. The spheres are then 
allowed to touch and then are separated again. 
Write down an expression for the electric force 
between the spheres now.



Answer 
After touching each sphere has a charge @/2 and 
so the force is 

(Q/2)(Q/2) 
T 
@ 

  

   7 

  

After discharging one of the spheres and then 
allowing the spheres to touch again, the 
charge on each sphere will be /4. The force 
is then 

(Q/ANQ/4) 
= 

  

Qo 
    

that 

  

, one-quarter of the or 

  

1 A positively charged electroscope is found to 
diverge even further when a body of unknown 
charge is brought near to (but does not touch) 
the electroscope. What sign does this charge 
have? A second body brought into the vicinity 
of the electroscope makes the electroscope 

leaf diverge less. If this body is known to be 
charged, what is the sign of the charge? How 
would the leaf of the positively charged 
electroscope react ii the body were neutral? 

2 When a flame is brought near a charged 
electroscope, the foil collapses. How is this 
explained? 

3 Three identical conducting spheres have 
charges of +3C, ~2C and ~7C. If all three 
are allowed to touch and are then separated, 
what will be the charge on each sphere? 

4 () What is the force between two charges of 
2.0 4C and 4.0 4C separated by 5.0 cm? 

(b) What does the force become if the 
separation is doubled? 

5 Three charges are placed on a straight line as 
shown in Figure 1.12. Find the net force on 

the middle charge.   
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40uC “204C  30uC 

——————— b —— 
40em 20em 

Figure 112 For question 5. 

6 (@) In the previous question, where should the 
middle charge be placed so that itis in 
equilibrium? 

(b) s this a position of stable or unstable 
equilibrium? 

7 Find the force (magnitude and direction) on 

the charge Q in Figure 1.13 where Q= 3 uC. 

dem - 
Figure 1.13 For question 7. 

8 Four equal charges Q= 5 uC are placed at 
the vertices of a square of side 12 cm, as in 
Figure 1.14. Find the force on the charge at 
the top right vertex, 

    

6 
Figure 1.14 For question . 

9 Two plastic spheres each of mass 100.0 mg 
are suspended from very fine insulating strings 
of length 85 cm. When equal charges are 
placed on the spheres, the spheres repel and 
are in equilibrium when 10 cm apart, 
(@) What is the charge on each sphere? 
(b) How many electron charges does this 

correspond to? 

10 A small plastic sphere is suspended from a 
fine insulating thread near, but not touching, 
the sphere of a Van de Graaif generator that is
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n 

12 

being charged. It is observed that the plastic 
sphere s slowly atiracted toward the Van de 
Graaif sphere and eventually touches it, at 
which point it is violently repelled. Carefully 
explain these observations. 
Consider two people, each of mass 60 ke, a 
distance of 10 m apart. 
(@) Assuming that all the mass in each person 

is made out of water, estimate how many 
electrons there are in each person. 

(b) Hence, estimate the electrostatic force of 
repulsion between the two people due to 
the electrons. 

(c) What other simplifying assumptions have 
you made to make your estimate possible? 

(@) No such force is observed in practice. 
Give one reason why this is so. 

A negatively charged rod is allowed to touch 
the sphere of an electroscope that is inifially 
uncharged. The rod is then removed. Draw 
the charge distribution of the electroscope and 
explain your drawing. 

13 A positively charged rod is allowed to come 
close to, but not touch, the sphere of an 
electroscope that s initially uncharged. 
(@) Draw the charge distribution of the 

electroscope and explain your drawing. 
(b) The electroscope sphere is earthed while 

the rod is still nearby. Draw the charge 
distribution of the electroscope and 
explain your drawing. 

(© The rod is now removed. Draw the charge 
distribution of the electroscope and 
explain your drawing. 

      

14 Repeat the previous question but now assume 
that the cage of the electroscope is conducting 
and earthed, 

15 A negatively charged sphere is lowered 
inside a hollow metallic container and is 
allowed to touch the inside of the container. 
The sphere is then removed. What is the 
charge on the sphere? How is the law of 
conservation of charge satisfied in this 
experiment? 

 



  

  
  

      
  

  

Electric field and 
electric potential 
Electric charges create electric fields in space. The notion of electric field and the related 
concept of electric potential are introduced in this chapter. 

  

Objectives 

By the end of this chapter you should be able to: 
+ appreciate that a charge q in an electric field of magnitude E will 

experience a force of magnitude F =qF: 
* understand that the electric field of a point or spherical charge Q a 

distance r away has a magnitude given by F, = k& and is radial in 
direction - the field is zero inside a charged conductor; 

+ understand that the electric field inside parallel plates is uniform and its 
magnitude is given by    

+ understand that the work done in moving a charge q across a potential 
difference AV is W = gAV; 

« understand that a charge g that is at a point where there is potential 1/ 

  

will have an electric potential energy of U=qV'; 
+ understand that a charge moving in an electri 

  

potential satisfies the law 
of conservation of energy: Lmv? + qVy = smvi +qVa. 

  

  
Electric field ¥ We define the electric field as the force 
i T ettt e per unit charge experienced by a mnl 

The space around a charge or an arrangement L pbsitive fest chiags - s 
of charges is different from space in which no e 
charges are present, We say that it contains an 
electric field. We can test whether a space has 

  

an electric field by bringing a small positive Note that the electric field is a vector, its 
charge g into the space. If this small chargeq | direction being the same as that of the 
experiences a force, then there exists an electric | force a positive charge would experience 
field there. If no force is experienced, then | at the given point. It follows that mgmm 
there is no electric field (the electric field is | B e A N G e s 
zero). This small charge is called a test charge, | : 
because it tests for the existence of electric 
fields. It has to be small so that its presence | The concept of electric field allows us to 
does not disturb other charges in its vicinity. understand how a force is transmitted from one
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charge to another. A charge g placed at a point 
where the electric field is £ will experience a 

force given by F = gE. 

- The electric field from a single point 
charge Q at a point a distancer away is 

Q 
r 

  Er 

This is because the force experienced by a test 
charge g placed at point P a distance r from Q 
is (by Coulomb's law) 

Q Fekd 

and so the electric field is 

  

(see Figure 2.1). 

O——o 
2 st charge g 

Figure 2.1. 

Similarly, at a distance r from the centre of a 
sphere on which a charge Q has been placed, 
the electric field is given by the same formula 
as above. On the surface of the sphere of radius 
R the electric field is 

Q 
R’ 

  

Ep 

but inside the sphere the electric field is zero. 

- In electrostatics, the electric feld is zéro 
inside any conducting body (see Figure 22). 
This is because electrostatics deals with 
*situations in which electric charge does not 
 move. Ifan electric field existed inside a 
 conductor it would force charges to move. 

  

    0 
Sl r 

Figure 2.2 The electric field inside a 
conductor is zero. 

Electric field lines 
A very useful concept in dealing with electric 
fields is that of electric field lines. These are 
imaginary lines (curved or straight) with the 
property that the tangent to a field line at some 
point P gives the direction of the electric field 
at P. A single positive charge creates an electric 
field that is directed radially out of the charge. 
Thus the electric field lines in this case are 
straight lines coming radially out of the charge. 
In the case of a negative charge, the lines are 
directed into the charge. Figures 23-2.6 show 
the field lines for various arrangements of 
charges. 

  Figure 2.3 The electric field of a point or spherical 
charge is radial. The field of a negative charge 
would be directed inward 
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Figure 2.4 Electric field lines for two equal and 
opposite charges. 

  

Figure 25 The electric field of two opposite and 
‘unequal charges. The charge to the right s three 
times larger than the left charge. 

Electric field lines are usually drawn with the 
convention that the more lines starting from a 
charge, the larger the charge, The density of 
lines at a given point (i.e. the number of lines 
crossing a small area centred at the point) is 
proportional to the magnitude of the electric 
field at that point.   

Figure 2.6 The electric field of two equal positive 
charges. The mid-point of the line joining the 
charges has zero electric field. 

Auniform electric field is one that has constant 
magnitude and direction. Such a field is 
generated between two oppositely charged 

| parallel plates (see Figure 7). Near the edges of 
| the plates the field lines are curved, indicating 
| that the field is no longer uniform there. This 
| edge ffect is minimized when the length of the 

plates is long compared with their separation. 

positive (high)     

       negative (low) 
Figure 2.7 The electric field lines for two long, 

parallel charged plates. 

Example question 
Q1 s TTTTCE————— 
The electric field between two parallel plates is 
100.0 NC". What acceleration would a charge of 
2.04C and mass 107 kg experience if placed i 
this field? (Ignore its weight.) 
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Answer 

‘The force is found from F = Eq to be 
2.0 x 10*N. Now, using F = ma, we find 
0.2ms? 

    

Electric potential 

An electric charge creates an electric field in 
the space around it. It also creates a related 
quantity, an electric potential. Consider a 
positive charge Q and a positive test charge q. 

If the charge q is moved closer to Q, work must 
be done on g. This is because the two charges 
repel and 50 a force must be applied to q to 
make it move closer to Q. 

  The work done in moving a test charge of 2.0 uC 
from very far away o a point P is 150 x 10-*). 
What is the potential at P?   

Answer 
From the definition, the electric potential at P is 

vl 

  

=75V 

‘The route taken by a charge q to get to P does 
ot affect the amount of work that has to be 
done on the charge (see Figure 2.9). 

y=25v, final position of 
v test charge ¢ 

initial position of 
test charge is very 
far away 

Figure 29 The work done in moving a charge g 
from far away to P is the same no matter what 
path is followed. If g = 2 C the work done is 50 ] 
for all three paths. 

The work that is done in moving the test charge 
g from far away to point P goes into electric 
potential energy of the charge g. Thus, if the 
potential at some point in space is V volts and a 
charge g is placed at that point, the electric 
potential energy of the charge is 

u=qv 

Example question 
Q} EssatesssE T TS TTTT— 
The potential at a point P is 12 V and a charge of 
3 Cis placed there. What i the electric potential 
energy of the charge? What is the electric 
potential energy if, instead, a charge of ~2 C is 
placed at P?. 

Answer 
‘The electric potential energy of the charge is 

U=qVv 
x12 

=36) 
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1f a negative charge is placed at P, the electric 
potential energy is 

U=gqv 

=(=2)x12 

~24) 

  

Potential difference 
Consider now an arrangement of charges that 
creates an electric potential in the space around 
it. What happens when a charge g is moved 
from one point to another? In Figure 2.10 the 
electric potential at point A is 15 V and at point 
Bitis 28 V. A charge of 2 C initially at A is to be 
moved to B. What work must be done on the 
charge? 

o 
28V 

A 
15V 
Figure 2.10 A charge moving across a potential 

difference. 

‘The electric potential energy of the charge in 
position A is 

Un=gVa 
=2x15 

0) 
   

‘The electric potential energy at position B is 

  

v 
x28 

=56) 

  

‘The change in the potential energy is thus 

AU =Us = Uy 
=56-30 
=26) 

This is the work that must be done.   

  

  
    

  

  

  

    

e 

R 

Example question 
O EEEEssE———— 
What work must be performed in order to move a 
charge of 5.0 .C from the negative to the positive 
plate if a potential difference of 250 V is 
established between the plates? (See Figure 2.11.) 

positive 

2s0v 

negative 
Figure 2.11. 

Answer 
The work done is simply 

W=q(%— V) 
=5.0x 107 x 250 
125x107) 

  

Consider now a charge ¢ that moves in a region 
of electric potential. Let the speed of the charge 
be v, at position A and vj at position B. The 
electric potential at point A is V4 and at point B 
itis Vg (see Figure 2.12). The mass of the charge 
ism. 

At position A the total energy of the charge is 
12 +qVa
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A 
Va 

Figure 2.12. 

At position B the total energy is 

Vil 

  

By the law of conservation of energy: 

Ik 4 qVa = tmid s 

Example questions 
QF FEIEERITTIIR AL ISTTTTY I TIS 
A charge of 5 uC and mass 2 x 10°* kg is shot 

speed 3 x 10°ms™" between two parallel 
plates kept at a potential of 200 V and 300 V, 
respectively, as shown in Figure 2.13. What will 
the speed be when the charge gets to the right 
plate? 

| 
200v 300V 
Figure 2.13. 

  

Answer 
We apply conservation of energy and so 
2x10x (3% 10)°]+ (5 x 10 x 200) 

2 %10 x ) + (5 x 10 x 300) 
200ms™" 

  

What must the initial velocity of an electron be if 
it is to reach the right plate of Figure 2.14 and 
‘momentarily stop there? (Charge of electron 

1.6 10" C; mass of electron 
9.1 x 107" kg.) 

  

  

— | 
v ov 
Figure 2.14. 

Answer 

  

We use conservation of energy again to find 

L0 %107 x ) +(-16x 107" x2=0 
Sv=84x10"ms™. 

  

The electric field between parallel 

plates 
So far we only have a formula for the electric 
field of a point or spherical charge. In the case 
of parallel plates, the expression for the electric 
field is 

v 

E=g 
‘where V is the potential difference between the 

plates and d is their separation. The electric 
field has this value at all points in between the 
plates. Its direction is from high to low 

potential (see Figure 2.15). 

  
high potenial 

— separation d 

    ow potential 
  

Figure 2.15. 

Example question 
Q7 EEmssssssssrEmITIITsseeseTvITIIIIEEIT] 
Figure 2.16 shows two long, parallel, oppositely 
charged, vertical plates. Draw and explain the 
path followed by a positively charged sphere of 
charge q and mass m when: 
(@) the sphere is released from rest at point P;
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HL only 

(b) the sphere is released from rest outside the 
plates at point Q above . 

positive negative 

Figure 2.16. 

Answer 
The sphere is acted upon by two forces: the 
weight mg and the electrical force gE, where Eis | 
the horizontal electric field between the plates. 
Thus, the sphere has a vertical component of 
acceleration equal to g and a horizontal 
component of gE/m o the right. 
(@) There is no initial velocity here and so the | 

charge will follow a straight-line path along 
the direction of the resultant force. 

  

(b) Between the two plates, the horizontal 
and vertical components of displacement 

  

measured from point P). u is the velocity the 
sphere acquires once it reaches point P. 
Eliminating time gives a curve. 

  

and not a straight line for the path. 

  

The electronvolt ‘ 

‘The study of atomic physics introduces us to a 
world of small scale. The energy scale that 

characterizes the atomic world is one of about 
10" * J. This is a tremendously small amount of 
energy by macroscopic standards; the joule is 
not the appropriate energy unit for atomic 
physics. A more convenient unit is the 
electronvolt, eV. When a charge  is moved 
from a point A to a point B between which a 
‘potential difference AV exists, then the work 
doneis W =gAV. 

& This relationship allows us 10 define the 
electronvolt as the work done when a 
charge equal to one electron charge is 
taken acrossa potential difference of one 

volt. Thus : 

TeV=16x10""Cx1V 
=16x10717) 

  

Ifa charge equal to two electron charges is 
taken across a potential difference of 1V, the 
work done is 2 eV; a charge of three electron 
charges across a potential difference of 5V 
results in work of 15 ¢V and so on. 

Example question 
Q8 oTrr O I ISR I I TN, 

  What is the speed of a mass m= 1.6 x 107 kg 
whose kinetic energy is 5000 eV? 

Answer 
From 

Eo=im 

[26c Sv= 2 
m 

[2%5000  16x 10 ms 

  

The point being made here is that in calculations 
electronvlts must be changed to joules, the SI 
unit of energy. 
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1 Draw the field lines for: 
(a) two equal charges; 

(b) two equal and opposite charges; 
(©) two charges of the same sign, one double 

the other; 
(d) two charges of opposite sign, one double 

the other. 

    

2 Why must field lines be normal to conducting 
surfaces in electrostatics? 

3 Copy the two diagrams in Figure 2.17 and 
draw the electric field at the points 
indicated, showing their relative size. The 
charges on the spheres are equal in 
magnitude. 

) @ ‘ 

    

Figure 2,17 For question 3. 

4 Two parallel plates are separated by 10.0 cm 
and a potential difference of 500.0 V is 
maintained between them. What is the force 
on an electron placed: 
(a) 2.0 cm from the bottom plate; 

(b) 4.0 cm from the bottom plate; 
{€) 6.0 cm from the bottom plate? 

(d) How much work is required to move an 
electron from a position 2.0 cm from the 
bottom plate to a position 2.0 cm from the 
top plate? 

5 The electric field at a point in space has 
magnitude 100 N C-' and s directed to the 
right. If an electron is placed at that point, 
what force and acceleration would it 
experience? 

6 1f a charge of magnitude +5.0 C experiences 
an electric force of magnitude 3.0 x 10F N 
when placed at a point in space, find the 
electric field at that point. 

7 The electric field is a vector and o two 
electic fields at the same point in space 

  

must be added according to the laws of 
vector addition. Consider two equal positive 
charges, each 2.00 uC. separated by 
2=10.0 cm and a point P a distance of 
d=30.0 cm as shown in Figure 2.18. The 

diagram shows the directions of the electric 
ields produced at P by each charge. Find 

the magnitude and direction of the net 
electric field at P. 

    

Q 
igure 2.18 For question 7. 

  

Repeat the calculation of question 7 for 
two charges that are unequal. Take the 
top charge to be 4.00 xC and the other 
2.00 uC. 

Figure 2.19 shows lines along which the 
electric potential is constant and has the value 
given. 
(@) Find the work that s required if a charge 

0f 5.0 C is to be moved from the 100.0 V 
line to the 200.0 V line along path I. 

(b) How much work would be required if the 
same charge were moved along path 117 

(€) If the 5.0 C charge were first to move to 

the 300.0 V fine along path Il and then to 
the 2000 V fine along path I, how much 
work would be required then? Compare 

your answer to that in part (a). 

100v 200V 
300V 

Figure 2.19 For question 9.
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10 (a) An electron placed on the 100.0 V 
surface described in question 9 and 
released from rest would accelerate 
toward higher potential. What speed 
would it acquire by the time it reached 
the 200.0 V surface? 

(b) 1f a proton were released from the 200.0 
V surface, it would accelerate toward 
lower potential. What speed would it 
have when it reached the 100.0 V/ 
surface? 

11 Two uniform electric fields of magnitude 
E;=115NC" and £; = 125NC™" are 
produced by two pais of parallel plates as 
shown in Figure 2.20. Find the magnitude and 
direction of the net electric field at the points 
indicated. 

  

  

  

  

  

    B             

Figure 2.20 For question 11 

12 A conducting sphere of radius 15.0 cm has a 
positive charge of 4.0 uC deposited on its 
surface. Find the magnitude of the electric 
field produced by the charge at distances from 
the centre of the sphere of: 
@ 0.0cm; 
(b) 5.0 cm; 

(€) 15.0 cm; 

(d) 20.0 cm. 

13 A particle of mass m and electric charge q is 
suspended vertically from the end of a spring 
of spring constant k. At equilibrium, the length 
of the spring extends by an amount x,. The 
particle is now placed in a uniform electric 
field £, as shown in Figure 2.21. At the new.   

equilibrium position, the spring is extended by 
an amount 2. 
(@) Determine the sign of the charge. 
(b) Determine the magnitude of the electric 

field strength £ in terms of m,  and g 
The mass is now displaced by a small amount 
and is released. 
(©) Explain why the oscillations that take 

place are simple harmonic. 
(d) Is the period different from the period 

when the field was absent? 

electic ield 

.   
Figure 221 For question 13. 

14 Two positive point charges of magnitude Q 
and 9Q are a distance d apart, as shown in 

Figure 2.22. 

(@) Calculate the electric field strength at 
point P, a distance ¢ from Q. 

Athird positive point charge is placed at P 
and is then displaced a bit to the right 
(b) Explain why the charge will perform 

oscillations when released. 

(© Are the oscillations simple harmonic? 
(d) How does your answer to (b) change if the 

third charge is negative? 

  

5P 

Figure 2.2 For question 14.
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G T, | Use this approximation on the 
15 Consider again the previous problem. expression for the net force you found 

Suppose that the third positive charge ‘ in (a) 10 show that it is approximately 

  

  

placed at P has a magnitude q and mass equal to 
m. Itis displaced to the right of P by a  256kQy 
small amount A, FReeey 
(@) Find an expression for the net force on where x is the displacement from 

the charge g, ‘ point P 
(€) Hence determine the nature of the 

oscillations that wil take place when 
Je g the charge q i released. 

T+x? i3 ‘ 

(b) In mathematics it can be proved that if 
x is small then | 

 



LI 

  

Electric field and 
electric potential 
This chapter deals with more involved examples of electric fields and potentials and 
discusses the connection between electric field and electric potential. The concept of 
electric potential energy is introduced and discussed in simple situations. 

Objectives 
By the end of this chapter you should be able to: 

|+ define the terms elctri feld, lectic potential and elctri potential energy 
(Ua = q¥) and calculate these quantities in simple situations: 

+ define equipotential surfuces and fild lines and state the rlationship between 
them; 

+ understand that electric fields and elecric potentials are related by 
E=S or E=-%: 

+ understand that the potential i constant inside a conductor and the electric 
fied is zero; 

« understand that work is done when a charge moves across a potential diffrence 
Win =g = Vo): 

    

+ state the similarities and differences between gravitation and electicity. 

  

  electric field due to an arrangement of point 
As we saw in Chapter 5.2, if a positive test charges. An example is that of the dipole, which 
charge ¢ experiences an electric force F, the ‘ ‘has two equal and opposite charges separated 

electric field at the position of the test chargeis | by a distancea (see Figure 3.1). 

defined as the ratio of the force to the chary 

Electric fields ‘ Vector methods can then be used to find the 

  

     i 
q 

‘The direction of the electric field is the same & $ ? 
as the direction of the force (on the positivetest | o 1 

charge g). At a point a distance r away from a e 57 T el i Oppose g 
charge Q, the magnitude of the electric field is separated by a given distance form an electric 

dipole. The diagram shows the electric fields 
that must be added as yectors to get the net 
electric field at P. 
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‘We would like to find the electric field created 
by a dipole. It s easiest to find this field on the 
perpendicular bisector of the line joining the 
charges. At other points, the answer is more 
involved. Thus, consider a point a distance d 
from the midpoint of the line joining the 
charges. The electric field at P has a 
contribution of £y = ;1 & from each charge, 
directed as shown. The horizontal components 
will cancel each other out but the vertical 
components add up. The vertical component of 
Epis Epsin6 and since sinf =a/2r we find 
(recall 12 = @2 + 2 

1 _ Qe 
Ineg (@+2) 

“This is directed vertically downwards, in the 
direction of the vector from Q to Q. The 
quantity Q is called the dipole moment. 

   

   

If both charges were positive, the corresponding 
electric field would be given by 

1 20d 
ey, ol @) 

and would be horizontal (along the 
perpendicular bisector to the line joining the 
charges). 

Electric potential and energy 

Suppose that at some point in space we place a 
charge Q. Assume for concreteness that it is a 
‘positive charge. If we place another positive 
charge g nearby and try to move it even closer 
to the large charge Q, we will have to exert a 
force on . since it s being repelled by Q (see 
Figure 3.2). That is, we have to do work in order 
to change the position of ¢ and bring it closer 

Q. 

  

  

gbroughtnear 0¥ gt infnity 
® P 

e 
Figure 3.2.     

‘The work done in moving a charge g from infinity 
10 point P goes into electric potential energy. Thus 

  

Electric potential and electric potential energy are 
scalar quantities. Note the definition of potential, 
‘which involves taking a charge from infinity to 
some point P This definition does not specify 
along which path the charge must be moved from 
infinity to point P. In fact, the properties of 
electric potential are such that the amount of 
work done would be the same irrespective of 
which path is taken. This is reminiscent of gravity: 
the change in gravitational potential energy when 
amass m is moved from a position A to a position 
Bis always mgh where I i the vertical separation 

of the two points A and B. The actual path 
followed by the mass is irrelevant. The 
gravitational and electric forces are called 
conservative for this reason. Friction is an example 
of a force where the amount of work done does 
depend on the path followed: i is obviously 
‘harder to push a heavy suitcase a long distance as 
opposed to a short distance. Such forces are called 
dissipative. An immediate property of conservative 

forces s that, if a body is moved along a closed 
path, the amount of work done is zero. This also 
means that, if the potential at point P is V volts, 
the amount of work done when a charge q is 
taken from P to infinity is —qV.  
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Consider now two points, A and B, in the vicinity 
of a charge Q (see Figure 3.3). The electric charge 
creates an electric potential everywhere in space, 
and at points A and B the potential is Vs and V., 
respectively. If we place a charge g at point B and 
‘move it from B to A, what is the work done? 
Since the amount of work done is independent 
of the path followed, we can calculate this work 
along paths for which we know the answer. We 
first take the charge from B to infinity and then 
from infinity to A. 

from infinity     
to infinity 

Figure 3.3 Work must be done in order to move a 
charge from one point to another where the 
potential i different. 

On the first leg. the work done is —qVs and on the 
second leg it is gVa. Thus, the total work done is 

Wan =q(Va—Va) 

‘The quantity V4 — Vj is the potential difference 
between A and B. Points at infinity are 
considered to be at zero potential. We have 
talked at some length about the electric 

potential that a charge Q creates in space. But 
how do we calculate this potential? To do this 
we need calculus, so what follows may be 
omitted and only the result may be noted. 

R 2 PnT     

When the positive charge q is at some distance 1 
from @, it experiences a repulsive force 

“Thus, the force with which we must push the 
charge q to move it closer 1o Qs directed as 
shown in Figure 3.4. If we push a small distance 
dr, the work done is dW and 

AW = —Fdr 

  

  

o ek 
Figure 3.4 Diagram for calculating the work 

done in moving a positive charge from 
infinity toa point near another charge, 

B 

(The minus sign in dW is there because the force 
pushes the charge towards Q but dr is positive 
when directed away from Q) The total work 
done is therefore: 

  
  

  

  

R R OF 
4rey r? 

_ ool 
Zme | 

Lt 
T ane R 

But, by definition, W= gV, so 

1 Q alee 
Angg R 

Thus, the electric energy of a charge q a distance 
¢ from another charge Qs 

"% 
e T 

U 

    

In all these formulae, the charges must be 
entered with their correct sign. 

Example questions 
Q1 28904053100 TIEERIIESTIT IV IV SR IONSE 

Find the electric potential energy between the 
proton in a hydrogen atom and an electron 
orbiting the proton at a radius 0.5 x 10" m. The 
proton has a charge 1.6 x 10" C, equal and 
opposite 1o that of the electron. 

Answer 
From the formula 

! % 
dmeq 

10 x HOX107 X (161077 
05 %1010 

=46 x107")
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Q2 mseseses e T e 
Find the electric potential a distance of 
0.50 x 10 m from the proton of the hydrogen 
atom. 

L Leox 10 
050 % 10 

    

9V 

Q7 SIS SIS SRS ST TR 

Find the electric potential energy for four charges 
of 2 uC each placed at the vertices of a square of 
side 10 cm. 

Answer 
Naming the charges as 1, 2, 3 and 4 (see Figure 3.5) 
we see that there are six pairs of charges: (1, 2), 
1,3, 1,4, 2,3), (2, 4) and (3, 4 

    

4 3 

Figure 35. 

Therefore 

U=9%10"x4x 107" 

K[ ek a ety Ty ] 10710 0 10V2 102, 
x10%) 

Thus 
u=19) 

Electric potential is a scalar quantity. So if we 
have not one but two charges, Q; and Q. the 
electric potential at a point P that is a distance 
1y from Q; and a distance r» from Q is just 

Q. 1 Q 
Arey 12 

  

Tanen   

that is, we first find the potential at P from Q; 
alone then from Q> alone and add up the two 
(see Figure 3.6). 

  

Figure 3.6 The potential at P is found by finding 
the potential there from the first charge, then 
finding the potential from the second charge, 
and finally adding the two. 

Figure 3.7 shows the electric potential from one 
positive and one negative charge. In the absence 
of charges, the surface would be flat. The 
potential is represented by the height from the 
flat surface. 

  

Figure 3.7 The electric potential due to two equal 
and opposite charges. The potential is 
proportional to the height of the surface. 

‘The same procedure is followed for more than 
two charges. This simple formula for electric 
potential works in the case of point charges: 
that is, the objects on which the charges Q; are 
placed are mathematical points or close to it. It 
also works in another special case. It works if 
the object on which the charge Q is placed is a 
sphere. But this is somewhat more delicate. If 
the point P is outside the sphere and at a 
distance r from the centre of the sphere, then 
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the potential at P is indeed 

  

where R is the radius of the sphere. But at any. 
point inside the sphere the electric potential is 
constant and has the same value as the 
potential at the surface. (See Figure 3.8, 

va t 

  
® 

Figure 3.8 The electric potential is constant inside 
the sphere and falls off as 1/r outside. Shown 
here are (a) a positively charged sphere and (b) a 
negatively charged sphere. 

Example questions 
Q4 srrmemse s s s 
Two spheres of radii r and R = 10r are connected 
by a long conducting wire. Before connecting, the 
big sphere had an amount of charge Q on it and 
the smaller sphere was uncharged. How much 
charge is there on each sphere now? 

Answer 
See Figure 3.9. 

The potential on the 
and on the small sphere V; = ;. Here 
Qi+ Q. = Q, by conservation of electric charge. 
When connected by the wire the two surfaces 

  

must be at the same potential, V; = V;, and so 

  

2 before o after 

0-0f o 
‘ o o 

| migureas. 

| 
| Q 

ame, R       

  

  Using R = 10r we find @ = 2 Qand Q, = Q. 
It can be seen that the big sphere has more charge 
than the small one even though they are both at 
the same potential. 

  

@5 e e 
Find the ratio of the electric field on the surface of 
the small sphere to that on the surface of the big 
sphere in Example question 4. 

Q 
Ans R 
  

| e (1007 
1011 

Ae,100, 

    

   
| thatis, the small sphere has a bigger electric field 

on its surface. The small sphere is more curved 
than the big one and electric fields are largest 
near sharp objects.   
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£=0 
0 

Figure 3.10 The potential increases uniformly as we move from the lower to the upper plate, 

Parallel plates 
‘There is one other case that is straightforward 
enough to allow us to write down a simple 
formula for the electric potential. This is the 
case of two long parallel plates separated by a 
distance d (see Figure 3.10). 

I, for the sake of convenience, we take the top 
plate to have the higher potential, V;, and the 
lower plate to have potential V., then the 
potential at any point with vertical distance x 
from the lower plate is 

  

You can check that this formula gives the 
correct answers when x = 0 (lower plate) and 
x =d (top plate). Halfway between the plates 
X =%and V = “5*2_ The potential increases 
uniformly from the lower plate to the top. The 
electric field between the plates is uniform, as 
we already know. 

  

Equipotential surfaces 
Points in space that have the same potential are 
said to define equipotential surfaces. For 
example, for a single charge Q. the 
equipotential surfaces are concentric spheres 
centred at the charge, as shown in Figure 3.11. 

  

All the points on a given sphere are at the same 
distance from the charge and hence at the same 
potential. For the two parallel plates, the 

   
E 

  
4 x x 

  

Figure 3.1 The equipotential surfaces of a point 
charge are concentric spheres. 

high 

  

Tow Vincreases 
uniformly 

Figure 3.12 The equipotential surfaces for two 
parallel charged plates are planar. 

equipotential surfaces are planes parallel to the 
plates (see Figure 3.12). 

Figure 3.13 shows the equipotential lines for 
two charges: a positive charge of 4 C at point 

| (-0.3,-03) and a negative one of -1 C at point 
(0.7, 0.9). 

  

When a charge moves from one point of an 
equipotential surface to another point on the 
same equipotential surface, the work done is 
zero, since the potential difference between the 
two points is zero.    
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05 

    

  

  

TSR s 
Figure 3.13 The equipotential surfaces of two 

opposite, unequal charges. 

The connection between electric 

potential and electric field 

‘There is a deep connection between electric 
potential and electric field. 

  

‘We can show this as follows (see Figure 3.14). Let 
a small positive charge g be placed at a point 
where the potential is V. We want to move it a 
distance Ar away to a position where the 
potential is at a higher value V;. The force on 
the charge is F = qE and so the work done is 
W =FAr =qE Ar. But the work can also be 
found from W =g AV, and so   

  

  

  

  

  

      
v n 

Figure 3.14 The electric field lines are directed o 
the left and so is the force on the positive 
charge g. If the charge is moved to the right, 
work must be performed. 

“This says, in particular, that if the electric 
potential is constant in some region of space, 
then the electric field is zero there. (Recall that 
the electric potential is constant inside a 
conducting sphere; the result above says 
therefore that the electric field is zero inside 
the sphere as we stated earlier) This 
relationship also states that if the potential 
difference between two parallel plates is V/ and 
the separation between the plates is d then 
E = and is the same at all points inside the 
plates. It is perpendicular to the plates and is 
directed from high to low potential. 

Example questions 
Qb 1995550 033 RS ITTRRI IR T TR T F T SAI3ESS 

Awire of length L has a potential difference v 
across its ends. Find the electric field inside the 
wire. Hence find the work done when a charge g 
is moved from one end of the wire to the other. 

Answer 
From £ = 4 it ollows that £ 
done can be found in two ways. Either by using 

  

W=qav 

  

or by 
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Q7 e T—— 
The electric potential a distance r from a charge 
Qis V= ;- 2. Use this expression to find the 
electric field at the same point. 

Answer 
Here we must use the calculus expression 

5 (a?) 

as we expect. 

E 

  

‘The connection between electric potential and 
electric field extends to equipotential surfaces 
and electric field lines. It can be shown that 
electric field lines are always normal to 
equipotential surfaces. Figure 3.15 illustrates 
the equipotential surfaces due to a positive 
point charge and superimposed on these 
surfaces are arrows representing the electric 
field lines of the charge. 

electric feld lne     
eqipotental 

  
Figure 3.15 The electric field is normal to the 

equipotential surfaces. 

‘The surfaces of conductors are equipotential 
surfaces, so electric field lines in the presence 
of conducting surfaces are normal to them, as 

  

in Figure 3.16. This can be explained as follows. 
If electric field lines were not normal to the 
conducting surface, there would be a 
component of electric field along the surface. 
Such a field would cause charges to move - an 
electric current would be established on the 
surface. This, however, is not consistent with 
the assumption that we are dealing with 
electrostatic situations, in which charges do not 
move. Hence the electric field lines must be 
normal to the conductor, and so the conductor 
surface must be an equipotential surface. 

   

   

  

impossible field lines are field ines normal o2 
conductor 

Figure 3.16 Properties of field lines. Field lines are 
normal to conducting surfaces. Field lines 
cannot cross. 

  

and gravitation 

As is clear from a comparison between Newton's 
law of gravitation and Coulomb’s law, there are 
many similarities between electricity and 
gravitation. Table 3.1 shows a few of the 

      

Acson  Mass(positive  Charge (positive 
only) o negative) 

Force F= g 0l 
Auractive or 

only repulsive 
Infinite range  Infinite range 

Relave 1 107 
strength 

Field E=geg 

Potential Vg 
Worl Independent Independent 
done of path of path 
e e e Potential U =G U= 

energy 
Table 3.1 A comparison of gravitation and 

electricity.
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similarities and differences between the two. 
‘The biggest difference is, of course, the 
existence of two kinds of electric charge, which 
implies that the electric force can be attractive 
or repulsive. The one kind of mass leads to only 
attractive forces. 

  

In some innovative work during the early 
part of the twentieth century, T. Kaluza and 
O. Klein considered that the universe has 
four space and one time dimensions instead 
of the usual three plus one. Thé extra 
dimension, they claimed, is curled up as a 
tiny circle and is essentially unobservable. 
They then showed that if gravitation is the only 
force in this five-dimensional universe and we. 
now insist on looking at only its four- 
dimensional part, electricity arises naturally. 
from gravitation in this reduction from five 
to four dimensions! 

1 Acharged rod is brought near three 
conducting spheres resting on insulated 
stands, as shown in Figure 3.17. The spheres 
are originally touching. If they are now 
separated with the rod still nearby, what will 
be the sign of the charge on each sphere aiter 
the rod is taken away? 

    

Figure 317 For question 1 

2 Four equal charges of 5 uC are placed at the 
vertices of a square of side 10 cm. 
(@) What s the value of the electric potential 

at the centre of the square? 
(b) What s the electric field there? 
(© How do you reconcile your answer with 

the fact that the electric field s the 
derivative of the potential? 

3 (a) What is the electric potential at the 
mid-point of the line joining two equal 
positive charges Q 7 Take their separation 
t0 be d. 

(b) What i the electric potential at the mid- 
point of the line joining two equal but 
opposite charges? 

4 Two charges, @ = 24C and Qs = —4 uC, are 
0.3 m apart. Find the electric potential at a 
point P which is 0.4 m from @ and 0.6 m 
from Q.. 

5 Acharge Qof 10.0 C is placed somewhere in 
space. What is the work required to bring a 
charge of 1.0 mC from a point X, 10.0 m from 
Q10 a point Y, 2.0 m from Q7 Does the 
answer depend on which path the charge 
follows? 

  

  

6 An electron is brought from infinity to 
a distance of 10.0 cm from a charge of 
100 C. How much work was done on the 
electron? 

7 An electron moves from a point in space 
where the potential is 100.0 V 0 another 
point where the potential is 200.0 V. If it 
started from rest, what isits speed at the end 
of the trip? 

  

8 Four charges are placed at the vertices of a 
square of side 5.00 cm, as shown in Figure 
3.a8. 

(@) On the diagram, show the forces acting on 
the 2 uC charge. Find the magnitude and 
direction of the net force on the 2 uC 
charge. 

(b) Calculate the value of the electric 
potential at the centre of the square. 

(©) How much work must be done in order to 
move a charge of 1 nC initially at infinity 

o the centre of the square? 

“luc 2uc 

auc 3uc 
Figure 3.18 For question 8.
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9 The electric dipole moment of a molecule is 
6.2 x 107 C m and the charges are assumed 

to be +£1.6 x 107" C. The molecule finds 

itself in a uniform electric field of value 
2,00 x 10° V m~" that is directed along the 
plane of the page (see Figure 3.19). The dipole 
also lies on the page. 
(@) What is the separation of the charges? 
(b) What i the net force on the dipole? 
(©) What i the largest torque on the molecule 

about an axis through its middle and 
normal to the plane? 

e 
Figure 3.19 For question 9. 

10 Two conducting spheres are separated by a 
distance that is large compared with their 
radii. The first sphere has a radius of 10.0 cm 
and has a charge of 2.00 uC on its surface. 
The second sphere has a radius of 15.0 cm 
and is neutral. The spheres are then 
connected by a long conducting wire. 
(@) Find the charge on each sphere. 
(b) Calculate the charge density on each 

sphere (charge density is the total charge 
on the sphere divided by the surface area 
of the sphere). 

(© Calculate the electric field on the surface 
of each sphere. 

(e Comment on your result in the light of 
Your answer to part (b). Why s it stated 
that the wire is long? 

11 Figure 3.20 shows the equipotential lines for 
1o equal and opposite charges. Draw the 
electric field lines for these two charges. 

  

  

05 

\ 

  
=05 0 05 T 

Figure 3.20 For question 11. 

12 Two long parallel plates are separated by a 
distance of 15.0 cm. The bottom plate is kept 
at a potential of —250 V and the top at +250 V. 

A charge of ~2.00 uC is placed at a point 
3.00 cm from the botiom plate. 
@) Find the electric potential energy of the 

charge. 
The charge is then moved vertically up to a 
point 3.00 cm from the top plate. 
(b) What i the electrical potential energy of 

the charge now? 
(c) How much work was done on the charge? 

  

13 An electron s shot with a speed equal to 
1,59 x 10° m s~ from a point where the 
electric potential s zero toward an immovable 
negative charge Q (see Figure 3.21). 
(@) What should the potential at P be o that 

the electron stops momentarily at P and 
then turns back? 

(b) What is the magnitude of Q7 

  

electron P 
Figure 3.21 For question 13,



14 Two equal and opposite charges are placed at 
points with coordinates x = 0, y = a and 
x=0, y= —a, as shown in Figure 3.22. 
(a) Find the electric field at the point with 

coordinates d,y=0. 

(b) Repeat for two equal negative charges —q 
on the y-axis. 

(©) Plot these fields as functions of d. 

   

  

4 

K 

Figure 3.2 For question 14. 

15 A charge Qis placed a distance d from a very 
large conducting plane. What is the electric 
field at a point P a distance 2d from the plane? 
(See Figure 3.23.) 

. ]Oe 

AT 
Figure 3.23 For question 15. 

plane 

O image charge 

[Hint: Answer this as follows (the method of 
images). Draw field lines to convince yourself 
that the same lines would be obtained if, 
instead of the plane, an equal and opposite 

16 

17 
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charge were placed at a position that is the 
mirror image of the charge in the plane. Thus, 
the electric field in the presence of the plane 
would be the same s the electric field of two 
equal and opposite charges without the plane. 
Thus, find this field at point P] 
A charge —q whose mass is m moves in a 
circle of radius r around another stationary 
charge q located at the centre of the circle, as 
shown in Figure 3.24. 
(@) Draw the force on the moving charge. 
(b) Show that the velocity of the charge is 

  given by v’ = ;- 
(€) Show that the total energy of the charge is 

given by £ = <    

  

(@ Hence find out how much energy must be 
given 1o the charge i it is to orbit around 
the stationary charge at a radius equal 
to 2r. 

Figure 3.24 For question 16. 

Three protons are initially very far apart 
Calculate the work that must be done in order 
o bring these protons to the vertices of an 
equilateral triangle of side 5.0 x 107 m,



  

Electric current and 

electric resistance 
The motion of electric charges creates electric currents. This chapter discusses the 
definition of electric current and electrc resistance. 

Objectives 
By the end of this chapter you should be able to: 
« state the definition of electric current, /= 3¢ 
« state the definition of electric resistance, R = 

  

  

« appreciate that metallic conductors at constant temperature satisfy 
Ohm's law, Tox V; 

« appreciate that the potential drops as one moves across a resistor in the 
direction of the current; 

« understand that a resistor dissipates power, P 

  

vi. 

  

Example question 
Q1 rerrer s Teaedess ioa SRt SR S ERAARIIEET T 

Electric current 
Our study of electricity so far has dealt with 
stationary charges. New phenomena take place 
when electric charges are allowed to move, one 
of which is electric current. 

  

Light falling on a metallic surface causes the 

emission of electrons from the surface at a rate of 
2.2% 107 per second. Whatis the current leaving 
the surface? 

» A moving charge creates an electric current. 
Electric current is the amount of charge 

that moves through the crosssectional area 
of a wire per unit interval of time: 2.2%10% x 1.6 x 1077 Cs* 

Answer 
The current is 

  

aq 
Al 

  

i e i a In a conductor the ‘free’ electrons move 
e P s R STAE ST randomly, much like gas molecules in a 

system, and 1 A = 1 C - (The defiition of container. They do so with high speeds, of the 
$hé dsspera 13 it b e snismenic Foee order of 10° m 5™ This random motion, 

eserad paralil cordhudeine; this wilbe however, does not result in electric current - as 
b Al ‘many electrons move to the right as to the left 

(see Figure 4.1),  
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Lo o 
Figure 4.1 The random motion of the electrons 

inside a conductor takes place at high speeds 
but does not result in electric current. Current 
is the amount of charge that goes past a given 
point per unit interval of time. 

   

  

      

  

‘The electrons increase their kinetic energy as 
they move through the metal but soon they will 
suffer inelastic collisions with the atoms of the 
material, which means they will lose energy to 
the atoms. The electric field will again accelerate 
the electrons until the next collision and this 
process repeats. Thus, the electrons lose energy 
constantly, which the atoms of the material 
pick up. This means that these atoms will vibrate 
about their equilibrium positions more and 
this will show up macroscopically as increased 
temperature of the material. We can make a 
mechanical analogy of this (see Figure 4.2). 
Imagine a ball rolling down an inclined plane 
on which a number of pegs have been placed. 

g b 
Figure 42 A mechanical model of the electron’s 

‘motion inside a metal. The speed of the electron 
is increasing while the electric field is 
accelerating it, in between collisions. After a 
collision, the speed is reduced to zero and the 
electron begins to accelerate again. The 
electron’s kinetic energy has been transferred to 
the atoms of the metal. The dotted line 
represents the drift velocity of the electr 

  

Gravity accelerates the ball down but as soon as 
a collision with a peg takes place, energy is lost 
and the ball will accelerate again from a 
reduced speed. 

We can estimate the magnitude of the drift 
velocity as follows. Suppose that the conductor 
is a wire of cross-sectional area A and that there 
are n free electrons per unit volume in the 
material. If the electrons move with speed v, 
then in time At the number of efectrons that 
have gone through the cross-section of the wire 
is simply the number of electrons inside the 
volume of a eylinder of cross-sectional area A 
and height vAt. The number of electrons in 
volume is nAvAL, and hence the amount of 
charge that they carry is enAvAL. This is the 
amount of charge that went past the wire in time 
At, and thus the current is 

  

I=enAv 

    For a typical metal, n = 10° m"*; if the current 
isI=1Ain a wire of crosssectional area 10°¢ m? 
(a typical wire), we find v = 6 x 10~ m s~ This 
is quite a low speed, perhaps surprisingly so. 
If we turn on the switch for the lights in the 
classroom (which are about 5 m from the 
switch), we certainly do not have to wait for 

Fri 139 min for the lights to come on! 
“This is because, when the 
switch is turned on, an 
electric field is established 
within the wire. This happens 
ata speed close to the speed 
of light. As soon as the field 
is established, every free 
electron in the wire starts 
moving at the drift velocity, 
5o the electric current is 

established in the conductor much faster than 
the velocity of the electrons making up the 
current. 

    

It is a convention that the direction of clectric 
current is taken to be opposite to the motion of 
the electrons, as shown in Figure 43.
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O— clectrons  @—» 

e rntcin 
@ o— 

Figure 43 The direction of the current is taken to 
be opposite to the actual electron motion. 

An electric current is also produced when a 
wire is heated so that it begins to emit electrons 
in a phenomenon known as thermionic 
emission. If the wire emits N electrons per 
second, the current leaving the hot wire is 

eN. Similarly, in the photoelectric effect, 
light or other electromagnetic radiation causes 
the emission of electrons from a metallic 
surface on which it falls. The emission of 
electrons is electric current that leaves the 
surface. Whereas in solid materials electric 
current consists exclusively of moving. 
electrons, in liquids and especially gases 
positive ions may also be accelerated by electric 
fields, resulting in currents due to positive 
charges. In gases, even small electric fields can 
produce currents due to positive ions. This is 
because at low pressure electrons have a long 
mean firee path, so they can be accelerated to 
high speeds by the electric field before colliding 
with gas molecules. These high-velocity 
electrons can then ionize atoms of the gas by 
knocking electrons out of the atoms, leaving 
behind positive ions, which also move under 
the influence of the electric field. 

    

As a consequence of the law of conservation of 
charge, it follows that two devices connected in 
series will take the same current. When a wire 
comes to a junction, the current splits (not 
necessarily equally) so that the current entering 
the junction equals the total current leaving it. 
(See Figure 4.4.) 

— 

the current s the same in 
both devices 

  
Figure 4.4 The current enteri 

the total current leaving it. 

  

g a junction equals 

Electric resistance 

Now we look at electric resistance and Ohm's law. 

  

as the potential difference across fisends 
divided by the current flowing through it: S : e s 

  

        
1 Steiisioniediay 

“The unit of electric resistance is the volt 
‘perampere and this is defined to be the 
ohm, symbol 2. The equation above is 
the definition of resistance. 

1n1826, Georg Ohm discovered that, when 
the temperature of a metallic conductor is 
kept constant, the current through the 
conductor is proportional to the potential 
difference across it iR 
TV 3 TR 

‘This statement is known as Ohm’slaw. 
Materials obeying Ohm's law thus havea 

constant resistance at constant temperd- 
ture. A graph of Iversus / gives a straight 
line through the origin if the material 
obeys Ohm’s law. M 

   

    

   

  

Most materials obey Ohm's law at low 
temperatures, but as temperature increases, 
deviations from this law are seen. For example, 
an ordinary light bulb will obey Ohm'’s law as 
long as the current through it is small. As the 

current is increased, the temperature of the 
bulb increases and so does the resistance. Other 
devices, such as the diode, also deviate from 
Ohm'’s law. These are illustrated in Figure 4.5. 

A conductor with zero electric resistance is 
known as a perfect conductor. In a perfect 

conductor, electric current 
can flow without a potential 
difference established at its 
ends. A class of materials 

known as superconductors have 
zero resistance below a certain 
temperature (known as the 
critical temperature) and are 
thus perfect conductors. 

  
 



54 Electric current and electric resistance 313 

    

@ ® 

  

Figure 45 Graph (a) shows the current-voltage graph for a material obeying Ohm’s law. A 
lamp filament (b) and a diode (c) do not obey this law. 

Factors affecting the resistance of a wire | 
‘Three factors affect the resistance of a wire kept 
at constant temperature. They are the nature of 
the material, the length of the wire and the | 
cross-sectional area of the wire. For metallic | 
‘materials, an increase in the temperature 
results in an increase in the resistance. 

  

    

aread    
Figure 4.6 If we double the crosssectional area A, 

the current that can flow through the metal for 
the same potential difference is doubled as well 
Hence, the resistance R halves. If we double the 
length L, the potential difference at the ends of 
the wire will double while the current stays the 
same. Hence, the resistance R doubles.   

length 2L 

‘[ potenial difference =2V I 

R ] 

“The dependence of resistance on length and 
cross-sectional area can also be understood 
as follows. If we combine the deiinition 
of resistance with 1 = enAv and the fact 
that the potential difference across a 
length L of a wire is related to the electric 
field £ in the wire through V = £L, we find 
that 

L 
E 

enAv 
  

which explains the dependence on L and A. 

Example question 
Q2 F TSI TSI 

A wire is subjected to a tension so that its 
length increases by 10% while the volume of 

the wire stays the same. How 
does the resistance of the wire 
change? 

Answer 
Let L and A be the original 
length and cross-sectional 
area of the wire. The new 
lengih is 1.11 and since the 
volume stays the same, the 
new cross-sectional area A' 

must satisfy 

AQLIL) = AL 
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Since R o &, the new resistance is 
LA iy 

LA 
TTa 
=1x11 
=2 

SR =121R 

  

that i, it increases by 21% 

Potential drop 
‘The defining equation for resistance, R =%, can 
be looked at in the following way. Solving for 
the potential difference V' we find 

V=IR 

  

which says that if a current flows through a 
resistor, then there must be a potential 
difference across the ends of that resistor given 
by the formula above. A resistor is thus said to 
drop the potential. (In an electric circuit we 
will often indicate a resistor by a box. The 
conducting wires also have resistance, but 
typically this is very small so we neglect it. The 
words potential difference and voltage will 
mean the same thing,) Suppose that in Figure 
4.7, the potential at point A is 100 V, the 
current is 5 A and the resistance is 15 2. Then 
the potential difference at the ends of the resistor 
isV =IR =5 x 15=75 V. Thus, the potential 
at point B is 25 V. The resistance from B to C is 
zero, so the potential does not change as we 
move from B to C. The potential at all points 
from Bto Cis 25 V. 

  

  

A B c 
Figure 47 There is a potential difference across 

‘points A and B but not between B and C. 

Example question 
QF P ML S I IELS T 
In Figure 4.8, two resistors are joined as shown. 
The top resistor receives a current of 3 A. What is 
the current in the other resistor? What is the 
current that enters at junction A?   

  

  

    

35 wa 
1 

A B 

200 
Figure 48, 

Answer 

Both resistors have the same potential difference 
across them (why?). The potential difference 
across the top resistor is 
V=IR 

3x10 
30v 

and so for the lower resistor we have 

    

The current entering at A is 4 A, 

Electric power 
  

‘We saw carlier that whenever an electric charge 
AQ moves from a point A to a point B such that 
there exists a potential difference / between 
these points, work is being done. This work is 
W = (AQ)V. Consider a conductor with a 

potential difference across its ends of V. In 
moving a charge AQ across the conductor in 
time A, the power dissipated in the conductor is 

  

since the current in the conductor is given by 
I=42 =45 
This power manifests itself in thermal energy 
andfor work performed by an electrical device 
(see Figure 4.9). In devices obeying Ohm’s law 
(ie. when the resistance is constant), we can use 
R =¥ to rewrite the formula for power in 
equivalent ways: 

Ve 
P=RP=— Ry  
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     Figure 49 The metal filament in a light bulb 
glows as the current passes through it. It also 
feels warm. This shows that the bulb produces 
both heat and light 

Example question 
Qi e ——— 
A resistor of resistance 12 © has a current of 2.0 A 

flowing through it. How much energy is generated 
in the resistor in one minute? 

Answer 
The power generated in the resistor is 
P=RI 
=12x4W 
=48 W 

  

Thus, in one minute (60 ) the energy generated is 

48 % 60)=2.9x 10" | 

  

Electrical devices are usually rated according to 
the power they use. A light bulb rated as 60 W 
at 220 V means that it will dissipate 60 W when 

a potential difference of 220 V is applied across its 
ends. If the potential difference across its ends is 
anything other than 220 V, the power dissipated 
will be different from 60 W. 

  

Example questions 
Q> v TTTTE—— 
Alight bulb rated as 60 W at 220 V has a 
potential difference of 110 V across its ends. Find 
the power dissipated in this light bulb. 

Answer 
Let R be the resistance of the light bulb and P the 
power we want to find. Assuming R stays constant 

(s0 that it is the same when 220 V and 110 V are 
applied to its ends) we have 

no! 22 P=—" and 60="0 & e 

  

Dividing these equations side by side we find 

  

P _10Y/R 
60~ 220°/R 

_ o 
= 207 

1 
3 

=P =60x 

15w 

Qb 723t e RO AT SIS 

Figure 4.10 shows the variation of voltage across a 
conductor with the current through the conductor. 

Does it obey Ohm's law? What is the resistance 

of the conductor when the current through it is 
0.6 A2 What is the power dissipated in the 
conductor when the voltage across itis 1.5 V7 

  

Vivolis 

  

0 02 04 06 08 I 12 14 
Figure 410, 

Answer 

The graph is straight only for small currents (less 
than about 0.5 A) and so the conductor obeys 
Ohm's law only for these small currents. 

The resistance at 0.60 A s 

v g=Y 
1 
12 

0.60 
9 og
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When the voltage is 1.5 V, the current is about 
0824, 50 

P=vI 
~1.5%082 

    

2w 

The cost of elect: 
Electricity companies charge for electricity 
according to the amount of energy used by the 
consumer. A device that is rated at a power 
value of 60 W, for example an ordinary light 
bulb, uses 60 ] of energy every second (when 
connected to the appropriate source of voltage). 

  

“The energy used by the light bulb over a time of 
tsis thus E = 60t J. In general, for a device of 
power rating P the energy used in ! s is 

E=rt 
=vit 

Electricity companies find it more convenient 
10 use a different energy unit by which to 
charge consumers. They use the kilowatt-hour 
(KW h) as their energy unit, which is defined as 
the energy used by a device of power rating 
1kW in 1 h. This means that 

1kWh = 1000W x 60 x 60 s = 3.6 x 10° J 

If the cost of 1 KW h s, say, $0.1, then the cost 
of operating one 60 W light bulb over a 24 h 
period can be calculated as follows: 

energyused = 60W x 24h = 1440Wh 
~14kWh 

Hence 

cost= 1.4 x 50.1 = $0.14 

  

1 Outline the mechanism by which electric 
current heats up the material through which it 
flows. 

2 Explain why a light bulb is most likely to bum 
out when it s first turned on rather than later. 

3 State the factors that affect the resistance of a 
metal wire. 

4 Explain why doubling the length of a wire will 
double its resistance. 

5 By what factor does the resistance of a wire 
change if its radius is doubled? 

6 Give an estimate for the number of free 
electrons per unit volume for gold (density 
19 390 kg m™?; molar mass 197 g mol™'). 
Assume that each atom contributes just one 
electron to the set of free electrons. 

7 Silver has 5.8 x 10% free electrons per m’. If 
the current in a 2 mm radius silver wire is 
5.0 A, find the velocity with which the 
electrons drift in the wire. 

  

8 (a) If a current of 10.0 A flows through a 
heater, how much charge passes through 
the heater in 1h? 

(b) How many electrons does this charge 
correspond to? 

9 The graphs in Figure 4.11 show the current as 
a function of voltage across the same piece of 
metal wire which is kept at two different 
temperatures. 
(@) Does the wire obey Ohm's law? 
(b) Which of the two graphs corresponds to 

the higher temperature? 

Figure 411 For question 9. 

10 The current in a device obeying Ohm's law is 
1.5 A when connected to a source of potential 
difference 6.0 V. What will the potential 
difference across the same device be when a 
current of 3.5 A flows in it? 

11 In an experiment the current through and 
potential difference across a device were 
recorded as shown in Table 4.1. Does the 
device obey Ohm's law? 

ImA 50 98 15 40 w2 22 
VimV 100 200 300 400 500 600 
  

Table 4.1 For question 11.  



12 A resistor obeying Ohm's law is measured to 
have a resistance of 12 @ when a current of 
3 Aflows in it. What is the resistance when 
the current is 4 A? 

  

13 The heating element of an electric kettle has a 
current of 15 A when connected to a source of 
potential difference 220V. What is its 
resistance? 

14 The resistance of a fixed length of wire of 
circular cross-section is 10.0 2. What will be 
the resistance of a wire of the same length 
‘made of the same material but with only half 
the radius? 

15 Look at Figure 4.12. The potential at point A is 
24V and a current of 2 A flows in the wire. 
(a) What is the potential difference across 

each resistor? 
(b) Find the potential at points B, C and D. 

  

40 69 

A B C D 
Figure 4.12 For question 15. 

16 Look at Figure 4.13. 
(@) Find the current in, and potential 

difference across, each resistor. The 
potential at Ais 12 V. 

(b) What is the potential difference between A 
and B? 

  

300 

  

Figure 413 For question 16. 
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17 Alight bulb s rated as 60 W at 220 V. 
(@) How much current flows in the light bulb 

if it is connected to a 220 V source of 
voltage? 

(b) If the light bulb is connected to a 110V 
source of voltage, what current flows in it? 
(Assume the resistance stays the same.) 

(©) What is the power output of the light bulb 
when it is connected to the 110 V source? 

18 The resistance of a wire of length L and cross- 

sectional area A is given by R = p, where p 
is a constant called the resistivity. The filament 
of an ordinary 120 W light bulb has a 
resistivity of 2.0 x 1076 @ m. 
(a) What is its resistance when it is connected 

to a source of 220 V2 

(b) 1f the radius of the filament is 0.03 mm, 
find its length. 

19 Find the energy used when a 1500 W kettle is 
used for 4 minutes: 

@ in kW h; 
(b) in joules, 

20 In the USA the voltage supplied by the 
electricity companies is 110 V and in Europe 
itis 220 V. Consider a light bulb rated as 
60 W at 110 V in the USA and a light bulb 

rated as 60 W at 220 V in Europe. Take the 
cost of electricity per kW h to be the same. 
Where does it cost more to operate a light 
bulb for 1 hour? 

 



Electricity. izt £ and    
Electric circuits 
This chapter explains how simple electric circuits can be solved: that i, how the current 
through and potential difference across esistors can be determined. The chapter begins 
with the concept of emf (which stands for electromotive force). The name is 

unfortunate, as em is a potential difference and not a force. Hence, we always use the 
initals emf and never the full name. The chapter ends with a look at the potential 
divider circuit and sensors that use 

    

Objectives 
By the end of this chapter you should be able to: 
« define emf and explain the role of internal resistance - the potential 

difference across a battery is V = € — Ir: 
« find the total resistance in series and parallel connections using 
R = R+ R+ and gl = b & ovs 

+ find the current through, and potential difference across, resistors in 
simple circuits: 

« find the power dissipated by a resistor in a circuit usi 
« describe the potential divider; 
+ explain the use of sensors in potential divider circuits. 

   g P = 

  

Emf frictional forces are present, work must be 
| done by the pump to compensate for the work 

done by these forces. In the absence of the 
pump, the water flow would stop. 

Charges will not drift in the same direction 
inside a conductor unless a potential difference 
is established at the ends of the conductor. | 
‘There are many ways of providing a source of 
potential difference to the circuit. The most low of waer 
common is the connection of a battery in the 
circuit. Others include a generator, a 
thermocouple and a photosurface. To understand 
the function of the battery, we can use the 
standard analogy in which the battery is 
likened to a pump that forces water through 
pipes up to a certain height and down again 

  

    

  

(see Figure 5.1). The gravitational force does s 
Rtk sl ih s R e o Figure 5.1 In the absence of the pump, the water 

i flow would stop. The work done by the pump 
water up to the height 1, and work equal to aquals the work dona to pvercoine Frictional 
-+mgh on the way down. The net work done by forces plus work done to operate devices, such 
the gravitational force is thus zero. Because as, for example, a paddle wheel.  



If, in addition, the water drives a machine to 
perform useful work (for example, by turning a 
paddle wheel), then the pump would have to do 
work to allow for that as well. 

In an electric circuit a battery performs arole | 
similar to the pump’s. A battery converts the 
energy it stores (chemical energy) into electrical 
energy. The work done by the electrical forces 
on a charge that moves in the circuit is zero, | 
just as the net work done by gravitational force 
in the pump and water system described above 
is zero. Similarly, if a generator is used, the 
energy that gets converted into electrical 
energy is the mechanical energy that turns the 
coils of the generator. In the case of the 
thermocouple, it is thermal energy. In the case 

of the photosurface, it s solar energy. 

In a battery, the electrons must be pushed from 
the positive to the negative terminal, which 
means work must be done on the electrons (see 
Figure 5.2). 

i 
clectrons 

Figure 52. 

  

  
This is what we mean by emf: 

» In the case of the battery, the ratio of work - 
done by non-electrical forces, IV, to a 
quantity of charge g that moves from one - 
terminal of the battery to the otheris 

called the emf of the battery. v 
umits of electric potential, i.¢. vols: 

  

    

    
  

    
Suppose we connect a voltmeter to the ends of a 
battery. We may assign the value of 0 V to the 
negative terminal of the battery. Then the 
positive terminal has a potential equal to the 
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emf, £. The chemicals inside the battery create a 

small resistancer., called the internal resistance 
of the cell. We cannot isolate this resistance - it 
is inside the battery and we may assume that it 
is connected in series to the cell. If the current 
that leaves the battery is /, then the potential 
difference across the internal resistance is /r. In 
other words, the internal resistance reduces the 
voltage from a value of & on its left side to the 
value £~Ir on the right side. The potential 
difference across the battery is therefore 

V=e-1Ir 

We see that V = £ when / = 0. This gives an 
alternative and less precise definition of the 
emf: the emf is the potential difference across 
the battery when the battery sends out zero 
current. (See Figure 5.3.) 

     

  

voltage across batery 
Figure 53 The potential difference across the 

battery terminals is less than the emf of the 
battery. 

Example question 
Q! erTETT— 
Abattery of emf 12 V and internal resistance 
r = 1,59 produces a current of 3.0 A. What is 
the potential difference across the battery 
terminals? 

  

Answer 
We find 

V=g-1Ir 
2-3x15 

=75V 

  

In Figure 54, a battery forces a current /into a 
circuit that contains a resistor of resistance R. 
‘The connecting wires are assumed to have zero 
resistance.
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alt s ¥ 
i « 

of 

  

I 
— b 

 high potential 

Figure 5.4 A battery connected 10 a circuit. The 
current flows info the circuit away from the 
positive terminal. This is the conventional 
definition of current. The electrons actually 
move in the opposite way. 

    
Tow poential {— 
  

If the emf of the battery in the circuit is 3.0V 
(neglecting its internal resistance) and the 
resistance of the circuit is 1.5 2, the current 
can easily be determined. The positive terminal 
of the battery may be taken to be 3.0V and so 
the negative terminal must be taken to be at 0V 
(to give an emf of 3 V). Thus, the right end of 
the resistor is also at 3.0 V. The left end of the 
resistor is at 0.0 V and so the potential 
difference across the resistor is 3.0 V. Hence, the 
current is 2.0 A. 

simple electric circuits 

A simple circuit will consist of a single battery 
and a number of resistors. When we talk about 
solving a circuit, we mean finding the current 
through and voltage across every resistor in the 
circuit. Here we will develop the methods to do 
just that. Table 5.1 shows the circuit symbols 
that you need. 

Series circuits 
First, let us consider a part of a circuit 
consisting of a number of resistors connected in 
series. This means that the resistors have the 
same current through them. An example with 
three resistors is shown in Figure 5.5. Let /be 
the common current in the three resistors. 

  
  

connection lead 

—f— cell 

- battery of cells 

resistor 

power supply 

junetion of conductors 

crossing conductors (no connection) 

filament lamp 

voltmeter 

ammeter 

switch 

ac supply 

galvanometer 

potentiometer el 
2 (e

lel
e| 
11
1 

  

- heating element 

‘Table 5.1 Names of electrical components and 
their circuit symbols. 

‘The potential difference across the resistors is 

Vi=IR,, Va=1IR; and 1R 

  

‘The sum of the potential differences is thus 

v 

  

Ry + IR+ IRy = IRy + Ry + Rs) 

If we were to replace the three resistors by a 
single resistor of value R, +R; + Rs (in other 
words, if we were to replace the contents of the 
dotted box in Figure 5.5 with a single resistor, 
as in the circuit shown in Figure 5.6), we would 
not be able to tell the difference. The same 
current flows into the dotted box and the same 
‘potential difference exists across its ends. We thus 
define the equivalent or total resistance of the 
three resistors of Figure 5.5 by 

Ry Ri+Rz2+Rs 

   



(If more than three were present, we would 
simply add all of them. The formula shows that 
the total resistance is larger than the individual 
ones being added.) 

In a circuit, the combination of resistors of 
Figure 5.5 is equivalent to the single total or 
equivalent resistor. Suppose we now connect the 
three resistors to a battery of negligible internal 
resistance and emf equal to 24 V. Suppose that 
Ry =29, Ry = 6Qand Ry = 4 9. The circuit is 
shown in the top diagram of Figure 5.6. Note 
that we know that the potential at point A is 
24V and at point B it is 0 V. (We do not know the 
potential difference across any of the three 
resistors individually,) In the bottom diagram, 
we have replaced the three resistors by the 
equivalent resistor of Rigu =2+ 6 +4 = 120 
We now observe that the potential difference 
across the equivalent resistor is known. It is 
simply 24V and hence the current through the 
equivalent resistor is found as follows: 

    

V_24_ 
R™12° 

‘This current, therefore, is also the current that 
enters the dotted box: that s, it is the current 
in each of the three resistors of the original 
circuit. We may thus deduce that the potential 
differences across the three resistors are 

Vi=1IR =4V 
Vy=1IR =12V 

2A 

    

     
  

V), oV L — 

    
1 Rt 
e 

A B 

v 
    

  

Figure 5.6 The top circuit is replaced by the 
equivalent circuit containing just one resistor. 
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Suppose now that we cannot neglect the 
internal resistance of the battery. The internal 

resistance is connected in series to the other 
resistances and so, if its value is r = 1.0, the 
total circuit resistance is 1+ 2+ 6 +4 = 13Q. 
‘The current leaving the battery is thus 
% _ 1.85 A. The potential difference across the 
battery terminals is 

  

    

  

e—Ir 
=24-185x 1 
=215V 

  

‘which is less than the emf, as we expected. 

Parallel circuits 
Consider now part of another circuit, in which 
the current splits into three other currents that 
flow in three resistors, as shown in Figure 5.7. 
‘The current that enters the junction at A must 
equal the current that leaves the junction, by 
the law of conservation of charge. Furthermore, 
we note that the left ends of the three resistors 
are at the same potential (the potential at A) 
and the right ends are all at the potential of B. 
Hence, the three resistors have the same 
potential difference across them. This is called a 
‘parallel connection. 

  

  

  

    
         Figure 5.7 Three res 

  

ors connected in parallel. 

We must then have that 

I=h+h+h 
Let V' be the common potential difference 
across the resistors. Then 
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If we replace the three resistors in the dotted 
box with a single resistor, the potential 
difference across it would be  and the current 
through it would be /. Thus 

v 
Ruou 

Comparing with the last equation, we find 

- 
R Ry 

I   

  

‘The formula shows that the total resistance is 
smaller than any of the individual resistances 
being added. 

  > We ‘;hu:lumudmmrephw.fl Fesan 

Atypical circuit will contain both series and 
parallel connections. In Figure 5.8, the two top 
resistors are in series. They are equivalent to a 
single resistor of 12 £2. This resistor and the 6 & 
resistor are in parallel, so together they are 
equivalent to a single resistor of 

  

    

  

1 1 1 1 

Row 12763 
= R =42 

= 2o 
70 

- 0 
— 1 —_J 

= | 
— 

Figure 5.8 Part of a circuit with both series and 

parallel connections. 

Consider now Figure 5.9, The two top 6 
resistors are in series, so they are equivalent to 
212 € resistor. This, in turn, is in parallel with   

  

the other 6 © resistor, so the left block is 
equivalent to 

L .9.,1.4 
  

Rea  RTETH 
= R =4Q 

Let us g0 to the right block. The 12 2 and the 
24 Q resistors are in series, so they are equivalent 
10369, This is in parallel with the top 12 £, so 
the equivalent resistor of the right block is 

  

Dt 2 
%7279 

= Riow =92 

‘The overall resistance is thus 
4+9=159 

  

  

      

  

2o 

fi 

9 9 130 
T — T 

Figure 59 A complicated part of a circuit 
containing many parallel and series 
connections. 

Suppose now that this part of the circuit is 
connected to a source of emf 156 V (and 
negligible internal resistance). The current that 
leaves the source is /= 1 = 12 A. When it 
arrives at point A, it will split into two parts. Let 
the current in the top part be /; and that in the 
bottom part /;. We have /; +, = 12 A. We also 
have that 12/; = 6, since the top and bottom 
resistors of the block beginning at point A are 
in parallel and so have the same potential 
difference actoss them. Thus, /; =4 A and 
I, =8 A Similarly, in the block beginning at  



point B the top current is 9 A and the bottom 
current is 3 A. 

Example questions. 
Q2 emTrs—t s 
Find the total resistance in each of the circuits 
shown in Figure 5.10. 

  
    

          

” 
200 L] ———— 
£ 80 

@ 0% 

R R 
700 000 

* R 
® 409 1000 
Figure 5.10. 

Answer 
(@) R, and R, are in parallel, so together they are 

equivalent to a resistor R where 

  

Now, this R is in series with R, so together 
they are equivalent to 
Rua=(1.241.8)2 

300 

  

(b) Ry and R, are in parallel, so together they are 
equivalent to a resistor R where 

X 
a0 

  

  

B
 

© 
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ilarly, R, and R, are in parallel so they are 
equivalent to a resistor of 5.0Q. The 209 
and 5.0 are in series, so the overall total is 
7.0 

Q1 mssesimise e ST 

What is the total current in the circuit in 
Figure 5.112 

ov 

200 

Figure 5.11. 
  

Answer 
The em of the battery is 12 V. The total resistance 
of the circuit is 2.0 + 4.0 = 6.02. Thus, the total 
current is 

    

What is the potential difference across each 
resistor in Example question 37 

Answer 
The current through the 2.0 resistor is 2.0 A, so 
the potential difference across it is RI = 4.0 V. 
Across the other resistor it is RI = 4.0 x 20V = 

8.0 V. Note that the sum of the potential diferences 
across each resistor adds up to the em of the. 
batery. 

    

5 TR 
Find the current in each of the resistors in the 
circuit shown in Figure 5.12. 

200 

1 
L= 

00 v, 

180 
  

    
  

Figure 5.12.
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Answer 
“The resistors of 2.02 and 3.09 are connected in 
parallel and are equivalent to a single resistor of 
resistance R found from 

1 
R 

  

120 

In tun, this is in series with the resistance of 
1.8, 50 the total equivalent circuit resistance is | 
1.84+1.2=3.09. The current that leaves the | 
battery is thus | 

60 
3.0 

=204 

“The potential difference across the 1.8 resistor is 
thus V= 1.8 x 2.0 = 3.6 V, leading to a potential 
difference across the two parallel resistors of 
V=6.0~3.6 = 2.4 V. Thus the current in the 

29 resistor is 

  

24 
=20 
—12A 

and in the 3 resistor is 

24 
30 

= 0.80A | 

I   

As a check, we see that 1.2+ 0.80 = 2.0 A, as it 
should be. 

O ST 
Find the current in each resistor in the circuit in 
Figure 5.13. 

  
400   

Answer 
“The voltage across the 4.0 resistor is 24.0 V and 
thus the current is 6.0 A. The voltage is 24.0 V 
across the other resistor as well, and so the 
current through it is 4.0 A. The current leaving the 
battery is 10.0 A. 

7 ST asss——— 
Look at Figure 5.14. What is the potential 
difference between A and B2 What s the current 
leaving the battery? 

2V 400 

  

  

Figure 5.14. 

Answer 
‘The potential difference is 24 V for all resistors. 
The currents in the resistors are 8 A, 6 A and 4 A, 
respectively. The total current is thus 18 A. 

O FTTTIITHANY ST TSSO LTI LSS 

Look at Figure 5.15. What is the current in the 
2,09 resistor when the switch is open and when 
the switch is closed? What is the potential 
difference across the two marked points, A and B, 
when the switch is open and when the switch is 
closed? 

  

  
  

      

      

200 100 

400 
A s B 

120V 

| 

Figure 5.15. 

Answer. 
When the switch is open, the total resistance is 
4.0 and thus the total current is 3.0 A. This is 

the current through the 2.0 resistor. The 
potential at A'is 12 V. The potential difference 
across the 2.0 2 resistor is 2 x 3 = 6V and so the 
potential at its right end, and hence at B, is 6 V. 
‘The potential difference across points A and B is 
thus 6 V. 

     



When the switch is closed, no current flows 
through the 2.0 €2 resistor, since all the current 
takes the path through the switch, which offers no 
resistance. (The 2.0 resistor has been shorted 
out.) The resistance of the circuit is then 2.0 2 and 
the current leaving the battery is 6 A. The 
potential difference across points A and B is now 
zero. There is current flowing from A to B, but the 
resistance from A to B is zero. Hence the potential 
difference is 6 x 0 = OV. 

QY PRI TETTE T T e IR S EITTaT 

Four light bulbs cach of constant resistance 60 2 
are connected as shown in Figure 5.16. Find the 
power in each light bulb. If light bulb A burns out, 
find the power in each light bulb and the potential 
difference across the burned-out light bulb. 

Q 60 
—%—é— 600 

0o 30V 

  

      

      i 
Figure 5.16. 

Answer 
A and B are connected in series so they are 

equivalent to one resistor of value 
R=60+ 60 =120 2. This is connected in 
parallel to C, giving a total resistance of 

1 
50 

1 
R™1 8 

1 
0 

= R=409 
  

Finally, this is in series with D, giving a total 

  

circuit resistance of R = 40 + 60 = 1009 The 
current leaving the battery is thus /= 2% = 0.3A. 

  

The current through A and B is 0.1 A and that 
through C is 0.2 A. The current through D is 
0.3 A. Hence the power in each light bulb is 

Pa=Py 
=60 x (0.1 
= 06w 

P =160 x (0.2 
=24w   
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Py =60 x (0.3 
aw 

  

With light bulb A burnt out, the circuit is as 
shown in Figure 5.17. 

  

  

    

el e L gt > 

Figure 5.17. 

Light bulb B gets no current, so we are left with 
only C and D connected in series, giving a total 
resistance of R = 60 + 60 = 120 Q. The current is 

thus 1= 0.25 A. The power in C and D is thus 

Pe=Po 
60 x (0.25)° 
75W 

    

We see that D becomes dimmer and C brighter. 
The potential at point a is 30 V. The potential 
difference across light bulb C is 

V=R 
=0.25 x 60 
=15V 

and so the potential at the right end of C is 15 V. 
Light bulb B takes no current, so the potential 
difference across it is zero. Thus, the potential at 
point b is also 15 V. The potential difference 
across points a and b is therefore 15 V. 

Ammeters and voltmeters 

‘The current through a resistor is measured by 
an instrument called an ammeter, which is 

connected in series to the resistor as shown in 
Figure 5.18. 

= 
O 

Figure 5.18 An ammeter measures the current in 
the resistor connected in series to it. 

@ Ry
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‘The ammeter itself has a small electric 
resistance, However, an ideal ammeter has zero 
resistance and throughout this book we are 
assuming that we are dealing with ideal 
ammeters. 

Example question 
QW emmmmoEs s —— 
How are the readings of the ammeters of 
Figure 5.18 related? 

Answer 
L=h+1h 

The potential difference across the ends of a 
resistor is measured by a voltmeter, which is 
connected in parallel to the resistor, as shown 
in Figure 5.19. 

" & 

Figure 5.19 A voltmeter measures the potential 
difference across a resistor it is connected in 
parallel to 

‘Thus, to measure the potential difference 
across and current through a resistor, the 
arrangement shown in Figure 5.20 is used. 

varisble 
resistor 

  v 

Figure 520 The correct arrangement for 
‘measuring the current through and potential 
difference across a resistor. The variable resistor 
allows the current in the resistor R to be varied. 

An ideal voltmeter has infinite resistance (in practice 
about 50000 2), which means that it takes no 
current when it is connected to.a resistor. 

upplementary mat 

Voltmeters and ammeters are both based on a 
current sensor called a galvanometer. An ammeter 
has a small resistance connected in parallel to the 
galvanometer and a voltmeter s a galvanometer 
connected 10 a large resistance in series. 

Example question 

Q11 TEresieissso1Easa i IV ISIEITRINE 

In the circuit in Figure 5.21, the emf of the battery is 

9.00 V and the intemal resistance is assumed 
negligible. A voltmeter whose resistance is 500  is 
connected in parallel to a resistor of 500 2. What is 
the reading of the ammeter? If we assume that the 
current registered by the ammeter actually flows 
into the resistor, what value of the resistance would 
we measure? Repeat this calculation, this time 
assuming that the voltmeter’s resistance is 5000 Q. 

5 & 

W 
Figure 521 

    

      

Answer 
The total resistance of the circuit is 250 2 and so 
the current that leaves the battery is 36.0 mA. If 
this current is assumed to flow in the resistor, the 
resistance would be measured as 2% — 250 Q. 
With the higher voltmeter resistance, the total 
circuit resistance is 454.5 2. The current flowing 
is then 22 = 19.8mA. If we assume all of this 
current goes into the resistance, the resistance 

would be measured as 454.5 2. In other words, 
what the experimental arrangement actually 
measures is not the resistance of the resistor R but 
the total resistance of R and the voltmeter’s 
resistance. The higher the voltmeter resistance, 
the closer the total is to R. 

  

  

  

  

 



Sensors based on the potential 

divider 

The potential divider 
‘The circuit in Figure 5.22(a) shows a potential 
divider. It can be used to investigate, for example, 
the current-voltage characteristic of some device 
denoted by resistance R. This complicated- 
looking circuit is simply equivalent to the circuit 
in Figure 5.22(b). In this circuit, the resistance R; 
is the resistance of the variable resistor XY from 
end X to the slider S, and Ry is the resistance of 
the variable resistor from  to end Y. The current 
that leaves the battery splits at point M. Part of 
the current goes from M to N, and the rest goes 
into the device with resistance R. The right end 
of the resistance R can be connected to a point S 
on the variable resistor XY. 

  

    

  

  
® 
Figure 522 (a) This circuit uses a potential divider. 

‘The voltage and current in the device with 
resistance R can be varied by varying the point 
where the slider § is attached to the variable 
resistor. (b) The potential divider circuit is 
equivalent to this simplerlooking circuit. 

By varying where the slider S connects to XY, 
different potential differences and currents are 
obtained for the device R. The variable resistor 
XY could also be just a wire of uniform 
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diameter. One advantage of the potential 
divider over the conventional circuit 
arrangement (Figure 5.20) s that now the 
potential difference across the resistor can be 
varied from 2 minimum of zero volts. when the 
slider § is placed at X, to a maximum of £, the 
emfof the battery (assuming zero internal 
resistance), by connecting the slider S to point 
Y. In the conventional arrangement of Figure 
5.20, the voltage can be varied from zero volts 
up to some maximum value less than the emf. 

Example question 
Q1) TesmsnssE———T—— 
In the circuit in Figure 5.23, the battery has emf £ 
and negligible internal resistance. Derive an 
expression for the potential difference Vacross 
resistor Ry 

    

" & 

Figure 5.23. 

Answer 
Since V = /R, and / 

  

we have that 

  

Using sensors 
‘This section includes a use of a particular 
sensor, a light-dependent resistor in a circuit. 
Other examples using the potential divider 
circuit discussed earlier can also be used with 
various other types of sensor, for example strain 
gauges and temperature-dependent resistors. A 
few examples are given in the questions at the 
end of the chapter. 

Consider the circuit in Figure 5.24 that contains. 
a lightdependent resistor (LDR). An LDR is a 
resistor whose resistance decreases as the light 
falling on the resistor increases. Typically, the 
resistance is 100 €2 in bright light and more than 
1.0 M in the dark. A voltmeter is connected 
across the LDR. Because the resistance of the LDR
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(V)       

Figure 524 A light-dependent resistor in a 
potential divider circuit. 

changes with varying intensity of incident light, 
the reading of the voltmeter across the LDR also 
changes as in a potential divider circuit. 

‘The reading of the voltmeter across the LDR is 

Ruor V= SR 
Ruon + 

Assume that the LDR has a resistance of 900 k2 
when dark and 100 © when bright. With a fixed 
resistor of resistance R = 500 kS, the reading of 
the voltmeter is then: 

% 9.0 volts 

  

* Dark 

900 x 10° 

Y= 5505 10+ 500 %705 * 0Vl 
=58 volts 

« Bright 
100 

V = fo0 5000 % 20 velts 

=1.8x10"volts 

‘The reading of the voltmeter is a measure of the 
illumination of the LDR and can therefore be 
used as a light sensor. A high value means the 
LDR is dark, and a very small value means the 

LDR is bright. 

To have a sensitive sensor, we would like to have 
as large a difference as possible in the readings 
of the voltmeter for a dark and a bright LDR. 
This depends on the particular value of the fixed 
resistor chosen in relation to the dark and bright 
resistances of the LDR. Using your graphics 
calculator, you should be able to show that, with 
the numbers used here, the value of R resulting 
in the largest difference in the dark and bright 
readings of the voltmeter is about 9.5 k2. 

T ary material 

‘The mathematically inclined should be able to 
show that the value of R resulting in the largest 
possible difference in the dark and bright 
readings of the voltmeter equals R = v/Ro Ry, 
where Ry and Ry are the resistances of the LDR 
in the dark and bright 

  

1 Find the total resistance for each of the circuit 
pars in Figure 5.25 

300 
7 = 300 = soa s ot 2 300 

Figure 5.25 For question 1. 

2 What is the resistance between A and B in 

Figure 5.267 

1000 000 

1000 

  

won 2000 
Figure 5.26 For question 2 

3 Each resistor in Figure 5.27 has a value of 
6.0, Calculate the resistance of the 
combination. 

Figure 527 For question 3 

4 You are given one hundred 12 resistors. What 
is the smallest and largest resistance you can 
make in a circuit using these?  



5 Awire that has resistance R is cut into two 

equal pieces. The two parts are joined in 
parallel. What s the resistance of the 
‘combination? 

     d the current in, and potential difference 
across, each resistor in the circuits shown in 

igure 5.28. 

  

  

  

  

  

    

  

    

  

  

    
    
        
  

=10V 
200 =02 900[ hoog| 

- 208 
_:lfT— a0a|| 40| 

Figure 5.28 For question 6 

7 Abattery has emf = 10.0 V and internal 
resistance 2.0 2. The battery is connected in 
series to a resistance R. Make a table of the 
power dissipated in R for various values of R 
and then use your table to plot the power as a 
function of R. For what value of R is the 
power dissipated maximum? 

8 Six light bulbs, each of constant resistance 
3.0 2, are connected in parallel to a battery of 
emf = 9.0 V and negligible internal 

resistance. The brightness of a light bulb is 
proportional to the power dissipated in it. 
Compare the brightness of one light bulb 
when all six are on, to that when only five are 
on, the sixth having burned out, 

9 Atoaster is rated as 1200 W and a mixer as 

500 W, both at 220 V. 

(@) If both appliances are connected (in 
parallel) to a 220 V source, what current 
does each appliance draw? 

(b) How much energy do these appliances 
use if both work for one hour?   
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10 Find the current in each of the resistors in the 
circuit shown in Figure 5.29. What is the total 
power dissipated in the circuit? 

      

    

  

6000 5700 
    

000 2000 
    
  

000 
Figure 529 For question 10. 

11 An electric kettle rated as 2000 W at 220 V is 
used to warm 2.0 L of water from 15°C to 
90°C. 
(a) How much current flows in the kettle? 
(b) What s the resistance of the kettle? 
(©) How long does it take to warm the water? 

(Specific heat capacity of water = 4200 
Jhe' K1) 

(d) How much does this cost if the power 
company charges $0.10 per kW h? 

12 One light bulb is rated as 60 W at 220 V and 
another as 75 W at 220 V. 
(@) If both of these are connected in parallel 

toa 110 V source, find the current in each 
light bulb. (Assume that the resistances of 
the light bulbs are constant.) 

(b) Would it cost more or less (and by how 
much) to run these two light bulbs 
connected in parallel 0.2 110V or a 
220V source? 

13 Three appliances are connected (in parallel) to 
the same outlet, which provides a voltage of 
220 V. A fuse connected to the outlet will 

blow if the current drawn from the outlet 
exceeds 10 A. If the three appliances are rated 
560 W, 500 W and 1200 W a1 220 V, will 
the fuse blow? 

14 An electric kettle rated as 1200 W at 220 V/ 

and a toaster rated at 1000 W at 220 V are 
both connected in parallel to a source of 
220 V. f the fuse connected o the source 
blows when the current exceeds 9.0 A, can 
both appliances be used at the same time?
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15 The graph in Figure 5.30a shows the 
temperature dependence of a special resistor 
R. The resistance drops with increasing 
temperature. 

RAQ 

  

@ 

100V 
20k 

® 
Figure 5.30 For question 15. 

(@) Estimate the resistance of this resistor at 
20°C. 

(b) 1f this resistor is connected in a circuit as 
shown in Figure 5.30b, find the current 
in the resistor when the temperature is 
20°C. 

16 The temperature-dependent resistor of 
question 15 is connected in a circuit to a lamp 
of resistance 10 k2 as shown in Figure 5.31. 
What will happen to the brightness of the 
lamp if the temperature of the room increases 
from 20°C to 30°C? 

_fi‘:’— 

R kowva 

Figure 531 For question 16. 

    

17 A clothes dryer operates at 220 V and draws a 
current of 20.0 A. 

(a) What is the power of the machine? 
(b) 1 the dryer is filled with wet clothes that 

contain 2.0 kg of water at 40°C, how long, 
will it take to dry them? (The specific heat 
capacity of water is 4200 | kg™ K" and 
the specific latent heat of vaporization of 
water is 2257 kJ kg™ Ignore any heat 
absorbed by the clothes themselves. 

18 In the potentiometer in Figure 5.32 wire AB is 
uniform and has a length of 1.00 m. When 

contact is made at C with BC = 54.0 cm, the 

galvanometer G shows zero current. What is 
the emf of the second cell? 

  

    
    - 

Figure 5.32 For question 18, 

19 Two light bulbs are rated as 60 W and 75 W 
at 220 V. If these are connected in series to a 

source of 220 V, what will the power in each 
be? Assume a constant resistance for the light 
bulbs. 

20 Ata given time a home is supplied with 
100.0 A at 220 V. How many 75 W (rated at 
220 V) light bulbs could be on in the house at 
that time, assuming they are all connected in 
parallel? 

21 (a) What is the reading of the voltmeter in the 
circuit shown in Figure 5.3 if both 
resistances are 200 2 and the voltmeter 

also has a resistance of 200 27 
(b) What s the reading of the ammeter? 
(©) 1f the voltmeter was ideal, what would 

the readings of the voltmeter and 
ammeter be?  



120v 

  

      

U 
Figure 5.33 For question 21. 

22 For the circuit shown in Figure 5.34, find the 
current taken from the supply. 

  

  

  

[y &=V 
I I 

00 

00 

2o 100 
Lg —1         
Figure 534 For question 22 

23 A direct current supply of constant emf 12.0 V. 
and internal resistance 0.50 € is connected to 
a load of constant resistance 8.0 9. Find (a) 
the power dissipated in the load resistance 
and (b) the energy lost in the internal 
resistance in 10 min. 

24 Consider the circuit in Figure 5.35, where A, B 
and C are three identical light bulbs of 
constant resistance. The battery has negligible 
internal resistance. 
(a) Order the light bulbs in order of increasing 

brightness. 
(b) 1f C burns out, what wil be the brightness 

of A now compared with before? 
(©) 1 B burns out instead, what will be the 

brightness of A and C compared with 
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25 (a) Determine the potential difference across 
each resistor in the circuit in Figure 5.36. 

(b) A voltmeter of resistance 2 ke is connected 
in parallel across the 3 ke resistor, What is 
the reading of the voltmeter? 

£=15V 
— 

3k 6k   
Figure 5.36 For question 25. 

26 A battery of emf £ and internal resistance r 
sends a curent /into a circuit 
(@) Sketch the potential difference across the 

battery as a function of the current. 
(b) What is the significance of (i the slope 

and (i) the vertical intercept of the graph? 

HL only 

27 Each resistor in the circuit show, 
Figure 5.37 has value R and the circuit 
extends to the right forever. Find the total 
resistance between A and B. 

      

A 

B 
Figure 537 For question 27. 

28 Twelve 1.0 resistors are placed on the 
edges of a cube and connected 10 5.0 V. 
battery, as shown in Figure 5,38, What is the 
current leaving the battery? 

  

      
          

      

      

before? 

A B 

e 
I 
I 

Figure 5.35 For question 24, 

  

      

Figure 538 For question 28.
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29 Two identical lamps, each of constant 
resistance R, are connected as shown in the 
circuit on the left in Figure 5.39. A third 
identical lamp is connected in parallel to the 

  

  

other two. 

emf € 

f 
enf & . e 
. 
  

          
Figure 539 For question 29. 

Compare the brightness of lamp A in the 
original circuit (lef) with its brightness in the 
circuit with three lamps (right), when 
(@ the battery has no internal resistance, 

and 
(b) the battery has an internal re: 
R 

30 Adevice D, of constant resistance, operates 
properly when the potential difference across 
itis 8.0 V and the current through it is 2.0 A. 
The device is connected in the circuit shown 
in Figure 5.40, in series with an unknown 
resistance R. Calculate the value of the 
resistance R. (The battery has negligible 
internal resistance.) 

  

ance equal 

emf 12V 
— 

D   
Figure 5.40 For question 30. 

31 The three devices in the circuit in Figure 5.41 

are identical and have constant resistance. 
Each dissipates power P when the potential 
difference across it is €. (The battery has 
negligible internal resistance:) 

  

  

emf € 

S 
Figure 5.41 For question 31. 

Calculate the total power dissipated in the 
circuit when 
(@) S, s closed and S, is open; 
(b) Sy is closed and S, is closed; 
(©) Sy is open and S, is open; 
(@) Sy is open and S, is closed. 

32 Two identical lamps are connected to a 
battery of emf 12 V and negligible internal 
resistance, as shown in Figure 5.42. Calculate 
the reading of the (ideal) voltmeter when lamp. 
B burns out. 

  

      

A B 
Figure 5.42 For question 32. 

33 State the reading of the ideal voltmeter in the 
circuit in Figure 5.43. 

60V 
— 

  
Figure 5.43 For question 33. 

34 In an experiment, a voltmeter was connected 
across the terminals of a battery as shown in 
Figure 5.44.  



35 

  
Figure 5.44 For question 34, 

The current in the circuit is varied using the 

variable resistor. The graph in Figure 5.45 
shows the variation with current of the 
reading of the voltmeter. 

  

  

  

  

  

              
  

W 
10 

LN 
6 SN 

% 

T e e e 
Figure 545 For question 34. 

(@) Calculate the internal resistance of the 

  

battery. 
(b) Calculate the emf of the battery. 

Two resistors are connected in series as shown 
in Figure 5.46. The battery has negligible 
internal resistance. Resistor R has a constant 

resistance of 1.5 Q. 

4{ 

R’ X   
Figure 5.46 For question 35. 

The current-volage (I-V) characteristic of 
resistance X is shown in Figure 5.47.   

02, - 

55 Elecric circuits 333 

  

[ — 
  

  

  

  

  

              R 
€ 1 2 3 4 

Figure 547 For question 35. 

w   

The potential difference across resistor K 
1.2 V. Calculate the emf of the battery. 

  

36 When two resistors, each of resistance 4.0 2, 
are connected in parallel with a battery, the 
current leaving the battery is 3.0 A. When the 

same two resistors are connected in series 
with the battery, the total current in the circuit 
is 1.4 A. Calculate 

(@) the em of the battery; 
(b) the interal resistance of the battery. 
Two resistors, X and Y, have I-V/ 

characteristics given by the graph in 
Figure 5.4 

37 

A 
35— 

30   

25—   

20|   

s   

  

      
        

o 05 T 15 

Figure 5.48 For question 37. 

    
(@) The resistors X and Y are connected in 

parallel 10 a battery of emi 1.5 V and 
negligible interal resistance, as shown in 
Figure 5.49(a). Calculate the total current 

leaving the battery.
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38 

39 

  

     

  

      
  

@ ® 

Figure 5.49 For question 37, 

(b) In Figure 5.49(b) the resistors X and Y are 

connected in series. Estimate the total 
current leaving the battery in this circuit. 

The circuit in Figure 5.50 contains a positive 

temperature coeficient (PTC) resistor whose 
resistance increases with increasing 
temperature, and a negative temperature 
coeficient (NTC) resistor whose resistance 
decreases with increasing temperature. 

  

emf € 

ric 

B NTC 

Figure 5.50 For question 38. 

At room temperature the lamps (which are 
identical) are equally bright. Determine the 
changes, if any, in the brightness of lamps A 
and B when the temperature is increased. (The 
battery has negligible internal resistance.) 

  

Figure 5.51 shows an NTC resistor (the 
resistance decreases with increasing 
temperature) in a circuit. 

250 

  sovl ntc 
rein 

Figure 551 For question 39. 

Figure 5.52 shows the variation with 
temperature T of the resistance of the NTC 

resistor. . 

  

  
    

0 200 w0 e 80 10 
Figure 552 For question 39. 

(a) State the resistance of the NTC resistor at a 

temperature of 25°C. 
(b) Deduce that the reading of the voltmeter, 

in volts, is given by 
9.0 x Ruc 

ic + 25 

where Ryrc is the resistance of the NTC 
resistor in ohms. 
Calculate the reading of the (ideal) 
voltmeter at 25°C. 

  

(© 

(d) The NTC resistor may be used as a 
temperature sensor. Describe how this 
circuit may be used to measure the 
temperature to which the NTC resistor is 
exposed. 

40 (a) Calculate the potential difference 
between points A and B in the circuit in 
Figure 5.53. (The battery has negligible 
internal resistance.) 

80V 
e 

wa wa 
A B 
Figure 5.53 For question 40. 

  

Alamp of constant resistance operates at 
normal brightness when the potential 
difference across it is 4.0 V and the 
current through it is 0.20 A. To light up the 
lamp, a student uses the circuit shown in 
Figure 5.54.  



  

  

Figure 5.54 For question 40. 

(b) Calculate the resistance of the light bulb at 
normal brightness. 

(© Calculate the potential difference across 
the light bulb in the circuit in Figure 5.54. 

(d) Calculate the current through the light 
bulb. 

(@) Hence explain why the light bulb will not 
light 

41 The circuit in Figure 5.55 contains a strain 

gauge, S. The resistance of S when it s not 
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under siress is 100 2. The emf of the battery 
6.00 V. (The battery has negligible internal 
resistance.) 

e 

100 1000 

  

  
  

  
Figure 555 For question 41, 

(@) Calculate the reading of the voltmeter 
when the strain gauge S is not under stress. 

(b) When the strain gauge is under a certain 
foad, its resistance increases 10 110 2. 
Calculate the reading of the voltmeter 
now.



CHAPTER 

  

Magnetic fields 
We have all observed with fascination how magnets attract or repel each other and we 
are familiar with compasses, which align with the magnetic fild of the earth (a fact that 
has been used for navigation for hundreds of years). But it was only in 1820 that 
scientists began to understand the cause of magnetism, when the Danish scientist 
H. C. rsted discovered that a wire in which electric current was flowing influenced a 
magnetic needle placed near the wire. It was thus discovered that the origin of 
magnetism is electrical. The magneti feld of the earth s presumably caused by moving 
charges in the interior of the earth and the magnetic field of an iron bar magnet is 
caused by the motion of electrons in the atoms of the iron. Thus, electric currents cause. 
forces on magnets and, as we wil see in this chapter, magnels cause forces on electric 
currents as well - a result that we might expect from Newton's third law. 

  

| Objectives 

By the end of this chapter you should be able to: 
+ understand the meaning of magnetic field and find its magnitude and 

direction in simple situations involving straightline conductors (B 
and solenoids (B = uo ) using the right-hand rule where appropriate; 

  

* find the force on moving charges (F =qvB sin #) and currents (F = BIL sin6) 
in magnetic fields and appreciate the definition of the ampere as a 
fundamental SI unit, using the righthand rule for forces where 
appropriate. 

  

  

Magnetic field | enters this magnetic field it will experience a 
‘magretic force. The magnetic field is a vector 

In the chapters on electricity, it was useful to quantity just like the electric field - it has 
introduce the concept of an electric field. A ‘magnitude and direction. 
charge creates an electric field around itself 
and any other charge that enters this electric 
field will experience, as a result, an electric The direction of the magnetic field 
force. The same idea can be extended to ‘The magnetic field direction is determined by 
‘magnetism. Both magnets and electric the effect it has on a compass needle (ie. a 
currents create magnetic fields around small bar magnet), as shown in Figure 6.1. A 
themselves and when another magnet or ‘magnetic needle aligns itself in the direction of 
electric current (or moving charge in general) | the magnetic field vector.  



ovand 
1 ecographic noth 
N 

s 

it . the magneic field is—————— 

it ’ the magnetic il s 

Figure 6.1 A magnetic needle is a small bar magnet 
whose north pole points in the direction of the 
geographic north pole of the earth. In the 
presence of another strong magnet, the needle 
will align itself with the magnetic field. 

@ ® 
Figure 62 (a) The magnetic field lines of a bar 

‘magnet. The field is strongest near the poles of 
the magnet where the lines crowd together. 
(b) A uniform magnetic field is obtained if two 
opposite poles are placed near each other. 

softiron 

cutrent   Figure 63 The magnetic field lines of a solenoid 
The field is fairly uniform in the interior of the 

coil. Outside it resembles that-of a bar magnet.     
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Magnetic field lines 
Just like electric field lines, magnetic field lines 
are defined as imaginary lines around magnets 
and currents, tangents to which give the 
direction of the magnetic field. The magnetic 
field lines of permanent magnets and the 
field created by a solenoid (a coil of wire in 
which electric current flows) are shown in 
Figures 6.2 and 6.3. 

In Figure 6.3, current is flowing in a solenoid 
and a magnetic field is created inside and 
outside the solenoid. The current is flowing in 
the clockwise direction if we look along the axis 

of the solenoid from right to left. 

‘The magnetic field of a single loop of wire in 
which current flows is somewhat more 

complicated and is shown in 
Figure 6.4. In the righthand 
diagram, we are looking at 
the loop ‘from above’; the 
crosses indicate that the 
magnetic field is directed 
into the page while the dots 
indicate a magnetic field 
coming out of the page. 

Figure 6.5 shows the magnetic field lines of a 
long straight wire. In Figure 6.5a, the current is 
coming out of the page. The magnetic field 
lines are circles centred at the wire. In Figure 

6.5b, the current goes into the page. 

Remember that the magnetic field 
direction is tangent to the magnetic 
field lines and the arrows on the 
lines tell us which tangent to take. 

‘The magnetic field of the earth 
resembles that of a bar magnet 
except that the bar magnet does 
not coincide with the line through 
the geographic north and south 
poles of the earth. 

‘The direction of the magnetic field 
caused by a given current (a few. 
examples of which we have seen in 
this section) is given by a righthand 
rule, which we will describe later.
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Figure 6.4 The magnetic field lines of a single 
turn of wire. In the plane of the loop the 
magnetic field is going into the page inside the 
loop and out of the page outside the loop. The 
current in the loop is flowing in the clockwise 
direction. 

  

  © 
Figure 6.5 Magnetic field lines for straight current 

wires. The magnetic field magnitude is largest 
near the wire. 

Example question 
Q1 ToEEsw———————————— 
A magnetic monopole is a particle that is a pure 
north or pure south magnetic pole. (These are 
predicted 1o exist by modern theories of 
elementary particle physics but none have been 
found.) Suppose that a south magnetic monopole 
is placed at various positions in the vicinity of a 
bar magnet, as shown in Figure 6.6. Draw the 

  

force experienced by the monopole at the 
positions shown, 

Figure 6.6. 

Answer 
The force on a north monopole would be in the 
same direction as the magnetic field dircction at 
the position of the monopole. The force on a south 
monopole would be opposite 1o the direction of 
the magnetic field. Thus, the forces on the south 
monopole are as shown in Figure 6.7. 

  

force on a current 

Ifa current is placed in a region of magnetic 
field, it will experience a magnetic force. In 
Figure 6.8 a magnetic field is established out of 
the page and a wire carries a current from left 
to right, perpendicular to the magnetic field. 
‘The magnitude of the force is proportional to 
the current /, the magnetic field magnitude B 
and the length L of the wire that is in the 
magnetic field. 

  

L - L, 
QROOOOOO® O®® curen 

   

  

PRPEPEEEeE e 
the magnetic field s out foree of the page 

Figure 6.8 A current in a magnetic field 
experiences a magnetic force. The force is on 
that part of the wire that is in the magnetic 
field.



Mathematically 
FocBIL 
= F =kBIL 

where k is a constant of proportionality. This 
constant can be made to equal one by proper 
choice of the unit of magnetic field. We can 
make k = 1 by saying that when the force on 
1 m of wire carrying a current of 1 Ais 1N, 
then the magnitude of the magnetic field is 
defined to be 1 tesla (so 1 T= 1 NA™ m™). So 
the force on the current-carrying wire is 

F=BIL 

Remember, though, that the magnetic field was 
at right angles to the wire. If there is an angle 
between them then: 

» The force on a length L of the wire is given 
Ibyiiis i 

CE=biLsne 
‘where 0 is the angle between the current 
and the direction of the magnetic field 

magnetic fieldinto page 
ce00000. 
s 

  

  

  

Figure 6.9 The force on a current-carrying wire in 
a magnetic field is normal to the plane 
containing the field and the current. If the ends 

of the wire are kept fixed, the wire will bend. 

‘The formula above gives the magnitude of the 
force on the wire. The direction of the magnetic 
force is always normal to both the current and 

the magnetic field: that is, it is normal to the 
plane containing the current and the magnetic 
field vectors (see Figure 6.9). o find this direction 
we use a righthand rule for force which says: 

» Using the right hand place the thumbin - 
the direction of the current and the fingers 

in the direction of the magnetic field. 
‘The direction away from the palm is the 
direction of the magnetic force. (See 
TFigure 6.10,) b T 

    

56 Magneic fields 339 

      G Spcurrent 

Figure 6.10 The magnetic force on a current is 
normal to both the magnetic field and the 
current direction. Its direction is given by a 
righthand rule for force. 

al     Y 

Those familiar with the vector product of two 
vectors may recognize that the equation for the 
magnetic force is 
F=ITxB 

  

“This equation correctly gives the magnitude as 
well as the direction of the force. 

The magnetic force on a 

moving charge 
An electric current that is in a magnetic field will 
experience a force as we just saw. But an electric 
current is just moving charges, s a moving 
charge will experience a magnetic force as well 

Consider a positive charge ¢ that moves with 
speed v to the right. In time Al the charge will 
move a distance L = v Al. The current created 

by this charge is /= £, so the force on this 
current is 

  

F =BIL sino 
=B Lvatsing 

—quBsing 

b A chirge § moving with speed  in.a 
magnetic field of magnitude B will 
experience  force £ given by 
F=quBsing 

‘where s the angle between the direction 
of the velocity and the magnetic field. (See 
Figure 6.11)
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Figure 6.1 An electric charge moving in a 
‘magnetic field experiences a magnetic force. 
‘The charge shown is positive. The right hand is 
placed palm up on the page with the thumb 
pointing in the direction of the velocity and the 
fingers pointing in the direction of the 
magnetic field. The direction away from the 
palm (ie. out of the page) is the direction of the 
force on a positive charge, 

‘This implies that the magnetic force is zero if 
the charge moves parallel or antiparallel to the 
‘magnetic field. There is also no magnetic force 
if the charge is not moving. This is to be 
contrasted with the electric force on a charge, 
which is always non-zero irrespective of 
whether the charge moves or not. The magnetic 
force on particles that are electrically neutral 
(q = 0) is, of course, zero. 

A eT) 

Those familiar with the vector product of two 
vectors may recognize that the equation for the 
magnetic force is 

F=qvxB 

‘This equation correctly gives the magnitude as 
well as the direction of the force. 

Example question 
Q! T EEIIEIITIs st eIV S0 005315 

An electron approaches a bar magnet as shown in 
Figure 6.12. What is the direction of the force on 
the electron? 

  

      

Figure 6.12. 

  

Answer 
The magnetic field at the position of the electron 
is to the leit. Placing the right hand such that the 
thumb points up the page (velocity direction) and 
the fingers to the left (field direction), the palm is 
pointing out of the page. But the charge is 
negative and so the force s into the page. 

Motion of charges in magnetic fields 
The fact that the magnetic force on a charge is 
always normal to the velocity means that the 
path of a charge in a magnetic field must be a 
circle, as shown in Figure 613 (the path can 
also be helical - see question 21 at the end of 
the chapter). 

  

@ ® 
Figure 6.13 A charge in a magnetic field moves in 

a circle, as shown in (a). The plane of the circle 
is normal to the magnetic field. as shown in (b). 
(The charge here is positive) The magnetic field 
is into the page in (a) 

Consider a charge  moving with speed v in a 
magnetic field B. Assume that the charge’s 
velocity is normal to the magnetic field, then 
the force on the charge is F = qv 8 and so by 
Newton’s second law 

  

where R is the radius of the circle the charge 
will move on. Therefore 

Very massive or very fast charges will move on 
large circles; large charges and large magnetic 
fields will result in small circles. The time to 
make one full revolution in a magnetic field is
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and is thus independent of the speed. This is an 
important result in experimental particle 
physics and forms the basis for an accelerator 
called the cyclotron. 

T 

Work done and magnetic forces 
Since the magnetic force is always normal to 
the velocity of the charge, it follows that it 
cannot do any work. The big magnets in 
particle accelerators are used only to deflect 
particles not to increase the particles’ kinetic 
energy (this job is done by electric fields). 

Orsted’s discovery 

A current in a straight long wire produces a 
‘magnetic field around it. The Danish scientist 
H. C. Orsted found that: 

   
    

  

4. In equation 
  

    

stron magnetc ficld B 
+ weak magnetic oheid 

Figure 6.14 The magnitude of the magnetic field 
vector is inversely proportional to the distance 
from the wire. The magnetic field is directly 
proportional to the current. 

56 Magnetic fields 341 

‘The constant of proportionality involves the 
new physical constant jug, which is called the 
magnetic permeability of vacuum. If the wire is 
surrounded by something other than a vacuum, 
the appropriate permeability of that medium 
must be used in the formula above. The value of 
the magnetic permeability of the vacuum is 
(exactly) 

1o =4 x 107 NA? 

Itis the analogue in magnetism of the electric 
permittivity ¢ in electricity. The unit of the 
magnetic field is the tesla (T). The tesla is a big 
unit. The magnetic field of the earth is about 
107 T on the earth's surface. A wire carrying a 
current of about 2000 A (as in some high-voltage 
transmission lines) produces a magnetic field of 
8 107° Tata distance of 5 m from the wire. 

Whereas the magnitude of the magnetic field is 
straightforward to investigate, its direction is 
lss so. Let us consider a wire that carries a 
current normal to the page. The direction of the 
magnetic field at a given point in space is 
found by placing magnetic needles around the 
wire and seeing how they align themselves. 
Figure 6.15 shows the result of this simple 
experiment for various points around the wire. 

© means current 
outof page 

  

means current 
into page | e l 

'\‘_— / 

Figure 6.15 The direction of the magnetic field at 
various points around straight wires carrying 
current out of the page (left) and into the page 
(right). 

‘The structure of the magnetic field direction is 
thus vectors that are tangent to a circle centred 
on the wire and ‘flow’ around the circle in the 
counter-clockwise sense (as looked at from 
above) if the current comes out of the page 
(shown by the full circle) and clockwise if the 
current goes into the page (shown by the cross 
in the circle).
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current out of page. 
®    araw the .N< 

tangents to the. 
point i which we e mgnee  drwa circle cented u 
b the wire nd going tmg o tangent 

g e ol 

Figure 6.16 To find the magnetic field at a point | i 
near a straight wire, draw the imaginary circle Example question 
centred at the wire, and going through the Qf oo s s 

  

point of interest. Grip the wire with the fingers 
of the right hand with the thumb pointing in 

the direction of the current. Draw the tangent 

Find the magnetic field at point P in Figure 6.19. 

  
    

o the circle at the point of interest so that the —_— 0 
vector drawn follows the curl of the fingers. 100em 

We can formalize this finding into a ‘righthand 204 100em 
rule’. 

b 
» Grip the wire with the fingers of the right Figure 6.19. 
‘hand in such a way that the thumb points - 
in the direction of the current. Then the Answer 
 direction in which the fingers curlis the 
* direction ofthe flow ofthe magneic ield 
- vectors. Mfigwfl)fii& 3 

The top wire produces a magnetic field into the 
page of magnitude 

    0o 
27 % 0.200 

=200 1077 
s I [ [ s | and the second wire produces a magnetic field 

/:' @” I = out of the page of magnitude 

I.\A/ il Sy X 1 

Figure 6.17 The magnetic field around a straight 
‘wire at various distances from the wire. Note 
that as the distance gets bigger the length of the 
arrow representing the magnetic field gets | The single current loop 
smaller. The magnetic field of a single current loop was. 

shown in Figure 6.4 on page 338. The magnetic 
dorsrepresnt a field strength B at the centre of  circular loop 

B =47 x 107 

      

2 
=4.00 %1077 

  

resulting in a net magnetic field of 2.00 x 107 
out of the page. 

  

  

     

  

2829928 ol of radius R carrying current /is 
8888888 e 
2898888 coscsropreienta 
€88 888 pncic fed going ot 
®8©0®@® o inwihkpye The solenoid hand 
Figure 6.18 The magnetic field of a straight In various applications it is necessary to have a 

currentcarrying wire looked at from a different uniform magnetic field - one that has the same 
point of view. ‘magnitude and direction in a region of space. A 
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right hand ® 
Figure 620 (a) A solenoid. Ift has an iron core,a | 

‘much stronger magnetic field results. (b) The 
second right-hand rule giving the direction of 
the solenoid magnetic field. 

way of achieving such a field is through a 
solenoid, which is a wire wound tightly many 
times around an axis (see Figure 6.20a). 

field is uniform in magnitude and direction 
» In the interior of the solenoid the magnetic ‘ 

andis given by 

  

where N is the number of turns, L the length 
of the solenoid and / the current through it. 

A much stronger magnetic field can be 
obrained if the solenoid has an iron core. | 

‘The direction of the magnetic field of a 
solenoid is found by a second right-hand rule 
(see Figure 6.20b). 

» Hold the solenoid with the right hand so 

that the fingers curl in the direction of the: 

current in the cols of the solenoid; Then 
metmmbpmnlxmtbedlmofdm 

Wilmfiflcfidd 

‘The solenoid magnetic field outside the 
solenoid resembles that of a bar magnet. 
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The force between two 

current-carrying wires 

Consider now two long, straight, parallel wires 
each carrying current, say /; and /. The first wire 
(wire 1) creates a magnetic field in space, and in 
particular at the position of the second wire 
(wire 2). Thus, wire 2 will experience a magnetic 

force. Similarly, wire 2 will produce a magnetic 
field at the position of wire 1, so that wire 1 will 
also experience a magnetic force. By Newton's 
third law, the forces experienced by the two wires 
are equal and opposite (see Figure 6.21). If the 
currents are parallel, the forces are attractive and 
if they are antiparallel, the forces are repulsive. 

   

B 
A F 

31— —@n 
parallel currents 

  

antiparallel currents. 2 | 
RO |     

Figure 621 The forces on two parallel currents are 
‘equal and opposite. 

Let us look at the problem of the forces 
between the two wires in more detail. 
Consider two long, straight, parallel wires
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each carrying electric current, say /; and . 
The first wire (wire 1) creates a magnetic field 
B, and the second wire a magnetic field B;. 
This means that wire 2 is in the magnetic 
field of wire 1 (B), and so will experience a 
force. Similarly, wire 1 is in the magnetic field 

of wire 2 (By), and so it too will experience a 
force. If the two parallel wires are separated 
by a distancer, then 

h 
Bi=pmoz 

b 
Ba=po5 

Note that since the currents are different, the 
magnetic fields are different too. Now, the force 
onalength I of wire 2 is 

Fo=BibL 
5 

= F2 = poz bl 

and similarly the force on an equal length of 
wire 1is 

Fy=BahL 

n =Fi=poz il 

S0, the two forces are equal in magnitude even 
though the magnetic fields are different. The 
equality of the forces is expected. The force 
that wire 1 exerts on wire 2 must be 
accompanied (Newton’s third law) by an equal 
and opposite force. Let us now use the right- 
hand rule to find the directions of these 
forces. Assume first that the currents are 
flowing into the page. Then the magnetic 
fields are as shown and the forces are 
therefore attractive. If wire 1 carries current 
into the page and wire 2 carries current out of 
the page, the forces are repulsive. In both 
cases, we are consistent with Newton's third 
law. This is how it should be. 

“This fact is used to define the ampere, the unit 
of electric current. The ampere equals a coulomb. 
divided by a second but it is no longer defined 
this way. 

  

    
% X ;a’wmd-emmm-m 
nchmisd:finedmbzll\.    

The coulomb s defined in terms of the ampere 
as the amount of charge that flows past a 
certain point in a wire when a current of 1 A 

‘ flows for 1. 

1 Draw the magnetic field lines for two parallel 
wires carrying equal currents into the page. 
Repeat for antiparallel currents. 

2 Find the direction of the missing quantity from 
8, vand F in each of the cases shown in 
Figure 6.22. The circle represents a positive 
charge. 

Crils © @ @ 
Figure 622 For question 2. 

| 3 Two long, straight wires lie on the page and 
carry currents of 3.0 A and 4.0 A as shown in 
Figure 6.23. Find the magnetic field at point P. 

40A 
7a 

10em 
op 

304 
Figure 623 For question 3. 

  

4 Find the magnetic field at points P, Q and R in 
Figure 6.24. The currents are parallel and 
cach carry 5.00 A. Point Q is equidistant from 
the wires. (The three points lie on the same 

| plane as the wires.)  



  

  

40mm 
each of the four cases in Figure 6.28 that 

40mm results in a force on the current as shown? 

  

e —l— o 1" Toutof 
S g 

Figure 6.28 For question 9. 

Figure 6.24 For question 4. 

5 Draw the magnetic field lines that result when 
the magnetic field of a long straight wire 10 A rectangular loop of wire of size 5 cm x 
carrying current into the page is superimposed 15 cm i placed near a long straight wire with 
on a uniform magnetic field pointing to the side CD at a distance of 5 cm from it, as 
right that lies on the page. (See Figure 6.25.) shown in Figure 6.29. What is the net force 

| exerted on the loop (magnitude and 
ditection)? How does your answer change if 
the current in the loop is reversed? 

P 9 What s the direction of a magnetic field in 

| 
| 
| 

  

| 204   

  

  D < 
Figure 625 For question 5. NED B 

Figure 629 For question 10 

  

    
  

6 Along straight wire carries curent as shown 
in Figure 6.26. Two electrons move with 
velocites that are parallel and perpendicular 
10 the current. Find the direction of the 
‘magnetic force experienced by each electron. 

11 A rectangular coil of size 20 cm X 10 cm 
placed in a horizontal uniform magnetic field 
of magnitude 0.050 T, as shown in Figure 
6.30. A current of 2.0 A flows in the coil in a 
counter-clockwise direction as shown. 

(a) Find the force on sections AB, BC, CD 

  

——— 
/ and DA. 

-— I (b) What is the net force on the coil? 
@ ®) 

Figure 6.26 For question 6. 

7 A proton moves past a bar magnet as shown 
in Figure 6.27. Find the direction of the force 

it experiences in each case. 
     o [t a 

il — | Figure 630 For question 11, 
vloshy outof 

w | B e © ome 12 Atightly wound solenoid of length 30 cm is to 
Figure 627 For question 7. produce a magnetic field of 2.26 X 10 T 

along its axis when a current of 15.0 A flows 
8 An electron is shot along the axis of a init. If the radius of the solenoid is 12.0 cm, 

solenoid that carres current. Wil it what length of wire s required to make the   experience a magnetic force? solenoid?
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13 What i the direction of the magnetic field at 
points P and Q in the plane of a circular loop 
carrying a counter-clackwise current, as 
shown in Figure 6,317 

Q 

Figure 631 For question 13. 

14 Two parallel wires a distance of 20.0 cm apart 
carry currents of 2.0 A and 3.0 A as shown in 
Figure 6.32. 
(@) At which points is the magnetic field zero? 
(b) How would your answer change if the 

direction of the 3.0 A current were: 

reversed? 

— 0 

—————m 
Figure 632 For question 14, 

15 Figure 6.33 shows two parallel plates with a 
potential difference of 120 V a distance 
5.0 cm apart. The top plate s at the higher 
potential and the shaded region s a region of 
magnetic field normal 1o the page. 

  

  

  

Figure 633 For question 15. 

(@) What should the magnetic field magnitude 
and direction be such that an electron 
experiences zero net force when shot 
through the plates with a speed of 
2%10°ms". 

(6) Would a proton shot with the same speed 
through the plates experience zero net 
force? 

(@ Ifthe electron's speed were doubled, would 
it still be undeflected if the magnetic field 
took the value you found in (a)7 

  

16 A bar magnet s placed in a uniform magnetic 
field as shown in Figure 6.34, 
(@) Is there a net force on the bar magnet? 
(b) Will it move? If so, how? 

  

Figure 634 For question 16. 

17 A high-tension electricity wire running along a 
north-south line carries a current of 3000.0 A. 

1f the magnetic field of the arth at the position 
of the wire has a magnitude of 5.00 X 107 T 
and makes an angle of 30° below the 
horizontal, what s the force experienced by 
a length of 30.0 m of the wire? 

18 Two circular loops of wire have their planes 
parallel and one is directly below the other, 
as shown in Figure 6.35. Current flows in a 
counter-clockwise direction (when looked at 
from above the loops) in both loops. Will 
there be a force between the loops? I yes, 
what will its direction be. If not, why is the 
force zero? 

G 
sehn 
Figure 635 For question 18. 

  
19 Figure 6.36 shows two parallel conductors 

carrying current out of the page. Conductor 1 
carries double the current of conductor 2. 
Draw to scale the magnetic fields created by 
each conductor at the position of the other 
and the forces on each conductor.  



® ® 
Figure 636 For question 19. 

20 An electron of speed v enters a region of 
magnetic field B directed normally to its 
velocity and is deflected into a circular path. 

Find an expression for the number of 
revolutions per second the electron will make. 
If the electron is replaced by a proton, how 
does your answer change? 

21 A proton of velocity 1.5 X 10%m s enters 1 
egion of uniform magnetic field B = 0.50 T. 
“The magnetic field s directed vertically up 
(along the positive = direction) and the 
proton's velocity is initially on the z-x plane 
making an angle of 30° with the positive x 
axis. (See Figure 6.37.) 

Q/HH/ : |L’. 
Bficld = 

Figure 637 For question 21. 

(@) Show that the proton will follow a helical 
path around the magnetic field fines. 

(b) What s the radius of the helix? 
(€) How many revolutions per second does 

the proton make? 
(d) How fast is the proton moving along the 

field lines? 
(e) What is the vertical separation of the coils 

of the helixt 
22 An electron enters a region of uniform 

magnetic field B = 0.50 T, its velocity being 
normal 1o the magnetic field direction. The 
electron is deflected into a circular path and 
leaves the region of magnetic field after being 
deflected by an angle of 30° with respect to 
its original direction. How long was the 
electron in the region of magnetic field? 
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23 Find the magnetic field at point P due to three 
currents as shown in Figure 6.38. 

50em  S0em  S0em 
® ® ® op 
40A 204 10A 
in out out 
Figure 638 For question 23. 

24 Find the magnetic field at point P due to the 
currents shown in Figure 6.39. 

20A oo 100A 
g . ou 

40em 
» 

Figure 639 For question 24. 

80em 

25 Three parallel wires carry currents as shown 
in Figure 6.40. Find the force per unit length 
that wires 1 and 3 exert on wire 2. 

1 ®130Ain 

30em 
40em 

    3 5% 

10A out 40A#n 
Figure 6.40 For question 25. 

26 The magnetic field at the centre of a circular 
loop of wire of radius r carrying current 1 is 
given by the formula 

B =ptox- 
2r 

Use this expression to find the magnetic 
field created by an electron as it rotates with 
speed vin a circular orbit of radius r around a 
nucleus.
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27 

28 

29 

Atightly wound solenaid is to be made 
wire from a fixed quantity (mass) of copper. 
1t will then be connected to a source of 
fixed potential difference. How should the 
solenoid be made in order to produce the 
largest magnetic field? 

Two parallel wires separated by a distance 
d carry the same current 1, as shown in 
Figure 6,41 

        

a 

Figure 6.41 For question 28. 

(@) Calculate the magnitude of the magnetic 
field at a point in the plane of the wires 
a distance r from the middle of the 
wires. 

(b) By using the binomial expansion when r 
is much larger than d, show that the 
leadiing term in the expansion is 
B = o 2. Why is this so? 

() Repeat for the case where the currents are 
antiparallel. This time show that the 
leading term is B = o324 Why are the 
two expansions so different? 

  

Ina particle accelerator called the 
cyclotron, a charged particle is accelerated 
by an electric field and bent into a circular 
path by a magnetic field. The magnetic field 
is assumed uniform and the north and south 
poles are separated by a small gap. The 
particles to be accelerated originate from a 
source at the centre of the bottom magnet 
pole (the south pole in Figure 6.42) and 
begin to move outward in a circular path, 
“The bottom magnet pole is split into two 

es called dees. An alternating potential 
difference is set up between the two dees 

  

50 that every time the particle crosses from 
one dee to the other it increases its kinetic 
energy and thus moves on a circle of larger 
radius. 

dee 

AC] 
    

Figure 6.42 For question 29. 

30 

(@) Explain why the particle follows a 
spiral path. 

(b} Show tha the operation of the cyclotron 
depends on the frequency o the 
alterating voltage source, being equal 
1o the frequency of revolution of the 
particle to be accelerated. 

(© 1f the mass and charge of the partcle are. 
mand g, respectively, show that the 
period of revolution is 

2xm 

4B 

where B is the magnetic field, and is 
thus independent of the speed of the 
particle. 

(@) Find the frequency (i.e. the number of 
revolutions per second) of an electron 
assuming that the magnetic field has a 
value of 0.50 T. 

(@ If the potential difference between 
the dees at the instant the electrons 
cross is 120 kV, what would the kinetic 
energy of the electrons be after 100, 
revolutions? 

A uniform magnetic field is established in the 
plane of the paper and has magnitude 0.3 mT. 
Two parallel wires separated by 5.0 cm carry 
currents of 200 A and 100 A into the plane of 
the paper as shown in Figure 6.43. Find the 
magnetic force per unit length on the 100 A 
wire.  
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B=03uT 
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Figure 643 For question 30. 

A uniform magnetic field is established in the 
plane of the paper as shown in Figure 6.44. 
Two wires carry parallel currents of equal 
magnitudes normally to the plane of the paper 
at P and Q. Point R s on the line joining P to 
Q and closer to Q. The magnetic field at 
position R is zero. 
(a) Are the currents going into the paper or out 

of the paper? 
(b) I the current is increased slightly, will the 

point where the magnetic field is zero 
move to the right or to the left of R? 

Figure 6.4 For question 31.   
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32 Two identical charged particles move in 
circular paths at right angles to a uniform 
magnetic field as shown in Figure 6.45. The 
radius of particle 2 is twice that of particle 1. 

region of magneic field 
into page 

  

Figure 6.45 For question 32. 

Determine the following ratios: 
period of particle 2 
period of particle 1 
£ of particle 2 
Evof particle 1° 

(a) 

(b)



  

Electromaghetic induction 
This chapter deals with Faraday’s law, which dictates how a changing magnetic flux 
through a loop induces an em in the loop. A related law, Lenz’s law, determines the 
direction of this emf. The principles of electromagnetic induction are the esult of 
ingenious experimenting by the English physicst Michael Faraday. 

Objectives 

By the end of this chapter you should be able to: 
+ calculate flus or flux linkage using ® = BA cos & or ® = NBA cos 0 
« identify situations in which an emf is induced and determine the 

magnitude of the emf by using Faraday’s law, & 

  

2 org   

  

included are cases of a changing area, a changing magnetic field or a 
changing angle between magnetic field and normal to loop; 

+ find the direction of the induced current using Lenz’s law. 

  

A wire moving in a magnetic 

field 
Let us imagine that a wire of length | is moved 
with velocity  in a region of a magnetic field of 
constant magnitude B. Assume for convenience 
that the magnetic field is coming out of the 
page and that the wire moves from top to 
bottom (see Figure 7.1). 

  

‘The wire is conducting: that is, it has many ‘free” 
electrons. As the wire moves, the electrons also 
move from top to bottom. Thus, the magnetic 
field will exert a force on these moving 
electrons. (We are talking here about the force 
on a moving charge, not the force on a current 
in the wire. There is no current in the wire since 
the wire is not part of any closed circuit) The 
force on the electrons is directed from left to 
right and therefore the electrons are pushed to 
the right. This means that the left end of the 
wire has a net positive charge and the right end 
has an equal net negative charge accumulated   

Figure 7.1 The wire is made to move normally to 
the magnetic field at constant speed. An emf 
develops between the ends of the wire. 

there. (The net charge of the wire is zero) The 
flow of electrons towards the right end of the 
wire will stop when the electrons already there 
are numerous enough to push any new electrons 

back by electrostatic repulsion. There is, in other 
words, an electric field established in the wire 
‘whose direction is from left to right. The value of 
this electric field is 

AV V. 
Ao 

  

where V/ is the potential difference between the 
ends of the wire that is established because of  



57 Electromagnetic induction 351 
  

the accumulation of electric charge at its ends. 
The flow of electrons will thus stop when the 
electric force eE pushing the electrons back 
equals the magnetic force ev B pushing them 
towards the right end. Thus 

eE =evB 

and so (substituting for the electric field) 

V=vBL 

We have found the extraordinary result that a 
conducting wire of length L moving with speed 
¥ normally to a magnetic field B will have a 
potential difference vBL across its ends. This is 
called a motional emf: it has been induced as a 
result of the motion of the conductor in the 
‘magnetic field. It is instructive to check that 
the quantity vBL really has the units of 
potential difference, namely volts: 

  

It is worthwhile pointing out that, whereas in 
electrostatics the electric field inside a 
conductor is zero, this is no longer the case 
‘when charges are allowed to move. Instead, the 

condition of zero electric field is replaced by a 
more general condition, namely that ef = evB 
on a moving charge e. 

  

Faraday’s law 

As we saw earlier, an electric current creates a 
magnetic field. In the previous section we saw 

that a wire that moves in a magnetic field has 
an induced emf at its ends. Actually producing 
a current by a magnetic field was a difficult 
problem in nineteenth-century physics. 

Consider the following experiment. A magnet is 
moved towards a loop of wire whose ends are 
connected to a sensitive galvanometer and in a 
direction normal to the plane of the loop, as 
shown in Figure 7.2. The galvanometer registers 
a current. 

  

Figure 72 A bar magnet moving through a loop of 
‘wire connected to a galvanometer. An emf is 
induced in the loop and the galvanometer 
registers a current. 

If the magnet is simply placed near the coil but 
does not move relative to it, nothing happens. 
‘The current has been created as a result of the 
motion of the magnet relative to the loop of 
wire. If we now move the magnet toward the 
coil faster, the reading on the galvanometer is 
greater. If we move the coil toward the magnet, 
we again find a reading. This indicates that it is 
the relative motion of the coil and magnet that 
is responsible for the effect. If a magnet of 
greater strength is used, the current produced 
is greater. If we try a different loop of wire, one 
with the same area but a larger number of 
turns of wire we find a greater current when a 
‘magnet is moved toward the wire. We also 
observe that if the area of the loop is increased, 
the current also increases. If the magnet is 
moved at an angle to the plane of the loop 

other than a right angle, the current decreases. 
Our problem is now to find the common thread 
in all these observations. To summarize, the 

observations are that the current registered by 
the galvanometer increases when: 
« the relative speed of the magnet with respect 

to the coil increases; 
« the strength of the magnet increases: 
« the number of turns increases: 
« the area of the loop increases; 
+ the magnet moves at right angles to the plane 

of the loop. 

Faraday found that the common thread behind 
all these observations s the concept of magnetic 
flux. Imagine a loop of wire, which for 
simplicity we take to be planar (i.e. the entire 
1oop lies on one plane). If this loop is in a
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region of magnetic field whose magnitude and 
direction s constant, then we define magnetic 
flux as follows. 

   
direction of 
‘magnetic 
field 

Figure 73, 

normal to loop. 

This means that if the magnetic field is along 
the plane of the loop, then § = 90° and hence 
@ = 0 (see Figure 7.4a). The maximum flux 
through the loop occurs when 6 = 0°, when the 
magnetic field is normal to the loop area and 
its value s then BA (see Figure 7.4b). 

  

  

      

  
@ ® 

Figure 74 (2) The loop is not pierced by any 

    

‘magnetic field lines, so the flux through 
zero (b) The magnetic field is normal to the loop, 
so the flux through it is the largest possible. 

‘The intuitive picture of magnetic flux is the 
number of magnetic field lines that cross or 
pierce the loop area. Note that if the magnetic 
field went through only half the loop area, the 

other half being in a region of no magnetic 
field, then the flux in that case would be 
@ = 22, In other words, what counts is the part 
of the loop area that is pierced by magnetic 
field lines. Thus, to increase the magnetic flux 
of a loop of wire we must: 

« increase the loop area that is exposed to the 
magnetic field; 

« increase the value of the magnetic field: 
« have the loop normal to the magnetic field. 

‘The loop area has two sides (excluding Mabius 
strips!). Which of the two sides do we choose in 
order to define the normal direction to the 

1oop? There are clearly two vectors normal to 
the loop and they point in opposite directions 
(see Figure 7.5). The answer is that it does not 
matter: the choice is a question of convention. 
But once the choice has been made, we must 
stick with it. 

    

    
area ‘normal to loop. 

other 
nomal to 
loop 

Figure 75. 

Example question 
Q1 umrrT e 
Aloop of area 2 cm is in a constant magnetic 

id of B=0.10 T. What s the magnetic flux 
through the loop when: 
@) the loop is perpendicular to the field; 
(b) the loop is parallel to the field; 
(© the normal to the loop and the field have an 

angle of 60° between them? 

  

Answer 
(@) In this case 6 = 0* and cos 0" = 1, 50 

10T x 2 x 107! m 
%107 Wb, 

flux 

  

(b) In this case ¢ = 90° and cos 90 

flux =0 

  

0,50  
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(€) In this case 6 = 60", s0 

flux = 0.10T % 2 x 107 m? x 0.5 
107 Wh 

    

‘What does magnetic flux have to do with the 
problem of how a magnetic field can create an 
electric field? The answer lies in a changing 
magnetic flux. In all the cases we described when 
looking at Figure 7.2 we had a magnetic flux 
through the loop, which was changing with 
time. As a magnet is brought closer to the loop 
area, the value of the magnetic field at the loop 
position is increasing and so is flux. If the 
‘magnet is held stationary near the loop, there 
is flux through the loop but it is not changing - 
so nothing happened. If the number of turns is 
increased, so is the flux linkage. Thus, there 
seems to be a connection between the amount 

of current induced and the rate of change of 
‘magnetic flux linkage through the loop. This is 
known as Faraday’s law. 

   
» Faraday found that the induced emfis 
equmme(neganvqmnfmufi 
mgamcflnx;dm!s 

   

‘The minus sign need not concern us, as we will 
be finding the magnitude of the induced emf. 
However, if we use calculus (i.e. & = —N%®), then 
the minus sign must be included. We will use 
calculus only in Chapter 5.. 

  

Example questions 
Q2 somms s s 
The magnetic field through a single loop of area 
0.2m* is changing at a rate of 4 T 5™ What is the 
duced emf? 

  

Answer 
The magnetic flux through the loop is 
changing because of the changing magnetic 
field, hence 

@®=BA 

+E=22 
At 
AB 
ar 

—ax02 
08V 

Q3 s mrEes T 
A uniform magnetic field 8= 0.40 T 
established into the page, as shown in Figure 7.6, 
Atod of length L = 0.20 m is placed on a railing 
and pushed to the right at constant speed 
V= 0.60 ms. Whatis the induced emf in the 
loop? 

  

‘magnetic field 
into page 
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Figure 76. 

Answer 
The flux in the loop is clearly changing since the 
area of the loop decreases. Thus, there will be an 
emf induced. In a time interval At the rod will 
move to the right a distance vAt and so the area 
will decrease by AA= LvAL, thus 
®=BA 

se=°2 

  

BLv 
0.40 x 0.20 x 0.60 
48 mV 

  

We began this chapter with a discussion of a 
wire that is dragged in a region of magnetic 
field. We saw, by considering the forces acting 
on the electrons of the wire, that a potential 
difference was induced at its ends that is 
given by 

&   BLy
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‘We may rederive this result by making use of 
the concept of changing flux and Faraday’s law. 
‘The wire cuts magnetic field lines as it moves in 
the magnetic field. In time Af it will move a 
distance of v Al and so the flux through the area 
swept by the wire is 

A® = BLvat 
o_he 

=N 

  

BLv 
(see Figure 77). 

  

Figure 7.7 The wire sweeps out an area pierced by 
magnetic field lines as it moves. 

Lenz’s law 

Having seen that a changing magnetic flux will 
produce an emf and therefore a current in a 
conducting loop of wire, we now move to the 
interesting problem of determining the 
direction of this induced current. We can guess 
the answer on the following intuitive grounds. 
Let us look again at example question 3. Which 
will be the direction of the induced current? 

‘There are two possibilities, the current will 
cither flow in a clockwise or a counter- 
clockwise fashion in the loop. In either case, 
there will be a force on the rod because it is a 
current-carrying wire in a magnetic field. 

If the current flows in the counter<clockwise direction: 

By the right-hand rule, the force is directed 
towards the right - in the direction of motion 
of the rod. 

1 the current flows in the clockwise direction: 

By the righthand rule, the force is directed 
towards the left — in the direction opposite to 
the motion of the rod. 

Which choice makes physical sense? If we 
decide that the current flows in the counter- 
clockwise direction, the magnetic force will 
accelerate the rod to the right, thereby 
increasing its speed. An increased speed leads to 
an increased emf (recall that £ = BLv) and thus 
increased current. This in turn means that the 
force on the rod will also get bigger and thus 
the acceleration will get bigger. And we go on 
forever. The rod accelerates forever without 
anyone providing the necessary energy. This 
choice is absurd. It violates the law of 
conservation of energy. 

‘The current must flow in the clockwise direction. 
‘The force now is to the left and it opposes the 
‘motion of the rod. If we want the rod to move at 
constant speed, then we must apply on the rod a 
force equal and opposite to the magnetic force 
on the rod. If we do not apply any force on the 
rod, then the magnetic force will bring it to rest. 

‘The reasoning applied above involves analysing 
forces. It can be used in almost any situation 
involving Faraday’s law to find the direction of 
the induced current, but it would be good if we 
had a very general principle that would give us 
the answer. Such a general statement has been 
given by the Russian physicist Emil Lenz, and is 
called Lenz's law. 

& Lenz's law states that the induced current 
‘will be in such a direction as to oppose the 
dhange in the magnetic flus that created the 
current. 

“This is  rather subtle and tricky formulation. 
Let us apply it to example question 3. The 
change in the magnetic flux has been a decrease 
in magnetic flux (area gets smaller). Lenz’s law 
states that the induced current will be in a 
direction 5o as to appose this decrease. The 
induced current will create its own magnetic field, 
as we learned from Qrsted’s discovery. (This 
magnetic field has nothing to do with the 
‘magnetic field whose changing flux created the 
current) But the magnetic field created by the  
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induced current will also have a magnetic flux 
through the same loop. If the created magnetic 
field is in the same direction as the original 
‘magnetic field, its flux will add to the original 
flux (which, remember, is decreasing) and will 
thus prevent it from decreasing as fast. In this 
case the induced current is opposing the 
decrease in flux and this is what Lenz's law 
demands. If the induced magnetic field is to be 
in the same direction as the external magnetic 
field, the current must flow in a clockwise 
direction, as we found earlier. (It is assumed 
that you can find the direction of the current 
given the direction of the magnetic field it 
produces - the righthand rule that allows us to 
do this is discussed in the previous chapter) 

  

Let us make sure that we understand what is 
going on by looking at another example. 

Example question 
Q} EmmTreyrsPR IS SS AR 

Aloop of wire has its plane horizontal and a bar 
magnet is dropped from above so that it falls 
through the loop with (a) the north pole first and 
(b) the south pole first, as shown in Figure 7.8. 
Find the direction of the current induced in the 
loop in each case. 

H side view 

T 

(@) In this case, the north pole of the magnet enters 
first. The flux in the loop is increasing because 
the magnetic field at the loop is getting bigger 
as the magnet approaches. (We are taking the 
normal to the loop to be in the vertically down 
direction. This means that the flux is getting, 
more and more positive.) The induced current 
must then oppose the increase i the flux. This 
can be done if the induced current produces a 
magnetic field in the opposite direction to that 
of the bar magnet. Thus, the current wil flow in 

view from sbove, 

© 
Figure 78. 

  

Answer 

  

a counter-clockwise direction when looked at 
from above. 

(b) I this case, the south pole of the magnet enters 
firs. This time let us take the normal to the loop 
plane to be vertically up. Then the flux in the 
loop is again increasing and so the current will 
again produce a magnelic field opposite to the 
field of the bar magnet. This means that the 
induced magnetic field will be vertically down, 
thus the induced current is clockwise. 

Itis left as an exercise for you to show that the 
current (in both cases) flows in the opposite 

direction when the magnet is on its way out of the 
loop. You should also show that these conclusions 
are independent of the choice of the normal to 
the loop. 
  

A good example that illustrates many of the 
principles of electromagnetic induction follows 
Consider the motion of a rectangular loop of 
conducting wire of size L x L that moves with 
velocity v and enters a region of magnetic field 
of constant value B. The plane of the loop is 
normal to the magnetic field. This is illustrated 
in Figure 7.9. 

  

  
  

          
s 
  

    
Figure 79 A horizontal loop entering a vertical 

‘magnetic field at constant speed. 

As the loop begins to enter the region of 
‘magnetic field, the magnetic flux through the 
loop is increasing and so an emf will be induced 
in the loop. The flux equals ® = BLx where x is 
the length of the loop that has entered the 
‘magnetic field region and so the rate of change 
of magnetic flux (and hence the emf) is BLv. A 
current then flows in the loop of value 

el 
TRTR
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where R is the loop’s resistance. By Lenz’s law, 
the direction of the current is counter- 
clockwise (looked at from above). Therefore, 
there is a force acting on the part of the loop of 
length I that is inside the magnetic field. (The 
rear part of the loop is not inside the magnetic 
field and so experiences zero force.) The 
magnitude of the force is 

By 
R 

and is directed against the velocity of the loop. 
“Thus, if the loop is to maintain a constant 
velocity, a force pushing it to the right and 
equal to F must be applied to the loop. This 
means that this force does work. The rate at 
which work is being done (power dissipated) is 

B2 
e 

F=BIL   

P=Fr 

Where does this work go? It does not go into 
changing the kinetic energy of the loop since 
the loop is made to move at constant speed. The 
‘work goes into heating the wire. The wire has 
resistance and current flows in it. The power 
dissipated in the loop as a result of the current 
initis 

B2 
P=¢r 7   

and is identical to the power dissipated by the 
external force, as it should be by energy 
conservation 

Faraday’s disc 

An interesting example of induced emf is 
provided by Faraday's disc. Like the example of 
the rod moving in a magnetic field, an emf s 
induced even though no magnetic flux is 
changing This is a motional emf. A conducting 
disc of radius R rotates about an axis normal to 
its plane and going through its centre (see 
Figure 7.10). A magnetic field of constant value 
is established everywhere in space and is 
directed along the axis of rotation, which 
means it is also normal to the plane of the disc.   

‘There is magnetic flux though the disc but it is 
constant in time. Imagine that the disc rotates 
with constant angular velocity in a counter- 
clockwise direction. 

magnetic field 
into page 

    
Figure 7.10 The disc is rotating at right angles to 

the magnetic field. A potential difference 
develops between the centre and the 
circumference. 

‘This means that electrons in the disc 

experience a magnetic force that pushes them 
towards the circumference of the disc. The 
accumulation of electrons on the rim means 
that there is potential difference between the 
circumference and the centre of the disc. The 
flow of electrons will stop when the electric 
force on electrons trying to move to the 
circumference equals the magnetic force. The 
‘magnetic force on an electron at a distance r 
from the centre is 

F=evB=ewrB 

The magnitude of the electric field is 4 and so 

which can be integrated to give 

AV = loR’B 

  

for the potential difference between the centre 
and the circumference. 

As with the case of the wire that moved in a 
magnetic field, the potential difference above 
can also be obtained through the concept of 
flux through a swept area. Thus, consider a radius 
of the disc. As the disc rotates, the radius can be 

thought to rotate 100, and thus sweeps out an 
area given by 

AA = 1R2A0  
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where A0 is the angle the radius rotates by in a 
time equal to Af. This is just the formula for 
the area of a sector of a circle of radius R and 
angle A9, (See Figure 7.11) 

  

Figure 7.11 As a disc rotates, the radius can be 
thought o rotate (00, sweeping out an area. 

If the angular velocity of rotation is o, then 
A = wAl and the flux through the swept area 
is A® = B}R?wAL. This means that the 
potential difference at the ends of the radius is 

A0 
ar 
BiRZwAt s 

& 

   1B 

as we found previously. 

1 The flux through a loop as a function of time 
is given by the graph in Figure 7.12. Make a 
sketch of the emf induced in the loop as a 
function of time. 

ux/ W 

0 

s 
0 2 4 6 8 10 

Figure 7.12 For question 1. 

2 The flux through a loop as a function of time 
is given by the graph shown in Figure 7.13 
Make a sketch of the emf induced in the loop 
as a function of time. 

flun/Wh 
§f 

6 

  

  | s 
0 2 4 6 8 10 

Figure 7.13 For question 2. 

3 Figure 7.14 shows the emf induced in a loop 
as a result of a changing flux in the loop. 
(@) What is a possible flux versus time graph 

that would give rise to such an emf? 
(b) Why isn't there a unique answer? 

emirv 
12t   

        g el 

Figure 7.14 For question 3. 

4 Figure 7.15 shows a top view of two solenoids 
with their axes parallel, one with a smaller 
diameter so that i its inside the other. If the 
bigger solenoid has a current flowing in the 
clockwise direction (looked at from above) 
and the current is increasing in magnitude, 
find the direction of the induced current in the 
smaller solenoid 

Figure 7.15 For question 4.
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5 Ametallic ring is dropped from a height above 
a bar magnet as shown in Figure 7.16. 
Determine the direction of the induced 
current in the ring as the ring falls over the 
magnet in each case, giving full explanations 
for your choices, 

N 

) ! ® 
Figure 7.16 For question 5. 

6 Amagnet is dropped from above into a 
metallic ring as shown in Figure 7.17. 
Determine the direction of the current 
induced in the ring in each case. 

@ ® 
Figure 7.17 For question 6. 

7 For question 5(a) determine the direction of 
the magnetic force on the ring as it (a) enters 
and (b) leaves the magnetic field. 

  

8 A metallic rod of length L is dragged with 
constant velocity ¥ in a region of magnetic 
field directed into the page (shaded region), as 
shown in Figure 7.18. By considering the 
force on electrons inside the rod, show that 
the ends of the rod will become oppositely 
charged. Which end is positively charged? 

® ® ® ® 

® 

® ® ® ® 
Figure 7.18 For question 8. 

9 Find the direction of the current in the loop 
shown in Figure 7.19 as the current in the 

  

straight wire: 
(@) increases; 
(b) decreases. 

  

Figure 7.19 For question 9. 

10 A coil of 1000 turms and length 20.0 cm has a 
smaller coil of diameter 2.0 cm and 200 turns 
inserted inside it If the current in the big coil 
is changing at 150 A's™!, find the emf induced 
in the smaller coil. 

11 How can the Faraday disc be connected to an 
outside circuit to provide it with electric 
current? Is the current provided AC or DC? 

12 Lok at Figure 7.20, which we used earlier in 
the text. If the magnetic field is increas 
what will happen to the rod AB? 

    

  e5
 
8
6
 

6 

  

Figure 720 For question 12. 

HL Mathematics only 

13 The problem of the rod sliding over a wire in 

the shape of a 1 that we met in example 
question 3 and question 12 will now be 
re-examined for the case in which the railing 
is no longer horizontal bu ned by an 
angle 6, as shown in Figure 7.21. The rod 
has mass m, length L, resistance R and the 

   

  
Figure 721 For question 13. 
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‘magnetic field B is uniform and directed 
vertically upward. The rod starts from rest; 
find the terminal velocity reached by the 
rod. 
Hint: Do this in steps as follows. 
Part A: (a) Find the flux of the magnetic field 
through the foop. (b} Find the rate of change 
of this flux and hence the induced emi. 
(©) What s the direction of the induced 
current? (d) Find the magnitude and 
direction of the magnetic force on the rod. 
(@) Assume terminal velocity is reached and 
find an expression for it. 
Part B: To find the precise dependence of the 
velocity on time, write down an expression 
for the acceleration of the rod down the 
plane by applying Newton'’s second law. 
Realize that the acceleration is the time 
derivative of velocity and hence solve the 
differential equation to find the velocity as a 
function of time. Verify that the rod reaches 
the terminal velocity you found in (e). 

A square conducting loop of wire of side a, 
mass m and resistance R falls under gravity 
normally 0 a uniform, horizontal magnetic 
field B, as shown in Figure 7.22. The area of 
the loop is small enough so that it can be 
contained totally within the region of the 
field. 
(@) While the loop is entering the magnetic 

field, find the magnitude and direction of 
the induced current. 

(b) Wite down an expression for the 
acceleration of the loop as it is entering 
the field. 

(©) Write the acceleration as the time 
derivative of the velocity and hence show 
that after time ¢ the velocity of the loop is 

SR e )] 
Bla![‘ PR 

where we have assumed for simplicity. 
that the loop is dropped from rest from a 
position where the bottom leg is just 

  

15 
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about to enter the region of magnetic 
field. 

(d) Show that the quantity £% has units of 
  

  

      

velocity and 2% units of time. 

, falling loop 

© © @ regionof mgneiic 
field coming out of 

© © o tepae 

e o @ 

Figure 7:22 For question 14, 

It was shown in the text that the potential 
difference between the centre and a point on 
the circumierence of a metallic disc of 
radius  that rotates with constant angular 
velocity  normally to a magnetic field 8 is 
AV = lorB. 
Assume the disc shown in Figure 7.23 is 

rotating in a clockwise sense and that the 
magneic field s directed into the page. 
(@) Which point is at the higher potential, 

the centre or a point on the 
circumference? 

(b) If an exteral circuit of resistance R is 
connected between the centre and a 
point on the circumference, show that 
the current that will flow is /= 2. 

(c) What will be the direction of the current? 

() Show that the power dissipated in the 
resistor is P = = 

  

  

  

brush 

   magnetic field 
into page @ 

Figure 723 For question 15.



      
    
  
  

          

Alternating current 
This chapter discusses the production of alternating current by the AC generator and the. 
properties of alternating current. We prove the transformer equation and discuss the use 
of transformers in power transmission. 

Objectives 
By the end of this chapter you should be able to: 
+ appreciate that the induced emf in a uniformly rotating coil is 

sinusoidal; 
+ explain the operation and importance of the AC generator: 
+ understand the operation of the transformer; 
+ apply the transformer equation, }* 

transformers in power transmission; 
+ understand the terms rms and peak current (/. 

(Ems 

  

Eoma ). 

The AC generator 

One very important application of 
electromagnetic induction is the AC (alternating 
current) generator - the method used 
universally to produce electricity (see Figure 8.1). 
‘The generator is in Some sense a motor in reverse. 
A coil is made to rotate in a region of magnetic 
field. This can be accomplished in a variety of 
ways: by a diesel engine burning oil, by falling 
water in a hydroelectric power station, by wind 
power, etc. 

‘The flux in the coil changes as the coil rotates 
and so an emf is produced in it. We assume 
that the coil has a single turn of wire around 
it, the magnetic field is B =04 T, the coil has 
an area of 0.318 m? and a rotation rate of 50 
revolutions per second. Then the flux in the 
coil changes as time goes on according to a 
cosine function as shown in Figure 8.2. (Time 
zero is taken to correspond to the coil in the 

}, and explain the use of 

   
and calculate the average power in simple AC circuits 

    

      

    
    

  

) and voltage 

  

  

    
  

  

  T 
o is made o otae by 
extemal agent 

Figure 81 A coil that is forced to turn in a region 
of magnetic field will produce an emf. 

  

  

s,   

  
      

Figure 8.2 The flux in the coil is changing with 
time.  



position of Figure 8.1 so that the flux is a 
maximum.) 

The equation of the flux (linkage) is, in general, 

@ =NBAcosh 

where 6 is the angle between the magnetic field | 
and the normal to the coil and N is the number 
of turns in the coil. Assuming that the coil 
rotates at a constant angular velocity o, it 
follows that § = of and so the flux becomes 

® = NBAcos(at) 

  

‘The quantity & = wNBA is the peak voltage 
produced by the generator. For the same 
numerical values as in the previous example, 
the emf induced is given by the graph shown in 

  

  

  

  

  

Figure 83 (o = 27f = 314.6 57 
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Figure 8.3 The emf induced in the loop as a | 
function of time. The peak voltage is 40 V. 

Note that the emf induced is zero whenever the 
flux assumes its maximum or minimum values 
and, conversely, it is a maximum or minimum 
whenever the flux is zero. The noteworthy 
thing here is that the voltage can be negative as 
well as positive. This is what is called 
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alternating voltage and the current that flows 
in the coil is alternating current (AC). This 
means that, unlike the ordinary direct current 
(DC) that flows in a circuit connected to a 
battery, the electrons do not drift in the same 
direction but oscillate back and forth with the 
same frequency as that of the voltage. 

‘The current that will flow in a circuit of 
resistance R can be found from 

  

_ &sin(at) 
TR 
= Lsin(ot) 

where fy = & is the peak current. For the emf of 
Figure 8.3 and a resistance of 16  the current 
is shown in Figure 84. 

A 

  

  

: s, 
0 I 2 E .| 

SR 
Figure 8.4 The induced current in the rotating 

Toop. Note that the current is in phase with the 
emf. The peak current is found from peak 
voltage divided by resistance, i.e. 40/16 = 2.5 A. 

  

  

                    

Power in AC circuits 

‘The power generated in an AC circuit is 

P=& 

= Eoly sin* () 

and, just like the current and the voltage, is not 
constant in time. It has a peak value given by 
the product of the peak voltage and peak 
current (i.e. 40 x 2.5 = 100W, for the previous 
example). The power as a function of time is 
shown in Figure 8.5.
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Figure 8.5 The power dissipated in a resistor as a 
function of time. Note that the period of one 
rotation of the coil is 20 ms. The power becomes 
zero every half rotation of the coil. The peak 
power is 100 W. The horizontal line indicates 
the average power of 50 W. 

» Itis instructive to write the expression for 
power in terms of the parameters of the 
rotating coil: 

Peer 
— WNBASIn(@t) % -——”‘NM; o 

" 
= O oty 

‘This shows, for example, that if the speed of 
rotation of the coil is doubled, the power s 
increased by a factor of 4. 

Root mean square (rms) quantities 
It would be convenient to define an average 
voltage, average current and average power. For 
power this is not difficult, as power is always 
positive. Trying to find the average of the [ 
current or voltage, though, would give zero. In 
any one cycle, the voltage and current are as 
much positive as they are negative and so 
average to zero. To get around this problem we 
use the following trick. First, we square the 
current, getting a quantity that is always 
positive during the entire cycle. Then we find 
the average of this positive quantity. Finally, 
we take its square root. The result is called the 
rms value of the current (from root mean ‘ 
square). 

How do we evaluate an rms quantity? Squaring 
the current gives 

P = [} sin’(wl) 

Iy =511 - cosat)] 

where in the last step we used the identity 

1 cos20 
—_— sin’ ¢ 

Over one cycle, the cosine term averages to zero 
and so the average of the square of the current is 

  

»=3 

(angular brackets denote an average). Thus 

I 
Jms. E 

Doing exactly the same thing for the voltage 
results in an rms voltage of 

Ems i 
vz 

Since 

P =&y sin’(wl) 

oy — cosczan 
we get the following: 

  

» The average power is. 

(= (%n vms(zml) 
&b 

21 
_&h 

V22 
Erms s 

{again the term with the cosine averages to 
zero over one period). 

On a very non-rigorous level, we might say that 
dealing with rms quantities turns AC circuits 
into DC circuits. The product of the rms current 
times the rms voltage gives the average power in 
the circuit.  



  

  

» We may also use the alternative formulae 
- fov average power } 

   RE, 
& 
& 

Example question 
Q RTINS N I ST LIS 

Find the rms quantities corresponding to the 
current and voltage of Figures 8.3 and 8.4. 

Answer 
The peak voltage is 40 V giving 

  

From Figure 8.5, the peak power is 100 W and 
the average power is 50 W. The product of the 
fms current times the rms voltage is indeed 

1.8x28=50W 

The slip-ring commutator 
The current must now be fed from the rotating 
coil into an external circuit where it can be put 
to use. The rotating coil is connected to the 
outside circuit, to which it provides current, 
through slip rings, as shown in Figure 8.6. Each 
of the wires leading into the coil is firmly 

   

  

  
Figure 8.6 The slipring connection of the rotating 

coil to the outside circuit. 

connected to its own ring S. As the coil rotates, 
the ring rotates along with it, but each ring is 
always in contact with the same brush (B) that 
connects to the outside circuit. This means that 
since AC current is produced in the coil, AC 
current will be fed to the external circuit as 
well 

(What current would flow in an external circuit 

if the generator were connected to it via a split 
ring?) 

The great advantage of AC voltage and current 
is that they allow the use of the transformer 
(see below). 

Back-emf in the DC motor 
In the DC motor, current fed into a loop that 
is in a magnetic field makes the coil turn as 
a result of the forces that develop on the 
sides of the loop. Because of Faraday’s law 
an emf (the backemf) will be induced in the 
loop as it begins to rotate, since there is a 
changing magnetic flux in the loop. By 
Lenz’s law, this emf will oppose the change 
in the flux that created it. This means that 
a current will flow in the loop that is 
opposite to the current that the external 
battery feeds into the loop. The current in 
the loop will thus be less when the coil is 
rotating than initially, when the rotation 
had not yet started. The back-emf is the 
reason that lights sometimes dim when the 
‘motor of the refrigerator turns on. Initially 
the current drawn by the motor is large and 
only after the coil of the motor achieves a 
constant speed of rotation does the current 
drop to lower values. 

The transformer 
Consider two coils placed near each other as 
shown in Figure 8.7. The turns of both coils are 
wrapped around an iron core. 

The first coil (the primary) has N, turns of wire 
and the second (the secondary) N turns. If the
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Figure 8.7 The changing flux in the secondary coil 
produces an emf in that coil. 

primary coil is connected to an AC source of 
voltage, an alternating current will pass 
through this coil. The magnetic field this 
current will create will be changing in both 
‘magnitude and direction, since the current is. 
As the two coils are near each other, the 
‘magnetic field of the first coil enters the second 
coil and thus there is magnetic flux in this 
second coil. The purpose of the iron core is to 
ensure that as much of the flux produced in 
the primary coil as possible enters the 
secondary coil. Iron has the property that it 
confines magnetic flux and so no magnetic 
field lines spread out into the region outside 
the core. Since the magnetic field is changing, 
the flux is also changing and thus, by Faraday’s 
law, there will be an induced emf in the 
secondary coil. 

If the flux is changing at a rate 4% through one 
turn of wire, then the rate of change of flux 
linkage in the second coil is N, 4%, and that, 
therefore, is the emf induced in the secondary 
coil, ¥, = N,42. Similarly, the emf, V;, in the 

first coil is V= N, 22, Hence 

v N 
VTN 

The arrangement just described is called a 
transformer. What we have achieved is to make a 
device that takes in AC voltage (V) in the 
primary coil and delivers in the secondary coil 
a different AC voltage (V). If the secondary coil 
has more turns than the primary, the 
secondary voltage is bigger than the primary 
voltage (if the secondary coil has fewer turns, 
the secondary voltage is smaller). Note that the 
transformer works only when the voltage in the   

primary coil is changing. Direct (i.e. constant) 
voltage fed into the primary coil would result in 
zero voltage in the secondary (except for the 
short interval of time it takes the current in the 
primary coil to reach its final steady value). In 
the case of standard AC voltage, there is a sine 
dependence on time with a frequency of 50 or 
60 Hz. The frequency of the voltage in the 
secondary coil stays the same - the transformer 
cannot change the frequency of the voltage. 

If the primary coil has a current /, in it, then 
the power dissipated in the primary coil is V. 
Assuming no power losses, the power dissipated 
in the secondary coil is the same as that in the 
primary and thus 

Volp = Vil 

  Therefore, using i = 32 the relationship 
between the currents is 

(Power losses are reduced by having a laminated 
core rather than a single block for the core - this 
reduces power losses by eliminating eddy 
currents. Eddy currents are created in the core 
because the free electrons of the core move in 
the presence of a magnetic field. Thus these 
electrons are deflected into circular paths and 
they create small currents in the core. See 

Figure 8.8, 
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minsted core with 
insulation between layers 
reduces cddies 

Figure 8.8 Free electrons move in circular paths 
creating eddy currents in the magnetic field 
that s established in the core. Nearly all of 
these currents are eliminated if the core is 
laminated.  



Transformers and power 

transmission 

‘Transformers are used in the transport of 
electricity from power stations, where 
electricity is produced, to the consumer. At any 
given time, a city will have a power demand, P, 
‘which s quite large (many megawatts for a large 
city). If the power station sends out electricity at a 
voltage V and a current I flows in the cables 
from the power station to the city and back, then 

P=VI 

‘The cables have resistance, however, and thus 
there is power 10ss Pio, = RI* where R stands 
for the total resistance of the cables. To 
minimize this loss it is necessary to minimize 
the current (there is not much that can be done 
about minimizing R). However, small / (7is still 
a few thousand amperes) means large V/ (recall, 
P = V1), which is why power companies supply 
electricity at large voltages. Transformers are 
then used to reduce the high voltage down to 
that required for normal household appliances 
(220 V or 110 V). (See Figure 8.9.) 

transformer 

        High voltage 

Figure 8.9 The voltage produced in the power 
station is high in order to reduce losses during 
transmission. Transformers are used to step 
down the voltage to what the consumer 
requires. 

Example question 
Q2 EETETTIITTITICITII IS4 SIS LISSSTEITIITT 

A power company produces 500 MW of 
electricity at a voltage of 1.2 x 107 V. The total 
resistance of the cables leading to and from a 
town is 4 2. How much current flows from the 
power station? What is the percentage loss of 
power in the cables? I the electricity were 
transmitted at the lower voltage of 0.8 x 10° V, 
what would the power loss be?: 

  

58 Atternating current 365 

Answer 
From P = VIthe current is 

500 x 10° 
T2x10° 

=42x10°A 

  

The power loss in the cables is 

Pou = RI? 
40 (42 X 10 

=71x10W 
=7imw 

  

This corresponds to a power loss of 
71/500 x 100% = 14% of the produced power. 
With the lower voltage the current is 

500 x 10° 
08x10° 

=62x10°A 

  

The power lost i then 

P =R 
=4.0x (6.2 x 10°)" 

=15x10'W 

=150 MW 

The percentage of power lost is now 150/500x 
100% = 30%. 

1 Atransformer has 500 turns in its primary coil 
and 200 in the secondary coil. 
(@) 1 an AC voltage of 220 V and frequency 

50 Hz is established in the primary coil, 
find the voltage and frequency induced in 
the secondary coil. 

(b) 1 the primary current is 6.0 A, find the 
current in the secondary coil assuming an 
efficiency of 70%. 

2 A 300 MW power station produces electricity 
2180 kY, which is then supplied to consumers 
along cables of total resistance 5.0 . 
(a) What percentage of the produced power is 

lost in the cables? 
(b) What does the percentage become if the 

electricity is produced at 100 kV?
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3 The rms voltage output of a generator is 220 V. 
The coil s a square of side 20.0 cm, has 
300 turns of wire and rotates at 50 revolutions 
per second. What is the magnetic field? 

4 Figure 8.10 shows the variation, with time, of 
the magnetic flux linkage through a loop. 
What is the rms value of the emf produced in 
the loop? 

'Zfiffi* 7 

Erg 
J 

Figure 8.10 For question 4. 

  

  

s   

  

                  

5 A power station produces 150 kW of power, 
which is transmitted along cables of total 
resistance 2.0 2. What fraction of the power 
is lost if it is transmitted at: 
(@) 1000 V; 
(b) 5000 V? 

6 If the connection of a rotating generator coil 
10 the outside circuit were mad through a 
splitring (as discussed in the case of the DC 
motor), what sort of current would flow in the 
external circuit? 

7 Figure 8.11 shows the variation with time of 
the power dissipated in a resistor when an 
alternating voltage from a generator is 
established at its ends. Assume that the 

resistance is constant at 2.5 Q. 

(@ Find the rms value of the current. 
(b) Find the rms value of the volage.   

e e 
B 
0 0s | 15 

Figure 8.1 For question 7. 

  

  

  

  

            s 

(©) Find the period of rotation of the coil. 
(d) The coil is now rotated at double the 

speed. Draw a graph 10 show the variation 
e of the power dissipated in the 

  

resistor. 
8 Figure 8.12 shows the variation of the flux in 

acoil s it rotates in a magnetic field with the 
angle between the magnetic field and the 
normal to the coil. 
(a) Draw a graph 1o show the variation of the 

induced emf with angle. 
The same coil is now rotated at double the 
speed in the same magnetic field. Draw 
graphs to show: 
(b) the variation of the flux with angle; 
(¢} the variation of the induced emf with 

angle. 

flux/Wh 
i   

2   

0 anglefradians   

                  -0 L 
Figure 812 For question 8. 
 



  

CHAP 

The atom and its nucleus 
In ancient times, the Greek philosopher Demakritos asserted that all matter is made out 
of indivisible units. This chapter introduces the basic ideas and models that have given 
fise o our present understanding of the atom and it nucleus. We begin with Rutherford's 
experiment that provided the evidence for the existence of a small, massive and positively 
charged atomic nucleus and close with a discussion of the fundamental forces that operate: 
within the nudleus. 

Objectives 
By the end of this chapter you should be able 

  

+ appreciate that atomic spectra provide evidence for an atom that can only 
take discrete values in energy: 

« explain what isotopes are and how their existence implies that neutrons 
are present inside the nucleus; 

« state the meaning of the terms nuclide, nucleon, mass number and atomic 
‘number (proton number); 

« outline the properties of the forces that operate within the nucleus. 

  

The discovery of the 
nuclear atom 

  

In 1909, Geiger and Marsden, working under 
Rutherford’s direction, performed a series of 
experiments in which they studied the 
scattering of alpha particles shot at a thin 
gold foil. Alpha particles have a mass 
approximately four times that of the hydrogen 
atom and a positive electric charge of two 
units (2e). Alpha particles are emitted when 
unstable elements decay; we will study them 
in more detail later. 

Geiger and Marsden used radon as their 
source of alpha particles, which they directed 
in a fine beam toward the thin gold foil. The 
scattered alpha particles were detected 
(through a microscope) by the glow they 
caused on a fluorescent screen at the point of 

  

impact. As expected, most of the alpha 
particles were detected at very small 
scattering angles, such as at positions A, B 
and C in Figure 1. 

  

thin gold foil 

alpha paricles e tmppeee | 

  
large-angle scatering 

  

angle sattering 
Figure 1.1 The majority of alpha particles are 

slightly deflected by the gold foil. Very 
occasionally, large-angle scatterings take place. 
‘The small deflections could be understood in 
terms of alpha particles approaching the 
nucleus at large distances. The large deflections 
were due to alpha particles approaching very 

se to the nucleus. 
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‘These small deflections could be understood in 
terms of the electrostatic force of repulsion 
between the positive charge of the gold atoms 
and the positive charge of the alpha particles. 
(Note that an alpha is about 8000 times more 
massive than the electron and so the effect of 
the electrons of the gold atoms on the path of 
the alphas is negligible,) 

  

Consequences of the Rutherford 

(Geiger-Marsden) experiment 

‘The very large deflection was indicative of an 
enormous force of repulsion between the alpha 
particle and the carrier of the positive charge 
of the atom. Such a large force could not be 
produced if the positive charge was distributed 
over the entire atomic volume, as Thomson had 

suggested earlier (see Figure 1.2). Rather, it 
suggested that the positive charge resided on 
an object that was tiny (thus the alpha particle 
could come very close to it) but massive 
(because there is no recoil of the gold atoms) 
(see Figure 1.3). I this way, the alpha particle 
could approach the positive charge at a very 

  

path of closest approach     
positive charge 
spread over the 
atomic volume 

Figure 1.2 In Thomson's model, the closest an 
alpha particle can come to the atom's centre is a 
distance equal to the atomic radius.   

e e s 
for sl 

® 
and sois deflection 

   
this alpha partile approaches very 
close to the positve charge and 
experiences a large force 

Figure 13 In Rutherford’s model, the alpha 
particle can approach much closer if the 
nucleus is very small. 

small distance, and the Coulomb force of 
repulsion, being proportional to the inverse of 
the square of the separation, would then be 
enormous. This force causes the large 
deflection in the alpha particle’s path. 

Rutherford calculated theoretically the number 
of alpha particles expected at particular 
scattering angles based on Coulomb's force law. 
He found agreement with his experiments if 
the positive atomic charge was confined o a 
region of linear size approximately equal to 
10" m. This and subsequent experiments 
confirmed the existence of a nucleus inside the 
atom - a small, massive object carrying the 
positive charge of the atom 

Example question 
Q1 sEEssr TRt e—— 
Calculate the electric field at the surface of a 
nucleus of one unit of positive charge and radius 
107" m. Compare this with the value of the 
electric field of the same charge that is now. 
spread over a sphere of radius 107 m. 

Answer 
Applying the formula for the electric field £ = k3 
we find 

1.6x 107 9%10°x 
o1y 

    

—1ax 107N 

Near the larger sphere, the electric field is 
£=1.4x10" NC, which is a factor of 10" 
smaller. This is why the deflecting forces in 
Rutherford's model are so large compared with 
what one might expect from Thomson’s model. 
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The Rutherford model 

of the atom 
These discoveries led to a new picture of the 
atom. A massive, positively charged nucleus 
occupied the centre of the atom and electrons 
orbited this nucleus in much the same way that 
planets orbit the sun: this was the Rutherford 
model (see Figure 1.4). The force keeping the 
electrons in orbit was the electrical force 
between the negative electron charge and the 
positive nuclear charge. 

Figure 14 Rutherford’s atomic model has the 
electrons orbiting the nucleus like planets 
orbiting the sun. 

Immediately after these discoveries, difficulties 
arose with the Rutherford model. 

    

The Bohr model 
“The first attempt to solve this problem came 
from the Danish physicist Niels Bohr in 1911. 
“These are the Bohr postulates. 

  

    

> Bohr examined the simplest atom, that of 
hydrogen, and realized that the electron 
could exist in certain specific states of 

definite energy, without radiating away 
energy, if a certain condition was met by 
the orbit radius. mdmm:gy is 

     

  

another of lower energy The ¢ 
energy is then the difference 

    

[ e 

  round state = 
lowest energy 
sute 

Figure 15 In the Bohr model the electron occupies 
one of a number of specific states each with a 
well-defined energy. While it is in one of these 
states. the electron does not radiate away energy. 

spectra 
Consider hydrogen as an example. Under normal 
conditions (i.e. normal temperature, pressure, 
etc) the electron in each hydrogen atom 
occupies the lowest energy state or energy level 
(the ground state). If the atoms are somehow 
excited (by increasing their temperature, for 
example) the electrons leave the ground state 
and occupy one of the higher energy, excited 
states. As soon as they do 5o, however, they make
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a transition back down to lower energy states, 
radiating energy in the process. The energy of 
the light emitted is very well defined since it 
corresponds to the difference in energy between 
the states involved in the transition. Knowing 
this energy difference allows us to calculate the 
wavelength of the emitted light, and so the 
wavelength, too, is well defined since the energy 
is.In this way it is found, for example, that 
hydrogen emits light of wavelengths 656 nm, 
486 nm and 410 nm. Only hydrogen emits light 
of these wavelengths since only hydrogen has 
states whose energy differences lead to these 
wavelengths. Helium, for example, has energy 
states of different energy, so the wavelengths of 
light emitted when helium atoms are heated are 
different from those of hydrogen. 

» The set of wavelengths of light emitred by 
the atoms of an element is called the 

* emission spectrum of the element. 

Conversely, consider atoms of hydrogen that are 
in their ground states and imagine sending 
light of a specific wavelength through a given 
quantity of hydrogen. If the wavelength of light 
does not correspond to any of the wavelengths 
in the emission spectrum of hydrogen, the light 
is transmitted through the atoms of hydrogen 
without any absorption. If, however, it matches 
one of the emission spectrum wavelengths, 
then this light is absorbed. 

» The electrons simply take this énergy and 
wse it in order to make a transition to 4 
higher energy state. The wavelengths that 

are so absorbed make up the absorption 
spectrum of the element and (as indicated 

above) they are the same wavelengths as 
those in the emission spectrum. 

‘Thus, if white light (i. light containing all 
wavelengths) is sent through the gas and the 
transmitted light is analysed through a 
spectrometer, dark lines will be found at the 
position of the absorbed wavelengths. 

Nuclear structure 

Nuclei are made up of smaller particles, called 
protons and neutrons. The word nucleon is used 
to denote a proton or a neutron. 

  

¥+ The number of protons in a nucleus is 
denoted by Z, and is called the atomic. 
(or proton) number: 3 

+ The tofal number of nucleons (protons 
+ neutrons) s called the mass (or 
‘nucleon) number, and is denoted by A. 

‘Then the electric charge of the nucleus s Z[e|. 
‘The number of neutrons in the nucleus (the 
neutron number N) is thus N = A — Z. We will 
use the atomic and mass numbers to denote a 
nucleus in the following way: the symbol /X 
stands for the nucleus of element X, whose 
atomic number is Z and mass number is A 
‘Thus |H, 3He, 3Ca, i3 Pb and 28U are, 
respectively, the nuclei of hydrogen, helium, 
calcium, lead and uranium, with one, two, 
twenty, eighty-two and ninety-two protons. A 
nucleus with a specific number of protons and 
neutrons is also called a nuclide. 

  

‘We can apply this notation to the nucleons 
themselves. For example, the proton (symbol p) 
can be written as |p and the neutron (symbol n) 
as §n. We can even extend this notation to the 
electron, even though the electron has nothing 
1o do with the nucleus and nucleons. We note 
that the atomic number is not only the number 
of protons in the nucleus but also its electric 
charge in units of |e|. In terms of this unit, the 

charge of the electron is ~1 and so we represent 
the electron by _Je. The mass number of the 
electron is zero - it is so light with respect to 
the protons and neutrons that it i, effectively, 
massless. The photon (the particle of light) can 
also be represented in this way: the photon has 
the Greek letter gamma as its symbol, and since 
it has zero electric charge and (strictly) zero 
mass it is represented by Jy. Table 1.1 gives a 
summary of these particles and their symbols.
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Proton 

  

Neutron 
  

Electron 
Photon 

  

Alpha particle 

Table 11 

Isotopes 
Nuclei that have the same number of protons 
(and therefore the same atomic number Z) but 
different number of neutrons (i.e. different N 
and mass number A) are called isotopes of each 
other. Since isotopes have the same number of 
protons, their atoms have the same number of 
electrons as well. This means that isotopes have 
identical chemical but different physical 
properties. The existence of isotopes can be 
demonstrated with an instrument called the 
mass spectrometer (this is discussed further in 
Chapter 6.6). The existence of isotopes is 
evidence for the existence of neutrons inside 
atomic nucl 

    

The forces within the nucleus 

‘The nucleons (ie. protons and neutrons) are 
bound together in the nucleus by a force we have 
not yet met - the strong nuclear force. It is 
necessary to have a new force inside the nucleus, 
because otherwise the electrical repulsion 
between the positively charged protons would 
break the nucleus apart (sce Figure 16). 

» Th ‘strong nuclear force is :nflmnflve 

 force and much stronger than the 
ik’cfiiulm«.\mexpmfimm 

    

   
e nuclear force becomes so small as to be- 

 negligible - we s-ythauhenudmm 

The experimental evidence for the properties of 
the nuclear force comes from scattering 

& 
In s helium-4 nucleus, Coulomb, 
forces push the protons aport o 
There must b forces between 
nucleons pulling them together 

Gravitational forcesare far oo small 
Figure 1.6 There is an attractive force between 

nucleons that keeps them bound inside the 
nucleus. 

  

experiments in which electrons of energy equal to 
about 200 MeV (in later experiments neutrons 
‘were also used) are allowed to hit nuclei and their 
scattering is studied. If we make the assumption 
of short-range forces, we obtain agreement with 
the data. A result of these experiments is that the 
nuclear radius R is given by 

R=12xA""x10""m 

where A is the total number of protons and 
neutrons in the nucleus (the mass number). 
‘This implies that the nuclear density is the 
same for all nuclei (you will look at this further 
in the questions at the end of this chapter). The 
short range of the force implies that a given 
nucleon can only interact with a few of its 
immediate neighbours and not with all of the 

nucleons in the nucleus (see Figure 1.7). 

2en 

Figure 1.7 Irrespective of the size of the nucleus, 
any one nucleon is surrounded by the same 
number of neighbours, and only those act on it 
with the nuclear force.
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Acts on Protonsonly _Protons and neutrons _Protons and neutrons 
Nature Repulsive Autractive (mainly) _ Autractiverepulsive 
Range Infinite Short (10 m) Short (10~ m) 
Relative strength 1} 1 10 

‘Table 12 Forces operating in the nucleus. 

‘There is one other force acting in the nucleus 
apart from the electrical and strong nuclear 
forces, This is the weak nuclear force, a force 
that is responsible for the decay of a neutron 
into a proton. The details of this decay (beta 
decay) will be examined in the next chapter. 
‘The forces acting in the nucleus are 
summarized in Table 1.2. 

(Since the masses of subatomic particles are so 
small, the gravitational force is irrelevantly 
small compared with the other three forces.) 

1 The radius of an atomic nucleus is given by 
the expression 

  

R=12x A7 x 10 m 

where A is the mass number of the nucleus. 
(@) Use this expression to find the density of a 

nucleus of iron (£Fe) in kg m~, 
(b) How does this density compare with the 

normal density of iron? 
(©) Ifa star with a mass equal o 1.4 times the 

mass of our sun (solar mass = 2.0 x 10% 
ke) were to have this density, what should 
its radius be? (Such stars are formed in the 
end stage of the evolution of normal stars 
and are called neutron stars.) 

2 Use the expression for the radius of a nucleus 
to show that all nuclei have the same density. 

3 Describe carefully how the Geiger-Marsden- 
Rutherford experiment gave rise to the   

Rutherford model of the atom. Why is the 
experiment you just described inconsistent 
with Thomson’s model of the atom? 

4 Explain why the dark lines of an absorption 
spectrum have the same wavelengths as the 
bright lines of an emission spectrum for the 
same element. 

5 What s an isotope? How do we know that 
isotopes exist? 

6 Find the number of neutrons in these nuclei 
1H: §He: $9Ca; 2}2Pb. 

7 What is the electric charge of the nucleus JHe? 
8 What is meant by the statement that the 

energy of atoms is discrete? What evidence is 
there for this discreteness? 

9 What do you understand by the statement that 
the strong nuclear force has a short range? 

10 What is the dominant force between two 
protons separated by a distance of: 
@) 1.0 %1075 m; 
(b) 1.0 % 1071 m? 

11 Explain why a nucleon feels the strong 
force from roughly the same number of 
other nucleons, irrespective of the size 
of the nucleus. 

12 Compare the gravitational force between 
two electrons a distance of 10~1° m apart 
with the electrical force between them when 
at the same separation, 

 



  

    

  

Radioactivity 

        

      

triiirea st 

At the end of the nineteenth century and in the early part of the twentieth, it was 
discovered, mainly.due to the work of Henrl Becquerel and Marie and ierre Curie, that 
some nuclei are unstable. That i to say, nuclei spontaneously emit a particle of particles, 
they decay, and become different nuclei. This phenomenon is called radioactivity. It was 
so0n realized that three distinct emissions take place, called alpha, beta and gamma 
radiations. 

Objectives 
By the end of this chapter you should be able to: 
« describe the properties of alpha, beta and gamma radiations: 
« explain why some nuclei are unstable in terms of the relative number of 

neutrons to protons; 
+ define halflife and find it from a graph; 

|+ solve problems of radioactive decay. 

  

The nature of alpha, beta and 

gamma radiations 

Early experiments with radioactive sources 
confirmed that three separate kinds of 
emissions took place. Called alpha, beta and 
gamma radiations, or particles, these emissions 
could be distinguished on the basis of their 
different ionizing and penetrating power. 

lonization 
Alpha, beta and gamma radiations ionize air as 
they pass through it; this means they knock 
electrons out of the atoms of the gases in the 
air. An alpha particle of energy 2 MeV will 
produce about 10 000 ion pairs per mm along 
its path in air. A beta particle of the same 
energy will only produce about 100 ion pairs 
‘per mm in air. A gamma ray will produce about 
one ion pair per mm. 

By letting these ionizing radiations pass 
through regions of magnetic (or electric) fields, 

it was seen that two of the emissions were 

oppositely charged and the third electrically 

neutral (see Figure 2.1). 

dicactive | "e2ion of magnetic feld 
source ®® 

BB E— 
®.® 

Figure 211 The existence of three distinct 
emissions is confirmed by letting these pass 
through a magnetic field and observing the 
three separate beams, 

Alpha particles 
‘The positive emissions were called alpha 
particles and were soon identified as nuclei of 
helium in an experiment by Rutherford and 
Rhoyd. By collecting the gas that the alpha 
particles produced when they came in contact 
with electrons and analysing its spectrum, its
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properties were found to be identical to those of 
helium gas. Thus, the alpha particles have a 
‘mass that is about four times the mass of the 
hydrogen atom and an electric charge equal to 
+2e. 

Beta particles 
The negative emissions (beta particles) were 
identified as electrons (charge ) by experiments 
similar to Thomson's e/m experiment, which 
‘measured the charge-to-mass ratio. (Actually, 
the measured charge-tomass ratio for the beta 
particles decreased slightly from the standard 
value as the speed of the betas increased. This is 
consistent with the theory of special relativity, 
which states that the mass of an object 
increases as the speed becomes comparable to 
the speed of light. This was an early test of the 
theory of relativity) 

Gamma rays 
‘The electrically neutral emissions are called 
gamma rays and are photons (just like the 
photons of ordinary electromagnetic radiation) 
with very small wavelengths. Typically these 
wavelengths are smaller than 10~ m, which is 
smaller than X-ray wavelengths. This 
identification was made possible through 
diffraction experiments in which gamma rays 
from decaying nuclei were 
directed at crystals and a 
diffraction pattern was 

N 

4   Tange 

Figure 2.2 The penetration of matter by alpha 
| particles of a fixed energy. The number of 

particles transmitted falls sharply to zero after a 
| distance called the range. Particles of higher 

energy will have a larger range. 

while gamma particles will easily penetrate 
metallic foils; if they are energetic enough they 
will be stopped only by many centimetres of 
lead. 

Further studies show that alpha particles have 
specific energies, whereas beta particles have 
a continuous range of energies. Gamma rays 
from a particular nucleus also have a few 
discrete values with maximum energies of 
about 1 MeV or so. Alphas are rather slow 
(about 6% of the speed of light) whereas betas 
are very fast (about 98% of the speed of light). 
Gammas, being photons, travel at the speed 
of light. These findings are summarized in 
Table 2.1. 

  

  

  

observed on a photographic  Nature Helium nucleus  (Fast) electron Photon 
plate placed on the other Chirge % o 
side of the crystal. = SHAX10 Ty S1x107 kg 7 

Penctrative power A few cm of air A few mm of metal _ Many cm oflead 
Absorption fons per mm ofair 10000 10 T 
Alpha particles are the for 2 MeV particles 
easiest to absorb. A few Detection Causes strong. Causes. Causes weak 

centimetres of air will stop fluorescence fluorescence fluorescence 
most alpha particles (see Affects Affects. Affects 

Figure 2.2). Beta particles photographic film  photographic film  photographic film 
will be stopped by a few Is affected by Is affected by Is not affected by 

electric and electricand lectricand centimetres of paper or a 
thin sheet of metal (a few 
millimetres in thickness) 

magnetic fields  magnetic fields  magnetic fields 

‘Table 2.1 Properties of alpha, beta and gamma radiations.  



Detecting radiation 
One way to detect radiation is to take advantage 
of their fonizing effect. In the Geiger-Miller 
(GM) tube (Figure 2.3), radiation enters a 
chamber through a thin window. The chamber 
is filled with a gas, which is ionized by the 
incoming radiation. The positive ions accelerate 
toward the earthed casing and the electrons 
toward the positive electrode (kept at a few 
hundred volts) and so more ions are created as a 
result of collisions with the gas molecules. This 
registers as a current in the counter connected 
to the GM tube. The counter can also turn the 
current into an audible sound, giving a ‘click’ 
whenever an ionizing particle enters the tube. 

case carthed 

   

  

   

radition 

  

0 counter 
postively — 

charged 
electrode 

Figure 23 A Geiger-Miller tube for detecting 
fonizing radiation. 

A similar principle neatron 
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incoming 0 
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Segre plots 
There are about 2500 nuclides (nuclei with a 
specific number of protons and neutrons), but 
only about 300 of them are stable; the rest are 
unstable (i.e. radioactive). Figure 2.4 is a plot of 
neutron number versus proton number (called 
a Segre plot) for the stable nuclei. The straight 
line corresponds to nuclei that have the same 
number of protons and neutrons. The plot 
shows that stable nuclei have, in general, 
more neutrons than protons. As the number 
of protons in the nucleus increases, the 
electrostatic repulsion between them grows 
as well, but the strong nuclear force does not 
grow proportionately since it is a short-range 
force. Thus, extra neutrons must be put in 
the nucleus in order to ensure stability 
through an increased nuclear force without 
participating in the repulsive electric force. 
(On the other hand, too many neutrons will also 
make the nucleus unstable by energetically 
favouring decays of neutrons into protons - 
hence there is a limit as to how large a nucleus 
can get). 

neatron 
number, 
¥ 140 

150 
” 
1 
100 
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sable nuclide 

  

unstable nuclides 

1020 30 40 50 60 70 80 % 
proton number,. 

Figure 2.4 A Segre plot of stable nuclides.
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Radioactive decay equations 

Alpha decay 
An example of alpha decay is that of uranium 
decaying into thorium: 

280 %iTh + fog 
We say that the nucleus of uranium, being 
unstable, decayed into a nucleus of thorium 
and a nucleus of helium. Helium nuclei, being 
much lighter than thorium, actually move away 
from the uranium nucleus with a certain 

amount of kinetic energy. The energy of the 
alpha particle emitted can be either one 
specific value or a series of specific energy 
values (a discrete spectrum of energies). Note 
that in the reaction representing this decay, the 
total atomic number on the right-hand side of 
the arrow matches the atomic number to the 
left of the arrow. The same holds also for the 
‘mass number. This is true of all nuclear decays. 
Other examples are 

  

24Ra — 20Rn + 

2P0 — 208Pb + Ja 

Beta decay 
‘The second example of a radioactive decay is 
that of beta decay, such as 

ZiTh - 23iPa+ e + e 

Note the appearance of the electron (the beta 
particle) in this decay. The last particle (the 
electron antineutrino) s included for 
completeness and need not concern us further 
here. Unlike alpha decay, the energy of the 
emitted beta particle has a continuous range of 
energy, a continuous spectrum. Note again how 
the atomic and mass numbers match. This is a 
decay of a nucleus of thorium into a nucleus of 
protactinium. Other examples are 

Z8Pb — 2iBi+ 

  

ME, MN 4 O 405 10— UN+ e+ fre 

Gamma decay 
‘The third example of a decay involves the 
emission of a photon: 

284, 2 BU = B0+ Gy 
“The star on the uranium nucleus on the left 

side of the arrow (the decaying nucleus) means 
that the nucleus is in an excited state, very 
much like a hydrogen atom in an energy state 
above the ground state. Nucle, like atoms, can 
only exist in specific energy states. There exists 
a lowest energy state, the ground state, and 
excited states with energies larger than that 
of the ground state. Whenever a nucleus 
makes a transition from a high to a lower 
energy state, it emits a photon whose energy 
equals the energy difference between the 
initial and final energy states of the nucleus. 
The typical energies of nuclear states are a 
few million electronvolts (MeV). This means 
that the emitted photon in a nuclear 
transition will have an energy of the order of a 
few million electronvolts and will thus have a 
wavelength of 

e, 
T AE 

where AE is the photon'’s energy, I is Planck's 
constant (6.63 x 107 | s) and c is the speed of 
light. Substituting, say, 1 MeV for this energy, 
we find & = 1.2 x 10~ m. In contrast to the 
photons in atomic transitions, which can 
correspond to optical light, these photons have 
very small wavelengths. They are called gamma 
rays. 

‘The changes in the atomic and mass numbers 
of a nucleus when it undergoes radioactive 
decay can be represented in a diagram of 
mass number against atomic number. A 
radioactive nucleus such as thorium (Z = 90) 
decays first by alpha decay into the nucleus of 
radium (Z = 88). Radium, which is also 
radioactive, decays into actinium (Z = 89) by 
beta decay. Further decays take place until 
the resulting nucleus is stable. The set of 
decays that takes place until a given nucleus  
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Figure 2.5 The decay series of thorium (Z = 90, 
A = 232). One alpha decay reduces the mass 
number by 4 and the atomic number by 2. One 
beta decay increases the atomic number by one 
and leaves the mass number unchanged. The 
end result is the nucleus of lead (Z = 82, 
A'=208). 

| 
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8 90 o1 92 

z 

ends up as a stable nucleus is called the decay 
series of the nucleus. Figure 2.5 shows the 
decay series for thorium. Successive decays 
starting with thorium end with the stable 
nucleus of lead. 

Example question 
Q] SmIETTEER s G U SIS 

A nucleus 2X decays by alpha decay followed by 
two successive beta decays. Find the atomic and 
mass numbers of the resulting nucleus. 

Answer 

The decay equation is 
Ko A AY et 20 
50 the atomic number is Z and the mass number 
isA—a. 

The law of radioactive decay 

We now come to the details of a decay. Suppose 
we concentrate on the particular decay 
238U — Z4Th + da, and that we are given a 
container with a specific number of atoms of 

uranium. 5 

|     

  

  

This is a form of a physical law implying a 
statistical or random nature. This means that we 
cannot predict exactly when a particular nucleus 
will decay. But, given a large number of nuclei, 
the radioactive decay law can be used o predict 
the number of atoms that will have decayed 
after a given interval of time. The radioactive 
decay law leads to an exponential decrease of 
the number of decaying nuclei. Figure 2.6 
shows an example of a radioactive decay in 
which the initial number of nuclei present is 
200 x 10%. As time passes, the number of 
undecayed nuclei is decreased. After a certain 
interval of time (5 s in this example), the 
number of undecayed nuclei left behind is half 
of the original number. If another 5 s goes by, 
the number of undecayed nuclei is reduced by 
another factor of 2, which is a factor of 4 
relative to the original number at { = 0. This 
‘halflife is a general property of the decay law. 

    

Thus, consider a decay in which nuclei X decay 
into nuclei Y (the daughter nuclei) by, say, alpha 
emission. Assume that nuclei Y are stable. Then 
as time goes by, the number of X nuclei is 
reduced (Figure 2.6a). The number of Y nuclei is 
increasing with time, as shown in Figure 2.6b. 

‘The halflife can be found from the graph as 
follows. The initial value is 200 x 10% nuclei. 
We find half of this value, i.e. 100 x 10%, and 
see that 100 x 102 corresponds to a time of 5s. 
‘This is the halflife. 

We may also define a concept useful in 
experimental work: that of decay rate or 
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nuclei X/x10% 
2004   

150   

  100 

  50   

  - s 
0 5 
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Answer 
“The activity is reduced from 80 to 5 decays in 
4 half-lives. The half-ife is 1 h. 

Q4 sossEToTET T es— 
The activity of a sample is 15 decays per minute. 
The half-life is 30 min. When was the activity 
60 decays per minute? 

Answer 
One half-ife before the sample was given to us 
the activity was 30 decays per minute and one 
halflife before that it was 60 decays per minute, 
that is 60 minutes before. 

  

100 

50 S< 

0 I 

  

  

            s 
s ] 

® 
Figure 2.6 (a) The number of nuclei X that have 

not yet decayed as a function of time. This is an 
exponential decay curve. (b) The number of the 
daughter nuclei Y is increasing. 

activity A - the number of nuclei decaying per 
second. It can be shown that activity obeys the 
same decay law as the number of nuclei, so in a 
period equal to a halfife the initial activity is 
reduced by a factor of 2. The unit of activity is 
the becquerel (Bq): 1 Bq is equal to one decay 
per second. 

Example questions 
Q? oo 
An isotope has a half-life of 20 min. If initially 
there is 1024 g of this isotope, how much time 
must go by for there to be 128 g left? 

Answer 
The nuclei have been reduced by a factor of 8 
Thus, 3 half-lives or 60 min must have gone by. 
Q} SO SRR IRI DN RIS 

The activity of a sample is initially 80 decays per 
minute. It becomes 5 decays per minute aiter 4 h. 
What i the half-lfe? 

The meaning of a halflife can also be understood 
in the following sense. Any given nucleus has a 
50% chance of decaying within a time interval 
equal to the halflife. If a halflife goes by and the 
nucleus has not decayed, the chance of a decay 
in the next halflife s still 50%. Thus, the 
probability that a nucleus will have decayed by 
the second halflife is (see the tree diagram in 

  

   

Figure 27) § + 3 x § = § = 0.75 or 75%. 
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Figure 2.7 Tree diagram for nuclear decay. 

(There is more on radioactive decay in 
Chapter 6.6) 

  

1 In a study of the intensity of gamma rays from 
a radioactive source it is suspected that the 
counter rate C at a distance d from the source 
should behave as 

1 
Co(— (#a) 
where dy is an unknown constant. If a set of 
data for € and d is given, how should these 
be plotted in order to get a straight line?  



2 The intensity of gamma rays of a specific 
energy (monochromatic rays) falls off 
exponentially with the thickness x of the 
absorbing material 

I=he™ 

where I is the intensity at the face o the 
absorber and « a constant depending on the 
material. (See Figure 2.8) 

‘gamma rays 

      

  

Figure 2.8 For question 2. 

How should intensity 7 and thickness x be 
plotted in order to allow an accurate 
determination of the constant u? 

3 Aradioactive source has a half-ife of 3.00 min. 
Atthe start of an experiment there was 32.0 mg 
of the radioactive material present. How much 
will there be after 18.0 min? 

4 The initial activity of a radioactive sample is 
120 Bq. If ater 24 h the activity is measured 
10 be 15 B, find the halilife of the sample. 

   

@ Beryllium-8 (}Be) decays into twa identical 
particles. What are they? 

6 The only stable nuclei with more protons than 
neutrons are those of hydrogen and helium-3 
(3He). Why do you think there are so few? 

7 An alpha particle and an electron with the 
same velocity enter a region of a uniform 
magnetic field at right angles to the velocity. 
Explain why they are deilected in opposite 
directions. Find the ratio of the radii of the 
circular paths the particles are deflected into. 

8 Tritium ((H) is a radioactive isotope of 
hydrogen and decays by beta decay. Write 

10 

n 

12 

13 

14 

15 

16 

17 

18 
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down the equation for the reaction and name 
the products of the decay. 
Nitrogen ('4N) is produced in the beta decay 
of a radioactive isotope. Write down the 
reaction and name the particles in the reaction. 
Bismuth (198i) decays by beta and gamma 
emission. Write down the reaction and name 

the nucleus bismuth decays into. 
Plutonium (333Pu) decays by alpha decay. 
Wiite down the reaction and name the 
element produced in the decay. 
A nucleus (4X) decays by emitiing two. 
electrons and one alpha particle. Find the 
atomic and mass numbers of the produced 
nucleus. 
Name the two missing particles in the reaction 

  

Discuss how one could confirm that a 
particular element emits: 
(@) alpha particles; 
(b) beta particles; 
(c) gamma rays. 

“The track of an alpha particle in a cloud 
chamber was measured to be 30 mm. The 
energy required to produce an ion pai is 
about 32 eV, on average. Assuming that alpha 
particles create 6000 ions per mm along their 
path, estimate the energy of the alpha particle. 
Many of the most stable nuclei have an even 
number of protons and an even number of 
neutrons. Can you suggest a reason why this 
might be so? 
Explain why the heavy stable nuclei tend to 
have many more neutrons than protons. 
Referring to the Segre plot in the text 
(Figure 2.4), what would be a likely decay for 
an unstable nucleus that has a large neutron- 
to-proton ratio? Where on the plot would such 
a nucleus be? What would be the likely decay 
for an unstable nucleus that has a small 
neutron-to-proton ratio? Where on the plot 
would this nucleus be?



CHAPTER [ 

  

Nuclear reactions 
“This chapter is an introduction to the physics of atomic nuclei. We will see that the sum of 
the masses of the canstituents of a nucleus is not the same as the miass of the nucleus itself, 
which implies that the nucleus has enormous amounts of energy stored in it, Methods sed 
1o calculate energy released in nuclear reactions are presented. 

  

Objectives 
By the end of this chapter you should be able to: 
+ define the unified mass unit; 
+ state the meaning of the terms mass defect and binding energy and solve 

related problems; 
+ write nuclear reaction equations and balance the atomic and mass numbers; 
« understand the meaning of the graph of binding energy per nucleon versus 

mass number; 
+ state the meaning of and difference between fission and fusion; 
« understand that nuclear fusion takes place in the core of the stars: 

|+ solve problems of fission and fusion reactions. 

    

The unified mass unit Exdiple question: 
B 

In nuclear physics, it is convenient to use a Find in units of u the masses of the proton, 

ssmaller unit of mass than the kilogram. We neutron and electron (use Table 3.1). 

define a new unit called the urified atomic mass 
unit, u for short. It is defined to be 35 of the 
massofan atom ofcarvon2, 5 Amoleof | [ GRS 
carbon '2C is 12 g and the number of molecules Electron 91093897 X 10~ kg. 
is the Avogadro constant, therefore the carbon- b AR 
L2 SO0 AS AR e N YD Neutron 16749286 X 10 7 kg 

6.0221367 x 107 x M = 12g Table 3.1. 

2 i 
M= Commerx s <0k Answer 

=1.992648 x 10-2°kg From the table of the masses in kilograms 
(Table 3.1) we find 

M - | my=1.007276u 
Tu= 5 (1992648 x 102 kg) i 1.008665 u 

0.0005486 u 

  

  = 1.6605402 x 10727 kg, i



The mass defect and 

binding energy 

“To find the mass of a particular nucleus we 
have to subtract the mass of the electrons in the 
atom from the mass of the atom, If there are Z 

electrons in the atom, then 

Moudews = Matom — Zme. 

The mass of the atom is obtained from the 
periodic table and m, is given above. We can. 

find, for example, that the mass of the nucleus 
of helium is 

Muyceus = 4.0026 — 2 x 0.0005486 
=4.00156u 

  

‘We now recall that the helium nucleus is made 

up of two protons and two neutrons. If we add 
up their masses we find 

2my +2my = 4.0320u 

which is larger than the mass of the nucleus by 
0.0304 u. This leads to the concept of mass 
defect. 
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Example question 
o 
Find the mass defect of the nucleus of gold, 
%A, 

Answer 
From the periodic table, the mass of the atom of 
gold is 196.967 u, and since it has 79 electrons 

the nuclear mass is 

196.967 u — 79 X 0.0005486 u = 196.924 u. 

‘The nucleus has 79 protons and 118 neutrons, 
s0 

79 % 1.007276+ 118 x 1.008665 — 196.924) u 
67 u 

  

Einstein’s mass-energy formula 
‘Where is the missing mass? The answer is given 
by Einstein’s theory of special relativity, which 
states that mass and energy are equivalent and 
«can be converted into each other. Einstein’s 
famous formula from 1905 reads 

E=mc? 

where ¢ stands for the speed of light. The mass 
defect of a nucleus has been converted into 
energy and is stored in the nucleus. This energy 
is called the binding energy of the nucleus, and 
is denoted by Fy. Thus: 
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It is convenient to find out how much energy 
corresponds to a mass of 1 u. Then, given a 
nuclear mass in u, we will immediately be able 
to find the energy that corresponds to it. Thus, 
an energy of 1u is 

Tux e = 1.6605402 x 107 x (2.9979 x 10%)?) 
4923946316 x 1071 

  

Changing this to electronvolts, using 

1eV =1.602177 x 107") 

gives an energy equivalent to a mass of 1 u of 

1.4923946316 x 100 ) e . =931.5x 10°eV 
1.602177 x 107 eV e 

= 9315 MeV 

  

(one MeV is one million electronvolts, 
1 MeV = 10° eV). So 

Tu 

  

951.5 MeV/ 

Example questions 
Q3 EemmmssmsamassemsmrmsmTTTTTITYIITY 
Find the energy equivalent to the mass of the 
proton, neutron and electron. 

Answer 
The masses in terms of u are m, = 1.0073 u, 
m, = 1.0087 u and m. = 0.0005486 u. Hence 
the energy equivalents are, respectively, 
938.3 MeV, 939.6 MeV and 0.511 MeV. 

[ 
Find the binding energy of the nucleus of carbon-12. 

Answer 
‘The nuclear mass s 

12.00000 u ~ 6 X 0.0005486 u = 11.99671 u 

The mass defect is 

6% 1.007276 u + 6 X 1.008665 u — 11.99671 u 
=0.09894 u 

(the nucleus has 6 protons and 6 neutrons). Hence 
the binding energy is 

0.09894 X 931.5 MeV 

    

92.2 MeV 

  

The binding energy curve 
‘We saw on the previous page that the mass 
defect of helium is 0.0304 u, which corresponds 
therefore to a binding energy of 

0.0304 x 951.5 MeV = 28.32 MeV. 

(The alpha particle has an unusually large 
‘binding energy compared with nuclei of 
roughly the same mass. This accounts for its 
exceptional stability and the fact that unstable 
nuclei decay by emitting alpha particles.) There 
are four nucleons in the helium nucleus so the 
binding energy per nucleon is 28.52/4 = 7.1 MeV. 
For carbon, we found a binding energy of 
92.159 MeV, giving a binding energy per 
nucleon of 7.68 MeV. 

¥ We find that most nuclei have a binding 
‘energy per nucleon of approximately 8 MeV. 

Thit 

  

is shown in Figure 3.1 

‘This curve is at the heart of nuclear physics. 
‘The curve has a maximum for A = 62 
corresponding to nickel. As we shall soon see, 
this curve tells us that if a heavy nucleus 
(heavier than nickel) splits up into two lighter 
ones or if two light nuclei (lighter than nickel) 
fuse together, then energy is released as a 
result. This is of fundamental importance and is 
the basis for nuclear fission and nuclear fusion, 

respectively. To understand all this we must 
first see what happens from the energy point of 
view when a nucleus decays. 

  

Energy released in a decay 
Let us consider the decay of radium by alpha 
particle emission (see Figure 3.2): 

26Ra — R0+ 

For any decay, the total energy to the left of 
the arrow must equal the total energy to the 
right of the arrow. Here total energy means 
the energy corresponding to each mass  
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Figure 3.1 The binding energy per nucleon is almost constant for most nuclei. 

  

according to Einstein’s formula plus whatever 
kinetic energy each mass has. If the decaying 
radium nucleus is at rest, then the total 
energy available is simply Mc?, where M is the 
mass of the nucleus of radium. To the right of 
the arrow, we have the energies corresponding 
t0 the masses of the radon and helium nuclei 
plus any possible kinetic energy: the produced 
nuclei are moving. 

decays into A 

radium 
alpha 
panicle 

Figure 3.2 The energy released in a nuclear 
reaction is in the form of kinetic energy of the 
products 

Thus. to be at all possible, the decay must be 
such that at the very minimum the energy 

corresponding to the radium mass is larger 
than the energies corresponding to the radon 
plus alpha particle masses. Let us check if this 
s true. We need the masses of the nuclei that 
appear in the reaction, namely radium, radon 
and helium 

If we use the periodic table to find the masses, we 
‘must remember that the periodic table gives 
atomic masses not nuclear masses. Thus, we must 
subtract from each atomic mass the mass of the 
electrons in the atom. 

However, the atomic number is conserved fi.c. 
it is the same before and after the decay) and 
equals the number of electrons in the atom. It 
follows that the number of electron masses 
that must be subtracted from the atomic mass 
1o the left of the arrow is the same as the 
number of electron masses that must be 
subtracted from the right. Thus, as long as we 
are interested in mass differences, as we are here, 
it is enough to use atomic masses instead of 
nuclear masses.
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According to the periodic table: 

‘mass of radium = 226.0254 u 

‘mass of radon 
+  mass of helium 

2220176 u 
4.0026 u 

sum = 2260202 u 

We sce that the mass of radium exceeds that of 
radon plus helium by 0.0052 u. Thus, there is an 
amount of energy released in the form of 
Kinetic energy of radon and helium of 
00052 x 931.5 MeV = 4.84 MeV. If 50 g of 
radium were to decay in this way, the total 
energy released would be N x 4.84 MeV where 
N is the total number of nuclei in the 50 g of 
radium. In 50 g of radium there are 
25 =0.22 mol and so 

0.22x 6 x 107 =13 x 10% 

  

  N 

Hence the total energy released s 

E =13 x 10 x 4.84 MeV 
6.3 x 10 Mev 

~10"J 

  

‘The momenta of radon and helium are opposite 
in direction and equal in magnitude by the law 
of conservation of momentum. (We assume that 
the decaying radium nucleus is at rest, so its 
momentum is zero.) Thus 

MasdonVradon = Mictum Vciom 

Therefore 

  

the velocity of radon is smaller than the 
velocity of helium by the ratio of the masses: 
approximately 55. (As an exercise you can show 
that the ratio of kinetic energies of the helium 
to the radon nuclei is also 55, 

Let us now re-examine these findings in terms 
of the binding energy curve. For the decay to 
take place, the mass of the decaying nucleus 

has to be greater than the combined masses of 
the products. This means that the binding 
energy of the decaying nucleus must be less 
than the binding energies of the product 
nuclei. This is why radioactive decay is possible 
for heavy elements lying to the right of nickel 
in the binding energy curve. 

Nuclear reactions 

If a nucleus cannot decay by itself, it can still do 
50 if energy is supplied to it. This energy can be 
transferred to the nucleus by a fast-moving 
particle that collides with it. For example, an 
alpha particle colliding with nitrogen produces 
oxygen and hydrogen (i a proton): 

UN+ie—> 0+]p 

(see Figure 3.3). This is an example of a nuclear 
reaction. Note how the atomic and mass 
numbers match as they did in nuclear decays. 
“This is a famous reaction called the 
transmutation of nitrogen: it was studied by 
Rutherford in 1909. Note that if we add up the 
masses to the left of the arrow we find 
18.0057 u, whereas the masses to the right are 

18.0070 u (i.e. larger). Thus, this reaction will 
only take place if the alpha particle has enough 
kinetic energy to make up for the imbalance in 
‘mass between the two sides. 

R alpha 

o Q proton 
oxygen 

nitrogen 

Figure 33 An alpha particle colliding with nitrogen 
produces oxygen and a proton 

(Actually, the required minimum kinetic energy 
of the alpha particle has to be bigger than the 
energy equivalent of the mass difference 
between the two sides of the reaction. This is 
because the products of the reaction themselves 
will have kinetic energy)  
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In a reaction in which four particles participate 

A+B—C+D 

energy will be released if the quantity Am given 
by 

Am — (ma +mg) — (mc +mp) 

is positive (i.e.if the total mass on the left is 
larger than the total mass on the right). The 
amount of energy released is then equal to 

  

AE = (Am)c? 

There are two kinds of energy-producing 
nuclear reactions and we consider them 
separately in the following sections. 

Nuclear fission 
  

Nuclear fission is the process in which a heavy 
nucleus splits up into lighter nuclei. When a 
neutron is absorbed by a nucleus of uranium- 
235, uranium momentarily turns into uranium- 
236 according to the reaction 

1y 2550 5 23 
on+75U — 25U 

Uranium-236 then splits into lighter nuclei. 
This is the fission reaction. A number of 
possibilities exist as to what these nuclei are. 
One possibility is 

'iBa + §Kr + 3pn 

‘The production of neutrons is a feature of 
fission reactions. The produced neutrons can 
be used to collide with other nuclei of 
uranium-235 in the reactor, producing more 
fission, energy and neutrons. The reaction is 
thus selfsustaining — it is called a chain 
reaction. For the chain reaction to get going a 
certain minimum mass of uranium-235 must 
be present, otherwise the neutrons escape 
without causing further reactions - this is 
called the critical mass. 

‘The energy released can be calculated as shown 
in Table 3.2. 

  

  

—_—— 

‘mass of uranium plus neutron = 2360526 u 
mass of products 

= 133.92292 4 + 8891781 u 
+3% 1008663 u 2358667250 u 

mass difference, = 0185875 u 
energy released = 0185875 X 9315 MeV. 

= 17314 MeV 

Table 3. 

  

“This energy appears as kinetic energy of the 
products. 

‘Thus, an energy of about 173 MeV per 
fissioning nucleus of uranium is released. This 
is a lot of energy! A mass of 1 kg of uranium- 
235 undergoing fission would produce an 
amount of energy that can be found as follows: 
1 kg is 1000/235 mol of uranium and thus 
contains (1000/235) x 6 x 10% nuclei. Each 
nucleus produces about 173 MeV of energy and 
thus the total is (1000/235) x 6 x 10 x 173 
MeV or about 7 x 107 J. In a nuclear reactor, 
the release of energy is done in a controlled 
way. If the rate of neutron production is too 
high, too much energy is produced in a very 
short time. This is what happens in a nuclear 
bomb. 

Note that the fission process begins when a 
neutron collides with a nucleus of uranium- 
235. An alpha particle cannot be used o start 
this process because its positive charge would 
be repelled by the positive charge of the 
uranium nucleus and 5o would not lead to the 
capture of the alpha. An electron, on the other 
hand, would easily be captured but its small 
‘mass would not perturb the heavy nucleus 
sufficiently for fission to start. 

Nuclear fusion 
  

Nuclear fusion is the joining of two light nuclei 
into a heavier one with the associated production 
of energy. An example of this reaction is: 

  

2H+7H - 3He +§n
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where two deuterium nuclei (isotopes of 
hydrogen) produce helium3 (an isotope of 
helium) and a neutron. Computing masses to 
the left and right of the reaction arrow as in 
‘Table 33 we can find the energy released. 

2 X mass of deuterium 402820 
40247u 

0035 
0.0035 % 9315 MeV. 

=326MeV 

  

‘mass of helium + neutron 
‘mass difference 

   energy released 

Table 33. 

Akilogram of deuterium would thus release 
energy of about 10" J, which is comparable to 
the energy produced by a kilogram of uranium 
in the fission process. 

Example question 
Q5 e YT I=—— 

Another fusion reaction is 4]H — {He + 2Je 
2u, 4§y, where four hydrogen nuclei fuse into a 
helium nucleus plus two positrons (the 
antiparticle of the electron — same mass, opposite 
charge), two electron neutrinos and a photon 
Calculate the energy released in this reaction. 

Answer 
We must find the masses before and after the 
reaction. 

  

Mass of 4 protons (hydrogen nuclei) 
=4 % 1.007276 u = 4.029104 u 

Mass on right-hand side 
= (4.0026 — 2 X 0.0005486) u 

+2 % 0.0005486 u = 4.002600 u 

Mass difference = 0.026504 u 

This gives an energy of 24.7 MeV. The two 
positrons annihilate into energy by colliding with 
two electrons giving an additional 2 MeV (= 4 x 
0511 MeV), for a total of 26.7 MeV. 

  

For the light nuclei to fuse, very large 
temperatures are required. This is so that the 
electrostatic repulsion between the two nuclei 

that fuse is overcome. The enormous 
temperature (recall the kinetic theory of gases) 
causes the nuclei to move fast enough so as to 
approach each other sufficiently for fusion to 
take place. The very hot material (over ten 
million kelvin) undergoing fusion is in a state 
called plasma (ionized atoms). Plasma, being 
very hot, cannot come into contact with 
anything else (either because it causes it to melt 
or because it will result in heat losses) and 
therefore has to be contained by unusual 
methods such as magnetic fields in big 
machines called tokamaks. There are serious 

unsolved problems with the prolonged 
confinement of plasmas and this is one reason 
why nuclear fusion, still, is not a commercially 
viable source of energy. Commercial energy 
from the nucleus comes now only from the 
fission process, which unlike fusion, however, is 
environmentally suspect. 

Fusion in stars 
The high temperatures and pressures in the 
interior of stars make stars ideal places for 
nuclear fusion. As we saw in the previous 
section, high temperatures are required so 
that the nuclei have sufficiently large kinetic 
energy to approach each other, overcoming 
the electrostatic repulsion due to their 
positive charges. The high pressure ensures 
that sufficient numbers of nuclei are found 
close to each other, thus increasing the 
probability of them coming together and 
fusion taking place. 

The reaction 4]H — 3He + 2Je + 2v. + Jy isa 
typical reaction that takes place in stellar 
cores. Nuclear fusion is the source of energy 
for a star; it prevents the star from collapsing 
under its own weight and provides the energy 
the star sends out in the form of light and 
heat, for example. Stars are, in fact, element 
factories, producing, for example, all the 
elements that our bodies are made of. More 
details on this can be found in Option E on 
Astrophysics. 

Fusion and fission processes are summarized in 
Figure 3.4  
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an become more sable by fission 
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binding 10 
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per nucleon 
(MeV) 
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w250 

number of nucleons 
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Figure 3.4 When a heavy nucleus splits up, energy 
is released because the produced nuclei have a 
higher binding energy than the original nucleus. 
‘When two light nuclei fuse, energy is produced 
because the products again have a higher 
binding energy. 

1 Find the binding energy and binding energy 
per nucleon of the nucleus §Ni. The atomic 
mass of nickel is 61.926348 u. 

2 How much energy is required to remove one 
proton from the nucleus of '§0? A rough 
answer to this question is obtained by giving 
the binding energy per nucleon. A better answer 
is obtained when we write  reaction that 
removes a proton from the nucleus. In this case 
150 — Ip+ '3 N. Find the energy required for 
this reaction to take place. This is the proton 
separation energy. Get both values and 
compare them. (The atomic mass of oxygen is 
15.994 u; that of nitrogen is 15.000 u.) 

3 What is the energy released in the beta decay 
of a neutron? 

4 The first excited state of the nucleus of uranium- 
235 is 0.051 MeV above the ground state. 

(@) What is the wavelength of the photon 
emitted when the nucleus makes a 
wansition to the ground state? 

(b) What part of the spectrum does this 
photon belong to? 

5 Calculate the energy released in the alpha 
decay 4{Th — 2Ra + $Hé. (The atomic mass 

" 

12 

13 

of thorium s 234.043596 u; that of radium is 
230.03708 u.) 

Assume uranium-236 splits into two nuclei of 

palladium-117 (Pd). (The atomic mass of 

uranium is 236.0455561 u; that of palladium 

is 116.9176 u) 
(@) Wite down the reaction. 
(b) What other particles must be produced? 
(c) What i the energy released? 
One possible outcome in the fission of a 
uranium nucleus is the reaction 

U+ In - BMo +la+ 20+ 
(a) What is missing in this reaction? 

(b) How much energy is released? 

(Atomic masses: U = 235.043922 u; 

Mo = 94.905841 u; La = 138.906349 u.) 

Another fission reaction involving uranium is 
B30+ g0 — 82+ Ble+ 35n 
Calculate the energy released. (Atomic 
masses: U = 235.043922 u; Zr = 9791276 u; 
Te = 134.9165 u) 
Calculate the energy released in the fusion 
reaction {H + {H — 3He + jn. (Atomic masses: 
H=2.014102 u; {H = 3.016049 u; 
{He = 4.002603 u.) 

In the text, it was stated that the reaction 
41H = 4He +20e + 2v. + By is the 
mechanism by which hydrogen in stars is 
converted into helium and that the reaction 
releases about 26.7 MeV of energy. The sun 
radiates energy at the rate of 3.9 X 10 W 
and has a mass of about 1.99 X 10* kg, of 
which 75% is hydrogen. Find out how long it 
will take the sun to convert 12% of its 
hydrogen into helium. 

  

  

    

In the first nuclear reaction in a particle 

accelerator, hydrogen nuclei were accelerated 
and then allowed to hit nuclei of lithium 
according to the reaction |H + Li — 
4He + #He. Find the energy released. (The 
atomic mass of lithium is 7.016 u.) 

Outlne the role in nuclear fusion reactions of: 
(a) temperature; (b) pressure. 

Show that an alterative formula for the mass 
defect is 8 = ZMy + (A~ 2) My~ Mo 
where My is the mass of a hydrogen atom and 
m, is the mass of a neutron.
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14 Consider the nuclear fusion reaction involving 
the deuterium (D) and tritium ) isotopes of 
hydrogen: 

04T Hetn 

The energy released, @y, may be calculated in 
the usual way, using the masses of the partcles 
involved, from the expression 

Q = (Mo + My — Mye — mp)c 

Similarly, in the fission reaction of uranium 

U+ 0 = $2e+Te + 30 

the energy released, Q,, may be calculated from | 

Qs = (My = Mz, — My, = 2my)c” 

@) Show that the expression for @ can be 
rewritten as 
Q = Ewe=(Fo+ Ex) 

where £y, Eo and £ are the binding 
energies of helium, deuterium and titium, 
respectively, 

(b) Show that the expression for Q; can be 
rewritten as 

Q= (Ez+ Ev)-Ey 

where £, E; and £y are the binding 
energies of zirconium, tellurium and 
uranium, respectively. 

(©) Results similar to the results obtained in 
(@) and (b) apply to all energy-releasing 
fusion and fission reactions. Use this fact 
and the binding energy curve in Figure 3.1 
to explain carefully why energy is released 
in fusion and fission reactions. 
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Interactions of matter 
with energy 
The photoelectrc effect was one of the firs signs that clasical physics was inadequate 
when applied to the microscopic world. This chapter discusses the photoelectric effect 
and other aspects of the interaction of mattet with energy, leading to the duality of 
matter and energy. 

Objectives 

By the end of this chapter you should be able to: 
+ describe the photoelectric effect; 
+ describe which aspects of this effect cannot be explained by classical 

physics and how the new physics introduced by Einstein provides 
explanations for them; 

+ understand the meaning of the terms stopping voltage, threshold frequency 
and work function; 

+ state the meaning of the term photon and use the equation for its energy, 
E=hf: 

+ solve problems on the photoelectric effect, eV, = hf 
+ state the meaning of the term wave-particle duality; 
+ state de Broglie's formula, . = %, and use it in problems; 
+ describe the Davisson-Germer experiment and understand its signi 

  

   

      

The photoeledric effect | the attraction of the nuclei and leave the 
surface altogether. An apparatus to investigate 

‘When light (or other electromagnetic radiation) this effect (first used by R. Millikan) is shown in 
falls on a metallic surface, electrons may be Figure 4.2, 
emitted from that surface in a phenomenon 
known as the photoelectric effect. An 
electroscope connected to the surface becomes 
positively charged when light falls on the metal 

| It consists of an evacuated tube, inside which 
| is the photosurface and across from that a 

collecting plate where the emitted electrons 
arrive, The photosurface and the collecting 

(sefigure 41l | plate are part of a circuit as shown. Light 
It is not difficult to imagine that electrons will | passes through an opening in the tube and 
be emitted, because clectromagnetic radiation | falls on the photosurface, and the emitted 
contains energy that can be transferred to electrons move toward the right, completing 
electrons of the atoms of the photosurface, thus | the circuit; thus, an electric current flows. 
enabling them to pull themselves away from The magnitude of the current can be detected
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inc plate 

electroscope 

Figure 4.1 A photosurface becomes positively 
charged when light falls on it. 

\
 

evacuated tube 

  
varisble voltage 

Figure 42 Apparatus for investigating the photo- 
electric effect. The variable voltage decelerates 
the emitted electrons and eventually stops them. 

by the galvanometer G. It is readily found that, 
as the intensity of the light source increases, 
the current also increases. In fact, current and 
intensity are directly proportional to each 
other. A larger current can be due to either a 
larger number of electrons being emitted per 
second or electrons with higher speed (or 
both). To distinguish between the two cases we 
need a method to measure the energy (and 
hence speed) of the emitted electrons. This 
can be done by connecting a battery between | 
the photosurface and the collecting plate as ‘ 
shown in Figure 4.3 (note: pay attention to | 
where the negative terminal of the battery 
goes). By increasing the voltage of the battery ‘ 

current 
red and bright 

  

     
   

blue and bright 

" red and bright 

eV, rdV, -+ 
Figure 43 The photocurrent is larger for larger 

intensity light source. The stopping voltage 
depends on the frequency not the intensity. 

Voltage 

we can make the current in the circuit zero. 
This is called the stopping voltage, V.. It 
follows that the maximum kinetic energy of 
the emitted electrons must be eV,. We see this 
as follows: Let the maximum kinetic energy of 
the electrons be £y; then the work done in 
moving an electron from the cathode to the 
collecting plate is eV, and from mechanics we 
Kknow that the work done is the change in the 
Kinetic energy of the electron. So 

eVi=Ey 

We find that the stopping voltage stays 
* the same no matter what the intensity 
*of the light source is. Thus, the increase 
in the current is due to more electrons 

being emitted. The intensity of Ii 
10 effect on the maximum energy of 

  

    

  

   
   

  

       
“This s a very surprising result and we shall return 
10 it soon. Another surprise awaits us if we allow 
‘monochromatic light (light of one specific 
frequency) to fall on the photosurface. We find 
that the stopping voltage depends on the 
frequency of the light source. The larger the 
frequency, the larger the stopping voltage (i the 
larger the energy of the emiltted electrons).If the 
polarity of the battery is now reversed so that the  
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emitted electrons are actually attracted to the 
collecting plate, we find that the current increases 
but reaches a saturation value. This is because 
every single emitted electron is now collected. 

If we plot the kinetic energy of the electrons 
(which equals eV,) versus frequency, we find a 
straight line as shown in Figure 4.4a. 

  

   

  

     

photosurtace | 

Photosurface 
u 

  

@ ® 
Figure 4.4 (2) The graph of kinetic energy versus 

frequency is a straight line. The horizontal 
intercept is the critical frequency. (b) When 
another photosurface s used, a line parallel to 
the first is obtained. 

  

‘The puzzling feature of this graph s that there 
exists a frequency, called the critical (or 
threshold) frequency f, such that no electrons 
at all are emitted if the frequency of the light 
source s less than f, even if very intense light 
is allowed to fall on the photosurface. If the 
experiment is repeated with a different photo- 
surface and the kinetic energy of the electrons 
is plotted versus frequency, a line parallel to the 
first is obtained, as shown in Figure 4.4b. 

Another puzzling observation is that the 
electrons are emitted immediately after the 
light is incident on the photosurface, with no 
apparent time delay. 

) We now have three surprising observations: 
1 The intensity of the incident light does not 

affect the energy of the emitted electrons, 
2 The electron energy depends on the 

frequency of the incident light, and there 
is a certain minimum frequency below 

swhich no electrons are emitted. 
3 Electrons are emitted with no time delay. 

These three observations are in violation of the 
standard laws of physics. According to the laws 
of classical electromagnetism, a more intense 
beam of light contains more energy and 
therefore should cause the emission of more 
energetic electrons. Classical electromagnetism 
offers no explanation as to why the frequency 

of light should affect the electron energy, nor 
does it explain why there should exist a critical 
frequency. 

A very low-intensity beam of light carries 
little energy. So an electron might have to 
wait for a considerable length of time before 
it accumulated enough energy to escape 
from the metal. This would cause a delay in 
its emission. 

‘The explanation of all these strange 
observations was provided by Albert Einstein in 
1905. 

» Einstein suggested that light (like any other 
form of electromagnetic radiation) consists 

of quanta, which are packets of energy and 
‘momentum. The energy of one such quantum 
is given by the formula 

E=hf 

where / s the frequency of the 
electromagnetic radiation and h = 
6.63% 10" 5 is a constant. known as 
‘Planck’s constant. 3 

These quanta of energy and momentum 
are called photons, the particles of light. 

(Max Planck had introduced h a few years 
earlier in his investigation of the spectrum 

| of a black body. It is worth pointing out here 
that the spectrum of a black body could not 
be explained in terms of conventional physics, 

| just as the photoelectric experiment could 
not) 
‘This suggestion implies, therefore, that light 
behaves in some cases as particles do, but in
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addition the energy of one of the particles 
making up light depends only on the frequency 
and not on the intensity. Thus, if a photon of 
frequency f is absorbed by an electron in the 
photosurface, the electron’s energy will increase 
by hf.. Now, it takes a certain amount of energy, 
let us say ¢, to free the electron from the pull of 
the nuclei of the atoms of the photosurface. The 
electron will be emitted (become free) if hf is 
bigger than ¢: the difference hf ¢ will simply 
be the kinetic energy of the (now) free electron 
(see Figure 4.5). That is 

Ex=hf ¢ 

photon Af o clectron escapes, 

energy 

  

—— 
B v electron just 

energy 

  

  Figure 45 (a) A single photon of light may release 
asingle electron from a metal. (b) A more 
tightly bound electron needs more energy to 
release it from the metal. 

But this is exactly what our discussion of the 
photoelectric experiment gave. The value of ¢ 
(called the work function) is read off the graph, 
from the intercept of the straight line with the 

vertical axis. Note that the work function and 

the critical frequency are related by 
hfo=¢ 

since F, =0 in that case. 

Recalling that the kinetic energy of the 
electrons is measured in the photoelectric 
effect apparatus to be eV, = £, it follows that: 

      
 versus frequency, one obtains a straight 
~linewithslopehfe.   

Example questions 
Q] TS eSS ST Tt e 

A photosurface has a work function of 1.50 eV. 
Find the critical frequency. I light of frequency 
6.1 % 10 Hz falls on this surface, what is the 
energy and speed o the emitted electrons? 

  

Answer 
“The ritical frequency £, is given in terms of the 
work function by hf, = ¢ and thus 

¢ _15x16x10" 
ThT T ee3 k107 

=362 10" Hz 

   

The kinetic energy of the electron is given by 
Ev=hf—9, thatis 

  

(Note: use joules for £, to find v.) 

Q2 CFTEETTETIIIe s IS ISR 
Monochromatic light of intensity 4 W and 
wavelength 4 x 107 m falling on a photosurface 
whose critical frequency is 6 x 10'* Hz releases 
10'” electrons per second. What is the current 
collected in the anode? If the intensity of the light 
is increased to 8 W, what will the current be? If 
light of intensity 8 W and wavelength 6 x 107 m 
falls on this photosuriace, what will the current be 
in that case?  
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Answer 
From /= 49, the definition of electric current, we 
find 

I=ex 10" 

that is 
1=16x10"A 

1f the intensity doubles, so will the current, giving 
I=32%10" A 

We note that the critical wavelength is 

3x1 
Gx1 
  am=5x10"m 

  

and so if the wavelength becomes 6 x 107 m, no 
electrons will be emitted at all, hence 7= 0 then. 

o 
Light of wavelength 5 x 1077 m falls on a 
spherical photosurface whose critical frequency is 
5 x 10" Hz. The photosurface is in an insulated 

enclosure. What is the electric potential that the 
sphere will develop? 
Answer 
The kinetic energy of the emitted electrons will be 
Eo=hi—¢ 
=B g 
=6.63x107) 

—oaev 
Hence electrons will be emitted until the electric 

potential on the sphere becomes 0.4 V, in which 
case the attraction of the electrons to the sphere 
will be strong enough to prevent further electrons 
from escaping, 

More on the photon 
‘The energy of the photon is given by the 
equation F = hf, which is a relation that is 
being directly tested in the photoelectric effect. 
The photon also carries momentum, given by 

_E_hf _h 
PEe=e Tk 

‘The existence of a photon momentum is 
supported by the Compton effect: the scattering 
of photons off electrons or protons. The photon, 
although a ‘particle’ with energy and 

‘momentum, has no mass (it also has zero 
electric charge). This implies (because of the 
theory of relativity - see Option H) that it 
always travels at the speed of light. For such 
particles (they are called relativistic), a more 
general definition of momentum allows zero- 
mass particles to have momentum. 
Example questions 
Q) e T IS IR TP SIS IR 

How many photons of wavelength 5 x 10~ m 
are emitted per second by a 75 W lamp, assuming 
that 1% of the energy of the lamp goes into 
photons of this wavelength? 
Answer 

Let there be N photons per second emitted. Then 
the energy is N2 and this has to be 1% of 75 ), 
that is 0.75 J. So, N'= 019 x 10 photons per 
second. 

Q5 Trrmessse e TR T - 
1§ all the photons from example question 4 
mirror and are reflected by it, what pressure do 
these photons exert on the mirror? Take the area 
of the mirror to be 0.5 m”. 

  

Answer 
Fach photon has a momentum of £ or . The 
momentum change upon reflection s 2% Since 
there are N such reflections per second, the force 
Fon the mirror is 2N, which is 0.5 x 107° N. 
The pressure is thus 

%:\.Dx 10N m 

(Note that if the photons were absorbed rather than 
reflected the pressure would be half of what we got.) 

We close this section with an observation made 
by G. L. Taylor in 1924. Imagine that light (ie.a 
stream of photons) s directed at two slits in a 
Young-type experiment. Interference at a screen 
some distance away gives the familiar fringes of 
high and low intensity. Taylor now argues that 
if the intensity of light s reduced sufficiently, a 
stage will be reached when only one photon at 
a time arrives at the slits. We are now faced 
with the problem that a single photon, which 
will go through either one sit or the other, somehow 
produces the interference pattern on the
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screen. Taylor's observation is a sign that even 
when we treat light as photons, its wave nature 
is not completely forgotten. 

De Broglie’s wavelength 

In 1923, Louis de Broglie suggested that to a 
particle of momentum p there corresponds a 
wave of wavelength given by the formula 

h 
P 

‘The de Broglie hypothesis, as this is known, thus 
assigns wavelike properties to something that is 
normally thought to be a particle. This state of 
affairs is called the duality of matter. 

X   

Example question 
Qb Eme———— e 

Find the de Broglie wavelength of a proton that 
has been accelerated from rest by a potential 
difference of 500 V. 

Answer 
The kinetic energy of the proton is given by 

  

The work done in accelerating the proton through 
a potential difference V is gV and this work goes 
into kinetic energy. Thus 

  

663 x 10 
m 

7% 107 x 1.60 x 10 x 500 
3%107 m 

    

The electron as a wave 
‘The question s, given an electron, when do we 
treat it as a particle and when as a wave? 
Remember that if we call something a wave 

then it must show wave-like properties - in 
particular, diffraction. A wave of wavelength 
will diffract around an obstacle of size  if and 
only if & is comparable to or bigger than d. To 
find a typical electron wavelength, consider an 
electron moving at a speed of 10° m s . It has a 
momentum p = 9.1 x 10% kg m's~' and 
therefore 2 = 7.2 x 10-* m. This is quite small. 
To see the wave-like nature of this electron we 
would need an ‘obstacle’ or an ‘opening’ of 
about this size. This is provided in nature by 
crystals. In a crystal, the atoms are regularly 
placed and the distance between them is 
typically of the order of 10”* m. The spacing 
between the atoms is the ‘opening’ we are 
looking for. The reason the electron microscope 
can resolve small distances (down to 10~* m) is 
precisely because these distances are of the 
same order of magnitude as the de Broglie 
wavelength of the electrons used. 

Abeam of electrons directed at such a crystal 
would scatter off the crystal in much the same 
‘way that Xays do. The scattering of X-rays off 
the periodic arrangement of atoms in a crystal 
had been shown earlier (by Sir William Henry 
Bragg) to be the result of diffraction. Bragg 
derived a relation (the Bragg formula) between 
the spacing of the atoms in the crystal and the 
wavelength of the X-ays. so knowing one 
quantity made the calculation of the other 
possible. (See Figure 4.6.) 

   
srapite 

  

  

phosphor scréen 
Figure 46 Electrons are accelerated from the 

cathode to the anode: they form a beam, 
which is diffracted as it passes through the 
graphite.  
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» Eixperiments showing the wave natare of 
the electron were carried out in 1927 by 

 Clinton J. Davisson and Lester H. Germer, 
mmbyangenomm sonof 

J:J. Thomson, the discoverer of the 
electron. In the Davisson-Germer 
experiment, electrons of kinetic energy 
54 eV were directed at a surface of nickel 

- where a single crystal had been grown 
and were scattered by it (see Figure 4.7). 
Using the Bragg formula and the known 
separation of the crystal atoms allowed 
the determination of the wavelength, 

- which was then seen to: amwmh the de 
Brogie formula, 
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Figure 47 The apparatus of Davisson and Germer. 

Electrons emitted from the hot filament of the 
electron gun are accelerated through a known 
potential difference V and are then allowed to 
fall on a crystal. The positions of the scattered 
electrons are recorded by a detector. 

    

On the other hand, if the wavelength is much 
smaller than d, then a particlelike description 
would be the appropriate one. Only when an 
electron moves inside a crystal whose interatomic 
spacing has similar dimensions as the de Broglie 
wavelength will diffraction take place. 

‘Thus, one can perform a Young-type twosslit 
experiment with both photons and electrons. 
What is quite extraordinary about these 
experiments is that an interference pattern is 
observed beyond the two slits even if the 

intensity of light or the electrons is so low that 
only one photon or electron goes through the 
slits at a time. The photon or electron ‘knows' 
of the existence of both slits 

Example question 
7 EmaErIaS I NN 

In a neutron difraction experiment, a beam of 
neutrons of energy 85 MeV are incident on a foil 
made out of lead and diffracted. The first 
diffraction minimum is observed at an angle of 
16° relative to the central position where most of 
the neutrons are observed. From this information, 
determine the size of the lead nucleus. 

Answer 
The neutrons are diffracted from the lead nuclei, 
which act as ‘obstacles’ of size b. From our 
knowledge of diffraction, the first minimum is 
given by sin 0 = £, where 1 s the de Broglie 
wavelength of the neutron. The mass of a neutron 

is m=1.67 x 10~ kg and, since its 
energy is 85 MeV, the wavelength is 1 

  

     

  

  
p=2Em 

=V2x85x 107 x 1.6 x 10 
23x10 " kgms 

    1.67 %10 

Hence 

   
=031x10"m 

Therefore the size of the nucleus i given by 

0.31 % 107 
== m sin 16 
112%107 m 

    

1 (a) Explain what is meant by the photoelectric 
effect. 

(b) A photosurface has a work function of 
3.00 eV. What is the critical frequency? 

2 (a) What evidence is there for the existence of 
photons?
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(b) A photosurface has a critical frequency 
0f 2.25 x 10" Hz. What is the voltage 
required 10 stop electrons emitted from 
a photosurface when radiation of 
frequency 3.87 x 10 Hz falls on this 
surface? 

3 Light of wavelength 5.4 x 10~ m falls on a 
photosuriace and causes the emission of 
electrons of maximum kinetic energy 2.1 V. 
atarate of 10 per second. The light is 
emitted by a 60 W light bulb. 
(@) Explain why light causes the emission of 

electrons. 
(b) Calculate the electric current tha leaves 

the photosurface. 
(©) Find the work function of the surface. 
(@ Find the maximum kinetic energy of the 

electrons if the intensity of the light 
becomes 120 W. 

(e) Find the current from the photosurface 
when the intensity is 120 W. 

4 (a) State three aspects of the photoelectric 
effect that cannot be explained by the 
wave theory of light. For each, outline 
how the photon theory provides an 
explanation. 

(b) When light of wavelength 2.08 x 107 m 
falls on a pholosurface, a voltage of 1.40 V. 
is required 10 stop the emitted electrons 
from reaching the anode. What is the 
largest wavelength of light that will result in 
emission of electrons from this 
photosurface? 

5 (a) What is the effect of the intensity of light 
in the photoelectric experiment? 

(b) To determine the work function of a 
given photosurface, light of wavelength 
2.3 x 107 m s directed at the surface 
and the stopping valtage, V., recorded. 
When light of wavelength 1.8 x 107 m 
is used, the stopping voltage is twice as 
large as the previous one. Find the work 
function. 

  

6 Light falling on a metallic surface of work 
function 3.0 eV gives energy to the surface at 
arate of 5 x 10°* W per square metre of the 
metal’s surface. Assume that.an electron on 

  

the metal surface can absorb energy from an 
area of about 1.0 x 107 . 
(@) How long wil it take the electron to 

absorb an amount of energy equal to the 
work function? 

(b) What does this imply? 
(©) How does the photon theory of light 

explain the fact that electrons are emitted 
almost instantaneously with the incoming 
photons? 

7 From the graph of electron kinetic energy Fy 
versus frequency of incoming radiation (Figure 
4.8), deduce: 
(a) the critical frequency of the photosurface; 
(b) the work function. 
(c) What is the kinetic energy of an electron 

ejected when light of frequency 7 = 
8.0 x 10" Hz falls on the surface? 

(d) Another photosurface has a critical 
frequency of 6.0 x 10'* Hz. Sketch on 
Figure 4.8 the variation with frequency of 
the emitted electrons’ kinetic energy. 
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Figure 48 For question 7. 
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8 Consider a 
10ms™, 

(a) What isits de Broglie wavelength? 
(b) Does it make sense to treat the brick as a 

wave? Explain. 

9 (a) Describe an experiment in which the de 
Broglie wavelength of an electron can be 
measured directly. 

(b) What i the speed of an electron whose de 
Broglie wavelength is equal to that of red 
light (680 nm)? 

of mass 0.250 kg moving at 

  

 



10 (a) Show that the de Broglie wavelength of an 

1 

electron that has been accelerated from 
rest through a potential difference V is 

  

given by 
1ot 

T Vamev 
(b) Calculate the ratio of the de Broglie 

wavelength of a proton to that of an alpha 
particle when both have been accelerated 
from rest by the same potential difference. 

(©) Calculate the de Broglie wavelength of an 
electron accelerated from rest through a 
potential difference of 520 V. 

This question will look at the intensity of 
radiation in a bit more detail. The intensity of 
light, I, incident normally on an area A is 
defined to be = £, where P the power 
carried by the light 
(@) Show that I = ®h, where ® is the 

photon flux density, i.e. the number of 
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photons incident on the surface per 
second per unit area and f s the frequency 
of the light. 

(b) Calculate the intensity of light of 
wavelength 1 = 5.0 x 107 m incident on a 
surface when the photon flux density is 
®=38x10"m?s". 

(©) The wavelengih of the light is decreased to 
A =4.0x 107 m. Calculate the new 

photon flux density so that the intensity of 
light incident on the surface is the same as 
that found in (b). 

{d) Hence explain why light of wavelength 
=40 x 107 m and of the same intensity 
as that of light of wavelength 
2= 5.0 % 107 m will result in fewer 
electrons being emitted from the surface 
per second. 

(e) State one assumption made in reaching 
this conclusion.
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Quantum theory and the | 
uncertainty principle | 
This chapter introduces the discrete atomic world. We wil see that, contrary o what ‘ 
occurs in the macroscopic world, the energy of an atom cannot be arbitrary, but rather 
assumes values from a discrete set. An elementary introduction to the Schrodinger theory 
is given. The Heisenberg uncertainty principle is also discussed. | 

Objectives 

By the end of this chapter you should be able to: 
+ describe emission and absorption spectra and understand their significance ‘ 

for atomic structure; ‘ 
+ explain the origin of atomic energy levels in terms of the ‘electron in a box’ 

model 
+ describe the hydrogen atom according to Schroding 

    

+ do calculations involving wavelengths of spectral lines and energy level 
differences ‘ 

+ outline the Heisenberg uncertainty principle in terms of 
position-momentum and time-energy. 

   

  

Atomic spectra ‘The emitted light may be analysed by letting it ‘ 
st TR e ———— | go through a spectrometer. The spectrometer 
‘When hydrogen gas is heated to a high splits the light that enters it into its component 
temperature or exposed to a high electric field, wavelengths. In the case of hydrogen, the ‘ 
it will glow, emitting light. In the laboratory, emitted light consists of a series of bright lines. 
this can be seen with a tube of hydrogen whose A few of the prominent lines and their 
ends are at a high potential difference, as wavelengths are shown in Figure 5.2. This is the ‘ 
shown in Figure 5.1, emission spectrum of hydrogen. The line with 

wavelength 656 nm is red (the H, line), the 
line with wavelength 486 nm is blue-green 

    

hydro 
L A (the Hy line), and 5o on. ‘ 

PN, [spectrometer i [ | 

Figure 5.1 Hydrogen gas emits light when exposed 410nm 434nm  4860m 656 nm ‘ 
0 high poten    1 difference. Figure 5.2 A few of the emission lines of hydrogen.
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Similar results are obtained when other gases 
replace hydrogen in the tube. The striking 
result is that different gases have emission lines 
at different wavelengths. Knowing the precise 
wavelengths of the emission lines allows the 
identification of the gas - emission spectra are 
like ‘fingerprints’. 

» The spectrum of light that has been emitted by 

a gasis called the emission spectruni of the gas. 

A similar phenomenon takes place when white 
light (consisting of all wavelengths in the visible 
region) is allowed to pass through hydrogen gas 
(Figure 5.3). White light analysed with a 
spectrometer would reveal a continuous band of 
the colours of the rainbow. But when the light 
that has been transmitted through hydrogen is 
analysed, a series of dark lines superimposed on 
the continuous band of colours is seen. This is 
the absorption spectrum of hydrogen. The dark 
lines in the absorption spectrum are at precisely 
the same wavelengths as the coloured bright 
lines in the emission spectrum of hydrogen. 

hydrogen gas 

NN, 
white light 

PN, [rcromerer 
ransmitied light 

Figure 53 White light transmitted through a gas 
gives rise to the absorption spectrum of the gas. 

» e spectrum of light that has been 
transmitted through a gas is called the 
absorption spectrum of k 

  

‘The striking feature of emission and absorption 
spectra is the fact that the emission and 
absorption lines are at specific wavelengths for a 
particular gas. 

Attempts to explain these curious features 
occupied many physicists during the second half 

of the nineteenth century, without much success. 
In 1885 Johann Balmer discovered, by trial and 

error, that the wavelengths in the emission 

spectrum of hydrogen were given by the formula 

1 (ol () 
where n may take the integer values 3, 4,5, ... 
and R s a constant number. It thus became a 
serious challenge to explain the origin of the 
Balmer formula using the basic laws of physics. 
Al such attempts failed as well. 

  

Since the emitted light from a gas carries 
energy, it is reasonable, based on conservation 
of energy, to assume that the emitted energy is 

equal to the difference between the total energy 
of the atom before and after the emission. Since 
the emitted light consists of photons of a 
specific wavelength, it follows that the emitted 
energy is also of a specific amount, since the 
energy of a photon is given by 

he 

These considerations point to the fact that the 
energy of an atom is discrete, i.e. not continuous. If 
the energy of an atom were continuous, then it 
would not make sense for the difference in 
energies before and after the emission of light to 
be always a set of specific amounts. The idea, then, 
was to try to see how the idea of discreteness could 
be introduced into the problem. 

E=hf=   
  

Asa first attempt to see how this might come 
about, consider the following simple model. 

The “electron in a box’ model 
Imagine that an electron is confined within a 
box of linear size L (Figure 5.4). The electron, 
treated as a wave, according to de Broglie, has a 
wavelength associated with it given by 

L_h 
» 

  

  

the electron can only be found 
somewhere alony this line 

  

    
Figure 5.4 The electron s assumed to be confined 

within a linear region of length L
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Since the electron cannot escape from the box, 
it is reasonable to assume that the electron 
wave is zero at the edges of the box. In addition, 
since the electron cannot lose energy, it is also 
reasonable to assume that the wave associated 
with the electron in this case is a standing 
wave. So we want a standing wave that will have 
nodes at x = 0 and at x = L. This implies that 
the wavelength must be related to the size L of 
the box through 

  

2 
n 

  

where 1 is an integer. 

Therefore the momentum of the electron is 

  

nh 

21 

‘The kinetic energy is then 

  

This result shows that, because we treated the 

electron as a standing wave in a ‘box’, we 
deduce that the electron’s energy is 
‘quantized” or discrete, i.e. it cannot have any 
arbitrary value. The electron’s kinetic energy 
can only be 

  

Bmi2 
and so on. 

| Itis very interesting that this simple model has 
given us what we have been looking for, namely 
a discrete set of energies. Of course, the electron 
in a ‘box' s not a realistic model for an electron 
in the atom. This is just an example that shows 
the discrete nature of the electron energy when 
the electron is treated as a wave. The model 
points the way to the correct answer. 

The Schrodinger theory 

After early, and only partially successful, 
attempts by Niels Bohr to solve the problem of 
the spectrum of hydrogen, in 1926 the Austrian 
physicist Erwin Schrodinger (Figure 5.5) provided 
a realistic, quantum model for the behaviour of 
electrons in atoms. The Schrodinger theory 
assumes as a basic principle that there is a wave 
associated 1o the electron (very much like de 
Broglie had assumed). This wave s called the 
‘wavefunction, (x, ), and is a function of 
position x and time {. Given the forces that act 
on the electron, it is possible, in principle, to 
solve a complicated differential equation obeyed 
by the wavefunction (the Schrodinger equation) 
and obtain ¥ (x, t). For example, there is one 

| wavefunction for a free electron, another for an 
electron in the hydrogen atom, etc. 

    Figure 5.5 Erwin Schrodinger. 
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' The interpretation of what yi(x.{) really 
cans came rom the German physicist 

  

‘The theory only gives probabilities for finding. 
an electron somewhere - it does not pinpoint an 
electron at a particular point in space. This is a 
radical change from ordinary, i.¢. classical, 
physics, where objects have well-defined 
positions. 

When the Schrodinger theory is applied to the 
electron in a hydrogen atom, it gives results 
similar to the simple ‘electron in a box’ 
example of the previous section. In particular, it 
predicts that the total energy of the electron 
(the sum of the kinetic energy and the electric 
potential energy) is given by the formula 

  

where 1 is an integer and C is a constant equal to 

2n%me’k? 

h? 

  

Here k is the constant in Coulomb’s law, m is 
the mass of the electron, e is the charge of the 
electron and h s Planck’s constant. Numerically 
(using slightly more accurate values than those 
listed in Appendix 1) C therefore equals 

- 2219309 X309 (1602 x10-7'(3.988 
- (6.626 x 1051 

oy ¢ x 107 
  

=2179x 107%) 

= 13.6ev 

so that finally we obtain 
13.6 . W eV   

In other words, the theory predicts that the 
electron in the hydrogen atom has quantized 
energy. The electron can be found in one of the 

energy levels of the atom, depending on the 
value of the integer n (Figure 5.6a). The model 
then also predicts that, if it finds itself at a high 
energy level, the electron can make a transition 
to alower level, in the process emitting a photon 
of energy equal to the difference in energy 
between the levels of the transition (Figure 5.6b). 
Because the energy of the photon s given by 
E £, it follows that knowing the energy level 
difference we can calculate the frequency and 
wavelength of the emitted photon. Furthermore, 
the theory also predicts the probability that a 
particular transition will occur. (This is necessary 
in order to understand why some spectral lines 
are brighter than others.) Thus the Schrodinger 
theory explains atomic spectra. 

  

   

energy 
o Sehn enerey 

levls are very 
| close (o each 

Sn=S5 other 

n=2 

1366V   

  

@ 

   
  

® 
Figure 5.6 (a) The energy level diagram for the 

hydrogen atom according 1o the Schrodinger 
theory. (b) One photon is emitted for each 
transition from a high t0 a lower energy level 
The Schrodinger theory predicts the 
probabilities for each transition. 

  

Example questions 
Q1 1errSERITEINIR 110 S RTINSO IS 

Show how the formula for the electron energy in 
the Schridinger theory can be used to derive the 
empirical Balmer formula mentioned earlier.  



402 AHL - Atomic and nuclear physics / SL Option B - Quantum physics. 
_-_— 

Answer 
We assume that Balmer considered transitions 
from an energy level n down to the energy level 2. 
“Then the energy emitted is equal to the difference 

=Cof G 
" 2 

which, in turn, is equal to the energy of the 
emitted photon, i.e. %, Thus, 

he_ € C) 
T"m’(’? 

‘,5(1 
% he\d 

“This is precisely Balmer's formula given earler, 
with R= £. 

Q2 PSS TR 2T s 1 

Calculate the wavelength of the 
photon emitted in the transition 
fromn=3ton=2. 

    

  

probability density 

Answer 

  

‘The energy of the level n= 

  

‘The energy difference i then 
1.89 eV, and that s the energy of 
the emitted photon. Then (note the necessary 
conversion from eV to joule) 

hf=1.89 eV 

1.89 eV 
663x107)s 

  

_ 189 x16x 107" 
T 663x 1075 

  

=4.56 % 10" Hz   

The wavelength is then 
¢ 

2=% 
_ 3.00x10° 
T a56x 107 

=6.58 x107m 

“This agrees well with the red H, line in the 
emission spectrum of hydrogen. 

‘The graph of Figure 5.7 shows the variation of 
the probability distribution function (what you 
have learned in mathematics as a pdf) with 
distance r from the nucleus for the energy level 
=1 (the lowest) of the hydrogen atom. The 
height of the graph is proportional to 
[ (x.1)|2. The shaded area is the probability for 
finding the electron at a distance from the 
nucleus between =a andr = b. 

  

b 
050 100 

Figure 5.7 The shaded area gives the probability for 
finding an electron at a distance from the nucleus 
betweenr =a and =D, for the ground state of 
hydrogen. The peak in the graph corresponds to 
the most likely distance of the electron from the 
nucleus, and is about 0.50 x 109 m. The average 
distance of the electron from the nucleus is about 
0.75 % 10m. 

10710 m 

  

The Heisenberg uncertainty 
principle 

‘The Heisenberg uncertainty principle is named 
after Werner Heisenberg (1901-1976), one of the
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founders of quantum mechanics (Figure 5.8), 
who discovered the principle in 1927, The basic 
idea behind it is the wave-particle duality. 
Particles sometimes behave like waves and 
waves sometimes behave like particles, so that 
we cannot cleanly divide physical objects as 
cither particles or waves. 

  

Figure 5.8 Werner Heisenberg, 

» The Heisenberg uncertainty principle 
applied to position and momentum 
states that it is not possible to measure 
simultaneously the position aid momentum 
of something with indefinite precision. 
“This has nothing to do with imperfect 
measuring devices or experimental errors. It 
represents a fundamental property of 
nature. The uncertainty Ax in position and 
the uncertainty Ap in momentum are 
related by 

h 
Axap> o 

where h is Planck’s constant.. 

“This says that making momentum as 
‘accurate as possible makes position. 

inaccurate, whereas accuracy in position 
Tesults in inaccuracy in momentum. In- 
‘particular, if one is made zero, the other 
has to be infinite. 

Imagine that electrons are emitted from a hot 
wire in a cathode ray tube and that we try to 
‘make them move in a horizontal straight line 
by inserting a metal with a small opening of 
size a. We can make the electron beam as thin 
as possible by making the opening as small as 
possible. Making the beam very thin means that 
we know fairly accurately the vertical position 
of the electron. The electron must be 
somewhere within the opening and so the 
uncertainty in its vertical position will be no 
bigger than a, so Ax <a 

However, we will run into a problem as soon as 
the opening becomes of the same order as the 
de Broglie wavelength of the electrons. Recall 
that a wave of wavelength 4 will diffract when 
going through an aperture of about the same 
size as the wavelength. Here, too, the electron 
will diffract through the opening, which means 
that a few electrons will emerge from the 
opening with a direction that is no longer 
horizontal 

We can describe this phenomenon by saying 
that there is an uncertainty in the electron’s 
‘momentum in the vertical direction, of 
magnitude Ap. Figure 5.9 shows that there is a 
spreading of the electrons within an angular 
size 20. 

‘The angle by which the electron is diffracted is 
given by (recall diffraction) 

0~ 

s
>
 

where a is the opening size. But from Figure 5.9, 
% % Therefore, 

A_ap 
a 

If we now take the opening size a as the 
uncertainty in the electron’s position in the



404 AHL - Atomic and nuclear physics / SL Option B - Quantum physics 

  

H
L
H
 

    

    

  

electrons observed 
ithin this area 

  

Figure 5.9 An electron passing through a slit suffers a deflection in the vertical 
direction. 

vertical direction, we have 

Apax~ap=h 

‘This is a simple explanation of where the 
uncertainty formula comes from. 

As an application of the uncertainty 
principle, consider an electron, which is 
known to be confined within a region of size 
L. Then the uncertainty in position must 
satisfy Ax < L, and so the uncertainty in 
‘momentum must be 

apm b 
PN Gwbx - Axl 

‘The electron must then have a kinetic energy 
of 

5 Po_apt w 

*=2m” 2m T Tentmiz 

If we apply this result to an electron in the 
hydrogen atom, we see that the size of the 
region within which the electron is confined is 
about L & 107° m. Then 

bt (6.6 x 1073 
T 16xmml? T 162201 % 1 
=3x10"I~x2ev 

Ex 
    

which is in fact the correct order of 
magnitude value of the electron’s Kinetic 
energy. 

Note the close resemblance of this formula to 
the formula for the energy obtained in the 
earlier section based on the ‘electron in a box’ 
‘model. Apart from a few numerical factors (of   

order 1), the two are the same, indicating the 
basic connection between the uncertainty 
principle and duality. 

‘The uncertainty principle also applies 0 
measurements of energy and time. If a state is 
measured to have energy E with uncertainty 
AL then there must be an uncertainty Af in 
the time during which the measurement is 
made, such that 

h 
At > — Abatz g 

For more applications of the uncertainty 
principle, see Option ], Particle physics. 

  

1 State what you understand by the terms: 
(@) energy level; 
(b) atomic transitio 
() spectrum of an element. 

  

2 An absorption spectrum is formed when 
photons of specific wavelengths are 
absorbed by the electrons of an atom, 
which then make transitions to higher 
energy levels. But as soon as the electrons 
reach the higher energy level they will 
fall back to the state they came from, 
re-radiating photons of precisely the same 
wavelength as those they absorbed. So 
there should not be any dark lines. What do 
you say? 

   

3 An electron of kinetic energy 11.5 eV collides 
with a hydrogen atom in its ground state. With



10 

what possible kinetic energy can this electron 
rebound off the atom? 
(a) What s the evidence for the existence of 

energy levels in atoms? 
(b) Electrons of kinetic energy (i) 10.10 eV, 

(i) 12.80 eV and (i) 13.25 eV collide 
with hydrogen atoms and can excite these 
10 higher states. In each case, find the 
largest n corresponding to the state the 
atom can be excited to. Assume that the 
hydrogen atoms are in their ground state 
initially. 

(@) What do you understand by the term 
ionization energy? 
What is the ionization energy for a 
hydrogen atom in the state n = 3¢ 

(b) 

(@) Find the smallest wavelength that can 
be emitted in a transition in atomic 
hydrogen. 

(b) What is the minimurm speed an electron 
must have so that it can fonize an atom of 
hydrogen in its ground state? 

(@) Find the de Broglie wavelength of a proton 
(mass 1.67 X 1077 kg) whose kinetic 
energy is 200.0 MeV. 
What s the de Broglie wavelength of an 
electron in the n = 2 state of hydrogen? 

b) 

Using the uncertainty principle, show that an 
electron in a hydrogen atom will have a 
kinetic energy of a few eV. 
Assume that an electron can exist within a 
nucleus (size 107" m) such that its 
associated wave forms a fundamental mode 
standing wave with nodes at the edges of the 
nucleus. 
(a) Estimate the wavelength of this electron. 
(b) Calculate the kinetic energy of the 

electron in MeV. 
(©) Using your answer in (b), comment 

on whether the electron emitted in 
beta-minus decay could have existed 
within the nucleus before the 
decay. 

A few of the lines in the emission spectrum 
of hydrogen may be represented as in 
Figure 5.10. Draw the spectrum diagram 
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13 

that would result if the hydrogen atom 
could be described by the ‘electron in a 
box’ model. 

  

          

  

Figure 5.10 For question 10. 

@) State the de Broglie hypothesis. 
(b) Calculate the de Broglie wavelength 

of an electron that has been 
accelerated by a potential difference 
of 5.0 V. 

(©) Explain why precise knowledge 
of the wavelengih of an electron 
implies imprecise knowledge of its 
position. 

An experimenter wishes to make a very 
narrow beam of electrons. To do that, she 
suggests the arrangement of Figure 5.11. She 
‘expects that the beam can be made as narrow 
as possible by reducing the size d of the 
aperture through which the electrons will 
pass. 
@) Explain why in principle it is not 

possible to make a perfectly narrow 
beam. 

(b) Are her chances of producing a 
narrow beam better with slow or fast 
electrons? 

electron 
beam 

e 

i 
Figure 5.1 For question 12. 

  

Atennis ball is struck so that it moves 
with momentum 6.0 N s straight through 
an open square window of side 1.0 m. 
Because of the uncertainty principle, the 
tennis ball may deviate from its original
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14 

15 

path aiter going through the window. 
Estimate the angle of deviation of the 
path of the tennis ball. Comment on your 
answer, 
Theoretically it is pos 
balance a pencil on 
vertically on a horizontal table. Explain 
why in quantum theory this is impossible 
in principle. (You can turn this problem 
into a good theoretical extended essay if 
you try 1o estimate the time the pencil will 
stay up after it has been momentarily 
balanced!) 

ible in principle to 
tip 5o that it stands    

The graphs in Figure 5.12 represent the 
wavefunctions of two electrons. Identify the 
electron with 
(@) the least uncertainty in momentum and 
(b) the least uncertainty in position. 
Explain your answers. 

  

W 

B 
e
 

      
Figure 512 For question 15. 

   



  

Nuclear physics 
This chapter provides a more detailed discussion of the radioactive decay law and 
scattering experiments in which nuclear sizes may be determined. The mass 
spectrometer is discussed as well as the existence of sotopes. The prediction of the 
neutring in beta decays on the basis of energy and momentum conservation is also 
discussed. 

Objectives 
By the end of this chapter you should be able to: 
+ solve problems of dosest approach using the law of conservation of energy 

and appreciate that nuclei have well-defined radii; 
* describe a mass spectrometer and its implications for isotope existence; 
+ state the theoretical arguments that have been used to postulate the 

existence of the neutrino; 
« state the radioactive decay law, N = Noe, A =   

  

  

= Nohye” 
+ state the meaning of halfife and decay constant and derive the 

  

relationship between them; 
* appreciate that the decay constant is the probability of decay per unit time; 
+ understand that the initial activity of a sample is Ay = Ny 
+ obtain short and long halfives from experimental data; 

  solve problems with activities and the radioactive decay law. 

  

Scattering experiments and 

distance of closest approach 
In scattering experiments such as 
Rutherford's, simple energy considerations can 
be used to calculate the distance of closest 
approach of the incoming particle to the 
target. Thus, consider, as an example, an alpha 
particle (of charge g = 2) that is shot head-on 
toward a stationary nucleus of charge Q = Ze 
(see Figure 6.1). Initially the system has a total 
energy consisting of the alpha particle’s 
kinetic energy E = Fy. We take the separation 
of the alpha and the nucleus to be large so no 
potential energy exists. At the point of closest 

    

Figure 6.1 The closest approach of an alpha 
particle happens in a head-on collision. 

approach, a distance d from the centre of the 
nucleus, the alpha particle stops and is about 
to turn back. Thus, the total energy now is the 
electric potential energy of the alpha and the 
nucleus, given by
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(We are assuming that the nucleus does not 
recoil so its kinetic energy is ignored.) 

‘Then, by conservation of energy 

  

particle equal t0 2.0 MeV directed at a gold 
nucleus (Z = 79) gives d = 1.1 x 10" m. This is 
outside the range of the nuclear force, so the 
alpha particle is simply repelled by the | 
electrical force. 

Assuming a kinetic energy for the alpha ‘ 

| 

As the energy of the incoming particle is 
increased, the distance of closest approach 
decreases. The smallest it can get is, however, of 
the same order as the radius of the nucleus. 
Thus, experiments of this kind have been used 
to estimate the nuclear radii. A result of these 
experiments is that the nuclear radius R 
depends on mass number A through 

R= 

  

2x A" x 107" m \ 

The mass spectrometer 
‘The existence of isotopes (i.e. atoms of the same 
clement having slightly different masses due to 
differing number of neutrons in the nucleus) 
can be demonstrated with an instrument called 
2 mass spectrometer. Imagine that singly 
ionized ions of an element are emitted from the 
black box in Figure 6.2. Singly ionized means 
that each atom has lost a single electronand | 
thus has a net positive charge of e. The ions 
move through a pair of slits (5,), which 
collimates the beam. They then enter a region of 
electric and magnetic fields at right angles to 
cach other. The magnetic field is directed into | 
the page in the region shaded grey. The positive 

      

     

  

e 
i Jr— 

plate 

Figure 6.2 A mass spectrometer. lons enter 
through the collimating slits S;. They then 
enter a region of magnetic and electric fields 
and approach a second slit, which only allows 
fons of a given velocity to pass. A second 
magnetic field bends these ions into circular 
paths according to their mass. 

fons are deflected to the left by the electric field 
and to the right by the magnetic field. By 
choosing a suitable value for the magnetic field, 
the fons can continue through undeflected if 
the magnetic and electric forces are equal. This 
means that el =evB or simply that 

  

“Thus, only fons with this specific velocity can 
pass through the second slit S,. Ions with other 
velocities will be deflected and so will be 
prevented from going through this second slit. 
This arrangement acts as a velocity selector for 
the ions. The selected ions then enter a second 
region of magnetic field (also directed into the 
page) and are thus deflected into a circular 
path, hitting a photographic plate where they 
are recorded. 

» ‘The radius of the circular path is given by 
  

  

 



Beta decay and the neutrino 

‘The process of beta decay described earlier 
originates from a decay of a neutron inside an 
atomic nucleus: 

  

= 1p+ Je+8i. 

‘The neutron decays into a proton (thus increasing 
the atomic number of the nucleus by 1), an 
clectron and an antineutrino. A free neutron (i. 
one not inside a nucleus) decays into a proton 
according to the reaction equation above, with a 
halflfe of about 11 min. A related decay is that of 
positron emission, in which a proton inside a 
nucleus turns itself into a neutron accompanied 
by the emission of a positron (the antiparticle of 
the electron) and a neutrino: 

P i+ Je+ v 

Unlike a free neutron, a free proton cannot 
decay into a neutron since the rest energy of a 
neutron s larger than that of a proton. Inside a 
nucleus the reaction is, however, possible 
(because binding energy is used to make up for 
the difference). These reactions 
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‘This is the available energy in the decay, which 
will show up as kinetic energy of the products. If 
only the electron and the proton are produced, 
then the electron being the lighter of the two 
will carry most of this energy away as kinetic 
energy. Thus, we should observe electrons with 
kinetic energies of about 0.783 MeV. In 
experiments, however, the electron has a range 
of energies from zero up to 0.783 MeV. The 
question is then, where is the missing energy? 

Figure 6.3 shows two ways in which a neutron 
may decay. 

  

  

must be understood as the 
disappearance of one particle and 
the appearance or creation of the 
three particles on the righthand 
side of the decay equation. We 
must not think that the decaying 
particle actually consists of the 
three particles into which it ® 

®- 

  

  

®         

somehow splits in the decay. 

‘There is an unfamiliar particle in beta decay, 
the electron antineutrino, 7, a particle that 
went undetected until 1953. Its presence in beta 
decay was predicted on theoretical grounds as 
follows. Consider the decay jn — |p+ _Je +Ji. 
‘The mass of the neutron is larger than that of 
the proton and electron together by 

1.008665 u- (1.007276 + 0.0005486) u 
0.00084 u 

corresponding to an energy of 

0.00084 x 931.5 MeV = 0.783 MeV/ 

  

Figure 63 (a) A neutron at rest decaying into just 
two particles. The two particles must have équal 
and opposite momentum so they move in 
opposite directions. (b) A neutron at rest decaying 
into three particles. There are now many 
possibilities as to how the three particles move. 

  

Electron capture 
A process related to beta decay is electron 
capture, in which a proton inside a nucleus 
captures an electron and turns into a neutron 
and a neutrino: 

1P+ Je— bntSve
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The creation of a neutron star rests on this 
process, in which the huge pressure inside the 
star drives electrons into protons in the nuclei 
of the star, turning them into neutrons. 

Table 6.1 gives some examples of beta decays. 

  

  

  

Moo Hes Sein  123yr 00186 Mev 
WO ANT letBi 570y 036 Mev 
BNa BNet lergu  260yr  0516MeV 
BN GO+ jetgu  999min  L1I9MeV 

‘Table 6.1 Examples of beta decay. 

Nuclear energy levels 

The nucleus, like the atom, exists in discrete 
energy levels. The main evidence for the existence 

of nuclear energy levels comes from the fact that 
the energies of the alpha particles and gamma 
ray photons that are emitted by nuclei in alpha 
and gamma decays are discrete. (This is to be 
contrasted with beta decays, in which the 
electron has a continuous range of energies) 

Figure 6.4 shows the lowest nuclear energy levels 
of the magnesium nucleus % Mg, Also shown 

ey, 

601 

524 

    

  3   

of   
Figure 6.4 Nuclear energy levels of magnesium 

'»Mg. Notice the difference in'scale between 
these levels and atomic energy levels. 

is a gamma decay from the level with energy 
5.24 MeV to the first excited state. The emitted 
photon has energy 5.24 — 1.57 = 3.87 MeV. 

  

Figure 6.5 shows an energy level of plutonium 
(243Pu) and a few of the energy levels of 
uranium (%3U). Also shown are two transitions 
from plutonium to uranium energy levels. 
‘These are alpha decays: 

B> 3 +fa 
‘The energies of the emitted alpha 
particles are 4.983 — 0.148 = 4.835 MeV and 
4.983 — 0307 = 4.676 MeV. 

EMev, 
4983 

0307 
0148 
0045 
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  Plutonium 

Figure 6.5 Energy levels for plutonium and 
uranium. Transitions from plutonium to 
uranium energy levels explain the discrete 
nature of the emitted alpha particle in the 
alpha decay of plutonium. 

| The following example applies these ideas to beta 
decay. 

Example question 

Q| eSS 

The nucleus of bismuth (*};Bi) decays into lead 
(%2Pb) in a two-stage process. In the frst stage, 
bismuth decays into polonium (%,Po). Polonium 
then decays into lead. The nuclear energy levels 
that are involved in these decays are shown in 
Figure 6.6.  



EMeY, 

m B 

  

Figure 6.6 The two-stage decay of bismuth into 
Tead. 

(a) Wite down the reaction equations for each 
decay. 

(b) Calculate the energy released in the beta decay. 
(©) Explain why the electron does not always 

have this energy. 
Answer 

(@) ;B — 2P0+ Se + 17 and 
2P0 — Pb 4 ta. 

(b) The energy released is the difference in the 
energy levels involved in the transition, i.e. 
0.57 MeV. 

The energy of 0.57 MeV must be shared 
between the election, the antineutrino and the 
polonium nucleus. So the electron does not 
always have the maximum energy of 0.57 MeV. 
Depending on the angles (between the electron, 
the antineutrino and the polonium nucleus), the 
electron energy can be anything from zero up to 
the maximum value found in (b). 

(© 

The radioactive decay law 

  

¥ The law of radioactive decay states that the 
number of nuclei that will decay per 

‘second is proportional to the rumber of 
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     Here 4 is a constant, known as the decay 
constant. Its physical meaning is that it. 
represents the probability of decay per : 
unit time (see page 412 for an explanation 

of this statement). i 5 

If the number of nuclei originally present (att = 0) 
is No. by integrating the previous equation it can 
be seen that the number of nuclei of the 
decaying element present at time { is 

N=Noe™ 

As expected, the number of nuclei of the 
decaying element is decreasing exponentially as 
time goes on (see Figure 6.7). This form of the 
decay law can be shown to be equivalent to the 
simpler version described earlier. After one half- 
life, Ty, half of the nuclei present have 
decayed, s0 

No 
2 

  

loexp (—AT1z2) 

On taking logarithms we find 
Al =In2 

0.695 

  

“This is the relationship between the decay 
constant and the halflife. 

(This means that an equivalent and more 
convenient formula for the decay equation is 
N =No (£)". Can you see how?) 

undecayed nucleif <102 
25n‘R 

200   

  

  

          Hbird] i o 
0 s 10 is 20 

Figure 6.7 The decay of radioactive nuclei obeys an 
exponential law. 
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‘The number of decays per second is called 
activity. It follows from the exponential decay 
law that activity also satisfies an exponential 
law: 

  

N =Noet 
N 4= 

= (Nowy e 
‘Thus, the initial activity of a sample is 
given by the product of the decay constant 
and the number of atoms initially present, 
Ay = Nok. 

    

Example quest 
Q2 wermrssssTETITE e aTITITE e e T 
Carbon-14 has a half-life of 5730 yr and in living 
organisms it has a decay rate of 0.25 Ba g™ 
A quantity of 20 g of carbon-14 was extracted 
from an ancient bone and its activity was found 
to be 1.81 Ba. What is the age of the bone? 

Answer 
The decay constant is 

  
2 
5730 " 

=121 107y 

When the bone was part of the living body the 
20 g would have had an activity of 5 Ba. If the 

now is 1.81 Bq, then 

  

A= Ae™ 

=181 = 5e A0 
=121 %107 +1n5=In1.81 
5121 x 10"t = =1016 

1016 
Lps O 121 <10+ 

2 8400 yr 

Why the decay constant is the 

probability of decay per unit time 

Since 4 = —AN, we know that in a short time 
interval df the number of nuclei that will decay 
is dN = ANdf (we ignore the minus sign by 
considering dN to be positive). The probability 

that any one nucleus will decay within the time 
interval df is thus 

probability = E’A’:/ —dt 

and so the probability of decay per unit time is 
equal to the decay constant: 

probabilty 

  

  

dt 

[ 

  

1 With what velocity should an alpha particle 
be fired head-on at a stationary gold nucleus 
so that the distance of closest approach s 
2.5 10 “m (Take the alpha mass to be 
6.64 x 107kg.) 

2 A particle of mass m and charge +e is 
directed from very far away toward a massive 
(M >> m) object of charge +Ze with a 
velocity v, as shown in Figure 6.8. The 

distance of closest approach is d. Sketch (on 
the same axes) a graph 1o show the variation 
with separation of: 

(@) the particle’s kinetic energy; 
(b) the particle’s electric potential energy. 

    

= 
Figure 6.8 For question 2. 

3 Singly ionized atoms of neon-20 of velocity 
2.0 % 10°ms" enter the velocity selector of a 
mass spectrometer, where the magnetic field 
has the value 0.15 T. 
(@) What electric field is established in the 

velocity selector? 
(b) The ions then enter the region where a 

second magnetic field of value 0.50 T 

 



10 

11 

deflects them into circular paths. What is 
the radius of the circular path? 

(©) 1f the beam of ions also contains traces of 
neon-22, what would the detection radius 
for this isotope be? 

(Molar masses: neon-20 = 19.992 g mol"; 
neon-22 = 21.99 g mol™) 

What might be a reason for the high 
penetrating power of neutrons? 
Show that in an elastic collision between a 
neutron of mass m and a nucleus of mass M 
(with the nucleus initially at rest), M will 
recoil with a velocity given by 

2m 
mM 
  v 

where vis the initial velocity of the incoming 
neutron. 
(@) Find the decay constant for krypton-92, 

whose half-life is 3.00 5. 
(b) Suppose that you start with 1/100 mol of 

kaypton. How many undecayed atoms of 
keypton are there after ) 15, i) 25, i) 3 52 

(@) What i the probability that a radioactive 
nucleus will decay during a time interval 
equal to a hal-ife? 

(b) What is the probability that it will have 
decayed after the passage of three half-ives? 

(©) Anucleus has remained undecayed after 
the passage of four hal-lives. What is the 
probability it will decay during the next 
hali-life? 

What is the activity of 1.0 g of radium-226 
(molar mass = 226.025 g mol™'). The half-life 
of radium-226 is 1600 yr. 
The half-life of an unstable element is 12 
days. Find the activity of a given sample of 
this element after 20 days if the initial activity 
was 3.5 MBq. 
A radioactive isotope of halflife 6.0 days used 
in medicine is prepared 24 h prior to being 
administered to a patient. If the activity must 
be 0.50 MBq when the patient receives the 
isotope, what number of atoms of the isotope 
should have been prepared? 
The age of very old rocks can be found from 
uranium dating. Uranium is suitable because 
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of s very long halflife: 4.5 x 10° yr. The final 
stable product in the decay series of uranium- 
238 is lead-206. Find the age of rocks that are 
measured to have a ratio of lead to uranium 
atoms of 0.80. You must assume that no lead 
was present in the rocks other than that due to 
uranium decaying. 
The isotope K of potassium is unstable, with 
ahalf-life of 137 x 107 yr. It decays into the 
stable isotope {Ar. Moon rocks were found to 
contain a atio of potassium to argon atoms of 
1:7. Find the age of the moon rocks. 

12 

  

13 (@) In an experiment to measure the half-life 
of an isotope it is found that the readings 
of the counter never become zero no 
matter how long one waits, as shown in 
Figure 6.9. Why? 

activity/Bq 
140/ 
120 
100 
50 
) 
) 
2 

  

  

    

  

        timin   

0 10 20 
Figure 6.9 For question 13(a). 

(b) The experimenter then ‘corrects’ the data 
and obtains the graph shown in Figure 
6.10. What has he done and what half-life 
does he obtain for this isotope? 

aciivity/Bg 
120   

  

  

                i   

0 10 0 
Figure 6.10 For question 13(b).
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14 Two unstable isotopes are present in equal 
numbers (initially). Isotope A has a half-life of 
4 min and isotope B has a half-life of 3 min. 
What is the ratio of the activity of A to that of 
B after: 
(@ 0 min; 
(b) 4 min; 
(©) 12 min? 

  

15 A sample contains two unstable isotopes and 
a counter placed near it is used to record the 
decays. How would you determine each of 
the half-lives of the isotopes from the data? 

16 The halflife of an isotope with a very long 
half-fife cannot be measured by observing its 
activity as a function of time, since the 
variation in activity over any reasonable time 
interval would be too smal to be observed. 
Let m be the mass in grams of a given isotope 
of long half-life 
@) Show that the number of nuclei present in 

this quantity is Ny = 2N, where u is the 

  

molar mass of the isotope in g mol”" and 
Ny is the Avogadro constant. 

  (b) From A Nyiye™ show that the 

initial activity is A, = %2 and hence that 
the half-life can be determined by 
measuring the initial activity (in Bq) and 
the mass of the sample (in grams). 

17 Show that the nuclear density is the same for 
all nuclei. (Take the masses of the proton and 
neutron to be the same.) 

   
  

  

18 Figure 6.1 shows the nuclear force 
between two protons as a function of 
their separation. 
(@) What is the range of the nuclear force that 

can be deduced from this graph?   

(b) What would the nuclear force between 
two protons be when they are separated 
by a distance of 10" m? 

(c) What s the electrical force between these 
two particles at this separation? 

(d) What is the gravitational force between 
two protons at this separation? 

(€) What s the ratio of the electrical to the 
gravitational force between the two protons? 

force/x 10N 

      
    

  

X107 m 

0025 050 075 100 125 150 
Figure 6.1 For question 18, 

  19 In electron capture, {p + e — {n + v, the 
only emitted particle is the neutrino, which, 
being extremely weakly interacting, cannot be 
observed. So how do we know when electron 
capture takes place? 

  

20 Radium's first excited nuclear level is 
0.0678 MeV above the ground state. 

(a) Write down the reaction that takes place 

when radium decays from the first excited 
state to the ground state. 

(b) What is the wavelength of the photon 
emitted?  
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Energy degradation 
and power generation 
This chapter deals with energy sources and how the energy content of each source can 
be extracted. We make the important distinction between renewable (will not run out) 
and non-renewable. (will run out) sources of energy. The chapter introduces the basic 
physics associated with nuclear fission, solar, wind, wave and wind power 

Objectives 
By the end of this chapter you should be able to: 
« explain the meaning of the term energy degradation: 
+ understand that, in the cyclic operation of an engine, ot all the available 

thermal energy can be transformed to mechanical work; 
« outline how electricity is produced; 
« understand the difference between renewable and nor-renewable forms of 

energy: 
+ state the meaning of the term energy density: 
+ understand how energy is produced by nuclear fuels; 
« describe the function of the main elements of a nuclear reactor; 
« appreciate the problems with nuclear fusion; 
+ understand the basics of solar, wind, hydroclectric and wave power; 
+ state the meaning of the term solar constant; 
« discuss the relative advantages and disadvantages of various energy 

sources. 

   
    

    

     

   

        

   

  

this figure is a Sankey diagram representing 
the energy flows. The width of each arrow in the 
diagram is proportional to the energy carried 

Degradation of energy 

Thermal energy flows, as we have seen, from 

     

hot to cold bodies. The difference in 
temperature between two bodies offers the 
opportunity to run a ‘heat engine’ between 
those two temperatures, extracting useful 
‘mechanical work in the process. That is to say, 
some of the thermal energy that is transferred 
from the hot to the cold body can be 
transformed into mechanical work. This is 
shown in Figure 1.1, The diagram to the right in 

by that arrow. The input energy is 800 ] and the 
useful mechanical work done is 200 ], giving an 
efficiency of 

200 
00 =02 

  

With time, the two bodies will approach the 
same temperature, and the opportunity for 
using those two bodies to do work will be lost.
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Figure 1.1 Schematic energy flow diagram for a 
heat engine. The diagram to the right is a 
Sankey diagram for the engine. The width of the 
arrow is proportional to the energy it carries. 

  

Suppose, then, that we do have two places 
(reservoirs') at different temperatures. The 
thermal energy that can now flow from the hot 
to the colder reservoir can be used to perform 
work. The hot reservoir is the hot interior of the 
cylinders where gasoline or some other fuel is 
burned. The cold reservoir is the exhaust system 
of the engine. It must be understood that any 
practical heat engine must work in a cycle. That 
is to say, the engine begins in some state, 
absorbs thermal energy and does work. The 
engine must now be returned to its initial state 
50 that the process can be repeated. For example, 
consider a gas that is kept in a container with a 
piston (Figure 1.2). The gas absorbs thermal 
energy and so expands. The motion of the 
piston can be used to perform mechanical work. 

Ifall that happens is to expand the gas, then all 
the thermal energy absorbed can be transformed 
into mechanical work. To make the engine 
practical, the gas must be returned to its initial 
state (Figure 13), 5o that it can again absorb energy 
and perform more work. The piston must then be 
pushed back in to return the gas to its initial state. 
‘The price to pay for operating in a cycle s that 
not all of the thermal energy transferred can be 
transformed into mechanical work. Some of this 

— 
(@) thermal energy absorbed 

() gas expands,doing mechanical work 
Figure 12 An expanding gas performs mechanical 

= 
(a)thermal energy absorbed 

__E 
(b) gas expands, doing mechanical work. 

(c) gas returned to s intial sage, so that 
the cycle can be repeated - some thermal 
energy is cjected by the engine 

  

  
  

Figure 13 The engine must work in a cycle and so 
‘must be returned to its initial state. 

energy must be returned to the cold reservoir. 
‘While not lost, this energy is less useful. To use 
it to perform mechanical work, another colder 
reservoir must be found. This energy has 
become degraded. The necessity of losing some 
energy to the colder reservoir in a cyclic process 
is a consequence of a fundamental law of 
physics, the second law of thermodynamics. 
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Electricity production 
We are heavily dependent on electricity, and 
many of the energy sources that are available 
to us today are used to produce electricity. 
The production of electricity (almost 
universally) takes place in electric generators, 
such as the one described in Chapter 5.8. The 
main idea is to rotate a coil in a magnetic 
field so that magnetic field lines are cut by 
the moving coil. According to Faraday's law 
an emf (voltage) will be created in the coil, 
which can then be delivered to consumers. 
A generator thus converts mechanical energy 
(the rotational energy of the coil) into 
electrical energy. The various other sources 
of energy available are used to provide the 
‘mechanical energy of the rotating coil 
(Figure 1.4). 
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Solar energy 
(photovoltsic 
cells)   

Figure 1.4 Methods of electricity production, 

Energy sources 

‘The development of civilization has gone 
hand in hand with an increase in the use 
of energy. Whereas ancient peoples had 
food and sunlight as their only sources of 
energy, consuming no more than about 
8 M] of energy per day, modern humans depend 
on energy for food, shelter, transportation, 
communication, manufacture of goods, 
services and entertainment. The average 
world use of energy per person amounts 
today to about 300 M] per day in the more | 
developed countries, giving a power 

consumption per person of about 
300 x 109/(24 x 60 x 60) = 3.5 kW. In the 
USA, the power consumption per person is 
at a high of 10 KW, whereas in parts of 
Afica it is below 0.1 kW. The world average 
is about 0.8 kW per person, Taking 3 kW 
as an estimate for living in comfortable 
conditions, and a world population of 6.7 
billion (6.7 x 10°), results in a total world 
energy demand for one year of about 
6.3 x 10% J. This s very close to the total 
annual world production of energy, which 
is estimated to be about 1.5 x 107! |. Taking 
into account that the world’s population is 
increasing, it is obvious that we are faced 
with an extremely serious problem. We need 
sources of energy. We may classify energy 
sources into two large classes, non-renewable 
and renewable. 

¥+ Norrenewable sotrces of energy are finite 
 sources, which are being depleted, and 
will fun out. They include fossil fuels 
(e.oil, natural gas and coal) and 
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released by human action. 

~(and the other forms indirectly 

dependent on solar energy, such as. 
wmdewgyandm umand‘“d-!m 

energy. i 

    

  

The main sources of energy, and the percentage 
of the total energy produced of each, is given 
in Table 1.1, The figures are world averages and 
are approximate. Data for individual countries 
vary. World averages also vary, as different 
countries rely on different energy sources and 
change their dependence on any one particular 
fuel. 

As mentioned earlier, most renewable 
sources are directly or indirectly linked to 
the sun.
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oil P 0 
Natural gas| 2 50 
Coal = %0 
Nuclear 7 = 

Hydroelectric 7 = 
Others <1 = 

‘Table 1.1 Energy sources and the percentage of the 
total energy production for each. The third 
column gives the mass of carbon dioxide 
emitted per unit of energy produced from a 
particular fuel. Fossil fuels account for about 
86% of the total energy production. 

Energy density 
A useful characteristic of fuels is their energy 
density. 

  

If the energy is obtained by burning the fuel (as 
in fossil fuels), the energy density is simply the 
heat of combustion (see Table 1.2). 

In a nuclear fission reaction, mass is converted 
directly into energy through Einstein’s formula 
E =mc?. As discussed in Chapter 6.3, one 

  

  

  

  

  

30M ket 
16 M ke 

Dieseloil Mg 
Gasoline Mg 
Kerosene Mg’ 
Natural gas 39 M at stp) 

Table 1.2 Energy density of fossil fuels.   

kilogram of uranium-235 releases a quantity of 
energy equal to 7 x 10 [ = 7 x 10° GJ. Natural 
uranium (mainly uranium-238) contains about 
0.7% of uranium-235, and 50 the energy density 
of natural uranium as a nuclear fuel is 
$ % 7 % 10" = 490 GJ kg *, substantially 
higher than that of fossil fuels. Enriched 
uranium containing 3% uranium-235 has an 
energy density of 35 x 7 x 10" = 2100 G kg " 

To calculate the energy density of water used in 
a hydroelectric power plant, imagine that 1 kg 
of water falls from a height of 100 m and that 
all the kinetic energy so gained is converted into 
the rotational motion that is used to produce 
electricity. The gain in kinetic energy is 

  

E=tm? 
2 

—mgh 
110 100 

10°) 

  

‘This implies that the energy density of water 
used as a ‘fuel’ in a hydroelectric power plant is 
10° ] kg™, substantially below the energy 
density of fossil and nuclear fuels. 

Energy density is a major consideration in the 
choice of a fuel. Obviously, all other factors being 
equal, the higher the energy density, the more 
desirable the fuel. 

Fossil fuels 
Fossil fuels (oil, coal and natural gas) have been 
created over millions of years. They are 
produced by the decomposition of buried 
animal and plant matter under the combined 
action of the high pressure of the material on 
top and bacteria. 

  

Burning coal and oil have been the traditional 
ways of producing electricity. The thermal 
energy released in combustion is used to power 
steam engines, which, in turn, power generators. 
Gasoline in internal combustion engines has 
been powering automobiles for over a century.  
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Although generally efficient (30-40%), these 
engines are primarily responsible for 
atmospheric pollution and contribute 
greenhouse gases to the atmosphere. In 
electricity-producing power plants using coal, 
the efficiency is typically around 30%, depending 
on the technology level of the plant and the 
precise cycles of operation. Natural gas produces 
somewhat higher efficiencies, typically 42%. 

Example question 
Q1 BTSSRI T I TS A LI I e 

A power plant produces electricity by burning 
coal, using the thermal energy produced as input 

10 a steam engine, which makes a turbine turn, 
producing electricity. The plant has a power 
output of 400 MW and operates at an overall 
efficiency of 35%. 
(@) Calculate the rate at which thermal energy is 

provided by the burning coal 
(b) Hence calculate the rate at which coal s being 

burmed (use a coal energy density of 30 M kg ™). 

(c) The thermal energy discarded by the power 
plant is removed by water (Figure 1.5). The 
temperature of the water must not increase by 
more than 5 °C. Calculate the rate at which 
the water must flow. 

l el 
cnersy 

  

o — e vam 

Figure 15. 

Answer 
(@) The efficiency is the ratio of power output to 

power input, and so thermal energy must be 
provided at a rate of 
400 22 104 % 10 2 1.1 x 10° MW G35 = 114X 10 4 

(b) The amount of mass of coal that must be 
burned per second is found from 

am 3 
%30 % 10° = 

  

Am dax10' = 27— 38 kg s 10" = S =38 kgs 

or 
38 x 60 x 60 x 24 x 365 = 1.2 x 10° kgyr™* 

() The thermal energy discarded enters the water 
ata rate of 

% = 114 % 10° - 0.400 x 10° = 740 MW 

This thermal energy warms up the water 
according to AQ = (Am)cAT,where Amis 
the mass of water into which the thermal 
energy goes, c is the specific heat capacity of 
water (4200 ) kg ' K™') and AT is the 

temperature increase of the water (5 °C). 

The rate at which thermal energy enters the 
water is 

a AQ_Am s 740 Mw At ar 

  

Thus, we find that 

Am_ 740 x 10° 
At T 4200%5 

35x 107 kgs™" 
  

   Fossil fuel g 
Coal is obtained by mining. The mining 
process produces a large number of toxic 
substances, and the coal itself, which is stored 
in large quantities near the mines, is high in 
sulphur content and traces of heavy metals. 
Rain can wash away the sulphur and heavy 
‘metal traces, creating serious environmental 
problems if this acidic water enters underground 
water reserves. The sites of coal-mining are 
also considered to be environmental disaster 
areas, which is why many countries have strict 
laws requiring mining companies to have 
plans for reclaiming the area after the mining 
is over. Drilling for oil also has adverse 
environmental effects, with many accidents 
leading to leakage of oil both at sea and 
on land. 

    > Advantages of fossil M’. : 
« Relatively cheap (while they last) 

    

“+ Variety of engines and devices use them 

mnmnd iy      
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In the overall considerations over choice of fuel, 
one must take into account the cost of 
transporting the fuel from its place of 
production to the place of distribution. Fossil 
fuels have generally high costs because the mass 
and volume of the fuel tend to be large. 
Similarly, one needs extensive storage facilities. 
Fossil fuels, especially oil, pose serious 
environmental problems due to leakages at 
various points along the production- 
distribution line. 

  

Nuclear power 

Nuclear fission is the process in which a heavy 
nucleus splits into lighter nuclei. The details of 
the process and the methods used to calculate 
the energy produced have been presented in 
detail in Chapter 6.3, which you should review. 

Nuclear reactors 
A nuclear reactor is a machine in which nuclear 
reactions take place, producing energy. The fuel 
of a nuclear reactor is typically uranium-235. The 
isotope of uranium that is most abundant in 
nature is uranium-238. Natural uranium contains 
only about 0.7% of uranium-235. The uranium 
fuel in a reactor is thus enriched, i.. is made to 
contain more uranium-235, about 3% or even 
higher. When a nucleus of uranium-235 captures | 
aneutron, it turns into uranium-236, which then 
decays, releasing energy and more neutrons. In 
addition to the common reaction discussed in 
Chapter 6.3, we also have the reaction: 

  

    

o+ 23U =750 " Xe + $iSr +2{n 

‘These are examples of induced fission. The 
fission does not proceed by itself - neutrons   

must initiate it. (Some nuclei undergo 
spontaneous fission, i.e. no neutrons are 
necessary to initiate it, but this is rare.) 

‘The neutrons produced can be used to collide 
with other nuclei of uranium-235 in the reactor, 
producing more fission, more energy and more 
neutrons. The reaction is thus selfsustainin 
is called a chain reaction. For the chain reaction 
10 get going, a certain minimum mass of 
uranium-235 must be present, otherwise the 
neutrons escape without causing further 
reactions - this is called the critical mass. 
Uranium-235 will only capture neutrons if the 
neutrons are not too fast. The neutrons produced 
in the chain reaction are much too fast to be 
captured by uranium-235 (they have typical 
Kinetic energies of about 1 MeV whereas to be 
absorbed the kinetic energy must be less than 
about 1 eV) and must therefore be slowed down. 

  

‘The slowing down of neutrons is achieved 
through collisions of the neutrons with atoms 
of the moderator, a material surrounding the 
fuel rods (the tubes containing uranium-235). 
The moderator material can be graphite or 
water, for example. The rate of the reaction is 
determined by the number of neutrons 
available to be captured by uranium-235. Too 
few neutrons would result in the reaction 
stopping, while too many neutrons would lead 
to an uncontrollably large release of energy. 

‘Thus control rods, i.e. a material that can absorb 
excess neutrons whenever this is necessary, are 
introduced into the moderator. The control rods 
can be removed when not needed and reinserted 

when necessary again. The control rods ensure 
that the energy from the nuclear reactions is 
released in a slow and controlled way as opposed 
10 the uncontrolled release of energy that would 
take place in a nuclear weapon. 

  

Schematic diagrams of the cores of two types of 
nuclear reactors are shown in Figure 16. 

The energy released in the reaction is in the 
form of kinetic energy of the produced 
neutrons (and gamma ray photons). This kinetic 
energy is converted into thermal energy (in the  
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Figure 1.6 Schematic diagrams of two types of 

fission reactors. 

moderator) as the neutrons are slowed down by 
collisions with the moderator atoms. A coolant 
(for example, water or liquid sodium) passing 
through the moderator can extract this energy, 
and use it in a heat exchanger to turn water 
into steam at high temperature and pressure. 
The steam can then be used to turn the 
turbines of a power station, finally producing 
electricity. These energy transformations are 
summarized in Figure 1.7, 

plutonium does not occur naturally. The 
reactions are: 

o 30 - 3 
  T e e 

ZINp - FiPu + Je+T 

The importance of these reactions is that 
non-fissionable material (uranium-238) 
is being converted to fissionable material 
(plutonium-239) as the reactor operates. 
The plutonium-239 produced can then be 
used as the nuclear fuel in other reactors. 
(It can also be used in the production of 
nuclear weapons.) 

Problems with nuclear reactors 
The spent fuel in a nuclear reactor together 
with the products of the reactions are all 
highly radioactive, with long halflives. The 
problem of how to dispose of this material 
safely is a serious disadvantage of the fission 
process in commercial energy production. At 
present, this material is buried deep 
underground in containers that are supposed 
t0 avoid leakage to the outside. In addition, 
there is always the possibility of an accident 
due to uncontrolled heating of the moderator. 
This might increase the temperature (in the 
case of a graphite moderator, it would also 
start a fire) and hence the pressure in the 
cooling pipes, resulting in an explosion. (This 
would be a conventional explosion - the 
reactor cannot explode in the way a nuclear 
weapon does.) In this case, radioactive 

material would leak from 
- the sealed core of a   

ot | Vit et |_ it clctial | reactor, dispersing 
  energy [~ cnergy of prticles energy             energy of otation 

    ene R $ i "™ | radioactive material into 
  

Figure 1.7 The main energy transformations that 
take place in a nuclear power station. 

Plutonium production 
‘The fast neutrons produced in a fission reaction 
may be used to bombard uranium-238 and 
produce plutonium-239. This isotope of 

the environment. Even 
worse, it may lead to the meltdown of the 
entire core. These are serious concerns with 
nuclear fission as a source of commercial 
power. On the positive side, nuclear power 
does not produce large amounts of 
greenhouse gases.
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‘The nuclei produced in a fission reaction 
are typically unstable and decay usually by 
beta decay. The beta decay produces an 
additional amount of energy. Even if the 
reactor is shut down, production of thermal 
energy continues because of the beta decay 
of the product nuclei. The energy produced 
in this way is enough to melt the entire core 

of the reactor if the cooling system breaks 
down. 

An additional worry about nuclear reactors 
s that the fissionable material produced 
(for example, plutonium-239) can be recovered 
and be used in a nuclear weapons programme. 

Uranium mining 
Like all forms of mining, uranium mining is 
dangerous, and in fact even more so. Uranium 
produces radon gas, a known strong carcinogen. 
Inhalation of this gas as well as of radioactive 
dust particles is a major hazard in the uranium 
mining business. Mine shafts require good 
ventilation and must be closed to avoid direct 
contact with the atmosphere. The disposal of 
‘waste material from the mining processes s 
also a problem, since the material is 
radioactive. 

    

Major pubic health bz should 
“Something go wrong' 

i mtms'iiimflmvnmmmm 
mining = 

+ Fossbility of producing materials o 
nuclear weapons. 

   
    

Nuclear fusion 
A typical energy-producing nuclear fusion 
reaction is 

2H+3H = 3He + {n+17.6 MeV. 

In this reaction, deuterium and tritium (two 
isotopes of hydrogen) fuse to form a helium 
nucleus and a neutron plus energy. Deuterium 
(3H) can be obtained by separating it from 
ordinary hydrogen in water using electrolysis. 
Tritium (}H) is obtained by bombarding lithium 
with neutrons. There are ample supplies of both 
water and lithium. 

‘The problem with fusion is that, since they are 
both positively charged, the reacting nuclei 
repel. Thus, in order to get them close enough 
to each other for the reaction to take place, 
high temperatures must be reached. In this way 
the kinetic energy of the nuclei can be used to 
overcome the electrical repulsion. The 
temperatures required are of the order of 10° K. 
At this temperature, hydrogen atoms are 
ionized and so we have a plasma (a mixture of 
positive nuclei and electrons). The hot plasma 
must be confined in such a way that it does not 
come into contact with anything else. This is 
because contact with other materials would 
result in both (a) a reduction of temperature 
and (b) contamination of the plasma with other 
materials. These two effects would cause the 
fusion reaction to stop. The plasma is therefore 
confined magnetically in a tokamak (a Russian 
word for toroidal magnetic chamber) machine. 
‘This has specially designed magnetic fields that 
allow the plasma to move around magnetic 
field lines without touching the container 
walls. 

  

Energy must be supplied to the fusion process 
to reach the high temperatures required. It has 
not yet been possible to produce more energy 
out of fusion than has first been put in, for 
sustained periods of time. For this reason, 
fusion as a source of commercially produced 
energy is not yet feasible. There are also 
technical problems with using the energy 
produced in fusion to produce electricity. 
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Compared to nuclear fission, nuclear fusion has 
the advantage of plentiful fuels, substantial 
amounts of energy produced, and much fewer 
problems with radioactive waste. 

Solar power 

‘The nuclear fusion reactions in the sun send 
out an incredible, and practically inexhaustible, 
amount of energy, at a rate of about 
3.9 x 10° W. This means that, on average, the 
earth receives about 1400 W per square metre 

of the surface of the outer atmosphere. Some of 
this radiation is reflected back into space, some 
is trapped by the atmosphere’s gases, and about 
1000 W m™* (1 kW m™?) is received on the 
surface of the earth. This amount assumes 

direct sunlight on a clear day and thus is the 
‘maximum that can be received at any one time. 
Averaged over a 24-hour time period, the 
intensity of sunlight is about 340 W m 2. This 
high-quality, free and inexhaustible energy can 
be put to various uses. 

Active solar devices 
An early application of solar energy has been in 
what are called “active solar devices'. In these, 
sunlight is used directly to heat water or air for 
heating in a house, for example. The collecting 
surface is usually flat and covered by glass for 
protection; the glass should be coated to reduce 
reflection. A blackened surface below the glass 
collects sunlight, and water circulating in pipes 
underneath gets heated. This hot water can 
then be used for household purposes, such as in 
bathrooms (the heated water is kept in well- 
insulated containers) or, with the help of a 
pump, it can circulate through a house, 
providing a heating effect. 

In other schemes, the pipes can be exposed to 
sunlight directly, in which case they are 
blackened to increase absorption (Figure 1.8). 
‘The surface underneath the pipes is then 
reflecting so that more radiation enters the 
pipes. Such a collector works not only with 
direct sunlight but also with diffuse light, e.g. 
on partially cloudy days. 

sunlight 

1L 

  

— vater 
out 

cold 
 vaer 

reflecting in 
suface blackened 

pipes 
Figure 1.8 A device for collecting sunlight. The 

water in the pipes becomes heated and can be 
put 1o use. 

‘These simple collectors are cheap and are 
usually put on the roof of a house. Their 
disadvantage s that they tend to be bulky and 
cover too much space. 

More sophisticated collectors include a 
concentrator system in which the incoming 
solar radiation is focused, for example by a 
parabolic mirror, before it falls on the 
collecting surface. Such systems can heat water 
to much higher temperatures (500 °C to 2000 °C) 
than a simple flat collector. These high 
temperatures can be used to turn water into 
steam, which can drive a turbine, producing 
electricity (Figure 1.9). Obviously, back-up 
systems must be available in case of cloudy 
days, etc. 

solar oetic electrical 
energy enerzy energy 

boiler usbine] 

Toe  Joem 
Figure 19 Energy flow diagram for electricity 

production by solar collectors. 

  

  
  

          

Photovoltaic cells 
A promising method for producing electricity 
from sunlight is that provided by photovoltaic 
cells. The photovoltaic cell was developed in 
1954 at Bell Laboratories and is used extensively 
in the space programme. A photovoltaic cell 
converts sunlight into DC current at an
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efficiency of about 30% at present. In the past, 
the major cost of photovoltaic systems has 
been the cost of manufacturing the actual 
cell, but this cost is decreasing. From a cost of 
about $100 per watt of power produced per 
cell, the price is now less than $4. Adding on 
the price of related equipment, estimated at 
$2 per watt, and used at a site with medium 
sunshine, 400 W m2, and taking into account 
a lifetime of the cell of about 20 years, this 
works out to a cost per kWh only slightly 
higher than that produced by diesel-powered 
generators. 

‘The actual workings of the photovoltaic cell 
depend on the physics of semiconductors. 
However, it must be understood that the 
photovoltaic principle of electricity generation 
from sunlight is not the same as the 
photoelectric effect, where sunlight falling on 
certain surfaces also produces electric current. 
In the photoelectric effect, the electrons are 
actually ejected from the metal; whereas in the 
photovoltaic phenomenon, electrons, having 
absorbed photons of the right energy, make a 
transition from the valence band energy levels 
across the gap and into the conduction band 
energy levels (Figure 1.10). 

  

e conduction und 
o Sabout1 v 

alence band 

Figure 110 Energy level diagram for a silicon 
semiconductor. 

As the price of photovoltaic systems drops, they 
are bound to become more dominant in 
electricity production around the world. 
Already, in places far from major power grids, 
their use is more economical than grid 
expansion, and these systems can usefully be 
used to power small remote villages, pump 
water in agriculture, power warning lights, etc. 
‘Their environmental illeffects are practically 
zero, with the exception of chemical pollution 
at the place of their manufacture. 

  

   

    

Low power output 

The solar constant 
‘The sun’s total power output is 
P =3.9x 102 W (this s also known as the 
sun's luminosity). On earth, we receive only a 
very small fraction of this total power output. 
‘The average distance between the sun and the 
earthisr = 1.50 x 10" m. The sun’s power is 
distributed uniformly over the surface of an 
imaginary sphere of radius r = 1.50 x 10" m. 

  

‘The power that is collected by area A (Figure 1.11) 
is the fraction ;% of the total power P 
(Note that 4717 is the surface area of the 
imaginary sphere,) The power through the area 
As simply P 2.   

  

imaginary sphere 

  

arca A receives 
only a small 

- fraction of the total 
\ ! power 
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‘This actual amount received varies somewhat 
due to the fact that the power output of the sun 
is not entirely constant. This gives variations of 
1.5%. In addition, the earth does not keep a 
constant distance from the sun (the orbit is 
slightly elliptical) and this gives additional 
variations of +4.0%. To find the radiation 
received on the earth’s surface, we must take 
into account reflection of the radiation from 
the atmosphere and the earth’s surface itsel, 
latitude, angle of incidence and average 
between day and night. 

It is useful to define the total amount of energy 
received by one square metre of the earth’s 
surface in the course of one day. This is called 
the daily insolation. Figure 1.12 shows the daily 
insolation at two different latitudes as a 
function of time. The curve with the big dip 
corresponds to a latitude of 60°. The other s for 
a latitude of 36°. At zero latitude (the equator), 
the insolation is almost constant at about 
25 M) m~* day™". 

insolation/MJ m-2 day”! 

  

Figure 1.12 The daily insolation at two latitudes in 
the northern hemisphere. The curve with the 
big dip corresponds to a latitude of 60°. The 
other is for a latitude of 36°.   

‘The reduction of the daily insolation in the 
winter for high latitudes can be explained by 
the shorter length of daylight and the oblique 
incidence of light (Figure 1.13). 
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Figure 113 At higher latitudes, the energy is 
spread over a larger area and so the intensity is 
less. In addition, the radiation has to go through 
a greater depth of atmosphere and so some of 
the energy is absorbed. 

Hydroelectric power 

Hydropower, the power derived from moving 
water masses, is one of the oldest and most 
established of all renewable energy sources. 
‘This highly site-dependent energy source is 
capable of producing very cheap electricity. Its 
use has expanded very rapidly, with power 
output from hydroelectric plants doubling 
every 15 years. Turbines driven by falling or 
‘moving water have a long working life 
without major maintenance costs. Also, 
despite the high costs of the initial 
construction, hydropower is very promising 
for many parts of Africa and South America. It 
is widely used in Norway. Hydropower stations 
are, however, associated with massive changes 
in the ecology of the area surrounding the 
plants. To create a reservoir behind a newly 
constructed dam, a vast area of land must be 
flooded. 

  

  

‘The principle behind hydropower is simple. 
Consider a mass m of water that falls down a
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vertical height h (Figure 1.14). The potential 
energy of the mass is mgh, and this gets 

  

converted into kinetic energy when the mass 
descends the vertical distance h. The mass is 
given by pAV. where p is the density of water 
(1000 kg m~) and AV is the volume it occupies 
(see Figure 1.15). 

  

A b_— 
Figure 1.14 Water falling from a vertical height h 

has its potential energy converted into kinetic 
energy, which can be used to drive turbines. 

  

“The rate of change of this potential energy, i.e. 
the power P, is given by the change in potential 
energy divided by the time taken for that 
change, so 

p_mgh _ paVgh 
Tat T At T 

    

The quantity Q 
flow rate (volume per second) and so 

  

P = pQgh 

Within a time equal to Al, the mass of water 
that will flow through the tube (Figure 1.15) is 
m=pAV = pQat 

  

Figure 1.15. 

‘This is the power available for generating 
electricity (or to convert into some other 
mechanical form) and it is thus clear that 

hydropower requires large volume flow rates, 
Q. and large heights, h. 

Example question 
Q2 srmrsrsmssss s senessmnannns 
Find the power developed when water in a siream 
with a flow rate 50 L ™' falls from a height of 
15 m. 

Answer 
Applying the power formula, we find 
(remembering to do all the conversions) 
P = pQgh=1000 x (50 x 107) x 9.8 x 15 

7.4KW   

A number of different schemes are available for 
extracting the power of water. Water can be 
stored in a lake, which should be at as high an 
elevation as possible to allow for energy release 
‘when the water is allowed to flow to lower 

heights. In a pump storage system, the water that 
flows to lower heights is again pumped back to 
its original height by using the generators of 
the plant as motors to pump the water. 
Obviously, to do this requires energy (more 
energy, in fact, than can be regained when the 
water is again allowed to flow to lower heights). 
‘This energy has to be supplied from other 
sources of electrical energy. But it is the only 
‘way 0 store energy on a large scale for use when 
demand is high. In other words, excess 
electricity from somewhere else can be provided 
10 the plant to raise the water so that energy 
can be produced later when it is needed. Finally, 
there are schemes that take advantage of the 
tides, tidal storage systems. The general idea here 
is to have the flow of water during a tide turn 
turbines, producing electricity. 

  

» Advantages of hydroelectric energy 

+ Inexhaustible 
+ Clean 

» Disadvantages of hydroelectric energy 
+ Very dependent on location 
+ Requires drastic changes to environment 
+ Initial costs high  
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Wind power 

‘This ancient method for extracting energy is 
particularly useful for isolated small houses 

and agricultural use, where small wind 
turbines extracting 3 kW of power from the 
wind can provide all the energy needed for 
simple living conditions. Small wind turbines 
have vanes no larger than about 1 m long. 
Modern large wind turbines are capable of 
producing up to a few megawatts of power 
and, of course, they tend to be big, with vanes 
larger than 30 m. 

Wind power devices have no adverse effects 
(though there is some evidence that low- 
frequency sound emitted during the operation 
of wind turbines affects people’s sleeping 
habits). However, a very large number of them 
in wind parks is not an attractive sight to 
many people, and there is a noise problem. 
The cost of wind energy conversion systems 
varies from about $500 to $5000 per kilowatt 

of power produced. The blades are susceptible 
to stresses in high winds. and damage due to 
metal fatigue frequently occurs. The design 
must also take into account gale-force winds, 
which may be very rare for a particular site, 
but would certainly result in very serious 
damage to an inadequately designed system. 

  

    

particularly useful for energy extraction. 
Serious power production from wind occurs 
at speeds from 6 to 14 m 5. The dependence 
of the power on the area of the blades and 
the cube of the wind speed can be understood 
as follows (Figure 1.17). 

Figure 1.17 A horizontal axis wind turbine with 
two blades. 

Let us consider the mass of air that can pass 
through a tube of cross-sectional area A with 
velocity v in time Al (Figure 1.18). Let p be the 
density of air. Then the mass enclosed in a tube 

of length v At is pAv AL. This is the mass that 

will exit the right end of the tube within a time 
interval equal to At. The kinetic energy of this 
mass of air is thus 

  

  

      

  

Generally, about onequarter of the power 1 G e 
carried by the wind can be converted into 7 PATALV = S hAAH 
electricity (Figure 1.16). 
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Figure 1.16 Energy flow diagram for wind energy 
extraction. 

Wind speed is the crucial factor for these 
systems, the power extracted being 
proportional to the cube of the wind speed. 
Wind speeds of up to about 4-m s~ are not 

  

> The kinetic energy per unit time is the. 
pwman sodividing by At wefind    
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    If this stream of air meets a wind turbine, then 
A stands for the area presented to the air 
stream by the blades of the wind turbine. The 
power that can be extracted is thus 

P= cp% pAV® 

where C,, is known as the power coefficient. It 
is simply an efficiency factor that determines 
how much of the available wind power the 

‘wind turbine can extract. Theoretically, Cy is 
‘between 0.35 and 0.45. 

Assuming a wind speed of 12 m s, an air 
density of 1.2 kg m~* and an efficiency 
coefficient of 0.40, we find 

P 1 3 

=Gz 
;o.«)x%m.zmz’ 

=41 x10°Wm 2 

as the theoretical power extracted per unit wind 
turbine area. A 2 m* wind turbine area will thus 
extract about 820 W of power from the wind. 

Doubling the wind turbine area doubles the 
power extracted, but doubling the wind speed 
increases the power (in theory) by a factor of 
eight. In practice, frictional and other losses 
(mainly turbulence) result in a smaller power 
increase. The calculations above also assume 
that all the wind is actually stopped by the wind 
turbine, extracting all of the wind's kinetic 
energy, which in practice is not the case. 

    

Wave power 

It has been realized that deep-water, long- 
wavelength sea waves carry a lot of energy. 
‘Water waves are very complex and belong to a 
class of waves called dispersive, i.e. the speed of 
the wave depends on the wavelength. 

  

For waves of amplitude 1.5 m and wave energy 
transfer speed ¥ = 4.0 m s, the formula above 
gives (here it is worth paying attention to the 
units) 

r Lo T =34 

=%xxo’x9.sx15=x4.o 

=44kwm™ 

‘The units are: 

(kgm)(Nkg™! 

=(Nm)s'm™' 

(mFms~") 

  

=Ws'm’! 

=wm' 

This is a substantial amount of power.  
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] 
In advanced books you may see this formula 
also written with a denominator of 4 rather than 
2ie 

  

   

    

P _ps¥c 
S g 

4 is the speed of the wave, which, 
‘because the wave s dispersive, is not equal to 
the energy transfer speed v; in fact ¢ = 2v. So 
the wave speed in the example above is. 
c=2x625ms" = 125ms". This is 
atechnical point that we will nat discuss 
further. 

  

Many devices have been proposed to extract 
the power out of waves. The one to be 
discussed here is called the oscillating water 
column (Figure 1.19). As a crest of the wave 
approaches the cavity in the device, the 
column of water in the cavity rises and 5o 

Figure 1.19 An oscillating water column (OWC) 
plant. Y   

pushes the air above it upwards. The air 
‘passes through a turbine, turning it, and is 
then released into the atmosphere. As a 
trough of the wave approaches the cavity, the 
water in the cavity falls and thus draws in air 
from the atmosphere, which again turns the 
turbine. 

Wave patterns are irregular in wave speed, 
amplitude and direction, and it is difficult to 
achieve reasonable efficiency of wave devices 
over all the variables. For many wave devices, it 
is difficult to couple the low frequency of the 
water waves (typically 0.1 Hz) to the much 
higher generator frequencies (50-60 Hz) 
required for electricity production. The OWC 
Solves this problem. The great advantage of the 
OWC device is that the speed of the air 
through the column can be increased by 
adjusting the diameter of the valves though 
which the air passes. In this way very high air 
speeds can be attained, thus coupling the low- 
frequency water waves with the high-frequency 
turbine motion. 
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1 Consider a scheme in which thermal energy 
is extracted from the ocean. Some of the 
extracted energy is used to perform mechanical 
work (run the ship) and the rest is 
discarded back into the ocean. Why will 
this not work? | 2 Explain what is meant by degradation of 
energy. Give one example of energy 
degradation. 

3 (a) Define energy density of a fuel. 
(b) Estimate the energy density of water that 

falls from a waterfall of height 75 m and is 
used to drive a turbine. 

4 A power plant produces 500 MW of power. 
(@) How much energy is produced in one 

second? Express your answer in (i) joules, 
i) KWh and (i) MWh. 

(b) How much energy (in joules) is produced 
in one year? 

5 A power plant operates in four stages. The 
efficiency in each stage is 80%, 40%, 12% 
and 65%. 
(@) What is the overall efficiency of the plant? 
(b) Make a Sankey diagram for the energy | 

low in this plant. 
6 A coal power plant with 30% efficiency burns 

10 million kilograms of coal a day. (Take the 
heat of combustion of coal to be 30 M) kg™") 
(a) What is the power output of the plant? 
(b) At what rate is thermal energy being 

discarded by this plant? 
(©) If the discarded thermal energy is carried 

away by water whose temperature is not 
allowed to increase by more than 5 °C, 
calculate the rate at which water must 

  

flow away from the plant 
7 One litre of gasoline releases 35 M) of energy 

when burned. The efficiency of a car 
operating on this gasoline is 40%. The speed 

of the car is 9.0 m s~ when the power 
developed by the engine is 20 kW. Calculate 
how many kilometres the car can go 
with one litre of gasoline when driven at this 
speed. | 

  

8 A coal-burning power plant produces 1.0 GW 
of electricity. The overall efficiency of the 
power plant s 40%. Taking the energy density 
of coal 1o be 30 M) kg, calculate the 
amount of coal that must be burned in one 
day. 

9 In the context of nuclear fission reactors, state 
what is meant by 
(@) uranium enrichment; 

(b) moderator; 

(© critical mass. 
10 (a) Calculate the energy released in the fission 

reaction 

iU~ U e + Y5+ 20n 
(b) How many fission reactions per second 

must take place if the power output is 
200 MW? (The atomic masses are: 
uranium-235, 33U = 235.043923 u; 
xenon-140, '4Xe = 139.921636 u: 
strontium-94, %3St = 93.915360 u; 
neutron, n = 1.008665 u.) 

    

11 The energy released in a typical fission 
reaction involving uranium-235 
is 200 MeV. 

{a) Calculate the energy density of uranium-235. 
(b) How much coal (heat of combustion 

30 M) kg™') must be burned in order to 
give the same energy as that released in 
nuclear fission with 1 kg of uranium-235 
available? 

12 (a) A 500 MW nuclear power plant converts 
the energy released in nuclear reactions 
into electrical energy with an efiiciency of 
40%. Calculate how many fissions of 
uranium-235 are required per second. 
Take the energy released per reaction to 
be 200 MeV. 

(b) What mass of uranium-235 is required to 
fission per second? 

13 (a) Make a schematic diagram of a 
fission reactor, explaining the role of 
(i) fuel rods, i) control rods and! 
(iii) moderator. 

() In what form is the energy released in a 
fission reactor? 

  
 



14 By looking up appropriate sources, write an 
essay about the problem of radioactive waste 
disposal 

15 Distinguish between a solar panel and a 
photovolaic cell 

16 The typical energy of photons in the 
visible spectrum is 2 eV. Explain why a 
semiconductor with an energy gap 
between the valence and conduction 
bands of more than 2 eV would 
not be suitable in a photovoltaic 
cell. 

17 Sunlight of intensity 700 W m-* is captured 
with 70% efiiciency by a solar panel, which 
then sends the captured energy into a house 
with 50% efficiency. 

() 1f the house loses thermal energy through 
bad insulation at a rate of 3.0 kW, find the 

area of the solar panel needed in order to 
keep the temperature of the house 
constant. 

(b) Make a Sankey diagram for the energy 
flow. 

18 A solar heater is to heat 300 L of water- 

initially at 15 °C to a temperature of 
50 °C in a time of 12 hours. The amount 

of solar radiation falling on the collecting 
surface of the solar panel is 240 W m* and 
is collected at an efficiency of 65%. Calculate 
the area o the collecting panel that is 
required. 

19 A solar heater is to warm 150 kg of water by 
30 K. The intensity of solar radiation is 
6000 W m"* and the area of the panels is 
4.0 m?. The specific heat capacity o the water 
is4.2 x 10° ) kg™' K", Estimate the time this 

will take, assuming a solar panel efficiency 
of 60%. 

20 The graph in Figure 1.20 shows the variation 
with incident solar power P of the temperature 
of a solar panel used to heat water when 
thermal energy s extracted from the water at a 
rate of 320 W. The area of the panel is 2.0 m* 
and the intensity of the solar radiation 
incident on the panel is 400 W m~ 
Calculate 
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Figure 1.20 For question 20. 

(@) the temperature of the water; 
(b) the power incident on the panel; 
(©) the efficiency of the panel. 

21 The graph in Figure 1.21 shows the power 
curve of a wind turbine as a function of the 
wind speed. If the wind speed is 10 m s, 
calculate the energy produced in the course of 
one year, assuming that the wind blows at this 
speed for 1000 hours in the year. 

  

  

Figure 121 For question 21. 

22 State the expected increase in the power 
extracted from a wind turbine when 
(@) the lengih of the blades is doubled; 
(b) the wind speed is doubled; 
(© both the length of the blades and the wind 

speed are doubled. 
(@ Outline reasons why the actual increase in 

the extracted power will be less than your 
answers.
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23 Wind of speed v is incident on the blades of a 
wind turbine. The blades present the wind 
with an area A. 
(@ Deduce that the maximum theoretical 

power that can be extracted is given 
by 

  

1 
204V 

(b) State any assumptions made in deriving 
the relation in (a). 

24 Air of density 1.2 kg m™ and speed 8.0 m s™! 
is incident on the blades of a wind wrbine. 
‘The radius of the blades is 1.5 m. Immediately 
after passing through the blades, the wind 
speed is reduced 10 3.0 m s and the density 
of air is 1.8 kg m™". Calculate the power 
extracted from the wind. 

  

25 Calculate the blade radius of a wind turbine 
that must extract 25 KW of power out of wind 
of speed 9.0 m s™!. The density of air is 
1.2 kg m, State any assumptions made in 
this calculation. 

26 Find the power developed when water in a 
waterfall with a flow rate of 500 L 5™ falls 
from a height of 40 m. 

27 Water falls from a vertical height h ata 

flow rate (volume per second) Q. Deduce 
that the maximum theoretical power 
that can be extracted is given by 
P = pQgh. 

28 A student explaining pumped storage 
systems says that the water that is stored at 
a high elevation is allowed to move lower, 
thus producing electricity. Some of this 
electricity is used to raise the water 
back to its original height, and the process 
is then repeated. What is wrong with this 
statement? 

29 (a) Supply the details for the derivation of the 

  

equation 

P _pghv 
T 2 

for a wave with a square profile.   

(b) Calculate the power per unit wavefront 
length that can be obtained from deep-sea 
waves of amplitude 5.0 m and wave speed 
v=48ms"' 

(€) What wavefront length is required for a 
total power output of 1.0 MW. 

30 Describe the operation of an os ing water 

column (OWC) device. State the main 
advantage of the OWC device. 

  

31 Make an annotated energy flow diagram 
showing the energy changes that are taking 
place in each of the following: 
(@) a conventional electricity-producing 

power station using coal; 
(b) a hydroelectric power plant; 
(c) an electricity-producing wind turbine; 

(@ an electricity-producing nuclear power 
station. 

HL only 

32 Sunlight of intensity 800 W m™ is captured 
by a tank containing 100 kg of water wi 
an efficiency of 80%. The tank is rectangular 
in shape and has dimensions 
1.0 % 1.0 x 0.10m”". It has walls of thickness. 

5.0 mm. The surrounding air has a 
temperature of 20 °C. Assume that the tan 
well insulated from all sides except the top 
surface (of area 1.0 m?). The material of the 
tank has a thermal conductivity of 
k=030Wn! K-, its density is 
1200 kg m~ and its specific heat capacity is 
450 kg™ K71, 
“The rate of flow of thermal energy through a 
surface of area A and thickness x separated by 
temperatures T; and T, is given by 

AQ h-T 

B 

        

  

(@ Calculate the mass of the tank. 
(b) By equating the energy received fiom the 

sunlight to the thermal energy lost by 
‘conduction to the surrounding air, estimate 
the final temperature of the water.
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(c) Find the heat capacity, C, of the conductivity of the tank, A s the area of 
tank-water system. the top surface of the tank, and x is the 

(d) Show that the temperature T of the water thickness of the tank wall. 
in °Cis increasing at a rate 4L that can (€) Evaluate the rate of temperature increase 
be found from the equation ‘when the temperature is the average of the 

initial temperature of 20 °C and the final 

temperature you found in part (). 
{f) Assuming that the temperature is 

where I, is the intensity of sunlight increasing at this rate, calculate how long 

captured by the tank, Cis the heat it will take the water to reach its final 

‘capacity of the system, K s the thermal temperature. 

T-20 (LLBEFTREI 
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The greenhouse effect 
and global warming 

chapter deals with the physical mechanisms that control the energy balance of the 
earth. The important phenomenon of black-body radiation is introduced along with the 
associated Stefan-Boltzmann and Wien displacement laws. The ‘greenhouse effect’ is 
introduced as the trapping by gases in the atmosphere of radiation emitted by the earth, 
The enhanced greenhouse effect s alo discussed. As much as possible, the chapter stays 
close 10 the physics of the problem, and does not enter into judgements based on 
political or moral grounds. 

    

Objectives 

By the end of this chapter you should be able to: 
+ understand and apply the black-body radiation law; 
* understand the meaning of the terms emissivity and albedo; 
« work with a simple energy balance equation; 
+ understand the meaning of the term greenhouse ¢ffect and distinguish this 

effect from the enhanced greenhouse effect; 
* name the main greenhouse gases and their natural and anthropogenic 

sources and sinks; 
* understand the molecular mechanism for nfrared radiation absorption; 
* state the evidence linking global warming to the increased concentrations 

of greenhouse gases in the atmosphere; 
* understand the definition of surface heat capacity and apply it in simple 

situations; 
+ discuss the expected trends on climate caused by changes in various factors 

and appreciate that these are interrelated: 
« state possibe solutions to the enhanced greenhouse effect and international 

efforts o counter global warming. 

  

The black-body law | example, the energy from the sun that 
— | warms the earth, thereby sustaining life 
One of the great advances in physics of on earth, is the energy radiated by the hot 
the nineteenth century was the realization surface of the sun that arrives on earth 
that all bodies that are kept at some absolute through the vacuum of space. The power 
(kelvin) temperature T radiate energy in radiated by a body is governed by the 
the form of electromagnetic waves, For Stefan-Boltzmann law.
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The constant ¢ appearing in this formula is called 
the emissivity of the surface. It is-a dimensionless 
number that varies from 0 to 1. The special case 
¢ =1 corresponds to what is called a black 
body, a theoretical body that is a ‘perfect’ 
emitter. A real body is a good approximation to 
the theoretical black body if its surface is black 
and dull. For example, a piece of charcoal is a 
better approximation to a black body than a 
shiny silver surface. In other words, surfaces 
differ in the value of the emissivity e. Dark and 
dull surfaces have e close to 1, whereas light and 
shiny surfaces have e close to 0. Table 2.1 gives 
values for the emissivity of various surfaces. 

  

    

Black body 1 
Ocean water [ 
Iee 01 
Dryland 07 
Land with vegetation 06 " 

‘Table 2.1 Emissivity of various surfaces. 

Abody of emissivity e that is kept at some 
temperature T, will radiate power at a rate 
Pou = ea AT but will also absorh power at a 
rate Py = ea AT} if its surroundings are kept at 
a temperature 7. Hene the net power lost by 
the body is 

  

Poet=Pou = P =eaA (T} = T3) 

  

At equilibrium, Ppe = 0, i.e. the body loses as 
much energy as it gains, and so the body's 

temperature stays constant and equals that of 
the surroundings, Ty = T2 

Surfaces that are black and dull, as opposed to 
light and shiny, are also good absorbers of 
radiation. Thus we wear dark clothes in the 
winter to absorb the radiation from the sun. 
Light-coloured surfaces are good reflectors of 
radiation, which is why we wear light-coloured 
clothes in the summer. 

‘The energy radiated by a body is 
electromagnetic radiation and is distributed 
over an infinite range of wavelengths. However, 
most of the energy is radiated at a specific 
wavelength that is determined by the 
temperature of the body - the higher the 
temperature, the shorter the wavelength. 
For a body at ordinary room temperature 
(20°C, 293K) the wavelength at which most of 
the energy is radiated is an infrared 
wavelength. This is why we associate infrared 
radiation with ‘heat’. 

Figure 2.1 shows how the power is radiated 
from 1 m” of the same surface as the 
temperature of the surface is varied 
(T =350 K, 300 K and 273 K). 

10 

08 

06 

04 

02 

  

0 05 10 1 3 
AX10%5m 

Figure 2.1 Blackbody spectra for a body at the 
three temperatures shown. The units on the 
vertical axis are arbitrary. (The curves appear to 
start from a finite value of wavelength. This is 
not the case. The curves start at zero wavelength 
but are too small to appear on the graphs.)
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We see that, with increasing temperature, the 
peak of the curve occurs at lower wavelengths 
and the height of the peak increases. The 
relation between the temperature and the peak 
wavelength, the wavelength at which most of 
the energy is emitted, is given by Wien's law: 

AT =290 x10° mK 

(Note that the unit here is metre kelvin, not 
millikelvin.) 

‘The earth's surface emits infrared radiation 
because the earth’s surface is at a temperature 
of 288 K (global day and night average): 

2.90 x 10~ 
288 

which is a typical infrared wavelength. The sun, 
by contrast, with a surface temperature of 
5800 K emits at 

2.90 x 10-% 
5800 

which is in the wavelength range of visible light. 

  

1.0x 107 m 

  

50x107 m 

  

Figure 2.2 shows the power emitted from 1 m? 
of various different surfaces kept at the same 
temperature (300 K). The difference in the 
curves is due to the different emissivities 
(¢ =1.0,0.8 and 0.2). The curves are identical 
apart from an overall factor that shrinks the 
height of the curve as the emissivity decreases. 

I 
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Figure 2.2 The spectrum of three bodies with 
different emissivities at the same temperature 
(300 K). The units on the vertical axis are arbitrary.   

Example questions 

QI mmrCEGseE S TeTTTT—— 
By what factor does the power emitted by a body 
increase when the temperature is increased from 
100 °C to 200 °C? 

Answer 
The temperature increases (on the kelvin scale) 
from 373 K to 473 K, and so the emitted power, 
being proportional to the fourth power of the 
temperature, will increase by a factor 

473\" 73) —2359 (m) ’ 
Q2 e EE——————— 
The emissivity of the naked human body may be 
taken to be e= 0.90. Assuming a body 
temperature of 37 °C and a body surface area of 
1.60 m?, calculate the total amount of energy lost 
by the body when exposed o a temperature of 
0.0°C for 30 minutes. 

Answer 
FIOM Pru = Py = P = €0A(T; — T5) we find 
that the et power lost by the body is (notice that 
we must use kelvins) 
Pre=10.90 x 5.67 x 10 x 1.60 x (310" — 273*) 

=301W 

    

Hence the energy lost is 
E=Put 
=301 x 30 % 60 
=54x10°) 

(For the purposes of an estimate, assume 
that the body has mass 60 kg and is made out 
of water, so that the specific heat capacity is 
©=4200 kg K. This would result in a drop 
in body temperature of AT 2.1 K. This 
would be serious! However, it ignores the fact that 
respiration provides a source of energy.) 

  

Solar radiation 

The sun may be considered to radiate as a 
perfect emitter (i.e. as a black body). The sun 
emits a total power of P = 3.9 x 10% W. The 
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average earth-sun distance isd = 1.5 x 10" m. 
So, at the distance of the earth, we may 
imagine that the power radiated by the sun is 
distributed uniformly on the surface of a sphere 
centred at the sun of radius d (see Figure 1.11 
on page 424). The earth receivs only a very 
small fraction of this power, equal to 4. 
where a is the area used to collect the power. 
“Thus the power per unit area (i.. the intensity) 
received by earth is 

P    
A 

    

   
Intensity is the power of radiation received 
 per unitarea of the receiver, 2 

  

Substituting the numerical values gives 

5.9 % 10% = 
(15 < domye O 

  

‘This is the intensity of the solar radiation at the 
top of the carth’s atmosphere. It is called the 
solar constant and is denoted by S. 

If we know that radiation of intensity I is 
incident on a surface of area A, we can 
calculate the power delivered to that area 
from: 

P=IA 

Albedo 
‘The albedo (from the Latin for ‘white’) a, of a 
body is defined as the ratio of the power of 
radiation reflected or scattered from the body 
to the total power incident on the body: 

total scattered/reflected power 
Total incident power      

‘The albedo s a dimensionless number. Snow 
has a high albedo (0.85), indicating that snow. 
reflects most of the radiation incident on it, 

whereas charcoal has an albedo of only 0.04, 
‘meaning that it reflects very little of the light 
incident on it. The earth as a whole has an 

average global albedo that is about 0.3. The 
albedo of the earth varies. The variations 
depend on the time of the year (many or few 
clouds), latitude (a lot of snow and ice or very 
little), on whether one is over desert land (high 
albedo, 0.3-0.4), forests (low albedo, 0.1), or 
water (low albedo, 0.1), etc. 

The calculation of the solar constant as 
S = 1400 W m is the value at a particular 
point in the upper atmosphere. At any one 
moment in time, the carth offers a ‘target” 
area of xR?, where R is the radius of the earth 

(see Figure 2.3). As the target area is only a 
quarter of the total surface area of the carth 
(47R?), the power of the radiation received 
per square metre of the earth’s surface is 
$ =350 W m2. Since 30% is reflected, this 
‘means that the earth receives a net radiation 

intensity of 350 x 0.7 = 245 W m2, 
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radiation 
Figure 23 The radiation reaching the earth falls 

on a disc of area 7R?, where R is the radius of 

the earth. 

Energy balance 
‘The earth has a constant average temperature 
and behaves as a black body. So the energy 
input to the earth must equal (balance) the 
energy output by the earth. Taking account of 
albedo, the power delivered to surface area A 
(Figure 2.4) s 

P=(-alA 

‘The next example introduces a first example of 
an energy balance equation.
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incoming intensity I 

  

reflected Fadiated back o spuce. 
=al =0-a)! 

o esived by cani =0/ carth's surface: 
    
  

Figure 2.4 Energy diagram showing energy 
transfers in a model without an atmosphere. 
Note that the energy in equals the energy out. 

  

Example quest 
Q) 2easecs SRR SR TSI IO ST BSOS 

Assume that the earth has a fixed temperature 
Tand that it radiates as a black body. The 
average incoming solar radiation has intensity 

   

  

I=£ =350 W m*. Take the albedo of the earth 
10 be @ = 0.30. Ignore the effect of the 
atmosphere. 
(@) Wiite down an equation expressing the fact 

that the power received by the earth equals 
the power radiated by the earth into space (an 
energy balance equation). 

(b) Solve the equation to calculate the constant 
carth temperature. 

(c) Comment on your answer. 

Answer 
(@) The power received by an area A of the 

carth's surface is 

Pa=(-aA=( —m;A 

This is because a power a§ A has been 
reflected back into space. The earth radiates 
power from the entire surface area of its 
spherical shape, and so the power radiated 
from 1 m? (by the Stefan-Boltzmann law) is 
Py = 0AT*   

(Here we are assuming that the earth is a 
black body, so e= 1; and the surrounding 
space is taken 1o have a temperature of 0 K.) 
Equating the above two equations gives 

  

«wu)fA GAT* 

(1 —a@)$=4d0T* 

(b) Hence we find 

Ja-ws 
’J a0 

“This evaluates to 

  

—_— 
[(1=030) x 1400 
V aGerx10% 

  256K     

This temperature is 17 °C. 

(€) W is perhaps surprising that this extremely 
simple model has given an answer that is not 
off by orders of magnitude! But a temperature 
of 256 K is 32 K lower than the earth’s 

average temperature of 288 K, and so 
obviously the model s just too simplistic. One 
reason this model is too simple is precisely 
because we have not taken into account the 
fact that not all the power radiated by the 
earth actually escapes. Some of the power is 
absorbed by the gases i the atmosphere and 
is re-radiated back down to the earth's 
surface, causing further warming that we have 
neglected to take into account. In other 
words, this model neglects the greenhouse 
effect. This simple model also points to the 
general fact that increasing the albedo (more 
energy reflected) results in lower temperatures. 

  

Another drawback of the simple model 
presented above is that the model is essentially 
a zero-dimensional model. The earth is treated 

as a point without interactions between the 
surface and the atmosphere. (Latent heat flows, 
thermal energy flow in occans through 
currents, thermal energy transfer between the 
surface and the atmosphere due to temperature 
differences between the two, are all ignored ) 
Realistic models must take all these factors (and 
many others) into account, and so are very 
complex. 

The greenhouse effect 

“This effect applies to any planet with an 
atmosphere, but in this discussion the planet 
will be assumed to be the carth.
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‘The solar radiation reaching the earth 
is mainly radiation in the visible region 
of the electromagnetic spectrum (with 
small amounts in the ultraviolet and 
infrared). About 30% of this radiation is 
reflected back into space, and the rest 
arrives at the earth’s atmosphere and 
the surface, warming both. The earth’s 
surface radiates back as all warm bodies 
do. But the earth’s surface is at an average 
temperature of 268 K and, using Wien’s law, 
we see that the wavelengths at which this 
energy is radiated are infrared wavelengths. 
Unlike visible light wavelengths, which pass 
through the atmosphere unobstructed, 
infrared radiation is strongly absorbed by 
various gases in the atmosphere, the so-<alled 
greenhouse gases. This radiation is in turn re- 
radiated by these gases in all directions. This 
means that some of this radiation is received 
by the carth’s surface again, causing 
additional warming (Figure 2.5). This is 
radiation that would be lost in space were it 
not for the greenhouse gases. Without this 
greenhouse effect, the carth's temperature 
would be 32 K lower than what it is now. This 
effect would be absent if there was no 
atmosphere. 

reflected 

incoming inensity radiated back info space.       
  

canh's surface 

Figure 255 A simplified energy flow diagram to 
fllustrate the greenhouse effect. 

  

{the greenihouse gases) ave water vapour, 
* carbon dioxide, mmmdmnwamd& 

A more detailed energy flow diagram is shown 
in Figure 2.6. The total incoming intensity is 
represented by 100 in arbitrary units or 
percentages. (The diagram does not include 

  

   

  

incoming 
intensity = 

L radiation from surface 
reflected from  radiation from clouds with n0 atmospheric 

reflected from atmosphere =25 atmosphere = 25 + 4 absorption = 5 
surfuce =5 A 

2 40 

7] amosphere:             

  

    

  

transmitted 
o surfuce 

convection and 
evaporation = 30   

    

        

  

ibsorbed IR 
radiation re-radiated: 
back to carth = 96 

  

    
  

    

  
eanth's surface 

  

    

Figure 2.6 A more detailed energy flow diagram for the earth-atmosphere 
system.
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energy associated with winds, ocean waves and 
currents and transfers of energy across the 
eartly’s surface. These are important but are too 
complicated for our purposes here) Notice that 
the energy in and the energy out balance 
separately, as indicated in Tables 2.2 and 23 for 
the entire earth system and the surface. It is left 
as an exercise to check that the energy also 
balances for the atmosphere. 

  

Radiation from sun 100 
Total fo entire carth system 100 

Reflected from surface 5 | 
Reflected from atmosphere. 2 | 
Radiation from clouds and 65 
atmosphere 
Radiation from surface with no 5 
atmospheric absorption | 
(the IR ‘window') ‘ 
Total for entire carth system 100 

Table 2 Energy balance for the entire total earth | 
system. 

| 

‘Transmitted to surface from sun 50 
Absorbed IR radiation reradiated % 
back to earth (greenhouse effect) 
“Total for carth's surfice 146 | 
  

Reflected from surface s 
Convection and evaporation 30 
IR radiation from surface 106 
Radiation fom srface with o s ‘ 
atmospheric absorption 
(the IR ‘window’) 
Total for earth’ surfuce 146 “ 

‘Table 23 Energy balance for theearth’s surface. 

For the earth as a whole, the total reflected 
radiation is thus 5 + 25 = 30, consistent with 
an albedo of 0.3. The total outgoing radiation is 
100, consistent with energy conservation. 

Notice that, for the surface, the amount of 
radiation emitted is 106 + 5 = 111, compared to 
the incoming amount of 100. This represents 
111% of the average incoming intensity 
I=%=350Wm2sois 

  

    

nm o 111% x 350 = 155 x 350 = 390 W 

‘This must be consistent with the earth’s 
surface temperature of 288 K. Indeed, the 
radiation per unit area from a surface at this 
temperature is 

oT* =567 x 10°° x (288)" ~390 Wm™? 

The greenhouse effect is thus a natural 
consequence of the presence of the atmosphere. 
‘There is, however, also the enhanced greenhouse 
effect, which refers to additional warming due 
to increased quantities of the greenhouse gases in 
the atmosphere. The increases in the gas 
concentrations are due to human activity. 

‘The greenhouse gases in the atmosphere have 
natural as well as man-made (anthropogenic) 
origins (Table 2.4). Along with these sources of 
the greenhouse gases, we have ‘sinks’ as well, 
that is to say, mechanisms that reduce these 
concentrations. For example, carbon dioxide is 
absorbed by plants during photosynthesis and 
is dissolved in oceans. Methane is destroyed in 
the lower atmosphere by chemical reactions 
involving free hydroxyl radicals (-OH). Nitrous 
oxide is also destroyed in the atmosphere by 
photochemical reactions. 

It must be noticed that the radiation incident 
on the earth is mainly visible light. Photons of 

visible light, unlike photons of infrared 
radiation, are not absorbed by the gases of the 
atmosphere. Therefore, the incident radiation 
passes through the atmosphere and arrives at 
the earth’s surface (having had about 25% of 
the radiation reflected back into space from the 
upper atmosphere).
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H.0 (water vapour) 
rivers and lakes 
evaporation of water from oceans, 
  

€O; (carbon dioxide) forest fires, volcanic eruptions, 
evaporation of water from oceans 

‘burning fossil fuels in power plants 
and cars, burning forests 

  

CH, (methane) wetlands, oceans, lakes and rivers. Flooded rice felds, farm animals, 
termites, processing of coal, natural 
gas and oil, and burning biomass 

  

N.O (dinitrogen oxide, forests, oceans, so 
nitrous oxide) 

‘Table 24 Sources of greenhouse gases. 

  

Mechanism of photon absorption 
Consider a molecule of carbon dioxide (one of 
the many gases that are capable of absorbing 
infrared photons). We already know from 
atomic physics that the energy of electrons 
‘within atoms is quantized (ie. it assumes 
discrete values). The same effect (i.e. the 
existence of discrete energy values) applies to 
the energy of molecules due to their vibrational 
and rotational motion. This energy is also 
quantized, and there are vibrational and 
rotational energy levels (Figure 2.7) just as there 
are atomic energy levels. The big difference 
between the two kinds of energy level 

    

  

  

Figure 2.7 Combined vibrational and rotational 

energy levels of a diatomic molecule. The 

absorption of a photon of energy AF results in 
the transition indicated. 

il and grasslands burning fossil fuels, manufacture of 
cement, fertilizers, deforestation (reduction 
of nitrogen fixation in plants) 

(vibrationalfrotational versus atomic) is that 
the difference in energy between the 
vibrationaljrotational energy levels is 
approximately the same as the energies of 
infrared photons. (Atomic energy levels, in 
general, differ in energy by amounts far greater 
than the energy of infrared photons) 

‘This means that infrared photons travelling 
through these gases will be absorbed. 
Absorbing photons means that the gas 
molecules will now be excited to higher 
energy levels. But the molecules prefer to be in 
low-energy states, and so they will immediately 
malke a transition to a lower-energy state by 
emitting the photons they absorbed. But 
these photons are not all emitted outwards 
into space. Some are emitted back towards the 
earth, thereby warming the earth’s 
surface. 

‘The precise mechanism for photon absorption 
by the greenhouse gases is complex and 
requires quantum mechanics. Here we will try 
to understand the absorption by making use 
of the concept of resonance that we met in 
our study of simple harmonic motion 
(Chapter 4.1). 

Consider two atoms forming a diatomic molecule 
(we concentrate on diatomic molecules - this 
discussion would get very complicated for 
‘molecules with three or more atoms). The force 
between the atoms may be very loosely modelled 
as a mass-spring system (Figure 2.8). The atoms
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Figure 2.8 The atoms of a diatomic molecule 

vibrate. The energy associated with the vibration 
is quantized. 

  

may be thought to be connected by a spring, and 
simple harmonic oscillations take place when 
the atoms are disturbed from their equilibrium 
positions. 

The frequency of oscillation is given by 

‘/T 
2x\m 

where m is related to the masses of the two 
atoms, m; and my, through 

  

F 

mym; m= e my o+ my 
¥or carbon monoxide (CO), the ‘spring" 
constant has a value k = 1900 N m™" and 
m=1.14 x 10% kg. Therefore the frequency is 

  

=65x 10" Hz 

“This frequency is the natural frequency of the 
molecule. Photons travelling through the gas 
will be in resonance with the molecule if they 
have a frequency equal to the natural frequency. 
Atypical infrared photon has an energy of 
0.25 eV and so its frequency is 

—t 
“h 

_025x1.6x10" 
T eex10 

f 

=6.1x 10" Hz 

“This is approximately the same as the natural 
frequency of the molecule. This means that the 
photons will be absorbed by the molecule. 

Transmittance curves 

Consider infrared radiation passing through 
the atmosphere. The intensity of radiation 
after passing through the atmosphere will be 
less than the incident intensity because 
some of the radiation will be absorbed. We 
may then make a transmittance curve that 
shows the variation with wavelength of the 
percentage of radiation that actually gets 
through the gas. The transmittance curve 
of Figure 2.9 indicates that all photons of 
wavelength less than about A =4 x 10 m and 
larger than & = 8 x 10 m are transmitted 
through the gas, whereas photons of wavelengths 
between 2 =4 x 10 mand & = 8 x 10 m are 
absorbed to varying degrees. The curve 
implies that all the photons of wavelength 
=610 m are absorbed. The amount of 
absorption depends on the concentration of 
the absorbing gas. 

™ 
100 
50 
0 
0! 
2]   R I 
o 2 4 6 & 10 12 M 

Figure 2.9 A typical transmittance curve for a gas. 
showing absorption at wavelengths around 
6 pm. 

Figure 2.10 shows the theoretical black- 
body spectrum of the sun and the actual 
spectrum due to absorption by gases in 
the atmosphere. A realistic transmittance 
curve is shown in Figure 2.11. It shows the 
transmittance, through the earth’s 
atmosphere at sea level, for infrared 
radiation in the wavelength range 1 x 10 m 
1015 x 10 m. There are very strong absorption 
bands at wavelengths of 1.1 x 107 m, 
28 10 mand 4.1 x 10 m, and between 
55x 10 mand 7.5 x 10 m.  
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Example question 
Q4 EEEnnEEEESST TS 
Show that the surface heat capacity is related to 
the ordinary specific heal capacity c, through 
s = phe, where p s the density of the material 
and h is the depth of the surface. 

LW 
02, 

      
015 

[ 

Answer 
We have Q= AGAT and Q= mcAT, and so 

i AGAT = mcAT. But m= pV = pAh, and 
0 05 T 15 2 25 hence 

005 

Apm 
Figure 2.10 The dotted line shows the blackbody AGAT = pAhcAT 
spectrum of the sun. The solid line is the actual 
spectrum observed at the surface of the earth G =phe 
due to absorption of the incoming radiation by 
gases in the atmosphere. < ; ‘This example shows that, in order to calculate 

the surface heat capacity, one must make 
estimates of the relevant 

Transmitance/5 depth h that will go into 
the expression. In addition, c "-‘Om‘l o0 ot one has to take an 

1l [l Lfi}; 
average over various 

1004—¥—¥¥ surface heat capacities 
5 corresponding to different 

materials on the surface, 

  
= for example water, ice, dry 
1 land, etc. Thus, if we 
2 consider a surface of water 
o ok Aum  of depth 100 m we would 

123 4567 8 91001 12131415 have 
Figure 2.11 Transmittance curve showing 

absorption from various gases. 
Cs = phc =10° x 100 x 4200 = 4.2 x 10° Jm~? K~ 

  

‘The surface heat capacity of dry land is smaller 

Surface heat capacity by:a Bprotaboutio: 
We define Cs, the surface heat capacity of the 

    

body, to be the energy required to increase the Example question 
temperature of 1 m” of the surface by 1 K. The QS ————— 
concept is useful in the context of bodies Radiation of intensity 340 W m is incident on 
radiating and absorbing energy, since it is the the surface of a lake of surface heat capacity 
surface that is responsible for the energy lost Cs=4.2x 10*) m™ K", Calculate the time t 
and gained. The units of Cs are } m? k-1, Thus, required to increase the temperature by 2.0 K. 
for a surface of surface heat capacity Cs and | Commenton your answer. 
area A, the amount of thermal energy needed 
to increase its temperature by AT is given by 

Answer 
The thermal energy needed to increase the 

Q=AGAT g temperature by AT is given by Q = AGAT.
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“This happens in time f and so 
Q 

   
4.2x10°x 2.0 

340 
=29 days 

    

We are assuming (unrealistically) that the lake 
receives the radiation for the entire duration of a 
day. The answer would be twice as long if the 
lake received the radiation for only 12 hours per 
day.   

We can make use of the concept of surface heat 
capacity to make a very simple model of energy 
balance for a planet. Assume that a planet has 
surface heat capacity Cs. The planet 
receives a solar intensity of I, and 

  

  

loses energy into space at a rate oy % 06 
‘The net influx of power on the planet £ | 
is then Iy ~ Loy Over a time { the £ 
energy received by an area A of the 2 02 
planet's surface is then (ly = lou) A, £, 
and 50 (I ~ Lou) Al = ACSAT . The £ 
increase of the planet’s surface g-02 
temperature after a time t is then f.a—m 

& 
AT 2 o= Lot 

G 

If I, > Lo then the temperature of the planet 
will increase. 

‘This model is very unrealistic, of course, since 
even the smallest imbalance between I, and fo, 
would result, over time, in an enormous 
temperature increase. The model assumes, for 
example, that the rate of temperature change is 
constant. A more realistic model would involve 
a variable rate and so would read 

ar 
ar 

(I = Lou) 
G 
  

Clearly, if I = Iy, the temperature stays 
constant. Because Iy, certainly depends on the 
planet’s temperature, this becomes a 
differential equation, which usually requires a 
computer to solve it. 

Global warming 

We have seen that the natural greenhouse 
effect works in order to keep the earth’s 
temperature at 288 K. This makes life, as we 
know it, possible on earth. Due to human 
activities, the concentration of the 
greenhouse gases in the atmosphere is 
increasing, and this will lead to additional 
warming due to the enhanced greenhouse 
effect. Figure 2.12 shows the variation of the 
deviations of the earth’s average temperature 
from the expected long-term average since 
1880. The deviations are positive and 
increasing over the last 25 years. 

  

1850 1899 1900 1910 1920 1930 1940 1950 1960 1970 1980 1990 2000 
Year 

Figure 2.12 The deviation of the earth’s global 
average surface temperature from the expected 
long-term average since 1880, (Source: US 
National Climatic Data Center, 2001 

Figure 213 shows the variation with time of the 
concentrations of the main greenhouse gases 
over geological, recent and present time 
periods. The concentrations are all increasing. 
For carbon dioxide, in particular, the present 
concentrations are almost double those in 
pre-industrial times (before approximately the 
nineteenth century).  
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Figure 2.13 The concentrations of carbon dioxide, methane and nitrous oxide in the atmosphere. 
(Source: US Environmental Protection Agency) 

‘The graph of temperature in Figure 2.12 and the 
gas concentration graphs in Figure 2.13 are 
strong evidence of the connection between 
global warming and greenhouse gases. A 
criticism of the conclusion linking the two has 
been that the data do not cover a large enough 
time span. Countering this argument is the very 
impressive body of evidence collected from ice 
cores in Antarctica and Greenland. Analysing 
very old ice core samples gives, among many 
other things, information about gas 
concentrations and atmospheric temperature at 
the time of freezing. The results of this analysis 

are that there is a very close link between 
global warming and increased greenhouse gas 
concentrations. 

‘The Antarctic ice cores, in particular, extracted 
from a depth of about 3600 m over (frozen) lake 
Vostok in East Antarctica in 1998, have been 
thoroughly analysed to reveal a connection 
Dbetween temperature changes and changes in 
carbon dioxide and methane concentrations. 
‘The ice cores give a detailed account of global 
climatic conditions over a time period spanning 
some 420000 years.
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Figure 2.14 shows the variation with time of the 
change in average world temperature relative to 
the present temperature. The curve indicates 
that the earth has been cooler for most of the 
last 400000 years. The graph also shows that 
the earth was warmest whenever the levels of 
carbon dioxide in the atmosphere increased. 
Therefore, it is certain that the average global 
temperature of the earth will increase. What is 
uncertain is the detailed effect of this 
temperature increase on the global climate - in 
‘magnitude (How big will these effects be?) and 
in time scale (How soon will they happen?). 
Predicting these effects is a central problem for 
both scientists and policy-makers around the 
world. 
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Figure 2.14 Changes in atmospheric carbon 

dioxide concentration (upper curve) and average 
temperature (lower curve) over the past 400000 
‘years show a strong correlation. Source: 
A.V. Fedorov et al., Science, 312, 1485 (2006). 

The questions that need answers are many. They 
include the following: 

* What s the best estimate for the temperature 
increase, over a given time period? 

* What will be the effects of a higher 
temperature on the amount of rainfall? 

« How much ice will melt? 
« What will be the rise in sea level? 
* Wil there be areas of extra dryness and 

drought and, if so, where will these areas be? 
* Will the temperature of the oceans be affected 

and, if so, by how much? 
* Wil ocean currents be affected and, if 50, how? 
« Will there be periods of extreme climate 

variability? 

« Will the frequency and intensity of tropical 
storms increase? 

* Whatis the effect of sulphate acrosols in the 
atmosphere? Do they offset global warming? 

+ What are the feedback mechanisms affecting 
global climate? 

« Can the observed temperature increase be 
blamed on greenhouse gases exclusively? 

+ Given the long lifetime of carbon dioxide in 
the atmosphere, can the process of global 
warming be reversed even if present emissions 
are drastically reduced? 

* What are the ecological implications of the 
expected changes in the habitat of many 
species? 

* What will be the effects on agriculture? 
* Will there be more diseases? 
* What are the social and economic effects of all 

of the above? 

‘The majority of experts tend to agree that the 
enhanced greenhouse effect is behind global 
warming. Others have looked for different 
causes. One theory is that global warming may 
be due to increased solar activity, which 
results in an increased solar power output. It is 
known that the sun undergoes periodic 
changes in its total emitted power. These 
changes are complex phenomena and not very 
well understood. The general opinion is that 
the pattern of global warming s not consistent 
with the changes in solar activity. Other 
theories include increased concentrations of 

the greenhouse gases due to volcanic activity 
and changes in the earth’s orbit around the 

sun (see end-of-chapter question 4 for a simple 
example). The changes involve variations in the 
eccentricity of the orbit as well as the ‘tilt’ of 
the orbit with respect to the sun. These are 
used to introduce variations in the received 
energy from the sun in order to account for 
changes in the temperature. These orbital 
phenomena occur over time scales ranging 
from 20000 to 100000 years. So, while they are 
relevant at these time scales, they are perhaps 
not so relevant for the climate changes of. say, 
the last 200 years. 
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Sea level 

‘The level of water in the sea is always varying. 
Many reasons contribute to this, for example 
varying atmospheric pressure, plate tectonic 
movements, wind., tides, flow of large rivers into 
the sea, changes in water salinity and others. 

What concerns us here are changes in sea level 
due to climate changes. The relation between 
climate and sea level is a complicated one. It is 
known that climate changes affect sea level 
through the fact that the temperature 
determines how much ice melts or how much 
water freezes. For example, it is known that, 
during the last ice age of 18000 years ago, the 
sea level was lower than its present value by as 
much as 100 m. 

» Changes in sea level affect the amount of 
water that can evaporate and the amount 
of thermal energy that can be exchanged 
‘with the atmosphere. In addition, changes 
in sea level affect ocean currents, The 
‘presence of these currents is vital in 
transferring thermal energy from the 
Warm tropics to colder regions. 

  

The melting of ice 
To melt a mass m of ice at 0 °C requires an 
amount of thermal energy Q = mL, where Lis 
the specific latent heat of fusion of ice. Thus, 
to melt ice, energy must be provided, and 
therefore cooling results at the place from 
where this energy is removed. For the purposes 

of discussing changes in sea level, we must 
distinguish between land ice (ice supported on 
land) and sea ice (ice floating in sea water). Sea 
ice, when melted, will not result in a change of 
sea level. This is a consequence of a principle of 
fluid mechanics known as Archimedes’ principle. 
‘The weight of the ice is equal to the weight of 
the displaced water and so when the ice melts it 
will occupy a volume equal to the volume of the 
displaced water (i.e. no change in sea level will 
come about). By contrast, land ice, when 
melted, will result in an increased sea level. 

Estimating changes in sea level 
Overall, warming will, in general, result in a 
rise in sea level, not only because more land ice 
will melt but also because warmer water 

occupies a larger volume. The expansion of 
water is anomalous, however. Water will 
actually contract in volume as it is heated from 
0°Cto4°C, and then will expand as the 
temperature is increased further from 4 °C. This 
‘means that the density of water is highest at 
4°C, a fact that is of considerable importance 
for life in lakes, rivers and oceans. 

Given a volume Vs at a temperature . the 
volume after a temperature increase of A will 
increase by AV given by 

AV =yVond 

where y s a coefficient known as the 
coefficient of volume expansion. 

¥ The coeffcient of volume expansion s defined. 
as the fractional change in volume per unit 
temperature change. 

For water, the coefficient y actually depends on 
temperature, and so a given volume of water 
will change by different amounts even for the 
same temperature changes A depending on 
the initial temperature of the water. 

The following example is a typical, rough 
estimate of the expected rise in sea level as a 
result of an increase in temperature. 

Example question 
[ ET— 
The area of the oceans of the earth is about 
3.6 10° km? and the average depth of water is 
about 3.7 km. Using a coefiicient of volume 
expansion of water of 2 x 10 K, estimate the 

expected rise in sea level after a temperature 
increase of 2 K. Comment on your answer. 

Answer 
“The total volume of water in the oceans is 
approximately Y = A x d, where A is the area
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and d is the average depth. So 

.6 10" x 3.7 =133 x 10" km* 

133% 10" m? 

  

v 

  

The increase in volume is then: 

&V =y\ha0 
=2x10"x133x10"x2 

=53x10"m’ 

Sea level will increase by an amount h such that 
(converting A to m?) 

Av 
A 
53 10" 
3.6x10 

h 

  

  

1.5m 

“This estimate assumes a constant coefiicient of 
expansion, uniform heating of all the water and 
does not take into account the initial water 
temperature. It also does not take into account the 
fact that, with a higher water temperature, more 
evaporation would take place, hence cooling the 
water. This estimate calculates the rise in sea level 
of the existing area of water. A rising sea would 
cover dry land and so the area of water would 
increase. This would decrease the height found in 
the estimate. 

  

Effects of global warming 

on climate 
A higher average earth temperature implies a 
rising sea level, One effect on climate of a rising 
sea level is the change in the albedo of the 
surface (more water as opposed to dry land) 
‘This effect is considered in the next example. 

Example question 
Q7 penwsannsEmn——— 
About 50% of the area of a certain large region of 
the earthy's suriace was covered by water. As a 
result of ice melting, 60% of this region is now 
covered by water. Estimate the change in the 

  

albedo of the region. Take the albedo of sea water 
10 be as = 0.20 and that of land to be &\ = 0.40. 

Answer 
Let radiation of intensity I fall on the region. Then 
the total amount of radiation originally reflected 
was 

a5 x .51+ e x 051 = (s x 0.5+ x 0.5)] 

The average albedo of the region was thus 
a5 x 0.5+ e x 0.5. With more water the albedo 

similarly becomes as x 0.6 +a, x 0.4. The 

change in albedo is thus 

A= (a5 % 0.6+ % 0.4) — (a5 x 0.5+ x 0.5) 

  

0.1 x a5 - 0.1 xa 

  

  

  

=01 x (@ —a) 
0.1x0.20 

=-0020 

The albedo thus decreases, which means that a 
small additional warming can perhaps be expected. 
(This is an example of positive feedback — warming 
causes ice 1o melt, which in turn decreases the 
albedo, which results in additional warming.) 

  

The expected changes in temperature due to a 
change in albedo, because of more water 
covering land, are actually small. A more 
significant effect of ice melting and the sea 
level rising is expected to be the fact that, with 
more water, and at a higher temperature, the 
evaporation rate will increase and therefore 
‘more water vapour will be released into the 
atmosphere. This means: 

« cooling of the earth’s surface (because latent 
heat is given to the water in order to evaporate}; 

« more cloud cover (and therefore more reflected 
radiation); 

« more precipitation (i.e. rain, but not 
necessarily in the region of interest). 

  

An additional effect of higher temperatures 
on climate is the fact that carbon dioxide 
solubility in the oceans decreases. This means 
that more carbon dioxide is left in the 
atmosphere.  
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‘The next example discusses another factor 
affecting global climate, deforestation. 

Example question 
Q8 ISR TR S I ISR ST 

Large areas of rainforests are being destroyed by 
cutting down (and burning) trees. Discuss the 
possible effects of this on the energy balance of 
the region. 

Answer 
Changing forests to dry land has three immediate 
consequences. The first is that the low albedo of 
the dark, moist forests is replaced by a higher 
albedo - this tends to reduce temperatures since 
more radiation is reflected rather than absorbed. 
The second is that the evaporation rate is 
decreased — this lends to increase temperatures 
since the surface no longer has to supply the 
latent heat for evaporation. The two are thus 
opposing effects. Models show that, regionally, 
there are no significant changes in temperature as 
a result of deforestation. The local precipitation 
rate, though, generally drops. The third factor is 
that by removing the forests and burning the trees 
a carbon dioxide sink is removed (the trees) and 
more carbon dioxide is produced (by burning the 
trees). It is estimated that two billion tonnes of 
carbon dioxide has been released into the 
atmosphere as a result of deforestation. This, as 
we have seen, enhances the greenhouse effect. 

‘The issue of deforestation is still a bit 
controversial. Rainforests must, of course, be 
preserved in order to maintain the existing 
habitat and thus prevent the extinction of very 
many animal and plant species. However, the 
effect of deforestation on climate is uncertain 
because rainforests do produce methane and 
thus contribute to the increased concentrations 
of greenhouse gases. Forests do absorb carbon 
dioxide but that is returned to the atmosphere 
when the trees die and decompose. 

Measures to reduce global warming 
‘There is clearly an urgent need to stop the 
increase in all the greenhouse gases, and 

carbon dioxide in particular. Measures to 
achieve this include the following: 

+ using fuel-efficient cars and developing hybrid 
cars further; 

« increasing the efficiency of coal-burning power 
plants; 

« replacing coal-burning power plants with 
natural gasfired plants; 

+ considering methods of capturing and storing 
the carbon dioxide produced in power plants 
(carbon capture and storage, CCS): 

+ increasing the amounts of power produced by 
wind and solar generators; 

+ considering nuclear power; 
« being energy conscious, with buildings, 

appliances, transportation, industrial processes 
and entertainment; 

« stopping deforestation. 

The Kyoto protocol and the IPCC 
An extremely important agreement towards 
cutting greenhouse gas emissions was reached 
in 1997, in Kyoto, Japan. The industrial nations 
agreed 1o reduce their emissions of greenhouse 
gases by 5.2% from the 1990 levels over the 
period from 2008 to 2012. The protocol allowed 
‘mechanisms for developed nations to use 
projects aimed at reducing emissions in 
developing nations as part of their own 
reduction targets. Endorsed by 160 countries, 
the protocol would become legally binding if at 
least 55 countries signed it. The non-ratification 
of the protocol by the USA and Australia has 
weakened the impact of the agreement. 

Unlike the Kyoto protocol, which imposed 
‘mandatory limits for greenhouse gas emissions, 
the Asia-Pacific Partnership on Clean 
Development and Climate (APPCDC, or AP6) 
asked for voluntary reductions of these 
emissions. It was signed by the USA, Australia, 

India, the People’s Republic of China, Japan and 
South Korea in 2005. It is an agreement in 
which the signatory nations agree to cooperate 
in reducing emissions. It has been criticized as 
worthless because the reductions are voluntary.
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It has been defended because it includes China 
and India, major greenhouse gas producers, 
who are not bound by the Kyoto protocol. 

A major, comprehensive, detailed and 
scientifically impartial analysis of global 
climate has been undertaken by the 
Intergovernmental Panel on Climate Change 
(IPCC). The IPCC was created by the World 
Meteorological Organization (WMO) and the 
United Nations Environment Programme 
(UNEP) in 1988. While conducting no research 
of its own, the IPCC reports on technical, 
scientific and socio-economic aspects of climate 
change using assessments of existing published 
scientific material. Its four reports in 1990, 
1997, 2001 and 2007 have been instrumental in 

providing an accurate analysis of the global 
situation. 

1 {a) State what you understand by the term 
black body. 

(b) Give an example of a body that s a good 
approximation to a black body. 

(©) By what factor does the rate of radiation 
from a body increase when the 
temperature s increased from 50 °C to 
100 °C? 

   

2 The graphs in Figure 2.15 show the variation 
with wavelength of the intensity of radiation 
emitted by two bodies of identical shape. 

Harbitary units 

0 05 10 5 20 

Figure 2.15 For question 2. 

(@) Explain why the temperature of the two 
bodies i the same. 

(b) The upper graph actually corresponds to a 
black body. Calculate the emissivity of the 
other body. 

The total power radiated by a body of area 
5.00 km? and emissivity 0.80( 1.35 x 10° W, 

Assume that the body radiates into vacuum at 
temperature 0 K. Calculate the temperature of 
the body. 
If the distance d between the sun and the 
carth decreases, the earth's average 
temperature Twill go up. The fraction of the 
power radiated by the sun that s received on 
earth is proportional 1o % the power radiated 
by the earth is proportional to T* 
(@) Deduce the dependence of the temperature 

Tof the earth on the distance d. 
(b) Hence estimate the expected rise in 

temperature if the distance decreases by 
1.0%. Take the average temperature of the 
earth to be 288 K. 

(@) Define the term intensity in the context of 
radiation. 

(b) Estimate the intensity of radiation 
emitted by a naked human body of 
surface area 1.60 m’, temperature 37 °C 

and emissivity 0.90, a distance of 5.0 m 
from the body. 

A body radiates energy at a rate (power) P. 
(@) Deduce that the intensity of this radiation 

at distance d from the body is given by 

  

   

   

__F 
= and? 

(b) State one assumption made in deriving this 
result 

The graph in Figure 2.16 shows the variation 
with wavelength of the intensity of the 
radiation emitted by a black body. 
(@) Determine the temperature of the black 

body. 
(b) Copy the diagram, and, on the same axes, 

draw a graph to show the variation with 
wavelength of the intensity of radiation 
emitied by a black body of temperature 
600 K.  
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Iarbiteary units 

   
0 025 050 075 100 125 150 175 

Ax10sm 
Figure 2.16 For question 7. 

8 () Define the term albedo. 
(b) State three factors that the albedo of a 

surface depends on. 
9 Aresearcher uses the following data for a 

simple climatic model of an earth without an 
atmosphere (see Example question 3 in the 
text): incident solar radiation = 350 W m?, 
absorbed solar radiation = 250 W m™. 
(@) Make an energy flow diagram for this data. 
(b) Determine the average albedo for the 

earth that is 10 be used in the modelling, 
(©) Determine the intensity of the outgoing 

long-wave radation. 
(d) Estimate the temperature of the earth 

according to this model, assuming a 
constant earth temperature. 

10 Radiation of intensity 340 W m’ 

ona lake of depth 50 m. 
(@) How much time is needed to increase the 

water temperature by 1 K2 
(b) Estimate the heat capacity of the entire 

body of water on earth. (Use an average 
depth of 300 m if you cannot find a better 
estimate.) 

(©) Then estimate the time needed to increase 
the water temperature by 1 K if solar 
radiation of intensity 340 W m™ were 
incident on the water. 

    

s incident 

   

11 (@) Repeat the calculations of the simple 
model presented in Example question 3 for 
the planets Venus and Mars in order to 
predict their surface temperatures. Take the 
distances to the sun to be 1.08 x 10" m 

(Venus) and 2.28 x 10" m (Mars), and use 
a solar power output of 3.9 x 10 W. 
Assume that the albedo a for Venus is 
0.59 and that for Mars is 0.15. 

(b) The actual surface temperatures are 740 K 
(Venus) and 213 K (Mars). What do your 
answers in (a) suggest about the 
atmospheres of Venus and Mars? 

12 Make a simple model of the greenhouse effect 
as in Figure 2.17. Assume that only a fraction t 
of the energy radiated by the earth actually 
leaves the earth. 
(a) Copy the diagram and complete the three 

boxes (i) 10 show the intensities involved. 
(b) Write the energy balance equation and 

calculate 5o that the temperature is 
T~ 288 K. Take § = 350 W m and the 

earth albedo to be 0.30. 

incoming 
intensity |   

  
iy 
    reflccted 

  

  

  

  amosphere 
         

i)   
    (i               carth'ssurfuce      

  

Figure 2:17 For question 12. 

13 (a) Define surface heat capacity. 
(b) State an order-of-magnitude estimate for 

the ratio bt casciyotwie 
(©) Use your estimate to explain why the 

climate over water changes much more 
slowly than the climate over land. 

14 Outline the main ways in which the surface of 
the earth loses thermal energy to the 
atmosphere and to space. 

15 A researcher making climate simulations 
wants to investigate the effects of deforestation 
by changing the value of the albedo in her 
calculations. Should she increase or decrease 
the albedo?
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16 (a) How does the albedo of a subtropical, 
warm, dry land compare to that of a 
tropical ocean? 

(b) Suggest mechanisms through which the 
subtropical land and the tropical ocean 
lose thermal energy to the atmosphere. 

(@) I the sea level were to increase, sea water 
would cover dry land. Suggest one change 
in the regional climate that might come 
about as a result. 

17 Suggest a reason why covering dry land near 
the equator by water would have a smaller 
effect on climate than covering subiropical 
land with water. (Hint: Consider the fact that 

equatorial land is probably better covered by 
vegetation than subtropical land, and 
concentrate on the fact that the albedo of 
vegetation and water are almost the same.) 

18 Evaporation is a method of thermal energy 
loss. Do you expect this method to be more 
significant for a tropical ocean or an arctic 
ocean? Explain your answer. 

19 (a) State one effect that evaporation has on 
the earthy's surface. 

(b) State one effect that evaporation has on 
the atmosphere. 

20 Radiation s incident on a planet with an 
atmosphere. Figure 2.18 shows the energy 
balance of the planet, 
(@) What i the albedo of the planet? 
(b) How can it be deduced that the planet’s 

temperature is constant? 

RN ansociom i AT e SR 

| 1T 

  

117 
Figure 2.18 For question 20. 

21 Figure 2.19 shows two energy flow diagrams 
for thermal energy transier to and from 
specific areas of the surface of the earth.     

ident on the 

  

R represents the net energy i 
surface in the form of radiation; E s the 
thermal energy lost from the earth due to 
evaporation; and C is the thermal energy 
conducted to the atmosphere because of the 
temperature difference between the surface 
and the atmosphere. Suggest, giving a 
reason, whether the earth area in each 
diagram is most likely dry and cool or moist 
and warm. 

22 Draw a skeich graph to show how the latent 
heat flux from the earth's surface depends on 
latitude. 

23 It is estimated that a change of albedo by 0.01 
will result in a 1 °C temperature change. A 
large area of the earth consists of 60% water 
and 40% land. Calculate the expected change 
in temperature if melting ice causes a change 
in the proportion of the area covered by water 
from 60% to 70%. Take the albedo of dry land 
10 be 0.30 and that of water to be 0.10. 

24 (a) State what is meant by the greenhouse 
effect. 

(b) State the main greenhouse gases in the 
earth's atmosphere, and for each give 
three natural and three man-made sources. 

25 Distinguish between the natural greenhouse 
effect and the enhanced greenhouse effect. 

26 Outline the evidence that links increased 
concentrations of carbon dioxide with global 
warming over a long period of time.  
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27 (a) Describe what is meant by a transmittance. 
curve, 

(b) Figure 2.20 shows a transmittance 
curve for IR radiation through the 
atmosphere. Discuss the changes 
you would expect to the general shape 
of this curve if the concentrations of 
carbon dioxide were to be reduced 
drastically. 

o, co,  cH, 

VL 

  

wpm 123456789 
Figure 2.20 For question 27. 

28 (a) State and explain two ways in which 
arising sea level affects the global 
climate. 

(b) State two physical mechanisms that may 
contribute to increased sea levels   

29 An iceberg of total mass 10° kg floats in water. 
(a) Assuming a constant temperature of 0 °C for 

the iceberg, calculate the amount of energy 
required to melt it. Take the specific latent 
heat of fusion of ice 1o be 330 kf kg'! 

(b) State whether or not this will result in an 
increased sea level. 

30 The area of the Mediterranean Sea is 

approximately 2.5 x 10° km? and the average 
depth of water is about 1.5 km. Using a 
coeffcient of volume expansion of water of 
2% 10* K, estimate the expected rise in sea 
level after a temperature increase of 3 K. State 
any assumptions made in your estimate. 

31 The West Antarctic ice sheet, i it melts, will 
result in a 6 m sca level rise. Estimate the volume 
of his ice sheet, List any assumptions you make. 

32 Suggest effects of deforestation on the global 
climate. 

  

33 State two mechanisms, other than the 

enhanced greenhouse effect, which have been 
postulated to account for global warming. 

34 List measures that might help to reduce global 
warming. 

35 Outline the recommendations of the Kyoto 
protocol. 

36 What is the IPCC and what does it do?



  

Analogue and digital 
signals 
This chapter introduces binary numbers, and analogue and digital signals. Various storage 
devices using information in analogue or digita form are briefly discussed. 

Objectives 
By the end of this chapter you should be able to: 
* convert decimal numbers into binary numbers and vice versa; 

« understand the difference between an analogue signal and a digital signal; 
« convert an analogue signal into a digital signal; 
+ outline the structure of a compact disc: 
« appreciate the role of interference in reading a CD; 
+ calculate pit depths in terms of the wavelength of light used; 
+ outline the basic structure of various storage devices; 
+ outline the advantages of digital storage. 

  

‘The same idea applies to binary numbers. The 
difference is that we will be using powers of 
2 rather than 10, and the coefficients will be the 
digits 0 or 1 rather than the digits from 0 to 9. 

Binary numbers 
In ordinary arithmetic, we use the decimal 
system to represent numbers, which means 
that we use the ten digits from 0 to 9. In the 
binary system, numbers are represented using 
only the two digits 0 and 1. Consider a decimal 
number like 5037, Its ‘ones’ digit is 7, its ‘tens’ 
digitis 3, its ‘hundreds’ digit is 0, and its 
‘thousands’ digit is 5. Each digit is associated 
with a power of 10. The ‘ones' digit is 
associated with 10%, the ‘tens” with 10!, the 
‘hundreds’ with 10% and the ‘thousands’ digit 
with 10°. Then 

‘ For example, suppose we wanted o express the 
| decimal number 5 in the binary system. First, 

we write the number 5 as a sum of powers of 
‘ the number 2 with coefficients that are either 0 

or 1 (the coefficients of the powers of 2 are 
| shown underlined): 
| 

S=1x2240x2" +1x2° 

The binary representation of 5 is then given by 
the coefficients of the powers of 2, i.e. the 
underlined numbers. We use the notation 5, to 
mean the binary representation of the number 
5.50 

5037 =5 x 10° +0 x 10> +3 x 10' +7 x 10° 

So the digits of a decimal number are just the 
coefficients of various powers of 10. These 
coefficients can be the digits from 0 t0 9. 5, =101  
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Similarly the number 12 is 

2=1x2+1x22+0x2'+0x2° 

12, = 1100 

  

and the decimal number 14 in the binary system is 

M=1x2+1x22+1x2'+0x2° 

14, = 1110 

  

‘These binary representations each used four digits. 
They are four-bit words. A decimal number like 5 

s represented by 101 that has only three bits. We 
can make that into four bits by adding zeros in 
front. Thus decimal 5 becomes 0101. The decimal 
number 4 as a four-bit word s 

=1x2240x2'+0x2° 

4, =100 = 0100 

‘With fourbit words (ie. four digits), we can 
represent only a finite number of numbers, 
namely 2° = 16 numbers. (This is because for 
each of the four digits we have the choice of 0 or 
1, iie. two choices. The total number of choices is 
then2x 2 x 2 x 2 = 24 = 16.) These are the 
numbers from 0 to 15. To represent larger 
numbers, we have to increase the number of bits 
in the binary representation of the number. 

Example questions 
Q1 1599060225230 80 1RSI TIRIT T SEIITEE SN ERNTLIT 

How many numbers can be represented with five- 
bit words?, 

Answer 
With five bits we can have at most 2° = 32 
numbers. These are the numbers from 0 to 31. 

Q2 A ea e ROt NS S NI ET SIS AT ST 

Wiite the decimal number 65 as a binary number 
using eight bits. 

Answer 
First write the number in terms of its coefficients 
and powers of 2 as 

6 

  

1x2+0x2P+0x2'+0x 2 
+0x240x2'+1x2° 

1000001 

  

This uses seven digits. As an eight-bit word, the 
number would be 01000001, 
Q3 DT ————— 
Express the eight-bit binary number 01010101 as 
a decimal. 

Answer 
The number is shown below. We have put the 
appropriate power of 2 under each digit 

01010101 
76543210 

S0 

01010101 - 0x 277 +1 x 2 +0x 2° +1x 2* 

FOXVPH1x2+0x2 +1x2° 

=0464+0+16+0+4+0+1=85 

Q4 e T ——— 
What is the least number of bits needed to express 
the decimal number 2008 as a binary number? 

Answer 
The smallest power of 2 that exceeds 2008 is 11, 
since 2'" = 2048 > 2008. Hence we must use 11 
bits in the binary representation of 2008 (in fact, 
2008, = 11111011000). 

  

Given a number in binary form, we call the 
first non-zero digit the most significant bit 
(MSB) and the last digit (the digit the number 
ends with) the least significant bit (LSB). 
‘Thus the binary number 01110 has 1 as its 
MSB and 0 as its LSB. The MSB is associated 

with the highest power of 2, and so it is the 
digit that mostly determines the value of the 
number. 

Analogue and digital signals 

‘When one speaks into a microphone, a voltage 
in created in the microphone. The voltage is 
proportional (directly related) to the actual 
physical movement of the diaphragm of the 
microphone. A large voltage is created when the 
diaphragm moves fast, and a small voltage 
‘when it moves slowly. The voltage signal so 
‘generated varies continuously between two
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extreme values. Such signals are called 
analogue signals. An example is shown in 
Figure 1.1, 

b Analogue signals are continuous signals, 
varying between two extreme valuesina 

  

    
~ way that is proportional to the physical 
‘fix@@nxmd]z( ated the signal. 

  

voltage 

time 

Figure 1.1 An analogue signal. 

A digital signal by contrast is not continuous. It 
can only take a discrete set of values. An 
example is shown in Figure 1.2. 

> Adigital signal is a coded form of 4 signal 
 that takes the discrete values 0 or 

  

    

voltage 

  

          time   

Figure 12 A digital signal. 

Consider the potential divider circuit of Figure 
1.3. The emf of the battery is 8 V. This means 
that the reading of the voltmeter V can be any 
number between 0 and 8 V depending on where 
the lead (indicated by the arrow) connects to 

the variable resistor R. Touching at the bottom 
of the resistor gives 0V and touching at the top 
gives 8 V (assuming no internal resistance in 
the battery). The signal generated in the 
voltmeter is an analogue signal. 

  

emf=8V 

  

      
Figure 13 The voltmeter can have any reading 
from0Vto 8 V. 

Imagine that we move the point of contact from 
the bottom end of the resistor to the top at a 
constant speed. Assume further that this is done 
in 4 ms. Then, the reading of the voltmeter would 
be the timedependent signal shown in Figure 14. 

v 

  

thms 
0 | 3 4 

Figure 1.4 The reading of the voltmeter is an 
analogue signal. 

‘This analogue signal must then be sampled, 
which means that it must be measured. This is 
done at regular intervals of time. The number 
of times per second the signal is sampled 
(measured)is called the sampling rate or sampling 
Jfrequency. Sampling the signal means that we 
observe it for very short intervals of time, wait, 
and then sample it again. Thus we do not, in 
general, know how the signal behaves in  
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between the instants of time when it is | 
sampled. Typically, for audio signals, a sampling 
rate of 8000 times per second is used. This 
means that such an audio signal is sampled 
every g = 125 ps. 

As an example, consider sampling the analogue 
signal of Figure 1.4 every 1 ms. This would 
result in the pulse amplitude modulated signal 
(PAM signal) in Figure 15. The result of this 
sampling is shown in Table 1.1. 

v 

  

s, 
0 1 2 3 4 

Figure 15 The analogue signal of Figure 1.4 is 
sampled every | ms. 

o o 
1 2 
2 [ 
3 5 
4 s 

‘Table 1.1 The analogue signal has been discretized 
by the PAM process. 

Notice that the actual duration of one sample is 
very short (e.g. 2.0 s, 1.0 pis or even much less), 
which is why we represent the sampled signal 
by vertical lines of practically zero width in 
Figure 1.5, The fact that the actual sampling time 
is very short compared to the time in between 
consecutive samplings will be important later on. | 

Now suppose we wish to convert the voltage | 
readings into binary numbers using two-bit 
words. This means that we can handle at most   

22 = 4 words, namely 00, 01, 10 and 11. We can 
then split the range of the original voltage 
(0-8V) into four levels (0-2, 2-4, 4-6, 6-8), and 
we will assign to each level a twoit word. In 
each level there s a lower boundary and an 
upper boundary. The result is shown in Table 1.2. 

osv<r 0 
2=v<a o 
i=v<e 10 
6=v<s [ 

‘Table 12 The analogue signal has been converted 
into a digital two-bit binary code. 

‘What we have done is to take the lower 
boundary voltage in each level, divide it by 2 
(because 2 = highest voltage divided by number 

of words) to get the voltages 0, 1,2 and 3. We 
then convert these numbers into binaries with 
two digits. (Converting from binary numbers to 
decimals gives the voltages 0, 1,2 and 3 V. The 
fact that we divided by 2 is not important, as it 
is the relative size of the signals that matters) 

Obviously there s a loss of information in this 
digitization of the original data. We can do 
better by using a higher sampling frequency 
(g every 0.5 ms rather than every 1 ms) and 
use threebit words (a maximum of 2° = 8) and 
digitize the data as shown in Table 1.3 

  

  

o=v<1 00 
i=var 01 

v<s o0 
v<a ont 

4=v<s 100 
5=v<e 01 
6=v<r 110 
7=v<s m 

‘Table 13 The same signal is now in three-bit 
binary code.
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Here we have taken the lower boundary voltage 
and converted that into a binary number. It is 
not necessary to divide by anything here since 
the highest voltage is 8 V and the number of 
‘words is also eight. 

‘The process of dividing the range of the 
analogue signal (highest value minus lowest 
value) into a set of levels is called quantization, 
and the levels themselves are called 
quantization levels. The number of 
quantization levels is determined, as we have 
seen, by the length of the word to be used, 
by the number of bits used. With n bits, the 
number of quantization levels is 2. 

  

“This gives rise to the notion of quantization 
error. Suppose that the analogue signal varies 
from a minimum value of m to a maximum value 

of M and we use n-bit words to digitize it. The 
number of quantization levels is 2", and so at 
cach sampling the analogue signal will take one 
of these 2" values. The quantity g 
known as the quantization error of the 
digitization process. In Table 1.2 the 
quantization error is 2V and in Table 13 it 
is 1 V. Two analogue signal values that 
differ by less than the quantization error 
arc assigned the same binary number. 

  

Compact disks 

A compact disk (CD) is a device on which 
information can be stored in digital form. The 
information can then be retrieved; for example, 

if it is music that s stored, the music can be 
played on a CD player or a computer. The CD is 
a disk of diameter 12 cm. Consider, for 
concreteness, a music CD. The analogue music 
signal is first converted into a digital signal (a 
series of ‘0's and *1's as described above). This 
sequence is now imprinted on the CD, This is 
done by making marks called pits on the CD. 
‘The parts of the path on the CD without pits 
are sometimes called lands. The edge of a pit 
corresponds to binary *1'. A series of pits is 
made along a path that spirals from the centre 
of the disk outwards (Figure 1.6). 

- g 
16000m 

  

Figure 1.6 The pits and the lands are placed along 
a spiral on the surface of the disk. 

‘The distance between adjacent paths is very 
small, 1600 nm. The width of a pit is 500 nm, 
its length varies from 830 nm to 3560 nm, and 
its depth is about 125 nm (Figure 1.7). These are 
astonishingly small numbers. For example, the 
pit width is comparable to the wavelength of 
green light. 

  

500mm 

  

830-3560mm 

  - - 
Figure 1.7 Two neighbouring tracks with pits and 

Tands. 

‘The bottom surface of the disk (the side that is 
actually being read) is covered with optically 
transparent material (a polycarbonate). The 
question now is how to extract the information 
from the CD. This means reading the ‘0's and 
the *1's that have been imprinted on the surface 
of the disk. This is done with a laser beam. 

Consider a laser beam that is directed on the 
disk (bottom side). The beam cannot have a 
zero width. So when the beam is incident near 

the edge of a pit, a few of the rays in the beam 
will be reflected off the pit and the rest will be 

reflected off the land (Figure 1.8). This means 
that these rays will interfere, because they are  
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coherent (they are part of the same laser 
beam). The light that gets reflected from a 
land travels an extra distance 2d, and this is 
the path difference between the two sets of 
rays. If we choose 2d to be equal to half a 
wavelength, i.e. 

a=3 

the interference will be destructive and the 
reflected light will have zero intensity. Thus 
when the detector of the reflected laser light 
(a photodiode) receives zero intensity, the laser 
is at a pit-land edge and this corresponds to 
binary ‘1. 

edge of a pit 

  

  

bottom side. 

The pit depth must then be 

503 3=3 =126mm 

‘The laser source moves outwards and so follows 
the spiral of the pits and lands as the disk 
rotates. Because the circumference is getting 
longer as we move outwards, the rate of 
rotation of the disk is reduced, so that the laser 
can sample the disk at the same rate. There are 
clearly many technical problems to be solved 
here, such as stability, focusing on the right 
part of the spiral, and timing. 

       d 

Example questions 
[ it 

Calculate the pit depth for CDs that are to 
be read by a CD player operating with a 
laser (in the polycarbonate) of wavelength 
600 nm. 

Answer 
“The pit depth must be one-quarter of the 
wavelength, and so the depth should be 
150 nm. 

Qb ettt T Ty, 
Information s imprinted on a CD at a rate of 
44100 words per second. The information 
consists of 32-bit words (actually two 

  Taser beam       

Figure 1.8 Destructive interference takes place 
when the laser light is reflected near a pit 
edge. (Note that a pit on the top surface 
becomes a bump when looked at from the 
bottom. For our purposes here it is largely 
irrelevant what we call a particular spot. The 
objective is to be able to tell the difference 
between the two. So we will call a pitfbump 
by the name pit.) 

The wavelength of the laser light used is about 
780 nm in air. The index of refraction of the 
polycarbonate material is about 1.5, which 
means that the wavelength of light in the 
polycarbonate is 

  

channels of 16-bit samples each). A CD lasts 
for 74 minutes. Calculate the storage 
capacity of a CD. 

Answer 

The number of bits imprinted on the CD is 
44100 x 32 x 74 x 60 = 6.27 x 10" bits 

Since 1 byte = 8 bits this corresponds o 

627 x 10° & %780 10" bytes 

  

780 Mbytes. 

Other storage devices 

DVDs 
‘The DVD (digital versatile disk) is similar to the 
CD in many ways. Here the pit length is shorter 
than on a CD, allowing more data to be stored
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along the spiral. In addition, data can be stored 
on both sides of the disk or in a double layer on 

the same side. Overall, this results in more than 
seven times the storage capacity compared to 
that of a CD. 

LPs 
In Edison’s original sound recording in 1877, 
sound was incident on a diaphragm, which 
therefore began to vibrate. A needle attached to 
the diaphragm then made marks on a rotating 
tinfoil-covered cylinder. The ‘marks’ were a 
direct, mechanical copy of the actual audio 
signal. During playback, the necdle retraces the 
pattern scratched on the cylinder surface and 
now makes the diaphragm move, thus 
reproducing the sound stored. In the later vinyl 
LPs the principle of recording is essentially the 
same, except that, instead of a rotating cylinder, 
aflat rotating disk s used. During playback, 
the signal is amplified electrically and fed into 
aloudspeaker, rather than directly making a 
diaphragm vibrate. LPs have a very limited 
storage capacity and are subject to damage (by 
scratches and dust). They have been mainly 
superseded by CDs. But some people insist that 
Maria Callas in Bellini's Norma is far more 
sublime in the original LP than in any digital 
version! 

  

Cassettes 

‘These devices, popular in the 19605 and 1970s, 
but now completely superseded by CDs, use 
‘magnetic recording to store data in analogue 
form, They are what are called sequential devices. 
For example, if ten songs are recorded on a 
cassette and you want to get to song number 6, 
you must wind the cassette until you get to the 
song you want. This takes time. The recording 
takes place on the ribbon of the cassette, which 
is made out of a strong plastic tape coated in 
ferric oxide, a ferromagnetic material, which 
means that it can be permanently magnetized 
when exposed to a magnetic field. The analogue 
audio signal of music, say, is converted toa 
varying electric current. The varying current 
produces its own varying magnetic field. When 
the tape of the cassette is exposed to this   

magnetic field., a ‘copy’ of this magnetic field is 
created on the tape. During playback, the 
‘magnetic field stored on the tape will induce an 
electric current in a coil, which can be 
converted into an audio signal playing the 
music that was recorded. 

‘The advantages of the cassette have been its low 
price and availability, and the fact that the tape 
could be erased and new material recorded. Its 
disadvantages include the sequential nature of 
the device and its limited storage capacity. 
Cassettes are easily damaged by exposure to 
high temperatures and careless handling. 

Floppy disks 
‘The floppy disk, like the cassette, uses magnetic 
recording. Like the cassette, it has also been 
superseded by the CD. The original ginch 
floppy disk was invented in the mid-1960s at 
IBM as a way of inputting data into a computer, 
as well as storing computer data. The name 
“floppy disk’ in the original device derives from 
the flexible nature of the disk. These were 
replaced by S¥rinch floppy disks with a capacity 
f 360 kbytes, as opposed to the 1.44 Mbytes 
of the 3%-inch, non-flexible diskettes (but still 
called ‘floppy disks’) that in turn replaced 
them. Data was stored magnetically (in much 
the same way as on the cassette) but it was 
arranged on concentric rings, which had the 
advantage that one could access data on an 
outer ring without having to g0 sequentially 
through the intermediate data as on a cassette. 
“This provided a direct access storage device. After 
a 20-year period of dominance in the field of 
computer data storage, floppy disks are now, 
essentially, obsolete. 

Hard disks 
Once used only in computers, hard disks can 
now be found in digital cameras and digital 
video recorders, some mobile phones and other 
devices. They store data in large quantities. The 
device itself consists of a number of disks made 
out of aluminium or glass arranged on a 
spindle. The surface of the disks is covered with 
‘material that can be magnetized (usually 
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cobalt). The surface may be thought to be 
divided into a very large number of tiny regions 
(the size is of order 10 m, i.e. | pm), and each 
such region is the seat of a ‘0’ or a ‘1" of 
digitized data. The growth of hard disk capacity 
has been exponential, Whereas the early 
personal computers had a hard disk with a 
capacity of just a few megabytes, today's 
personal computers boast a hard disk capacity 
in the hundreds of gigabytes. The data is stored 
in sectors and tracks. Tracks are concentric rings 
and a sector is a part of the same track. The 
data can be accessed almost instantly 
irrespective of its position on the disk. 

Advantages of digital storage 

As indicated above, digital storage provides 
enormous advantages over analogue devices. 
‘These advantages include the following: 

* The capacity for data storage is huge in 
digital devices. 

+ The access to particular stored data is fast. 
* The retrieval of the data is fast. 
* The storage is reliable. 
* The stored data can be copied or erased easily. 
* The stored data can be encrypted. 
+ The data can be processed and manipulated by 

a computer, 
* The data can be transported easily physically as 

‘well as electronically. 

On the negative side, whereas an analogue 
storage system, such as ordinary photographic 
film, degrades slowly with time, a serious 
error with a digital storage device is usually 
catastrophic, in the sense that the data may 
never be recoverable. 

1 Express the following decimal numbers as 
binary numbers: 
(a) 3; (b) 10; (c) 18; (d) 31. 

  

For each, state the most significant bit and 
least significant bit. 

2 Express the following binary numbers as 
decimal numbers: 
(a) 110; (b) 1100; {c) 0101; (d) 11110. 

3 (a) State what is meant by (i) an analogue 
signal and (i a digital signal. 

(b) Give one example each of (i) an analogue 
signal and (i a digital signal. 

4 Consider the analogue signal of Figure 1.9. 

  

  

  

  

      
  0 02 04 06 08 10 

Figure 1.9 For question 4. 

By sampling (i.e. measuring) the signal 
every 0.1 ms, express the signal as a digital 
signal. (Assign the nearest integer value 
0 each signal measurement.) It would help to 
copy and fill in the following table. 

o 

 



5 The binary code for a signal that is sampled 
cight times is shown in the table below. 

(@) Copy and complete this table. 
(b) Put the individual signals together to 

construct the complete digital signal. 
(©) Reconstruct the analogue signal. 

6 Estimate the length of the spiral carrying pits 
and lands on an ordinary CD of diameter 
12 cm. Assume that adjacent parts of the 
spiral are 1600 nm apart. Explain your 
method, listing the assumptions you have 
made. 

  

7 Ittakes 4.0 minutes to record a song on a CD 
at a rate of 44 100 words per second. A word 
has a lengih of 32 bits. How many bytes does 
the song take? 

8 Calculate the storage capacity of an 80-minute 
CO that was recorded at a rate of 44 100 bits 
per second using two channels of 16-bit 
words each. 

9 (a) Explain how digital data is stored on a CD. 
(b) Explain how interference of light can be 

used to distinguish a pit from a land. 
(©) ACD player uses a laser of wavelength 

680 nm. What is an appropriate pit depth?   
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10 A 12 cm diameter CD lasts for 80 minutes. 
The laser source of the CD player moves 
radially outwards as the CD rotates. The initial 
rate of rotation of the CD is 500 rpm and the 
final rate is 250 rpm. 
() Calculate the average speed of the laser 

source. 
(b) Calculate the radius of the innermost track 

at which the data is stored. Assume 
that neighbouring spirals are separated by 
1600 nm. 

11 The laser of a CD player has a wavelength of 
740 nm in air. The lands and the pits on the 
CD are covered by a polycarbonate of index 
of refraction 1.52. 

(a) Calculate the wavelength of the laser in 
the polycarbonate. 

(b) Calculate a suitable pit depth, explaining 
Your reasoning. 

12 Beautiful colours appear when white light is 
incident on the underside of a CD. Suggest the 
mechanism that creates these colours. 

13 Why does a DVD have a larger storage 
capacity than a CD. 

14 List the features of a DVD recording of a film 

that are not available on an old-fashioned 
video cassette. 

15 Suggest the role of the laser wavelength in the 
storage capacity of devices such as CDs and 
DVDs. 

16 Explain why the recording of an LP is said to 
be an analogue recording. 

17 1s the image on ordinary photographic film 
digital or analogue storage? Explain your answer. 

18 State two similarities and two differences 
between a floppy disk and a hard disk. 

19 State and explain three advantages of digital 
storage of data over analogue data storage. 

   



  

Digital imaging with 
charge-coupled devices 
This chapter introduces an important device, the charge-coupled device (CCD). The basic 
mechanism in the operation of the CCD is discussed, and various applications are briefly 
described. 

Objectives 

By the end of this chapter you should be able to: 
+ understand the definition of capacitance; 
« understand the basic operation of a charge-coupled device (CCD); 
« define quantum efficiency, magnification and resolution; 
« solve problems with CCDs; 

  

s in medical imaging. « name the applications of C 

  

Capacitance 

Any two conductors that are separated by either 
a vacuum or an insulator are called a capacitor. 
‘This might include two parallel plates a certain 
distance apart, two conducting spheres in a 
vacuum a certain distance apart or even a 
single conducting sphere isolated from the 
carth by an insulating stand. 

Consider two parallel plates a distance d 
apart, as shown in Figure 2.1. The plates are 
connected to a source of potential difference. 
V. provided, in this case, by a battery. When 
the switch § is closed, a current will flow for a 
short time and then stop. The current will 
flow in a anticlockwise direction (i.e. the 
electrons will move clockwise). This means 

that negative charge will accumulate on the 
bottom plate, leaving behind an equal amount 
(in magnitude) of positive charge on the top 
plate, 

  

capacitor symbol 
h a capacitor, and 

  

  

  

Figure 2.1 A simple circuit w 
the symbol for a capacitor. 

How much charge can accumulate on either 
plate, given the potential difference of the 
battery? This is determined by a property 
Kknown as the capacitance of the parallel plates. 
‘The amount of charge Q that can accumulate 
on the plates s directly proportional to the 
potential difference between the plates 
(ie. Q ox V/). The constant of proportionality in 
this relation is called the capacitance C of the 
plates, 

  

cv.
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¥ I Gther words, capacitanceis the charge per 
unit potential difference that can accumulate: 
on a conductor. The S1 unit of capacitance is 

the farad (B, with one farad (1 F) being 
capacitance of one coulomb per volt (1 C V-, 

‘The farad is a large capacitance, and here we 
shall use smaller multiple units, the microfarad 
(1 wF = 10 ), nanofarad (1 nF = 10~/ F) and 
picofarad (1 pF = 102 F     

  

The capacitance of parallel plates depends on | 
the surface area of the plates, their distance 
apart and the material between the plates. In | 
an electric circuit, a capacitor is represented by 
the symbol shown in Figure 2.1. 

Example question 

Q sssmsssTEEEE ST TS ISR 

The capacitance of two parallel plates is 
Calculate the charge on one of the plates when a 
potential difference of 8.0 V is established 
between the plates. 

  

Answer 
Applying the formula defining the capacitance 
gives 

  

3.6x1071C =36 pC 
  

The charge-coupled device 

‘The charge-coupled device (CCD) (see Figure 
2.2), invented at Bell Labs in 1969, has 

  Figure 2.2 A charge-coupled device (CCD) | 

revolutionized image acquisition in astronomy 
by providing images of high resolution, in 
digital form, that can be easily manipulated 
and processed. These images can be obtained 
in a fraction of the time required using 
conventional means such as photographic 
film, and can be used to obtain images of very 
faint objects. 

Soon after the introduction of the CCD in 
astronomy, many commercial applications 
followed, such as digital cameras and digital 
video recorders, scanners and many others. The 
image in Figure 2.3 is a photograph of 
exceptional clarity and detail of the galaxy M31 
obtained using a CCD on the Hubble Space 
Telescope. 

  

   igure 2.3 This Hubble Space Telescope image of 
the galaxy M31 was obtained with a CCD. 

  

The CCD is a silicon chip varying in surface 
dimensions from 20 mm x 20 mm to 60 mm x 
60 mm. This surface is covered with light- 
sensitive elements called pixels (picture 
elements), whose size varies from 5 x 10 m to 
25 % 10 m. Each pixel releases electrons when 
light is incident on it by a process known as the 
photoelectric effect (strictly electron-hole 
production in a semiconductor). We may think 
of each pixel as a small capacitor. The electrons 
released in the pixel constitute a certain 
amount of electric charge Q and therefore a 
certain potential difference V' develops at the 
ends of the pixel equal to V = 2, where C is the 
capacitance of the pixel. This potential 
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difference can be measured with electrodes 
attached to the pixel. 

‘The energy carried by a single photon of light of 
frequency  is given by 

E =hf 

where h = 6.63 % 10 ] s is the Planck 
constant. Since f = £, where 4 is the 
wavelength of light, we also have 

he 
A 

Imaging with a CCD is then made possible by 
the following fact: 

  

  

E 

  

Tight a pixel is pr      

    
  

Example questions 
Q2 AN ITEENTIITESRASAESENIRSMIIEITEASIIE] 

Calculate the number of pixels on a 30 mm x 
30 mm CCD where the pixel size is 22 x 10°® m. 

Answer 
The collecting area of the CCD is 
3030 =9.0 x 10 mm’ 

=9.0x10"x10°m? 

=9.0x10% m? 
and that of a pixel is 

22x10"x22x10°=4.8x10"m’ 

The number of pixels i therefore 
9.0x 10 
Taxiow = X0 

  

direction of smssssssssssasssasisie 
Q3 charge shift 
Light of intensity 6.8 x 10°° W m™ and 
wavelength 5.0 x 1077 m is incident on 
the collecting area of the CCD of Example 
question 2. Calculate the number of 

photons incident on each pixel in a period of 
25 ms. 

Answer 

The area of one pixel is 4.6 x 10”9 m? and so the 
power incident on this area is 
P=68x10"x48x107=33x 10" W 

The energy deposited in 25 ms is then 

E=33x10"x25x10"=82x 10"} 

“The energy of ane photon is 

he _ 6.63x 107 x 3.0 x 10" o 
E=3 =" soxiom - H0x10) 

and so the number of photons per pixel is 

82x10°" 
0x 10" 

  ~210 

‘The diagram in Figure 2.4 shows rows of pixels 
on the collecting surface of a CCD. When the 
CCD surface is exposed to light for a certain 
period of time (by opening a shutter), charge 
and hence voltage begins to build up in each 
pixel. After the shutter closes, a potential 
difference is applied to each row of pixels in 
order to force the charge stored in each pixel to 
move to the row below (this is the origin of the 
name ‘charge-coupled’ - the charges in one row 
are coupled to those in the row below). 

  

ADC 
      

Figure 2.4 The charges in each row are moved o 
the row below until they reach the register. 
From there, they are read one by one, amplified 
and converted into digital form.
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Starting from the bottom row, the charge 
of cach pixel is moved vertically down into 
the register, and from there, one by one, the 
charge is moved horizontally, where the voltage 
is amplified, measured and passed through an 
analogue-to-digital converter (ADC) until the 
charge in the entire row is read. The computer 
that is processing all this now has two pieces 
of information stored. The first is the value of 
the voltage in each pixel and the second is the 
position of each pixel. The process is now 
repeated with the next row, until the voltage 
in each pixel in each row has been measured, 
converted and stored. 

   

‘The charge, and hence voltage, in each pixel is 
proportional to the intensity of light incident 
on the pixel. A digital copy of the image is then 
stored since the intensity of light in each pixel 
is now known. The process so described would 
result in a blackand-white image. It can then be 
displayed on a computer screen or an LCD 
screen in general. 

“To form a coloured image, the pixels are 
arranged in groups of four, with green filters 
on two of them (the eye is most sensitive at 
green) and one red and one blue for the other 
two (see Figure 2.5). The intensity of light in 
pixels of the same colour, say green, is 
measured as outlined above. An algorithm 
(a computer software program) is then used to 
find the intensity of green light in each pixel 
by interpolation based on the intensity in 
neighbouring green pixels. In this way one has 
the intensity in each pixel for each of three 
colours: green, red and blue. Combining the 
different intensities for different colours gives 

a coloured image. 

  

aren! e 
Figure 2.5 A group of four pixels with green, red 

and blue filters. 

  

(CD imaging characteristics 

Quantum efficiency 
Not every photon incident on a pixel will result 
in an electron being released. Some may be 
reflected and others may simply go through the 
pixel. We use quantum efficiency to describe 
this. 

» We define the quantum efficiency of a pixelas 
the ratio of the number of emitted 
electrons to the number of incident 
photons. 

One of the great advantages of CCDs is their 
very high quantum efficiency. It ranges between 
70% and 80%. This is to be compared to 4% for 
the bestquality photographic film and 1% for 
the human eye. (However, the quantum 
efficiency is not constant for all wavelengths.) 
CCDs are now routinely used to measure the 
apparent brightness of stars. The apparent 
brightness of a star is typically of order 
1072 Wm2 

Example question 
Q3 seser————————————— 
The area of a pixel in a CCD is 8.0 x 107° m?* 
and its capacitance is 38 pF. Light of intensity 
2.1 % 107 W m and wavelength 4.8 x 107 m? 
is incident on the collecting area of the CCD for 
120 ms. Calculate the potential difference 
established at the ends of a pixel, assuming that 
70% of the incident photons cause the emission 
of electrons. 

Answer 
The energy incident on a pixel is 
21 %107 x8.0x 10" x 120 x 107 

=20x10™) 
The energy of one photon is 

    he 663 %107 x 3.0 x 10° 
x 18X 107 

  

4.1x107)
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The number of incident photons is then 
20% 107" 20X _49x10° 
ATx10 

The number of absorbed photons is therefore 

070 x 4.9 x 10° = 3.4 x 10° 

The charge corresponding to this number of 
electrons is 
34x10°x 1.6 x 107° =54 x 107 C 

‘The potential difference is then 

Q_54x10 == aao =AM, 

Magpnification 
Consider a CCD that is used to obtain an image 
of an object. As usual in optics we define the 
magnification of the CCD to be the ratio of the 
length of the image as it is formed on the CCD 
to the actual length of the object. The 
‘magnification of a CCD system is determined by 
the overall properties of the lenses that are 
used to focus the light. 

Example question 
Q3 prnases——————— 
A digital camera s used to take a photograph of 
the eye of an insect. The area of the real eye is 
1.4 x 10°° m? and the area of the image eye is 
9.5 % 107 m. Calculate the magnification. 

  

Answer 
The ratio of image to object areas is 
22210 = 6.76, and so the ratio of corresponding 
linear sizes, the magnification, is v/6.76 = 2.6. 

     

Notice, of course, that for most applications with 
a digital camera, the size of the image will be 
smaller than the actual object (say a person, a 
building o a galaxy). 

Resolution 
Avery important characteristic of a CCD is its 
ability to resolve two closely spaced points on 
the object whose image we seek (ie. to see them 
as distinct). A rough measure of the resolution 
ability is that the images (on the CCD) of the 

  

two points do not fall on the same pixel. This 
means that the images must be at least one 
pixel length apart. A safer and more 
conservative measure is to demand that the 
images of the two points are two pixel lengths 
apart. In this way, we are sure to resolve the 
points without ambiguities. 

   10 points are resolved if their image 

‘more than two pixel lengths apart. 

Example question 
QS TETIIEIIITITIOTIe e st IS S LS TITTI I 

The magnification produced by a 3.0 megapixel 
digital camera with a collecting area of 12 mm? 
is 1.5. Determine if this camera can resolve two 

points a distance 3.2 x 10~ mm apart. 

Answer 
The area of a pixel is found from 

12 
T =4.0x 107 v 
3.0x10° 0 o 

and so the length of a pixel is 

4.0x104=2.0x10" mm 

“The images of the two points are a distance apart of 

1.5% 3.2 x 107 mm = 4.8 x 107 mm 

This is larger than two pixel lengths and so the 
points are resolved. 

‘The resolution is clearly better with a high pixel 
density (i.e. number of pixels per unit area). An 
image of high resolution is of better quality 
since the image includes more detail than an 
image of low resolution. A higher quantum 
efficiency means that the image will require 
less time to form if the incident light intensity 
is very low and is therefore of special 
importance in astronomical images. 

Medical uses of ((Ds 
In medicine the CCD has had a major impact in 
endoscopy: an endoscope is a device (a thin
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tube) that can be inserted into a patient to 
make observation of internal organs possible. 
CCDs are now used in endoscopes o that real- 
time digital images can be obtained. 

Driven by the needs of X-ray astronomers, 
special CCDs have been developed in which 
Xerays can be detected. These devices have been 
adapted by medical imaging researchers for 
medical use. For X-rays with energies below 
150 keV (which is the case with most medical 
applications of X-rays), photons incident on a 
silicon pixel produce electrons via the 
photoelectric effect, as does visible light. The 
Xeray CCD can then act as a detector of Xrays, 
replacing the old X-ay pickup tube. One extra 
advantage is that the sensitivity of the CCD 
allows for shorter exposure times, with an 
obvious benefit to the patient. The negative side 
is that these devices are still expensive. 

  

X 

1 A parallel-plate capacitor of capacitance 
12 uF has a potential difference of 24 V/ 
applied to it. Calculate the charge on each 
plate of the capacitor. 

2 A charged parallel-plate capacitor of 
capacitance 2.0 nF has 24 nC of charge on 
each plate. The capacitor is included in the 
circuit of Figure 2.6. The value of the 
resistance R is 6.0 €. Calculate the initial 
current that will flow in the resistor when the 
switch is closed. Explain your reasoning. 

I 

  
Figure 2.6 For question 2. 

3 Consider a CCD with 500 x 500 = 2.5 x 10° 
pixels (which is not a large number of pixels). 
(@) Assuming that each pixel stores the 

potential difference across it as an eight-bit 

10 
1 

12 

13 

14 

word, calculate the numbers of bits stored 
by the CCD. 

(b) Give every letter of the alphabet (26 
letters) a number from 1 o 26. How many 
bits do you need 10 express a letter as a 
binary number? 

() Assume for the sake of an estimate that the 
average number of letters in a word s six. 
Calculate the number of words that have 
the same content of bits as the bits in the 
CCD of (a) 

() Comment on the validity of the expression 
‘a picture is worth a thousand words'. 

Calculate the energy of a photon of 
wavelength 5.8 x 1077 m. 

‘The collecting area of a CCD is 36 mm?’ and 
there are three million pixels on the surface. 
Calculate the linear size of a pixel. 
Define the quantum efiiciency and 
magnification of a CCD. 
One-third of the photons incident on a CCD 
do not result i electrons being emitted. 
Calculate the quantum efficiency of the CCD. 
(a) State what is meant by resolution in the 

context of imaging with a CCD. 
(b) State the condition for two points to be 

resolved in the image by a CCD. 
Explain why a CCD with a large pixel density 
will have a better resolution than one with a 
lower pixel density. 
State three devices that use a CCD. 
Outline how a CCD forms the image of an 
object. 

One digital camera (X) has 1.0 megapixels 
and another (¥) has 8.0 megapixels. The 
collecting areas and quantum efficiencies are 
the same. Outline differences in the images of 
the same object obtained by the two cameras. 
Two cameras have the same density of pixels 
on their collecting surfaces but one has a 

larger quantum eficiency. State and explain a 
situation where an image taken by the higher 
quantum efficiency camera would be superior 
to the image made by the other camera. 

Suggest a difference, if any, in the images 
obtained by two digital cameras with the 
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15 

16 

17 

18 

same density of pixels and quantum efficiency 
but where one has a larger collecting area. 
A digital camera is used to take a photograph 
of a flower seed. The area of the real sced is 
6.2 x 10°° m* and the area of the image seed 
i59.4 % 107 m?. Calculate the magnification. 
‘The magnification produced by a 4.0 
‘megapixel digital camera with a collecting 
area of 16 mm” is 1.3. Delermine f this 
camera can resolve two points a distance 
8.2 x 107 mm apart. 
(@) Calculate the number of photons per 

second per unit area incident on the 
surface of a CCD when the intensity of 
light is 28 W m™ and the light has 
wavelength 6.8 x 1077 m. 

(b) Repeat the calculation for light of the same 
intensity but wavelength 4.4 x 1077 m. 

The number of photons per pixel needed for 
an acceptable image in a certain digital 
camera s 6000. The wavelength of light used 
is4.8 x 10”7 m and the intensity of the light 
incident on the collecting area of the digital 
camera is 1.4 mW m2. The area of a pixel is 
5.0x 107" m? 

(@) Calculate the time the shutier must remain 
open in order to obtain an acceptable 
image. 

  

(b) In practice, a longer time than that 
calculated in (a) will be needed. Suggest 
why this is so. 

19 The collecting area of a CCD is 48 mm’ and 
there are four million pixels on the surface. 
The capacitance of each pixel is 24 pF. Light 
of intensity 5.2 x 10 W m"? and wavelength 
6.3 x 107 m is incident on the collecting area 
of the CCD for 80 ms. Calculate the potential 
difference established at the ends of a pixel, 
assuming a quantum eficiency of 75%. 

20 Suggest a justification for the phrase charge- 
coupled in the name of the CCD. 

21 An energy of 3.65 eV is needed to create an 
electron-hole pair in silicon by X-rays. 
Calculate the number of electrons produced 
by Xerays of energy 5.0 keV. 

22 State the advantages of imaging with a CCD. 
compared to imaging with ordinary 
photographic film. 

23 CCDs used for very accurate astronomical 
work are often cooled down to very low 
temperatures. Suggest a reason for this. 

24 Discuss which characteristics of the CCD are 
of importance to astronomical imaging. 

  

25 State one application of the CCD in m 
outlining the advantage it offers. 

icine,
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The eye and sight | 
This chapter introduces the basic features of the human eye and the important concepts of 
depth of vision and accommodation. The function of the two diferent light-sensitive cells 
in the eye, called rods and cones, is discussed, and their role in vision under different 
conditions is analysed. The role of conies n colour vision is also discussed. Primary colours 
are introduced, and colour addition and sublraction discussed. The chapter ends with a 
brief note on the role of colour in perception. 

    
By the end of this chapter you should be able to: 
« make an annotated diagram of the eye: | 
« explain the function of the main parts of the eye; 
« outline the differences in the density of rods and cones across the retina; 
+ define scotopic vision and photopic vision; 
« account for the differences in scotopic and photopic vision; 
« understand the terms primary colour and secondary colour; 
* understand the difference between addition and subtraction of colours; 
« solve simple problems with calour mixing; | 
+ understand the role of light in the perception of abjects. 

  

The structure of the human eye ‘ 

‘The human eye is a remarkable 
‘instrument’ Figure AL1 shows the ~~ Princpal sxis 
basic features of the human eye. The 
eye is almost spherical in shape, with 
adiameter of about 2.5 cm. Light 
enters the eye through the cornea 
(a transparent membrane), where most 

of the refraction takes place. The index 
of refraction of the cornea is about 
137, substantially different from the 
index of refraction of air (1.00). 

  

In between the cornea and the eye 
lens is a liquid-filled chamber called 
the aqueous humour. The liquid 
filling the chamber s clear, mainly optic erve 
water with small amounts of salts. Its Figure A1.1 The human eye.  



index of refraction is 1.3, essentially equal to 
that of water. This chamber is separated into 
two parts by the iris (the coloured part of the 
eye). At the centre of the iris is the pupil, an 
aperture through which the light enters the eye 
lens. The pupil can increase or decrease in 
diameter in order to adjust to varying 
intensities of light. The eye lens is attached to 
the ciliary muscle by ligaments - the ciliary 
muscle controls the curvature of the lens. 

  

Light passing through the lens then enters a 
second chamber filled with a jelly-like substance 
called the vitreous humour. The light finally 
reaches the back surface of the eye, the retina. 
‘The retina is covered with lightsensitive cells 
that record the arrival of light. There are two 
types of lightsensitive cells on the retina, called 
rods and cones. Light reaching the rods and the 
cones is converted into tiny electrical signals in 
nerve fibres attached to these cells. The nerve 
fibres all converge to the optic nerve, which 
transmits the electrical signals to the brain. 
Close to the beginning of the optic nerve, and 
essentially on the principal axis of the eye, is an 
area called the fovea, a spot of diameter of 
about 0.25 mm, where vision s exceptionally 
acute. This is filled with cones, each connected 
to a different nerve fibre (unlike elsewhere on 

the retina, where many different cones are 
connected to the same fibre). 

‘The distribution of rods and cones is not constant 
along the surface of the retina. At the fovea we 
have many cones but no rods. The density of 
cones at the centre of the fovea reaches 150000 
per mm?. The rods are mainly found at the edges 
of the retina (i.. away from the principal axis of 
the eye), whereas the concentration 

of the cones increases as we 
approach the principal axis. 

Depth of vision 
Figure A1.2 shows a converging lens and a set of 
rays, all parallel to the principal axis of the 
lens, incident on the lens. The rays refract and 
all pass through the same point on the 
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principal axis of the lens. This point is called 
the focal point of the lens, and its distance 
from the optical centre of the lens s called the 
focal length. 

  

e focal length ——! 

Figure A12 Focal point and focal length of a 
converging lens. 

‘The eye cannot, at the same time, focus on two 
objects at two different distances from the eye. 
But if you focus on an object, O, far from the eye 
and straight ahead, so that the object is seen 
clearly, other objects closer and further than 
that object will also be seen clearly enough, 
even though the eye is not exactly focusing on 
them. If the furthest object that can be seen 
acceptably clearly is O; and the closest is Oy, 
then the distance 00 is called the depth of 
vision (or depth of field) (see Figure A13). 

    

Gephofvison 1 
Figure A13 Diagram showing what is meant by 

depth of vision. 

The depth of vision depends on the distance to 
the object. The further the object is from the 
eye, the larger the depth of vision. If the object
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is put close to the eye, the depth of vision is 
greatly reduced. However, if brighter light is used, 
the depth of vision will increase. This is because 
in brighter light the iris will reduce the pupil 
diameter. Figure A1.4 shows an increased depth 

of vision in the presence of a smaller aperture. 

    
    

   

| e 
7 depthofvision 1 

(@ large-apertre iris. 

() small-aperture iris 
Figure A1.4 A reduced pupil diameter means that 

the rays entering the eye can be brought to focus. 

Accommodation 

‘The term accommodation refers to the ability 
of the eye lens to change its focal length. This is 
done by contractions of the ciliary muscle. 
When the muscle is relaxed, the eye has the 
shape shown in Figure A1.5() and the eye is 

lens relaes to “bulging’ shape 

  

cillary muscle contracted 
(@) accommodated 

ens pulled tght ad flt 

cillary muscle relaxed 
(0) unaceommodated 
Figure AL5 Changes in the eye lens in the case of 

an accommodated and an unaccommodated eye. 

said to be unaccommodated. The lens has its 
greatest focal length and the eye can focus on 
distant objects without fatigue. By contrast, 
when the muscle is contracted, the lens has the 
shape shown in Figure A15(b), its focal length is 
the least and the eye is said to be accommodated. 

The eye can then focus on 
nearby objects. This is an active 
process, leading to fatigue. 

‘The nearest distance at which 
an object can be seen clearly, 
‘without undue strain on the 
eye, is called the near point of 
the eye. For a normal healthy 
eye, this distance is about 25 
cm. The far point is the furthest 
distance the eye can focus on 

depth of focus  clearly. For a normal healthy 
eye, this is infinity. 

Scotopic and photopic vision 

‘There are major differences in the functioning 
of the rods and the cones. Even though the rods 
have different responses to different 
‘wavelengths of light, the rods do not transmit 

this difference in a way that the brain can 
interpret as a difference in colour. They are, 
however, sensitive to light of low intensity, 
because many different rods are connected to 
the same nerve fibre. This means that, even if 
the intensity of light in any one rod is low, the 
signal given to the nerve fibre will be the sum 
of the individual signals and therefore can be 
large. A disadvantage of connecting different 
rods to the same nerve fibre is that in this way 
we lose on detail in the image. 

» Vision in which the rods are the main 
detectors of the incident light in the eye is 
“called scatopic vision: 3 

‘The cones. on the other hand, do distinguish 
different colours. There are three types of cone, 
each sensitive to a different colour. Fewer of 
them are connected to the same fibre, and this  



allows for more detailed images. The cones are 
only sensitive when the intensity of light is 
high (ie. in bright light). This is why in very 
low-intensity light (in the dark) it is not possible 
to distinguish colours. Thus if you look at a 
galaxy through a large telescope, you will see a 
blackand-white image; you will not see the 
brilliant colours that published photographs of 
galaxies have in books and on posters. 
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These facts are summarized in Table A1.1. 

Rods are used Cones are used (mainly) 
Used during the day and 

when there is a lot of 
light available 

Used at night and 
when there is very 
little light available 

Distinguishes shapes Distinguishes shapes and 
but not colours colours 

Distinguishes lttle Distinguishes a lot of 
detail detail 

‘Table A11 Differences between scotopic and 
photopic vision. 

Example question 
Q) 5445240300040 S50 EIeSOMTIITIS TR Ty 

Explain why in low-intensity light it is easier to 
obtain a clear image of an object by looking at 
the object a bit sideways rather than directly at it. 

Answer 

  

Since the intensity of light is low, vision takes 
place mainly through the rods and not the cones. 
The highest concentrations of the rods are away 
rom the principal axis, and so we look a bit 
sideways at the object for light to fall on the rods. 

Figure A16 shows the relative sensitivity of 
cones and rods to light of different 
wavelengths. (Recall that rods do not 
distinguish colour) We see that rods are more 
sensitive than cones for blue light. 
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Figure A16 Overall relative sensitivity of cones 

and rods as a function of the wavelength of 
light. 

Example question 
Q2 EEEETETTT——————D 
Use the spectral response graph in Figure A1.6 to 
answer this question. An object reflecting red light 
of wavelength 640 nm is viewed in 
(@) low-intensity light and 
(b) high-intensity light. 
Describe what the observer sees. 

Answer 
() In low-intensity light, vision is through rods. 

Light of wavelengih 640 nm s beyond what 
the rods can detect, and so the object cannot 
be seen. 

(b) In high-intensity light, the cones are used, and 
the object can be seen clearly. 

Colour 

‘The perception of colour is made possible by 
the fact that there are three types of cone cell, 
each type being sensitive to either blue, green 
or red light. This was suggested by Thomas 
‘Young as long ago as 1800. Figure A1.7 shows 
the spectral response curve for each type of 
cell. Adding together the three curves B, G and 
R for the cones produces the overall spectral 
response of the cones as already shown in 
Figure A16.
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Figure A17 Relative sensitivity of the three types 
of cone cell. 

It can be seen from Figure A17 that light of 
wavelength 550 nm will excite only the green- 
and red-sensitive cones. The combination of 
green and red (in equal quantities) gives yellow 
light, and so this is the colour that the brain 
understands for this wavelength of light. 

Colour blindness 

Colour blindness is a general term referring 
to people with deficiency in the perception of 
colour. It affects men more frequently than 
women. Complete colour blindness is rare. 
Since colour is perceived by the cone cells, 
colour blindness is associated with non- 
functioning cone cells or insufficient 
numbers of one or more types of cone cell. It 
can also be due to brain or nerve damage. The 
‘most common form of colour blindness 
involves the red and green cone cells, and the 
inability to distinguish between red and 
green colours. If one type of cone cell is non- 
functioning, the colours that can be perceived 
are only those that can be made by 
combining the colours to which the other two 
types of cone cell are sensitive. If two types of 
cone cell are not functioning, then the person 
is completely colour blind in the sense that 
he or she cannot distinguish between any two 
coloured objects. .   

  

Colour addition 

It is an amazing fact that, by mixing light of 
just three colours, we can make a very wide 
range of other colours. Three is the minimum 
number of colours needed. With two colours, 
for example green and red, we cannot make 
biue. If we take the three colours to be blue (B, 
green (G) and red (R), the combination 

X=bB +9G+rR 

gives any desired colour, where b, g and r are 
the relative intensities of the blue, green and 
red light used in the mixture. The three colours 
used (in this case, blue, green and red) are 
called primary colours. (But others might also 
be used as primaries - see page 477) In practice, 
this means that if you shine blue, green and red 
lights of various intensities onto a white screen, 
the colour X would appear where the three 
coloured beams overlap. 

  

      

  Esgesee it aann 

To get the colour X = bB + gG + R, the three 
primary colours are mixed with relative 
intensities b, g and r. 

  

  

Adding the primaries (here taken as blue, green 
and red) two at a time results in the three 
secondary colours, of cyan, magenta and 
yellow: 

B+G=C, 

B+R=M, magenta (reddish purple) 
RHG=Y, 

cyan (bluish green, i.e. turquoise) 

yellow  



It follows that adding a specific primary 
colour to a secondary colour results in white 
light, W: 

C+R=W (because C =B +G) 

M+G=W 

Y+B=W 

(because M =B + R) 

(because Y = R+ G) | 

‘The primary colour added to the secondary 
colour to give white light is called the 
complementary colour of the secondary; for 
example, red is complementary to cyan. 

Example question 
Q3 CTEITIRTETEes e scaCIITITIINITINERESHSISE 

‘What colour of light is obtained when we overlap 
equal intensities of magenta with yellow? 

   

Answer 
We get | 
M+Y = (R+B)+(R+G) | 

—R+B+G)+R 
—W+R [ 

“This is red. 

As mentioned earlier, there is no unique choice 
of the three primary colours. Blue, green and 
red are normally used because they give a very 
wide range of colours by colour addition. They 
correspond to the three sets of cones present in 
the eye. This system is also used in colour 
television and digital cameras. But other 
systems can be used as well. For example, 
consider the choice of red (R), 
yellow (Y) and blue () as the 

  
‘primaries. A wide range of colours fil‘:‘(’"‘ magenta o 

is obtained by using colour addition i 
‘with these three, but unfortunately 
itis not possible to obtain green | |, 
light by adding any combination of  white yellow  whie. e e 
these three. However, a mixture of  light light light 
yellow (Y) and blue (B) can be made 

identical to a mixture of red (R) and 
green (). That is to say 

WY+ bB=gG+rR 
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‘This means that 

9G=yY+bB—rR 

Yy L5 1 
] 

In this way we have managed to get green out 
of the three primaries Y, B and R, but this time 
the coefficient of red is negative. 
In other words, if we allow for negative 
coefficients in the mixture, any three colours 
can be used as primaries, and there is therefore 
10 unique choice of primaries. (Notice that the 
standard choice of primaries, red, green and 
blue, also requires negative coefficients in order 
to obtain certain colours. There s, in fact, no 
choice of three primaries from which all other 
colours may be obtained with only positive 
coefficients in the mixture.) 

Notice that the presence of negative coefficients 
in the mixture yY + bB +rR is sometimes 
referred to as colour subtraction. The proper 
‘meaning of colour subtraction, however, is 
discussed below. 

Colour subtraction 
The term colour subtraction refers to white 
light being transmitted through a coloured 
filter. The transmitted light has the colour of 
the filter because the filter removes (subtracts) 
acertain colour from the white light. The three 
primary filters used are yellow, magenta and 
cyan filters (see Figure AL8). 

Figure A18 The three primary filters, yellow, 
magenta and cyan, remove blue, green and red 
colour, respectively, from white light.
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White light transmitted through a yellow filter 
has the blue removed, so that the transmitted 
light has a colour given by 

W-B=@B+G+R -8B 

=G+R 

=y 

ie. yellow, as expected of a yellow filter. 

Similarly, a magenta filter removes green, and a 
cyan filter removes red. In other words, the 
three filters cach remove their respective 
complementary colour. 

If light is transmitted through a magenta filter 
and then through a yellow filter, the transmitted 
colour will be 

W-B-G=@B+G+R) -B-G 

=R 

ie. red. 

If white light is transmitted through the three 
primary filters of yellow, magenta and cyan, the 
light will be absorbed and the three filters will 
Took black where they all overlap. This is 
because 

W-B-G-R=@B+G+R) ~B-G-R=0 

Perception of colour and light 

‘The perception of colour has, as we have seen, 
its physiological basis in the functioning of the 
cone cells in the eye. But the overall perception 
of colour extends into the realm of psychology. 
‘This has been exploited by architects, designers, 
interior decorators, advertisers and others, to 
create effects based on the perception of colour. 
‘Thus, a room painted in bright red or yellowish 
colours gives a sense of a busy, hurried place. 
Another painted in soft, pastel colours gives the 
impression of a relaxed, calm place. Soft 
reddish or orange colours create a ‘warm’ 
atmosphere, whereas bluish and violet colours 
give the impression of a cold or cool place. 
Small rooms can be made to ‘look’ bigger by 

painting them in light, soft colours, and a low 
ceiling can be ‘raised by painting it with a 
colour that is lighter than that used for the 
walls. A floor will look smaller if painted in 
dark colours rather than light colours. 

Another effect is the inclusion of shadows. Deep 
shadows give the impression of a solid, massive 
object, whereas light shadows, or the absence of 
them, give the impression of a light and ‘airy’ 
structure. 

e 

  

1 (a) Make an annotated diagram of the human 
eye. 

(b) Explain the function of the parts you have 
annotated. 

2 (a) Explain why you cannot see clearly under 
water. 

(b) Why can you see clearly if you are 
wearing a diving mask? 

3 (a) Describe the function of cones and rods in 

vision. 
(b} State the distribution of cones and rods on 

the retina. 
4 Many different rod cells are connected to the 

same nerve fibre. State and explain one 
advantage and one disadvantage of this in the 
context of the eye’s ability to see. 

5 (a) State what is meant by (i) depth of vision 
and (i) accommodation. 

(b) Outline why the depth of vision increases 
when the eye’s aperture is reduced. 

(©) Hence explain the effect on the depth of 
vision of an increase in the intensity of 
light. 

6 Define what is meant by () scotopic vision 
and (b) photopic vision. 

7 Suggest why it i difficult to observe colour in 
Tow-intensity light even though the outline of 
an object can be clearly seen. 

8 Explain why in high-intensity light an object 
can be seen most clearly by looking directly at 
the object but as the intensity s reduced the 

  
 



object is most clearly seen when it is observed 
off the eye’s principal axis. 

9 (a) What is meant by colour blindness? 
(b) State and explain whether colour blindness 

is associated with damage to rod cells or 
cone cells. 

10 The density of cones on the fovea is 150000 
cones per square millimetre. The fovea may 
be taken as a circle of diameter 0.25 mm. 
(a) Calculate the average separation of cones 

in the fovea 
(b) The diameter of the eye is about 2.5 cm. 

Calculate the angle subtended at the pupil 
of the eye by the separation between two 
cones calculated in (a). 

(c) Diffraction at the eye's aperture limits the 
resolution of the eye, i.¢. whether two 
distinct objects are actually seen as 
distinct. The minimum angular separation 
between two objects that can be seen as 
distinct is given by 6 = 1.22%, where A is 
the wavelength of light used and d'is the 
diameer of the aperture. Calculate 8 by 
taking 2 = 5.5 x 107 m and a pupil 
diameter of d=1.5 x 10 m. 

(d) By comparing the values obtained in (b) 
and (c), state and explain whether there 
would be any improvement in the 
resolution of the eye if the cones were 
closer to each other. 

  

11 (a) Explain why the depth of vision is 
increased when looking at a page of tex 
through a hole in a piece of cardboard. 

(b) Suggest why there is a limit to the increase 
in the depth of vision that can be achieved 
in this way. 

12 (a) Sketch graphs to show the variation with 
wavelength of the relative sensitivity of 
cones and rods. 

(b) Use your graphs to explain why reducing 
the intensity of light shifts the wavelength 
at which the eye is most sensitive towards 
blue wavelengths. 

13 

14 

15 

16 

17 

18 

19 

20 

2 

22 
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(@) State what is meant by primary colours. 
(b) How many primary colours are there? 
(©) Explain why the choice of primary colours 

is not unique. 
Using the spectral response curve of Figure 
A1.7 i the text, explain the colour perceived 
when light of wavelength (a) 4 = 400 nm and 
(b) & = 680 nm is incident on the eye. 

State what is meant by (a) colour addition and 
(b) colour subtraction. 
Determine the colour of light obtained when 
(@) cyan and yellow and (b) cyan and magenta 
are added with equal intensities. 
Determine the colour of white light that is 
wansmitted first through a magenta filter and 
then through a cyan filter. 
What two primary filters (cyan, magenta and 
yellow) must be used so that white light will 
emerge green? 
(a) Determine the colour obtained when 

cyan, yellow and magenta are added with 
equal intensities. 

(b) Determine the colour obtained when white 
light is transmitted through overlapping 
cyan, yellow and magenta filters. 

Comment on the statement: ‘Colour is a 
construction of the mind and not the property 
of an object.” 
Name one of your favourite buildings and 
describe how the use of colour makes the 
building special. 
The three grey dots in Figure A1.9 are 
identical. Do they look equally bright? How 
do you explain your answer? 

  

Figure A19 For question 22,
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The Doppler effect 
The content of this option is identical to that in Chapter 4.5 of Tapic 4, Oscillaions and 
waves,in the Core and AHL Materia, to which the reader s referred. 

  

A3 SL Option A - Sight and wave phenomena 

Standing waves 
The content of this option is identical 1o that in Chapter 4.6 of Topic 4, Oscillaions and 
waves, in the Core and AHL Material, to which the reader s referred. 

  

SL Option A - Sight and wave phenomena 

Diffraction 
The content of this option is identical to that in Chapter 4.7 of Topic 4, Oscillations and 
waves, in the Core and AHL Material, to which the reader is referred.  



  

Resolution 
The content of this option is identical to that in Chapter 4.8 of Topic 4, Oscillations and 
waves, in the Core and AHL Material, to which the reader is referred. 

  

Polarization 
The content of this option is identical to that in Chapter 4.9 of Topic 4, Oscilations and 
waves, in the Core and AHL Material, to which the reader is referred.
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Quantum physics 
The content of this option is identical to that in Chapters 6.4 and 6.5 of Topic 6, Atomic 
and nuclear physics, in the Core and AHL Material, to which the reader is referred, 

SL Option B - Quantum physics 

  

Nuclear physics 
The content of this option is identical to that in Chapter 6.6 of Topic 6, Atomic and nuclear 
physics, in the Core and AHL Material, to which the reader is referred. 
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Analogue and digital signals 
The content of this option is identical to that in Chapter 8.1 of Topic 8 Digital technology 
waves, in the Core and AHL Material to which the reader is referred. 

UPTIUN [‘.2 SL Option C - Digital technology 

Data capture and 
imaging using CCDs 
The content of this option is identical to that in Chapter 8.2 of Topic 8, Digital technology 
waves, in the Core and AHL Material, o which the reader is referred.



  

Electronics 
The content of this option is identical to that in Option F5 of Option F, Communications, 
to which the reader is referred. 

  

The mobile phone system 
The content of this option is identical to that in Option F6 of Option F, Communications, 
to which the reader is referred. 
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Introduction to relativity 
The content of this option is identical o that in Option H1 of Option H, Special and 
general reltivity, to which the reader is eferted 

OFT"]N fl2 SL Option D - Relativity and particle physics 

Concepts and postulates of 
special relativity 
The content of this option is identical to that in Option H2 of Gption H, Special and 
general relativity, o which the reader is referred. 

fl3 SL Option D - Relativity and particle physics 

Relativistic kinematics 
The content of this option is identical to that in Option H3 of Option H, Special and 
general relativity, to which the reader is referred.
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Particles and interactions 
The content of this option is identical to that in Option J1 of Option J, Particle physics, to 
which the reader is refered 

  

|]5 SL Option D - Relativity and particle physics 

Quarks 
The content of this option is identical o that in Option 3 of Option J, Particle physics, to 
which the reader is referred. 

 



  

Introduction to the universe 
This chapter is an introduction to the basic properties of the solar system and an account 
of the main celestial objects we meet in a study of astrophysics. The motion of the stars 
as they appear to an observer on the moving earth i also biefly discussed. 

Objectives 
By the end of this chapter you should be able to: 
« describe the main features of the solar syste 
« name the main objects making up the universe; 
« give the definition of a light year; 
« state the average distances between stars and between galaxies: 
* outline the main facts about the motion of stars as they appear to an 

observer on earth. 

    

The solar system 

We live in a part of space called the solar 
system: a collection of eight major planets 
bound in elliptical orbits around a star called 
the sun. (Pluto has been stripped of its status as 
a major planet, and is now called a ‘dwarf 
planet.’ We shall not consider it as a planet in 
this option,) The sun has a mass of 1.99 x 10 
kg and a radius of 6.96 x 10° m. The elliptical 

orbits of the planets have the sun at one of the 
two foci of the ellipse (see Figure E1.1a). The 
orbit of the earth is almost circular; that of 
Mercury is the most elliptical. The planes of the 
orbits of the planets differ only slightly from 
the plane of the earth’s orbit, with the 
exception of Mercury, which has an inclination 
of about 7° (see Figure E1.1b). All planets revolve 
around the sun in the same direction. This is 
also true of the comets, with a few exceptions, 
the most famous being Halley's comet. The 
motion of the planets and comets around the 
sun is dictated by Kepler's laws (we have seen 
Kepler's third law in Chapter 2.11). Kepler's laws 

are also obeyed by the moons in their orbits 

  

around their respective planets. Characteristics 
of the planets are given in Tables E1.1-E13. 

All the planets except Mercury and Venus have 
moons orbiting them, The earth’s moon has a 
mass of 7.35 x 102 kg, a radius of 1.74 x 10° m, 
an orbit radius around the earth of 3.84x10° m 
and an orbital period of 27.3 days. Jupiter has. 
16 moons, four of which are as big as earth’s 
moon. Saturn has 17 moons and a spectacular 
ting system of millions of objects moving 
around the planet in circular, coplanar orbits. 
Uranus has 15 moons and a ring system. 
Pluto’s moon, Charon, is almost as large as 
Pluto itself, so we may actually speak of a 
binary system. Pluto’s orbit crosses the orbit of 
Neptune, and at times Pluto is actually closer 
10 the sun than Neptune is. Pluto would have a 
high probability of a collision with Neptune 
were it not for the fact that the planes of their 
orbits are different. 

In a region of space between the orbits of Mars 
and Jupiter is the asteroid bel. It consists of 
thousands of small objects (small planets] in orbit 
around the sun. The largest s called Ceres and
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(8) The inner solar system (up o 6 astronomical 
units from the Sun)     
  

    
> distance/ 

o astronomical units 

(b) The outer solar system. (For clariy,the planets out 
1o Earth are not shown.) 

Figure E11 Planets orbit the sun in elliptical orbits. The sun is at one of the two foci of the ellipse. 
‘There is also a belt of small rocky asteroids between Mars and Jupiter. 
“Pluto is no longer considered to be a planet. 

  

  

  

  

  

  

  

Mercury 330 % 107 244X 100 579 X 10% 850 days 
Venus w8710 605 X 10° 108 X 107 247 days 
Earth 598 X 104 638 X 10° 150 % 107 3653 days 
Mars 642 % 107 340 % 10° 228 X 10" 687.0 days 

Jupiter 1.90 X 107 691 X 10 7.78 X 10" 11.86 yr- 

Saturm 569 % 10% 605 X 107 43 % 107 azyr 
Uranus 8.6 X 10° 2.56 % 107 288 % 107 8375 yr 

Neptune 103 % 10% 248 X 107 450 % 10% 1637y 

Table E1.1 The solar system. The distance between the sun and the earth (150 x 10" m) is known as the 
astronomical unit (AU). 

 



E1 Introduction to the universe 489 
  

Mercury. (smallest) 
Mars 
Venus 
Farth 
Neptune 
Uranus 
Satumn 
Jupiter (largest) 

‘Table E1.2 The planets listed in order of increasing 
size. 

  

Mercury 0379 0056 036 
Venus o2 o8y omr 
Earth 1000 1000 100 
Mars 0553 0108 038 
Jupiter 119 518 264 

Saturn 9470 95 3 
Uranus 369 U6 107 
Nepune  34% 173 1l 

Table E13 The relative size, mass and acceleration 

due to gravity at the surface of the planets 
compared with earth, which is assigned a value 
of 1 for all these properties. 

‘has a diameter of 770 km; many are under 10 km 
across. The asteroids revolve around their axes 
with periods under 12 h. There must have been 
‘many collisions between asteroids and the earth 
but traces of only a few such collisions remain. 
One theory about the asteroid belt involves the 
disruption of one planet into many pieces. 
Another invokes the effect of nearby Jupiter, 
whose large mass did not allow the material that 
was there at the time of the formation of the 
solar system to assemble into a planet. 

Beyond the solar system 

In the course of our study of the option on 
astrophysics, we will meet various objects making 
up the universe. Table E1.4 is an introduction to 
the meaning of the various terms. Most of these 
will be discussed in greater detail later on.   

Example question 
Q1 EesmmsaenemsT——— 
Take the density of interstellar space to be one atom 
of hydrogen per cubic centimetre of space. How 
much mass is there in a volume of interstellar space. 
equal to the volume of the earth? Give an order-of- 
‘magnitude estimate without a calculator. 

  

Answer 
The volume of the earth is 

V=txR 
~Ex3x(6x109' m 

4 %200 x 10" 

~10" m* 

Hence, the number of atoms in this volum 
10% 5 10° = 107" atoms of hydrogen. This 
corresponds to a mass of 

  

107x1.6x 10 kg~ 1kg 

The light year 
As we move away from the solar system, we enter 
immense expanses of space. It is useful to have a 
‘more convenient unit of distance than the metre. 

  
  

    

  

  

Also convenient for measuring large distances is 
the parsec (pc), a unit that will be properly defined 
in 1 pe=35261y=3.09 x 10° m. 
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Binary star. ‘Two stars orbiting a common centre: 
Black dwarf “The remnant of a white dwarf after it has cooled down. It has very low luminosity 
Black fole ‘A singularity in space-time; the end result in the evolution of a very massive star 
Brown dwarf Gas and dust that did not reach high enough temperatures to initiate fusion. These objects 

continue to compact and cool down 
  

Cephidvariable A star of variable luminosity. The luminosity increases sharply and falls off gently with a well- 
defined period. The period is related to the absolute luminosity of the star and so can be used to 
estimate the distance to the star 
  

Clusters of galaxies __Galaxies close to each other and affecting each other gravitationally, behaving as one unit 
  

  

  

Comet A small body (mainly ice and dust) orbiting the sun in an elliptical orbit 
Constellation ‘A group of stars in a recognizable pattern that appear t0 be near each other in space 
Dark matter ‘Generic name for matter in galaxies and clusters of galaxies that is (oo cold to radiate. Its 

existence i inferred from techniques other than direct visual observation 
  

Galaxy ‘A collection of a very large number of stars mutually attracting each other through the 
‘gravitational force and staying together, The number of stars in a galaxy varies from a few. 
million in dwarf galaxies to hundreds of billions in large galaxies. It is estimated that 100 billion 
galaxies exist in the observable universe 
  

Interstellar Gases (mainly hydrogen and helium) and dust grains (silicates, carbon and iron) illing the space 
medium in between stars. The density of interstellar mass i very low. There is about one atom of gas for 

every cubic centimetre of space. The density of dust i a trillion times smaller. The temperature 
of the gas is about 100K 
  

Main sequence star A normal star that is undergoing nuclear fusion of bydrogen into helium. Our sun is a typical 
main sequence star 
  

Neutron star. Ifa red giant is very large (a supergiant), the end result of the explosion throwing off mass will 
be a star even smaller than a white dwarf (a few tens of kilometres in diameter) and very dense. 
‘Thisis a star consisting almost entirely of neutrons. The neutrons form a superfluid around a 
core of immense pressure and density. A neutron star is an astonishing macroscopic example of 
‘microscopic quantum physics 
  

Now: The sudden increase in luminosity of a white dwarf caused by material from a nearby star 
falling into the white dwarf 

Planetary nebula_The ejected envelope of a red giant star 
  

  

Pulsar ‘A rapidly rotating neutron star emitting electromagnetic radiation in the radio region. Pulsars, 
have very strong magnetic felds. Periods of rotation vary from a few milliseconds to seconds 
  

Quasars Powerful energy emitters. These are very active cores of young galaxies. The name stands for 
quasistellar radio-emitting objects, a name given since the first observations of quasars 
indicated a small, stellarlike size. The energy output from a quasar is greater than that of 
hundreds of galaxies combined. From redshift measurements, quasars are known o move away 
  

  

  

  

  

from us at very high speeds 
Red dwarf A very small star with low temperature, reddish in colour 
Red glant A main sequence star evolves into a red giant - a very large, reddish star. There are nuclear 

reactions involving the fusion of helium into heavier elements 
Stelar duster ‘A group of stars that are physically near each other in space, created by the collapse of the same 

gas cloud 
Superniova “The explosion of a red supergiant star. The amount of energy emitted in a supernova explosion 

can be staggering - comparable to the total energy radiated by our sun in its entire lifetime! 
White dwarf ‘A red giant at the end stage of its evolution will throw off mass and leave behind a very small 

(the size of the earth), very dense star in which no nuclear reactions take place. It is very hot but 
its small size gives it a very low luminosity 

‘Table E1.4 Definitions of terms.  



Example questions 
Q2 ST S 
“The Local Group is a cluster of some 20 galaxies, 
including our own Milky Way and the 
Andromeda galaxy. It extends over a distance of 
about 1 Mpc. Estimate the average distance 
between the galaxies of the Local Group. 

Answer 
Assume that a volume of 

V=R 
~1x3x(05) Mpc* 
~ 0.5 Mpc? 

    

is uniformly shared by the 20 galaxies. Then to 
each corresponds a volume of 

.025 Mpc® 
93y 
20 P 

  

The linear size of each volume is thus. 

0.025 Mpc’ % 0.3 Mpc 
=300 kpe 

50 we may take the average separation of the 
galaxies to be 300 kpc. 

Q3 
The Milky Way galaxy has about 2 x 10" stars. 
Assuming an average mass equal to that of the 
sun, estimate the mass of the Milky Way. 

  

Answer 
The mass of the sun is 2 x 10 kg and so the 
Milky Way galaxy has a mass of about 

2% 10" x2x 10" =4 x 10" kg 

Q4 TSRS R SHT IR NS 

The observable universe contains some 100 
billion galaxies. Assuming an average mass 
comparable to that of the Milky Way, estimate the 
mass of the observable universe. 

Answer 
‘The mass is 

100 % 10° x 4 x 10 kg = 4 x 107 kg 
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The motion of the stars 

‘The observation of the motion of the stars is 
greatly complicated by the fact that the earth is 
itself moving. In the course of a night, stars and 
constellations appear to move across the sky 
from east to west. The ancient astronomers 
noticed, however, that the relative positions of 
the stars and constellations remained 
unchanged. That gave rise to the notion of the 
celestial sphere, a huge sphere surrounding and 
rotating around the earth on whose surface the 
stars and constellations were firmly embedded 
(see Figure E1.2). We know now that the 
rotation of the stars and constellations is a 
consequence of the rotation of the earth about 
its axis. If the axis of rotation of the earth is 
extended, it intersects the celestial sphere at 
the north and south celestial poles. The star 
Polaris (the North Star) is right on the celestial 
north pole and so appears not to move at all. 
‘The rest of the stars and constellations appear 
to rotate about it. 

north eelestial pole 
Polars | 

  
Figure E1.2 The celestial sphere upon which the 

stars seem to be embedded. The star Polaris is 
right on the celestial north pole. 

As shown in Figure F1.3, the axis of rotation of 
the earth precesses in space. The axis of
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rotation that now points to the star Polaris will 
point to the star Vega in 12 000 years' time. 
Vega will then become the ‘north star’. 

  

Figure E13 The axis of rotation of the earth 
‘Precesses in space tracing out a cone. Now it 
points at the star Polaris. In the year AD 14 000 
it will point at the star Vega. The period of 
precession is about 26 000 yr. 

Along time exposure of the night sky would 
show arcs traced by stars as the ‘celestial sphere 
rotates' - that is, as the earth rotates about its 
axis (see Figure E14). 

    Figure E1.4 A photograph of the night sky over a 
Tong period of time shows stars moving along 
arcs. Copyright: Anglo-Australian Observatory. 
Photograph taken by David Malin. 

Capricor 

As the earth rotates around the sun, the night 
sky appears to be changing. As can be seen from 
Figure E1.5, at different times of the year the 
night hemisphere points along different 
directions in the sky and hence the view of stars 
and constellations is different as well. Since the 
earth completes one revolution in one year, it 
follows that the change in the direction from 
one night to the next is %% = 0,986, or about 
one degree. This is too small to be detected by 
the unaided eye but in the course of a few 
weeks the changes can easily be detected. 

    

   

Virgo 

Gemini 

Pisces 
Figure EL5 As the carth rotates around the sun, 

the earth’s night hemisphere points at different 
constellations. Shown here are four of the 
twelve constellations making up the astrologi 
zodiac. 

1 The density of interstellar space is very low, 
yet light suffers significant absorption on its 
way to us from a distant star or galaxy. How 
can that be? 

    

2 How would you distinguish the photograph of 
a star from that of a quasar? 

3 Aneutron star has an average density of about 
10" kg m™. Show that this is comparable to 
the density of an atomic nucleus. 

4 Asunspot near the centre of the sun is 
found to sublend an angle of 4 arcseconds 
(1 arcsecond = 1/3600 of a degree). Find 

the diameter of the sunspot. 
5 Draw appropriate diagrams to show how the 

phases of the Moon are created.  
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6 How many earth volumes fit into Jupiter? 
7 Divide the planets among the students in your 

class and then calculate the density of each 
planet. List the planets in order of increasing 
density. 

8 On which planet would you expect the 
escape velocity 10 be the greatest? Divide the 
planets among the students in your class and 
then calculate the escape velocity of each 
planet. List the planets in order of increasing 
escape velocity. 

9 For the planets, make a graph of the logarithm 
of the period of revolution around the sun 
versus the logarithm of the distance to the sun. 
Draw a line of best it and find the slope. What 
is the formula relating the period to the 
distance? 

  

10 From Kepler's third law (see also question 9), 
it can be deduced that the distance of Venus 
from the sun is about 0.7 AU, where 1 AU is 
the distance of the earth from the sun. 
Assuming circular orbits, draw a diagram that 
shows Venus and the earth at their closest. A 
radar signal is emitted from earth, bounces off 
Venus, and is received back on earth 300 s 
later. From this information, find the value of 
1AU in metres. 

  

11 The resolution of the Hubble Space Telescope 
is about 0.05 arcseconds (1 arcsecond = 
1/3600 of a degree). What is the diameter of 

the smallest object on the moon that can be 
resolved by the telescope?   

12 The moon never shows us its ‘dark side’. 
What does this imply about ts period of 
revolution about its axis and its period of 
revolution around the earth? lllusirate your 
answer by diagrams. Find out more about 
how this might come about. 

13 Explain why the sun always rises in the cast 
and sets in the west. Does the moon do the 

same? Do the stars do the same? Expl 
14 The speed of a body in orbit around another 

can be determined using Newton's law of 
gravitation. Let M be the mass of the body at 
the centre of a circular orbit and m the mass 
of the orbiting body. Then, the force on m is 
the force of gravity F = 4. Equating this to 
mass times acceleration gives v* = & Use 
this to find the orbital speed of the earth 
around the sun. 

      

15 Europa is a moon of Jupiter orbiting the planet 
in 3.55 days at a distance of 671 000 km. 

Find the mass of Jupiter. 
16 The sun is at a distance of 28 000 ly from the 

centre of the Milky Way and revolves around 
the galactic centre with a period of 211 million 
years. Estimate from this information the 
orbital speed of the sun and the mass of the 
Milky Way. What assumption have you made 
in stating that your answer is indeed the mass 
of the galaxy? (See the two previous questions.) 

17 Why are the planets Venus and Mercury 
always observed near the sun (for example, 
just after sunset or just before sunrisel?



        

    

  

UL   

Stellar radiation 
This chapter introduces two main tools in the study of stellr structure: the black-body 
fadiation law and the related Wien displacement law. The significance of stellar spectra 
is discussed as well as the properties of a few special star systems, such as binary stars. 
The chapter closes with a discussion of another major tool in astrophysics: the 
Hertzsprung-Russell diagram. 

    

Objectives 
By the end of this chapter you should be able to: 
+ understand that a star is in equilibrium under the action of two 

opposing forces, gravitation and the radiation pressure of the star; 
+ appreciate that nuclear fision provides the energy source of a star; 
+ give the definitions of luminosity, L = o AT*, as the power radiated into 

space by a star and apparent brightness, b = 
unit area on earth: 

as the power received per 

  

« state the Wien displacement law, 7,7 = 2.90 x 10- K m, and solve 
problems using it: 

+ appreciate the kind of information a stellar spectrum can provide; 
+ state the main properties of main sequence stars, red giants, white dwarfs 

and binary stars; 
+ describe the structure of an HR diagram and place the main types of stars 

on the diagram. 

  

The energy source of stars 
Astar such as our own sun radiates an 
enormous amount of energy into space - about 
10% J's™*. The source of this energy is 
nuclear fusion in the interior of the star, in 
which nuclei of hydrogen fuse to produce 
helium and release energy in the process. 

of nuclear fusion reactions that take place 
is called the proton-proton cycle and 
consists of 

THAJH > 24 4 Gy 
1H+3H — 3He + 0y 

Because of the high temperatures in the interior 
of the star, the electrostatic repulsion between 
protons can be overcome and hydrogen 
nuclei can fuse. Because of the high pressure in 
stellar interiors, the nuclei are sufficiently 
close to each other to give a high probability 

of collision and hence fusion. The sequence 

| 

3He 4 3He — 3He +2]H 

Energy is released at each stage of the cycle 
but most of it is released in the third and 
final stage. The energy produced is carried 
away by the photons and neutrinos produced  



in the reactions. As these particles move 
outwards they collide with surrounding 
protons and electrons and give them some of 
the energy. Thus, gradually, most of the particles 
in the star will receive some of the kinetic 
energy produced. The motion of the particles 
inside the star, as a result of the energy 
they receive, can stabilize the star against 
gravitational collapse. Note that the net effect of 
these reactions is to turn four hydrogen nuclei 
into one helium: 

4JH — He + 2" + 2u. + 2y 

Helium, being heavier than hydrogen, collects 
in the core of the star. The energy released in 
the reactions above can be calculated by the 
methods of nuclear physics we studied earlier. 
The energy released per reaction is 26.7 MeV o 
3.98 % 10°12). 

» Nuclear fusion provides the energy that is 
- needed to keep the star hot, so that the 

radiation pressure is high enough to 
oppose further gravitational contraction, 
and at the same time to provide the 
energy that the star is radiating into 
space (see Figure E2.1). 

sravity     radiation pressure 

Figure E21 The stability of a star depends on 
cquilibrium between two opposing forces 
gravitation, which tends to collapse the star, 
and radiation pressure, which tends to make it 
expand. 3 
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Luminosity 

» Luminosity is the amount of energy 
radiated by the star per second; that s, it 

is the power radiated by the star, As 
shown in the next section, luminosity 
depends on the surface temperature and. 
surface area of the star, 

Consider a star of luminosity L. Imagine a 
sphere of radius d centred at the location of the 
star. If the star is assumed to radiate uniformly 
in all directions, then the energy radiated in 15 
can be thought to be distributed over the 
surface of this imaginary sphere. A detector of 
area a placed somewhere on this sphere will 
receive a small fraction of this total energy (see 
Figure £2.2a). The fraction is equal to the ratio 
of the detector area a to the total surface area 

of the sphere; that is, the received energy per 
second will be ;2. 

» The received energy per second per unit 
area of detector i called the apparent 
brightness and is given by 

L 

rd 
The units of apparent brightness are 
Wm 

  

‘This shows that the apparent brightness is 
directly proportional to the intrinsic 
luminosity, and varies as the inverse square of 
the star’s distance (see Figure E2.2b). 

Apparent brightness is measured using a 
chargecoupled device (CCD), which offers many 
advantages over the conventional photographic 
film method (see Chapter 8.2). A CCD has a 
photosensitive silicon surface that releases an 
electron when it is hit by a photon. The number 
of electrons released is proportional to the 
number of photons that hit the surface. Thus, the 
amount of charge is a direct measure of the 
brightness of the object being observed. The
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(@ receivingarea,a ® 

Figure E2:2 (3) The sun’s energy is distributed over an imaginary sphere of radius equal to the distance 
between the sun and the observer. The observer thus receives only a very small fraction of the total energy, 
equal to the ratio of the receiver's area to the total area of the imaginary sphere, (b) The inverse square law: 

1 observed brightness o —— o ——— 
a (distance d) rea A 

  

silicon surface is divided into many smaller 
areas, called pixels, and the charge released in 
cach pixel can then be used (with digital 
techniques) to reconstruct an image of the object 
being observed. CCDs are more than 50 times 
more efficient in recording the photons arriving. 
at the device than conventional photographic 
film. 

Black-body radiation 
Abody of surface area A and absolute 
temperature T radiates energy away in the form 

of electromagnetic waves, according to the 
Stefan-Boltzmann law. 

    

If we now recall the definition of apparent bright- 
ness given in the previous section, we see that 

aAT! 
b 

Example questions 
Q1 s TS 
‘The radius of star A s three times that of star B 
and its temperature is double that of B. Find the 
ratio of the luminosity of A to that of B. 

Answer 

Ly _ o4m(ROTY 
[ 

  

Q2 rraessesssssesisesessssasaensenasasisssisy 
“The stars in Example question 1 have the same 
apparent brighiness when viewed from earth. 
Calculate the ratio of their distances. 

  

  

 



   
s
l
 

Q3 T 
The apparent brightness of a star is 6.4 x 
10°4Wm~2. If its distance s 15 ly, what is its 
luminosity? 

  

=1.62x10"W 

Q) RIS TN 
Astar has half the sun's surface temperature and 
400 times its luminosity. How many times bigger 
is it 

Answer 
We have that 

L 
  400 
   

a4nR)T* 
AR T, 

_ R (Tun/2)* 
T RaIT, 

st 
" Ru)'16 

  

  =400 
(Ru)'16 

Ro)” 
R 

Run 

=   =16 x 400 

=   =80 

‘The energy radiated by a star is in the form of 
electromagnetic radiation and is distributed 
over an infinite range of wavelengths. Figure 
E23 shows what is called the spectrum of a 
black body, that is, the energy radiated per | 
second per wavelength intervat from a unit area 
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of the body. The horizontal axis represents 
‘wavelength in micrometres. The vertical scale 
has units of Wm ™, 

visible spectrum 

  

ultaviolet —»  +— infrared 

  

Wavelength (m  10°6)(um) 
Figure E23 Radiation profiles at different 

temperatures, The broken lines show how the 
peak intensity. and the wavelength at which 
this occurs, vary with temperature. The overall 
intensity is represented by the area under the 
graph. 

Most of the energy is emitted around the peak 
wavelength. Calling this wavelength o, we see 
that the colour of the star is mainly determined 
by the colour corresponding to . The area 
under the blackbody curve is the total power 
radiated from a unit area, irrespective of 
‘wavelength, and s thus given by oT*. 

  

Example questions 
Qs 
“The sun has an approximate black-body spectrum 
with most of the energy radiated at a wavelengih 
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0§ 5.0 x 10 m. Find the surface temperature of 
the sun 

Answer 
From Wien's law 

  

50%107mx T=29x10"Km 

that is 

T = 5800 K | 
Q6 T T—T————— 

The sun (radius R = 7.0 x 10° m) radiates a total | 

| 

  

power of 3.9 x 10% W. Find its surface 
temperature., 

Answer 

  

From L = o AT* and A= 47 R* we find 

  

L 
ATk 
  ) K= 5800K | 

  

Stellar spectra 

A great wealth of information can be 
gathered about a star from studies of its 
spectrum. 

Temperature 
The surface temperature of the star is 
determined by measuring the wavelength at 
which most of the radiation is emitted (see 
Figure E2.4). 

1101 W o3 

60 

2] 

m G 97 or os es 1 MO 
Figure E24 The spectrum of this star shows that 

most of the energy is emitted at a wavelength of 
about 2 =5 x 107 m. Use of Wien's law then 
allows the determination of the surface 
temperature of the star. 

For the star of Figure E2.4, Wien’s law gives 

Aol =290 x 107 Km 

290 x 10 
5x107K 

=5800K 

  

=T   

Chemical composition 
In practice it is not always possible to obtain a 
spectrum like that of Figure E2.4. It is much 
‘more common to obtain an absorption 
spectrum in which dark lines are seen 
superimposed on a background of continuous 
colour (shown in black and white in Figure 
E2.5). Each dark line represents the absorption 
of light of a specific frequency by a specific 
chemical element in the star’s atmosphere. 

  

wavelength 
Figure E2,5 Absorption spectrum of a star 

showing three absorption lines. A real spectrum 
would show thousands of dark lines. 

It has been found, however, that most stars have 
essentially the same chemical composition, yet 
show different absorption spectra. The reason 
for this difference is that different stars have 

different temperatures. Consider two stars with 
the same content of hydrogen. One is hot, about 
25000 K, and the other cool, about 10 000 K. 
‘The hydrogen in the hot star is ionized, which 
means the electrons have left the hydrogen 
atoms. These atoms cannot absorb any light 
passing through them, since there are no bound 
electrons that can absorb the photons and make 
transitions to higher energy states. Thus, the 
hot star will not show any absorption lines at 
hydrogen wavelengths. The cooler star, however, 
has many of its hydrogen atoms in the energy 
state n = 2. Electrons in this state can absorb



photons to malke transitions to states such as 
n=3andn =4, giving rise to the characteristic 
hydrogen absorption lines. Similarly, an even 
cooler star of temperature, say, 3000 K will have 
most of its electrons in the ground state of 
hydrogen atoms and so can only absorb photons 
corresponding to ultraviolet wavelengths. These 
will not result in dark lines in an optical 
spectrum. 

  

In this way, study of absorption spectra gives 
information about the temperature of the 
star and its chemical composition. Of 
course, as discussed in the last paragraph, the 
understanding is that absence of certain lines 
does not necessarily imply the absence of the 
corresponding chemical element. 

Stars are divided into seven spectral dlasses 
according to their colour (see Table E2.1). As we 
have just seen, colour is related to surface 
temperature. The spectral classes are called O, 
B, A,F.G, Kand M. (Remembered as Oh Be A 
Fine Girl/Guy Kiss Mel) 

  

    

o Blue 25000-50000 
B Blue-white 1200025000 
X White 750012000 
v Yellow-white ___6000-7500 
G Yellow 500-6000 
K Yellow-red 5000-4500 
M TS Red 2000-3000 

‘Table E21 Colour and temperature characteristics 
of spectral classes. 

It is known from spectral studies that hydrogen 
is the predominant element in normal main 
sequence stars (see next section), making up to 
70% of their mass, followed by helium with 
28%; the rest is made up of heavier elements. 

Radial velocity 
If a star moves away from or toward us, its 
spectral lines will show a Doppler shift. The 

  

E2 Stellar radiation 499 

  

shift will be toward the red if the star moves 
away, and toward the blue if it comes toward 
us. Measurement of the shift allows the 
determination of the radial velocity of the star. 

Rotation 
If a star rotates, then part of the star is moving 
toward the observer and part away from the 
observer. Thus, light from the different parts of 
the star will again show Doppler shifts, from 
‘which the rotation speed may be determined. 

Magnetic fields 
In a magnetic field a spectral line may split 
into two or more lines (the Zeeman effect). 
Measurement of the amount of splitting yields 
information on the magnetic field of the star. 

The Hertzsprung-Russell diagram 

Astronomers realized early on that there was 
a correlation between the luminosity of a star 
and its surface temperature. The higher the 
temperature, the higher the luminosity. In the 
early part of the twentieth century, the Danish 
astronomer, Ejnar Hertzsprung, and the 
American, Henry Norris Russell, independently 
pioneered plots of stellar luminosities. 
Hertzsprung plotted luminosities versus 
surface temperature and Russell plotted 
absolute magnitude versus spectral class. Such 
plots are now called Hertzsprung-Russell (HR) 
diagrams. In the HR diagram that follows 
(Figure E2.6), the vertical axis represents 
luminosity in units of the sun’s luminosity (i.e. 
1 on the vertical axis corresponds to the solar 
luminosity of 3.9 x 10 W). The horizontal axis 
shows the surface temperature of the star (in 
thousands of kelvin). The temperature decreases 
as we move to the right. Also shown at the top of 
the diagram is the spectral class for each star, 
which is an alternative way to label the 
horizontal axis. The luminosity in this diagram 
varies from 10°° to 10%, a full 10 orders of 
magnitude, whereas the temperature varies 
from 3000 K to 25 000 K. For this reason, the 
scale on the axes is not linear.
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As more and more stars were placed on the HR 
diagram, it became clear that a pattern was 
emerging. The stars were not randomly 
distributed on the diagram. 
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Figure E26 The Hertzsprung-Russell diagram. The 
(surface) temperature increases 10 the left. Note 
that the scales are not linear. 

In fact, about 90% of all stars are main sequence 
stars, 9% are white dwarfs and 1% are red giants. 
Another feature of the HR diagram is that, as we 
move along the main sequence toward hotter stars, 
the mass of the stars increases as well. Thus, the 
right end of the main sequence is occupied by 
red dwarfs and the left by blue giants. Note that 
as we move up the main sequence (right to left), 
the mass of the stars increases. . 

  

Note that, once we know the temperature of a 
star (for example, through its spectrum), the HR 
diagram can tell us the luminosity of the star 
with an acceptable degree of accuracy, provided 
it is a main sequence star. (The main sequence 
s, after all, not a mathematical line but a broad 
band,) This observation is the basis for a 
‘method that determines the distance to a star 
called spectroscopic parallax (see Option E3). 

Types of stars 

As we have just seen, the HR diagram makes a 
clear division of stars into various types. 

Main sequence stars 
Our sun is a typical member of the main 
sequence. It has a mass of 2 x 109 kg, a 
radius of 7 x 10° m, an average density of 
1.4 10° kg m™ and radiates at a rate of 
3.9 x 10 W. What distinguishes different main 
sequence stars is their mass. Main sequence 
stars produce enough energy in their core, from 
nuclear fusion of hydrogen into helium, to 
exactly counterbalance the tendency of the star 
10 collapse under its own weight. The 
luminosity of stars on the main sequence 
increases as the mass increases. 

Red giants 
Red giants are another important class of stars. 
They are very large, cool stars with a reddish 
appearance. The luminosity of red giants is 
considerably greater than the luminosity of 
main sequence stars of the same temperature; 
they can, in fact, be a million or even a billion 
times bigger. Treating them as black bodies 
radiating according to the Stefan-Boltzmann 
law means that a luminosity of 10° times bigger 
corresponds to an area of 10° times bigger, 
‘which means a radius of 10° times bigger. This 
explains the name given to these stars. The mass 
of a red giant can be as much as 1000 times the 
‘mass of our sun, but their huge size also implies 
small densities. In fact, a red giant will have a 
central hot core surrounded by an enormous 
envelope of extremely tenuous gas.



White dwarfs 
These are very common stars but their faintness 
makes them hard to detect. A well known white 
dwarf is Sirius B, the second star in a binary 
star system (double star), the other member of 
which, Sirius A, is the brightest star in the 
evening sky. Sirius A and B have about the same 
surface temperature (about 10 000 K) but the 
Iuminosity of Sirius B is about 10 000 times 
smaller. This means that Sirius B has a radius 
that is 100 times smaller than that of Sirius A. 
Here is a star of mass roughly that of the sun 
with a size similar to that of the earth. This 
‘means that its density is about 10° times the 
density of the arth! 

  

White dwarfs form when a star collapsing 
under its own gravitation stabilizes as a result 
of electron degeneracy pressure. This means that 
the electrons of the star are forced into the 
same quantum states. To avoid that, the Pauli 
exclusion principle forces them to acquire large 
kinetic energies. The large electron energies can 
then withstand the gravitational pressure of the 
star. 

  

In addition, we may identify three other 
important star types. 

Variable stars 
‘Whereas the luminosity of our sun and other 
main sequence stars has remained constant over 
millions of years, stars exist that show a 
variation in their luminosity with time. These 
are called variable stars. The variation of 
luminosity with time (a graph showing the 
variation of luminosity with time is known as 
the light curve of the star) can be periodic or non- 
periodic. The reasons for the variable luminosity 
are mainly changes in the internal structure of 
the star. For example, a normal main sequence 
star will, as part of its evolutionary process, 
grow in size as its outer envelope expands. In 
doing so, it may eject mass from the outer 
layers, forming what is called a planetary nebula, 
with an ensuing increase in the star’s 
luminosity. Similarly, if the star is substantially 
heavier than the sun, the release of mass and 
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energy from the outer envelope is even more 
dramatic, resulting in a supernova with 
luminosity increases by factors of a million. In 
the case of binary stars (see later), matter can be 
transferred from one star to the other and, on 
being heated, this matter can radiate, again 
increasing the star’s luminosity. 

Cepheids 
Most prominent among the class of periodic 
variables are the Cepheid stars, because there 
exists a relationship between the period of the 
light curve and the peak luminosity of these 
stars. Thus, observation of a Cepheid over time 
allows the determination of its period and hence 
its peak luminosity. Knowledge of the luminosity 
is important since comparison with the apparent 
brightness yields the distance of the star. 
Cepheids have periods from 1 to 50 days. 

‘The study of variable stars is important since it 
provides much information about the internal 
structure of the star and is a testing ground for 
theories about stellar structure. 

Binary stars 
A system of two stars that orbit a common 
centre is called a binary star system. Depending 
on the method used to observe them, binaries 
fall into three classes: 
« visual 
+ eclipsing 
« spectroscopic. 
Binaries are important because they allow 
for the determination of stellar masses as 
explained below. 

Visual binaries - These appear as two separate 
stars when viewed through a telescope. They are 
in orbit around a common centre, the centre of 
mass of the two stars, as shown in Figure E2.7 in 
the simplified case of circular orbits. 

Itis shown in the chapter on gravitation that 
the common period of rotation for a binary is 
given by 

4n’d® 
TaMi My 
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where d is the distance between the two stars. 
Thus we can conclude that: 

» Meastrement of the separation distance: 
andpedod»yvuuummofflwwi B 

* making up the binary. 

  

“To determine the masses individually, we need 
information about the orbit of each star. Note 
that the inner star s the more massive of the 
two. 

Figure E27 A binary star system. The stars rotate 
about their centre of mass. The two stars are 
always diametrically opposite each other. 

Example question 
Q7 

Avisual binary with a period of 50 yr is at a 
distance from earth of 8.79 ly. The distance 

  

Figure 2.8 (Not to scale). 

between the stars subtends an angle at earth (the 
“angular diameter’) of 7.56 arcseconds. Find the 
sum of the masses in the binary. 

Answer 
See Figure £2.8. 
Figure E2.8 shows what is meant by ‘angular 
diameter’ — it i the angle 0 that the separation of 
the stars subtends at earth. The distance 

   

  

separating the stars is d = ro where r is the 
distance o the binary. The angle must be 
expressed in radians, that s (* = arcseconds) 
6=7.56" 

  

* rad 

The distance to the binary in metres is 

879 x 9.46 x 10 
=831 x10"m 

’    

Hence the separation of the stars is d = 3.05x 
10" m. From the formula for the period 

an 
Gt 
473,05 x 10%) 

6.67 % 101 x (50 x 365 x 24 x 60 x 60)* 
=675 x10"kg 

     

or 3.4 solar mass¢ 

  

Eclipsing binaries - If the plane of the orbit of 
the two stars is suitably oriented relative to that 
of the earth, the light from one of the stars in 
the binary may be blocked by the other, 
resulting in an eclipse of the star, which may be 

total or partial. If a bright star (light 
grey circle) is orbited by a dimmer 
companion (dark circle), the light 
curve has the pattern shown in 
Figure E2.9. Such an example is 

e provided by the system of AR 

  

Cassiopeia. 

sz ¢ b 
o0 O Ce @ €O 

    

   

apparent 
brightness| 

Tmeldays 
Figure E2.9 The light curve of AR Cassiopeia shows 

dips in brightness as the dimmer companion 
disappears behind the brighter star. When 
the dim star is in front, the dip is the largest. 

 



Example question | 
Qff SEEEEnEnEETTEEI s veT T 

Discuss the light curve of the eclipsing binary 
system Algol shown in Figure E2.10. 

   
   

apparent 
brighiness 

1 [ 7 timeldays 
Figure E2.10. 

i 
Answer } 
This is an example of an eclipsing binary system 
in which the brighter of the two stars partially 
disappears from view every 3 days. The large dip 
in brightness occurs when the brighter star is 
behind the dimmer one. The small dip in 
brightness occurs when the brighter star s in front 
of the dimmer star. 
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of the star is defined as 

h=ko 
X     

If the speed of the source is small compared 
with the speed of light, it can be shown that 

W 
< 

which shows that the shift is indeed directly 
proportional to the source’s speed. 

  

‘The top diagram in Figure E2.12 shows a 
spectrum with one line and the other two 
diagrams show what this line would look like 

if it were blue- or redshifted. 

  

redshified 

    

  

  

        

  

Spectroscopic binaries - This system is 
detected by analysing the light from one or 
both of its members and observing that there is | 
a periodic Doppler shifting of the lines in the 
spectrum. A blueshift is expected as the star 
approaches the earth and a redshift as it moves 
away from the earth in its orbit around its 
companion (Figure E2.11). 

recedin 

approachi 

  

1o observer 4 0 observer 
Figure E2.11 A binary star system. The stars rotate 

about their centre of mass. If the light grey star 
is the brighter, its light arrives at an observer 
blueshifted in the first diagram and redshifted 
in the second. In both positions shown, the stars 
are said to be in conjunction. 

If 3¢ is the wavelength of a spectral line and 1 
the wavelength received on earth, the shift, z, 

increasing wavelength 
Figure E2.12 A normal spectral line observed 

‘when the star’s velocity is normal to the line of 
sight) is periodically biue and redshifted as the 
star revolves in its orbit. In this example we are 
assuming that the second star is very dim so its 
light is not recorded. See questions 23 and 24 
at the end of the chapter for the case in which 
light from both stars is analysed. 

There is more discussion of the Doppler effect 
for light in Chapter 4.5 and on page 536. 

Frample question 
QY P —————————— 
The blueshifts and redshifts of the bright star in 
Figure £2.12 are 3.4 x 10°*, If it is known that the 
two stars are equal in mass and the distance 
separating them is 2.8 x 10" m, what are these 
masses? 

Answer 
From the Doppler formula, v = zc = 10200 ms . 
From 

  

aMm, 
A+ M) 

M 
~2d 

  

 



504 SL and HL Option E - Astrophysics 

it follows that 
2vid 

c 
4% 107 kg 

  

  

Questions 

1 The light irom a star a distance of 70 ly away 
received on earth with an apparent 

brightness of 3.0 x 10* W m™. Calculate the 
luminosity of the star. 

  

  

2 The luminosity of a star is 4.5 x 10 W and 
its distance from carth is 88 ly. Calculate the 
apparent brightness of the star. 

3 The apparent brightness of a star is 
8.4% 107" Wm~* and its luminosity 
6.2 % 10% W. Calculate the distance (o the 
star in light years. 

4 Two stars have the same size but one has a 
temperature that is four times larger. 
(a) How much more energy per second does 

the hot star radate? 
(b) The apparent brightness of the two stars is 

the same; what is the ratio of the distance 
of the cooler star 10 that of the hoter star? 

5 Two stars are the same distance from earth 
and their apparent brightnesses are 9.0 x 
10 Wm™* (star A) and 3.0 x 10" Wm™* 

(star B). Calculate the ratio of the luminosity of 
star A to that of star B. 

6 Take the surface temperature of our sun to be 
6000 K and its luminosity 10 be 3.9 x 10 W. 
Find, in terms of the solar radius, the radius of 
a star with: 
(a) temperature 4000 K and luminosity 

5.2x10°W; 
(b) temperature 9250 K and luminosity 

47 %107 W, 
7 Two stars have the same luminosity. Star A has 

a surface temperature of 5000 K and star B a 
temperature of 10 000 K. 
(a) Which is the larger star and by how much? 
(b) If the apparent brightness of A is double 

that of B, what is the ratio of the distance 
of Ato that of B?   
  

8 Star A has apparent brightness 8.0 x 
10" Wm™* and its distance is 120 ly. Star B 

has apparent brightness 2.0 x 10°"* Wm 
and it distance is 150 ly. The two stars have 
the same size. Calculate the ratio of the 
temperature of star A to that of star B. 

  

9 Two stars A and B emit most of their light at 
wavelengths of 650 nm and 480 nm 
respectively. If it is known that star A has 
twice the radius of star B, find the ratio of the 
luminosities of the stars. 

10 Explain how the surface temperature of a star 
determines the spectral class to which it 
belongs. 

11 Describe how the colour of the light from a 
star can be used to determine the surface 
temperature of the star. 

12 Explain why a star on the top left of the main 
sequence will spend much less time on the 
main sequence than another star on the lower 
right. 

13 Describe the main features of the HR diagram. 
What quantities can be plotted on the vertical 
axis and which on the horizontal? Why are 
the scales non-finear? 

14 Describe how a stellar absorption spectrum is 
formed. 

15 Figure £2.13 shows the intensity of a 
particular spectral line emitted by a non- 
fotating star. On the same graph, draw what 
you would expect i the star were rotating. 

intensity 

Trequency 
Figure E2.13 For question 15 

16 Show that, if the stars in a binary star system 
have the same mass, they share the same 
orbit. 

17 Make a sketch of the light curve of an 
eclipsing binary of period 20 yr in which: 
(a) both members are equally bright; 
(b) the inner star is much brighter than the 

other. 

 



19 

20 

21 

22 

23 

(Assume that the line of sight is in the orbital 
plane.) In each case draw diagrams to show 
the relative position of the two stars for 
significant times during the peri 

  

From redshift measurements in a 
spectroscopic binary, it is known that the 
ratio of the masses is 1.20. If the period 
of the binary is 40 yr, and from parallax 
measurements it is known that the two stars 
are separated by a distance of 2.4 x 10 m, 
find the individual masses of each star in the 

  

inary. 
Avisual binary system s at a distance of 
5.0 pe. The distance between the two stars 
subtends an angle of 4.5 arcseconds. 
(a) What s this distance? 
(b) The period of the binary is 87.8 yr. What 

is the sum of the masses of the stars 
making up the binary? 

(€) The radius of the orbit of one of the stars 
subtends an angle of 1.91 arcseconds. 
What is the mass of each of the stars? 

Describe what is meant by the term white 
dwart, List two properties of the star. How 
does a white dwarf differ from a main 
sequence star of the same surface. 
temperature? 
A white dwar, of mass half that of the sun 
and radius equal to one earth radius, is 
formed. What is the density of this white 
dwarf? 

Where on the HR diagram would our sun lie 
at the time of s creation? 
Figure E2.14 shows the spectrum of a 
spectroscopic binary. 
(@) Explain the structure of this spectrum. 
(b) Explain how it can be deduced that the 

stars are not equally massive. 
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Figure E2.14 For questions 23 and 24. 

(c) Show by appropriate diagrams the relative 
positions of the two stars that give rise to 
each of the four spectra shown. 

24 For the binary star system described in 
question 23, assume that the redshift in the 
second diagram of Figure E2.14 is 3.4 x 10~° 
and the blueshift is 4.7 x 10°*. Find the ratio 
of the masses of the two stars in the binary. 

25 A binary star system consists of two stars that 
| have a ratio of apparent brightness equal to 10. 
| Explain carefully how we can deduce that the. 

" 

| 

| L 
1 
| 
| 

| 

| 

of the luminosities of the stars s also 10. 

  

26 (a) Find the temperature of a star whose 
spectrum is shown in Figure E2.15. 

| (b) Assuming this is a main sequence star, 
what do you estimate its luminosity to be? 

70" W 

150) 

50 

0-6m 0 02 o4 06 08 
Figure 215 For question 26.
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Stellar objects 
A major problem in astrophysics is the accurate determination of the distance to a star. 
This chapter discusses three methods for measuring distances: the parallax method, the 
spectroscopic parallax method and the Cepheid star method. The main tools in the study 
of stellar luminosity, such as absolute and apparent luminosities, and absolute and 
apparent magnitudes, are also discussed. 

Objectives 
By the end of this chapter you should be able to: 
+ describe the method of parallax, d (in parsecs) 

  

method of spectroscopic parallax and the Cepheids method for determining 
   distances in astronomy; 

« define the parsec; 
+ state the definitions of apparent brightness, b = 1, and apparent and 

   12 

  

absolute magnitude, £ = 100" = 2, 
« solve problems using apparent brightness and luminosity; 
+ use the magnitude-distance formula. 

  

The parallax method )     

  

background of ‘The parallax method takes advantage of the fact TR 
that, when an object is viewed from two different 
positions, it appears displaced, relative to a fixed 
background. If we measure the angular position January 
of a star and then repeat the measurement some v 
time later, the two positions will be different, 
relative to a background of stars, because of the 

fact that in the intervening time the earth has 
moved in its orbit around the sun. We make two 
‘measurements of the angular position of the star 

®) six months apart; see Figure E3.1. The distance 

between the two positions of the earth is equal 
to D = 2R, the diameter of the earth’s orbit 

  

  

@ 

Figure E3.1 (2) The parallax of a star. (b) Two 
“photographs’ of the same region of the sky 

    

around the sun (R = 1.5 x 10 m). The distance aken six months apart, The position of the star 
to the star, d, is given by (indicated by a cross) has shifted, relative to the 

R background stars, in the intervening six 

tanp = months 
i 

R : e =d=pt where the parallax p is measured in radians, anp At 
  e the parallax angle is very small, tanp ~ p | 22450 d =7 

       



» ‘The parallax angle is shown in Figure E3.1. 
It s the angle at the position of the star - 

* that subtends a distance equal to the radius 
of the arth’s orbit around the sun, a 
distance known as one astronomical unit, 

155 10" m. 

    

Parallaxes are measured quite accurately 
provided they are not too small, For example, 
parallaxes down to 1 arcsecond, symbol 1" (or 
1/3600 of a degree), are easily measured. 

> If the star s too far away, however, the 
parallax is too small to be measured and 
this method fails. Typically. measurements 

* from observatories on earth allow distances 
4P 0.300 Iy (roughly 100 parsec) to be. 
 determined with the parallax method, 
‘which is therefore mainly used for nearby 
stass. (Using measurements from satellites 
above the earth’s atmosphere, distances 
larger than 500 pe can be determined 
mngmp-nn.x method.) o 

  

‘The parallax method can be used to define a 
common unit of distance in astronomy, the 
parsec. One parsec (parallax second) is the 
distance to a star whose parallax is 1 arcsecond. 
as shown in Figure E3.2. 

I‘ 
D T 

Figure E3.2 The definition of a parsec. A parsec is 
that distance at which 1 AU subtends an angle 
of 1 arcsecond. 

In conventional units this means that 

  

m 
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(The factor of 27/360 converts degrees 
into radians) In terms of a light year (1 ly = 
9.46 x 10° m), 1 pe = 3.26 ly. In summary: 

« TAU=15x10" m 

« 1ly=946x 10" m 
* 1pc=3.09x10"m=326ly 

» This means that if the parallax of a star is 
“known to be p arcseconds, the distance is 
1/p parsecs, or 

  

di(in parsecs) = (inparsecs) = 

Table E3.1 shows the five nearest stars. 

Proxima Centauri 3 
Barnard's Sar 59 

Wolf 359 7 
Lalande 21185 

  

Sirius 86 
‘Table E3.1 Distances to the five nearest stars. 

Absolute and apparent 
magnitudes 

‘The ancient astronomers devised a relative 
system of classifying stars according to how 
bright they appeared to an observer on earth. 
Each star was given a number called the 
apparent magnitude m - the higher the apparent 
magnitude, the dimmer the star. In the system 
of Hipparchos and Ptolemy, six classes of 
brightness were defined, and assigned numbers 
from 1 to 6. A magnitude 6 star was supposed to 
be 100 times dimmer than a magnitude 1 star. 
Thus, a magnitude 2 star is 100/* ~ 2.512 times 
dimmer than a magnitude 1 star. 

‘The modern system of assigning a measure to 
apparent brightness conforms roughly to that 
of the ancient astronomers. The modern 
‘magnitude scale is defined as follows.
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As an example, consider a star whose apparent 
brightness is 6.43 x 10! Wm2 Then 

643 x 107 
25108 3 5o 
~2:51080.2552 
48 

  

   

Similarly, a star of apparent magnitude 
35 has apparent brightness given by 

  

b - B 2512 

=b=252x10"° x 2512745 

=458 x 107" Wm? 

Note that a star of apparent brightness equal to 
the reference value by = 252 x 10 Wm2 is 
assigned an apparent magnitude m = 0. 

    

Consider now two stars of apparent magnitude 
my and m; and apparent brightness by and b;. 
We have 

b _psipm by g1pm =252 and =251 

and so taking ratios gives 
B B =251 

“This allows us to compare the apparent brightness 
of two stars given their apparent magnitudes. 

Our sun has an apparent magnitude of —26.74. 
Sirius A, the brightest star in the night sky, has 
apparent magnitude —1.5, Proxima Centauri 
has 0.3 and Barnard's Star has 9.5. Thus, we 
find that the apparent brightness of Sirius A is 

b 
—=25127" 
bo 
=b=252x10"" x 251219 

=1x107 Wm™? 

‘We may also compare the brightness of Sirius to 
that of Barnard’s Star to find 

s 251205419 
Bpamons's 

=2512" 
~25000 

  

which means that Sirius is about 25 000 times 
as bright. Comparing the brightness of Proxima 
Centauri to that of Barnard’s Star gives 

  

Drrowma _ 5 51905-05) 
Bpsmaras 

=2512"2 
%5000 

‘which means that Proxima Centauri is about 
5000 times brighter than Barnard's Star. 

‘The human eye can detect a star of apparent 
magnitude not larger than about 6. With 
simple binoculars the limit is raised to stars of 
‘magnitude 9. The largest telescopes can record 
images of objects of apparent magnitude as 
faint as 27 (See Figure E3.3)  
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e sun 

       

  

f+— Venus (at brightest)   e Sirius (brighteststar) 
[ Rigel 

kel naked eye limit 

+10} binocular limit 

w13 

arge elescope 
. (isua imit) 

large elescope 
s (photographic imit 

@ 

Rigel -0 
n Orion) 

s 

0 Sicus 

Sun 2 

o 

® s   

  

Figure E3.3 (a) Apparent magnitudes of stars. 
(b) Absolute magnitudes of stars. 

‘Two stars that have the same apparent magnitude 
are not necessarily equally bright intrinsically, 
since they may be at different distances. To 
establish a system of absolute magnitudes that   

‘will tell us if one star is intrinsically brighter than 

another, we imagine that all stars are positioned 

at the same distance from earth. By convention, 

this distance is taken to be 10 pe. 

    

  

apparent magnitude, m 

anh g e 

© absolute magnitude, M 
Figure E34 Diagram used for the definition of the 

absolute magnitude of a star. 

Absolute and apparent magnitudes and 
distance are then related. Let us compare the 
apparent brightness b of a star to the apparent 
brightness B that it would have if it was placed at 
a distance of 10 pe. We have 

b 

    

b j00-m-mrs F=100 

But also we have 
L L 

iz 2 P =opr 
and so 

gy e 
o ()" = o 

Taking logarithms (to base 10) gives 

2log (I%) (@) log 100 

() = (252) x2 
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Finally we obtain 

sios () 
where it must be stressed that d is expressed in 
parsecs (pe). If necessary we can solve for the 
distance d to obtain 

m-M 

  

d =10/ % 10 pc 

‘Table E3.2 shows the five brightest stars in the 
sky along with their apparent and absolute 
‘magnitudes. Sirius appears to be the brightest 
but, of the five stars shown, Canopus is the one 
with the largest luminosity. 

Q! e ThET e TTT———— 
Calculate the distance to Sirius using the data in 
Table £3.2. 

Answer 
From 

4= 10745 x 10 pe 

we get 
4= 10795 x 10 pe 

Z 109195 10 pe 

=10 x 10 pe 
=10"% x 10 pc 

d=27pc 

Spectroscopic parallax 
  

   
sirius 148 14 
Canopus o7 45 
Alpha Centauri 
Arcturas 
G 0 » The term spectroscopic panillax refers 10 a 

‘Table E3:2 Apparent and absolute mag; 
the five brightest stars. 

  

Example questions 
QU eesmmeres e —— 
Calculate the absolute magnitude of a star whose 
distance is 25.0 ly and whose apparent magnitude 
is 3.45. 

Answer 
We must first change light years (ly) into parsecs 
(pa). Since 

25 
5 ly = —— pc =7.67 25 ly = 55 pe=7.67 pe 

we have 

m-M EIGg(%) 

M= mfilng(%) 

M =345 - 5l0g(0.767) 

M=403   
       

   
‘method of finding the distance to a star 
given the star’s luminosity and apparent 

 brightness. The term is misleading in that 
1o use of parallax is being made. 

  

  

Assume that we know the luminosity, L, and 
apparent brightness, b, of a star. Since these two 
quantities are related by 

L 
And? 
  

it follows that 

V& 
‘The question is then how to determine the 
luminosity of the star. This is done by examining 
its spectrum, from which, as we saw in the last 
chapter, the temperature can be deduced. 
Knowing the temperature and using the HR 
diagram (assuming the star is a main sequence star) 
allow us to determine the luminosity as well. 
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‘Thus, the distance can be found. This method 
can be used to estimate distances to several 36 
thousand parsecs. . 

Example question 352 = 
O3 e s 2 
A main sequence star emits most of its energy at a 39 
wavelength of 2.4 x 1077 m. Its apparent A 2 » 
brightness is measured to be 4.3 x 10-* W m- . 
How far is the star? g — % 

period/days Answer 
From Wien's law we find the temperature 
of the star to be 

  

From the HR diagram on page 500, we see that 
such a temperature corresponds to a luminosity of 
about 100 times that of the sun, that is 

L=39x10"W 

  

The Cepheids 

Cepheid variable stars are stars whose 
luminosity is not constant in time but 
varies from a minimum to a maximum 
periodically, the periods being typically from a 
couple of days to a couple of months. The 
brightness of the star increases sharply 
and then fades off more gradually, as 
shown in the light curve of a Cepheid in 
Figure E3.5. 

Figure E3.5 The apparent magnitude of a Cepheid 
star varies periodically with time. 

  

‘The first Cepheid was discovered by the 
nineteen-year-old English astronomer 
John Goodricke in 1748, two years before 
his death. 

‘The reason for the periodic behaviour of the 
brightness of Cepheid stars has to do with the 
interaction of radiation with matter in the 
atmosphere of the star. This interaction causes 
the outer layers of the star to undergo periodic 
expansions and contractions. The star is at its 
brightest when the surface of the star expands 
outward at high velocity. It is at its dimmest 
when the surface moves inward. 

» At the beginning of the twentieth century, 
Henrietta Leavitt discovered a rematkable 

relationship between the peak luminosity of 
Cepheids and their period. The longer the 
‘period, the larger the luminosity (see Figure 
E3:6). This makes Cepheid stars ‘standard 
candles’ - observinga Cepheid and finding 
its period allows the determination of its. 
tuminosity. This, in turn, allows the 
determination of s distance, as explained 
below. 

For example, the Cepheid whose light curve is 
shown in Figure E3.5 has a period of about 22 
days. From Figure E3.6, this corresponds to a 
Iuminosity of about 7000 solar luminosities, or 
about I =2.73 x 10°° W. The peak apparent
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aminosy 
o000 

parallax spectroscopic parallax Cepheid variables 
  

  

        

  

  

  1000   
  

            
ey 

Figure E3.6 There is a relationship between the 
peak luminosity of a Cepheid star and its period. 
‘The luminosity is given in terms of the solar 
luminosity (see Appendix 3). 

‘magnitude of the Cepheid from Figure E3.5 is 
about m = 3.7. The peak apparent brightness 
can be found from 

= - 
252x 108 
=b=252x10"" x 2.5127%7 

=834x 107" Wm? 

251" 

Now, using the relationship between apparent 
brightness, luminosity and distance, 

  

1.6% 10" m 
~1700ly 
%520 pc 

‘Thus, one can determine the distance to the 
galaxy in which the Cepheid is assumed to be. 
The Cepheids method can be used to find 

distances up to a few Mpc. 

  

Figure E3.7 summarizes the distances at which 
each of the methods of determining stellar 
distance is effective. 

  

  

T T T 
100pe 10000 pe 15Mpe 

Figure E3.7 The ordinary parallax method allows 
the determination of distances up to about 
100 pe. The spectroscopic parallax method 
extends distance measurements to about 
10 000 pe. The Cepheid variable star method 
extends the scale further to 15 Mpc. 

  

™ 

1 Describe with the aid of a clear diagram what 
is meant by the parallax method in astronomy. 
Explain why the parallax method fails for stars 
that are very far away. 

2 Give definitions of: 

(@) apparent magnitude of a star; 
(b) absolute magnitude of a star. 

3 Find the distance to Procyon, which has a 
parallax of 0.285". 

4 The distance of Epsilon Eridani is 10.8 ly. 

What s its parallax? 
5 Betelgeuse has an angular diameter of 0.016” 

(i.e. the angle subtended by the star's diameter 
at the ey of an observer) and a parallax of 
0.0067". 

(@) What is the distance of Betelgeuse from 
the earth? 

(b) What is its radius in terms of the sun’s 

radius? 

6 The parallax of a star is 0.025” and its 
absolute magnitude is M = 0.8. Is its apparent 
magnitude less than or greater than 0.87 

7 The parallax of Kapteyn's Star is 0.250” and its 
apparent magnitude is 9. 
(@) How far is it? 
(b) s this star visible to the human eye? 

8 How many times brighter is a star of 
absolute magnitude 2 than a star of absolute 
magnitude 47 

9 Vega has an absolute magnitude of 0.5 
and Capella an absolute magnitude 
of ~0.6. Which s the brighter star and by 
how much?  
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10 Table E3.3 contains information on apparent 

magnitude and parallax for two stars. 
(@) Which star appears brighter? 
(b) Which star has the larger luminosity? 

A 4 0022" 
B 538 0034 

  

‘Table E3:3 For question 10. 

11 Table E3.4 contains information on absolute 
magnitude and parallax for two stars. 
(a) Which star has the larger luminosity? 
(b) Which star appears brighter? 

A 375 0025 
B 375 0.040" 

‘Table E3.4 For question 1. 

  

12 The two stars making up a binary star system 
have apparent magnitudes of m = 5.1 (star Al 
and m= 8.2 (star B). Explain carefully how 
we can deduce that star A has the greater 
luminosity. 

13 A main sequence star emits most of its energy 
at a wavelength of 2.42 x 10~ m. Iis apparent 

  

14 

15 

16 

17 

  

brightness is measured 0 be 8.56x 
10°" W2, How far is the star? (Use the HR 
diagram on page 500.) 
What is the apparent brightness and apparent 
magnitude of a star of luminosity 2.45x 
10 W and a parallax of 0.034"2 
(@) Altair has an apparent magnitude of m = 

1.0. Calculate its apparent brightness. 
(b) Procyon has an apparent brightness of 

178 x 10-*Wm". Calculate its apparent 
magnitude. 

Using Figure E3.6 in the text, calculate the 
distance of a Cepheid variable star whose 
period is 10 days and whose peak apparent 
brightness is 3.45 x 10- Wm . 
Use the formula given on page 510 relating 
absolute and apparent magnitudes to distance 
to answer the following questions. 
(@) Find the distance of the star Rigel, which 

has absolute magnitude ~7.0 and 
apparent magnitude 0.1. 

(b) Alpha Centauri has an apparent magnitude 
of —0.27 and a parallax of 0.760". What 

s its absolute magnitude? 
(©) Our sun has an apparent magnitude of 

~26.74. What is the greatest distance from 
which this would be visible to the unaided 
human eye? 

     



0PTION 

  

Cosmology 
This chapter introduces Olbers’ paradox and its resolution, and the monumental discovery 
by Edwin Hubble that the universe s expanding. The basic dea of the Big Bang theory is 
introduced and the diffculties in determining the future evolution of the universe are 
discussed. 

Objectives 

By the end of this chapter you should be able to: 
+ describe Olbers' paradox in Newtonian cosmology and how it is resolved; 
* describe the main features of the Big Bang and the expansion of the 

universe; 
« understand the significance of the cosmic background radiation; 
« state the meaning of the terms open universe and closed universe: 
« outline the theoretical possibilities for the evolution of the universe; 
« state the meaning and significance of the term eritical density: 

  

e the importance of various forms of dark matter. 

  

Olbers’ paradox 

‘The universe appears to be full of structures. 
‘There are planets and moons in our solar system, 
stars in our galaxy, our galaxy is part of a cluster 
of galaxies and our cluster is part of an even 
bigger supercluster of galaxies. If we look at the 
universe on a very large scale, however, we no 
longer see any structures. If we imagine cutting 
up the universe into cubes of side 300 Mpc 
across, the interior of any one of these cubes 
would look the same as the interior of any other 
cube, anywhere elsc in the universe. This has led 
to what is called the homogeneity principle in 
cosmology. On a large scale, the universe looks 
uniform. 

Similarly, if we look in different directions, we 
see essentially the same thing. If we look far 
enough in any one direction, we will count the 
same number of galaxies. No one direction is 
special in comparison with another. This has 

  

led to a second principle of cosmology, the 
isotropy principle. 

» These two principles, homogeneity and 
isotropy, make up what is called the 
cosmological principle - a principle that has 
‘had a profound role in the development of 
‘cosmology. 

‘The cosmological principle implies that the 
universe has no edge (for if it did, the part 
of the universe near the edge would look 
different from a part far from the edge, 
violating the homogeneity principle). 
Similarly, it implies that the universe has no 
centre (for if it did, observing from the centre 
would show a different picture from observing 
from any other point, violating the principle 
of isotropy).  



Newton used an extreme version of the 
cosmological principle when he suggested that 
the universe is infinite in extent, has no 
beginning and is static, meaning it has been 
uniform and isotropic at all times. However, as 
early as the eighteenth and nineteenth 
centuries, serious theoretical problems were 
posed for cosmological models such as 
Newton'’s universe. 

& The astronomers de Cheseatix and Olbers 
* asked the very simple question of why the 

night sky is dark. Their argument, based 
on the prevailing static and infinit 
cosmology of the period, led to a night 
sky that would be bright! 

      

Imagine a universe that is infinite and contains 
an infinite number of stars more or less 
uniformly distributed in space. The very distant 
stars contribute very little light o an observer 
on earth but there are very many of them. 
Mathematically, let 1 stand for the number 
density of stars, that is the number of stars per 
unit volume of space. At a distance d from a 
star of luminosity L, the received energy per 
area per second (the apparent brightness) is 

L 
S 
  

(see Figure E4.1) 

Figure E4.1 An observer (the black dot) in an 
infinite universe is surrounded by stars whose 
distribution is roughly uniform. The number of 
stars in  thin shell (marked) around the observer 
s proportional to the square of the radius of the 
shell and hence the energy emitted from those 
stars is independent of the size of the shell. 
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‘The number of stars in a thin shell of thickness 
tadistance d from the observer is number 
density X volume = 47d’nt. Hence the received 
energy per second per area from all the stars in 
the thin shell is 

  

L ik 2, e Ardnt     

“This is a constant (L. it does not depend on 
the distance to the shell d ). Since there is an 
infinite number of such shells surrounding 
the observer, and since each contributes a 
constant amount of energy, the total energy 
received must be infinite, making the night 
sky infinitely bright, which it is not. This is 
Olbers’ paradox. 

Newton’s static universe 
Olbers’ paradox cannot be eliminated in 
Newton's universe. The obvious way to try to 
solve the puzzle is to invoke absorption of the 
radiation from the intervening stars and the 
interstellar medium. This does not work, 
however, because in an eternal universe the 
interstellar medium would, in time, be heated 
up by the radiation it absorbed and would then 

itself radiate as much energy as it received, 
leading to the same difficulty. There is, in fact, 
1o natural way to avoid this paradox in static, 
infinite cosmological models. 

In a finite, expanding universe (see next 
section), however, the radiation received by the 
observer s small and finite for two main reasons: 

1 There is a finite number of stars and each has a 
finite lifetime. This means that stars have not 
been radiating forever, nor will they go on 
radiating forever. Their total radiation is thus 
small and finite compared with the infinite 
energy they would emit if there were an 
infinite number of them radiating for an 
infinite amount of time. 

2 Because of the finite age of the universe, stars 
that are far away (beyond the ‘event horizon’) 
have not yet had time for their light to reach 
us.
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An additional reason that helps resolve Olbers’ 
paradox is the following: 

3 The radiation received s redshifted (because of 
the expanding universe) and so contains less 
energy. 

The expanding universe 
s in the absorption spectra of 

distant galaxies correspond to wavelengths 
that have been absorbed by the chemical 
elements in the outer layers of the galaxies. 
‘The positions of the dark lines are well known 
from experiments on earth but the observed 
wavelengths from the galaxies, when compared 
10 those measured on earth, were found to be a 
bit longer: they were redshifted (see Figure £4.2). 
‘The same applies to the emission spectrum 
of a galaxy, but that is usually too faint to be 
seen. 
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Figure E4.2 Light from the star received on earth 

has a longer than expected wavelength. 

  

» Hubble interpreted the redshift of the 
spefifllhn as. denudr‘wdod:yof 

     galaxy, the larger 
muedsmmmfl:wmbsumn ns thus 

    

Itis important to realize that the universe is 
not expanding into empty space. The expansion 
of the universe is not supposed to be like an 
expanding cloud of smoke that fills more and 
more volume in a room. The galaxies that are 

moving away from us are not moving into 
another, previously unoccupied, part of the 
universe. Space is being created in between the 
galaxies and so the distance between them 
increases, creating the illusion of motion of one 
galaxy relative to another. 

The cosmic background radiation 
In 1964, Penzias and Wilson, two radio 
astronomers working at Bell Laboratories, made 
a fundamental, if accidental, discovery. They 
used an antenna they had just designed to 
study radio signals from our galaxy. But the 
antenna was picking up a signal that persisted 
no matter what part of the sky the antenna was 
pointing at. The spectrum of this signal (i.e. 
the amount of energy as a function of the 
wavelength) turned out to be a blackbody 
spectrum corresponding to a temperature of 
2.7 K. The isotropy of this radiation (i.e. it was 
the same in all directions) indicated that it was 
not coming from any particular spot in the sky; 
rather it was radiation that was filling all space. 
Penzias and Wilson did not know that this kind 
of radiation had been predicted on the basis of 
the Big Bang theory 30 years earlier by George 
Gamow and his co-workers and more recently 
by Peebles and Dicke at Princeton. The 
Princeton group was in fact planning to start a 
search for this radiation when the news of the 
discovery arrived. 

» With help from the Princeton group, 
Penzias and Wilson realized that the 

- radiation detected was the remnant of 
the hot explosion at the beginning of 
time. It was the afterglow of the 

| enormous temperature that existed in the 
 very early universe. As the universe has 
expanded, the temperature has kept 
falling to reach its present value of 2.7 K. 

Example question 
Q) iares e P T I T AT I P I RS SO RIN TS 

Find the wavelength at which most of the cosmic 
background radiation is emitted.  



Answer 
From the Wien displacement law, 3T = 2.9 x 
107 Km, it follows that most of the energy is 
emitied at a wavelength % = 1.07 mm, which is a 
microwave wavelength. 

The Big Bang: the creation of 

space and time 

‘The discovery of the expanding universe by 
Hubble implies a definite beginning of the 
universe, some 14 billion years ago. The size of 
the universe at that time was infinitesimally 
small and the temperature and pressure 
enormous. These conditions create the picture 
of a gigantic explosion at t = 0, which set 
matter moving outwards. Billions of years later 
we see the remnant of this explosion in the 
receding motion of the distant galaxies. This is 
known as the Big Bang scenario in cosmology. It 
is important to understand that the Big Bang. 
was not an explosion that took place at a 
specific time in the past somewhere in the 
universe. At the time of the Big Bang the space 
in which the matter of the universe resides was 
created as well. Thus, the Big Bang happened 
about 14 billion years ago everywhere in the 
universe (the universe then being a point). 

  

‘The main experimental evidence in support of 
the Big Bang theory includes the following: 
* The expansion of the universe - The universe 

is now observed to expand. Hence in the past 
the universe had a smaller size. Even further 
into the past the universe must have been a 
tiny object, which started to expand. This 
points to a picture of an ‘explosion” that set 
the universe moving outward. 

+ The cosmic background radiation - Today we 
observe the background radiation at 2.7 K. This 
is consistent with a small, hot universe in the 
distant past, which began to cool down as it 
expanded. 

* Helium abundance - It is a prediction of the 
Big Bang model that there should be an 
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abundance of helium in the universe, of about 
25% by mass. Measurements of helium 
abundance today, within our own galaxy. 
nearby galaxies and clusters of galaxies, as well 
as in newly born stars, give a number that is 
never less than 25%. It is very difficult to 
account for this lower bound on helium in 
such different measurements if we do not 
accept the cosmological explanation of helium 
formation. 

The development of the 

universe 

Mathematically, the expansion of the universe 
can be described in terms of a scale factor of 
the universe in the following way. If the 
distance between two galaxies was X, at some 
arbitrary time, then the separation of these two 
galaxies at some time f later is given by the 
expression 

x(0) = Rt)xo 

‘The function R(t) is called the scale fuctor of 
the universe and is of basic importance to 
cosmology. It is sometimes referred to loosely 
as the radius of the universe. Note that this is a 
scalar function, not a vector, indicating the 

standard assumption about the isotropy and 
homogeneity of the universe on a large scale. 

It is a basic problem in cosmology to discover 
‘what this scale factor R(1) is. Application of the 
laws of general relativity results in three 
possibilities for R(t). 

Wwewma@% 

  mnveu:
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Figure E43. 

   
  

  

open p<p. 

Tt p=pe 

closed\p > e    
Figure 43 The three solutions of Einstein's 

equations for the evolution of the universe. The 
present time is indicated by ‘now’. Notice that, 
depending on which solution s taken, the age 
of the universe is different. In other words, 
different solutions imply a different age. 

Which of the three possibilities is actually 
realized depends on the value of the mass 
density of the universe, p, 
relative to a critical density 
whose value (as shown Hyperbolic _p<p.  Open Infinite Forever, atslowingrate 
below) is about Euclidean__p 
P 1070 kgm™. Spherical > p. 

« Ifp < p.. the universe expands forever at a 
slowing rate. The universe is called open. 

+ 1f p = p.. the universe expands forever at a 
slowing rate that approaches zero. 
universe is called flat. 

  

« If p > p.. the universe collapses after a period 
of expansion. The universe is called closed. 

General relativity actually gives an additional 
interpretation to the three different scenarios for 
R(t). General relativity says that the geometry of 
the universe (i. the rules of geometry) depend 
on the amount of mass in the universe, The mass 
in the universe bends or curves the space and 
time in the universe. The amount of bending 
depends on how much mass there i 

  

The case p < p, corresponds to an open universe 
of infinite volume, whose curvature is 
analogous to that of the surface of a saddle 
(a hyperboloid). The case p > p, corresponds to 
a dosed universe, with a finite volume and a 
curvature similar to that of a sphere. This is a 
universe without edges. Finally, p = p. 
corresponds to an open, infinite, but flat 
universe, analogous to the surface of an 
ordinary plane. 

These universes cannot be visualized. A closed 
universe means that its volume is finite and 
that it has no boundary. The inside of a sphere is 
a three-dimensional space of finite volume but 
it does have a boundary (the surface of the 
sphere). We therefore try to visualize these cases 
with two-dimensional analogies. For example, 
imagine dots on the surface of a balloon 
representing galaxies. As the balloon is inflated 
(the universe is expanding) the dots move 
further apart (the distance between the galaxies 
increases). (See Figure E6.5 on page 538.) 

‘Table E4.1 summarizes this information about 
these three possible types of universe. 

Infinite _For ever, at slowing rate 
Flat Lown] Infinite _For ever, but rate approaches zero 
Closed  Finite _ Stops, followed by collapse 

Table E4.1 Characteristics of different possible 
universe: 

1 

  

T 

  

Estimate of the critical density 
The critical density can be calculated simply by 
using Newtonian mechanics. Consider a 
spherical cloud of dust of radius r and a mass m 
at the surface of this cloud which moves away 
from the centre with a velocity v that satisfies 
Hubble's law, v = Hr (see Figure E4.4). Here 
the constant H stands for the Hubble constant. 
Its numerical value is 72 km s ' Mpc™". This is 
discussed in detail in Option E6.  
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Figure B4.4 Estimating critical density. 

“The total energy of the mass is 

  

2 T 

where M is the mass of the cloud. If we call the 
density o this cloud p, then M = p3rr* and 
using this together with v = Hr we find 

N ErrpG) 
i (H 3 

  

“The mass m will continue to move away if its 
total energy is positive. The expansion will halt 
atinfinity if the energy is zero, and contraction 
will follow the expansion if the energy is 
negative. 

» The criterion, therefore, is the value of 
the density relative to the quantity 

S 5 P g <O ke m 

Determining the mass density 
of the universe - dark matter 
To measure the mass density of the universe 
means measuring the mass of galaxies within a 
large volume of space and dividing that mass by 
the volume. There is an immediate problem in 
all of this in that we know there exists ‘dark 

matter', matter that we cannot see (because it is 
100 cold to radiate). The determination of the 

density of the universe, p. is difficult. The 
problem is made worse by the fact that 
neutrino masses are not yet determined, so 
their contribution to the density of the universe 
is unknown. Dark matter could be in the form 

of brown dwarfs and other similar cold objects, 
but the existence of more exotic possibilities is 
also hypothesized. 

  

First are WIMPS (non-baryonic, weakly 
interacting massive particles). Neutrinos might 
be classified as such but so also are various 

other particles predicted by theories of 
elementary particle physics. 

Second are MACHOS (massive compact halo 
objects), for example black and brown dwarfs. 

Dark energy 
‘The discussion of the previous sections is based 
on the standard Big Bang model of the universe 
and now appears to be outdated. Since 1998 it 
has been known that distant supernovas are 
moving away from us at much faster speeds 
than those expected based on the standard Big 
Bang model. Based on gravitation alone, we 
would expect a deceleration in the speed of 
recession of distant objects according to the 
graphs of Figure E4.3. The data says, instead, 
that the speed is increasing. What is causing 
this acceleration? It appears that the universe is 
filled with a kind of all-permeating vacuum 
energy called dark energy. The presence of this 
energy creates a kind of repulsive force that not 
only counteracts the effect of gravity on a large 
scale, but actually dominates it, causing 
acceleration in distant objects rather than the 
expected deceleration. The domination of the 
effects of dark energy over gravity appears to 
have started about 5 billion years ago. 

It thus appears that, even though the present 
density of the universe is now believed to equal 
the critical density, the universe does not 
expand as the graph of Figure 4.3 would 
suggest for p = p, but instead follows the 
pattern shown in Figure E4.5 
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Figure E4.5 The rate of expansion of the universe 

s accelerating. The dotted line is the expected 
rate of expansion for p = p. based on the 
standard Big Bang model. 

‘There is now convincing evidence that p = 
based on detailed studies of anisotropies in the 
cosmic background radiation undertaken by 
the Wilkinson Microwave Anisotropy Probe 
(WMAP). The mass-energy density of the 
universe is believed to be made out of 
approximately 73% dark energy and only 27% 
matter. And of this matter in the universe, 85% 
is estimated to be dark matter (i.e. 85% of the 
27% matter), leaving a miniscule fraction (15% 
of the 27% matter) of 0.15 x 0.27 ~ 0.04, 
about 4%, accounted for by ordinary matter. 
‘These are clearly very exciting times for 
cosmology! 

    

1 State what you understand by the term Olbers’ 
paradox. Why is this ‘paradox’ a problem for 
finite cosmologies? How is the paradox 
resolved in the Big Bang model of cosmology? 

2 How many hydrogen aloms per m* does the 
critical density p, = 10-* kgm~ correspond 
to? 

3 Discuss three pieces of evidence that support 
the Big Bang model of the universe. 

4 The temperature of the cosmic background 
radiation measured from earth is about 2.7 K. 
(a) What is the significance of the cosmic 

background radiation? 

     
« 

10 

1 

12 

13 

i 

15 

(b) What temperature for the cosmic 
background radiation would an observer 

in a very distant galaxy measure? Why? 

What will happen to the temperature of the 
cosmic background radiation if: 
(@) the universe keeps expanding forever; 
(b) the universe starts to collapse? 
Itis said that the Big Bang started everywhere 
in space. What does this mean? 
In the context of the Big Bang theory, explain 
why the question “what existed before the Big 
Bang?” is meaningless. 
Explain, with the use of two-dimensional 
examples if necessary, the terms open and 
closed as they refer to cosmological models. 
Give an example of a space that s finite 
without a boundary and another that s fnite 
with a boundary. 
In the context of cosmology, what do you 
understand by the terms: 
@) critical density; 
(b) closed universe; 
() open universe? 
A student explains the expansion of the 
universe as follows: ‘Distant galaxies are 
moving at high speeds into the vast expanse 
of empty space.' What is wrong with this 
statement? 

Explain what a comparison of the mass 
density of the universe with the critical density 
allows us to determine. 
What is the main difficulty in determining the 
value of the mass density of the universe? 
What do you understand by the term dark 
matter? Give three examples of dark matter. 
What was the temperature of the universe 
when the peak wavelength of the background 
radiation was equal to the wavelength of red 
light (7 x 107 m)? 
(@) Draw a sketch graph to show the variation 

with wavelength of the intensity of the 
cosmic background radiation. 

(b) 1§ the universe is in fact open, as recent 
evidence suggests, explain how the graph 
you drew in (a) will change many millions 
of years in the future.  
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Stellar evolution 
This chapter is a detailed account of the nuclear fusion reactions that can take place in the 
interior of a sar, and how the sequence of these reactions determines the evolution and 
death of a star. The Hertzsprung-Russell (HR) diagram i used to show the evolutionary. 
paths of stars. 

| Objectives 
| By the end of this chapter you should be able to: 
|+ describe how a star is formed: 

+ state the main sequences of nuclear reactions taking place in a star and 
| say how the mass of the star determines which sequences actually 

take place; 
« describe the main stages in the evolution of a star and say how the mass 

plays a determining role; 
+ describe the end stages of stellar evolution and appreciate the 

significance of the Chandrasekhar limit; 
state the main properties of a black hole; 

+ state the main properties of pulsars; 
+ state the main characteristics of quasars; 
+ state the meaning of the term gravitational lensing. 

  

Nucleosynthesis 
Interstellar space (the space between stars) 
consists of gas and dust at a density of about 
102! kg ™. This amounts o about one atom 

of hydrogen in every cubic centimetre of space. 
The gas is mainly hydrogen (about 74% by mass) 
and helium (25%), with other elements making 
up the remaining 1%, Whenever the 
gravitational energy of a given mass of gas 
exceeds the average kinetic energy of the 
thermal random motion of its molecules, the 
gas becomes unstable and tends to collapse: 

GV 3 
TR 5K 

where k = Boltzmann's constant, 

temperature and N = number of molecules. 

  

‘This is known as the Jeans criterion. Stars 
formed and continue to be formed when rather 
cool gas clouds in the interstellar medium 
(T~ 10-100 K) of sufficiently large mass 
{large enough to satisfy the Jeans criterion) 
collapsed under their own gravitation. In the 
process of contraction, the gas heated up. 
Typically, the collapsing gas would break up 
into smaller clouds, resulting in the creation of 
‘more than one star. When the temperature 
rises sufficiently for visible light to be emitted, 
the star so formed is called a protostar (see 
Figure E5.1).
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gascloud 

becomes a 
protostar 

e 

Figure E5.1 The formation of a protostar out of a 
collapsing cloud of gas. 

Example questions 
Q) eessrmsmsasicissiIsesi iR EE ity 

Show that the Jeans criterion can be rewritten as 

P = 2 (22)", where p is the density of the gas 
and m is the mass of a molecule of the gas. 

  

  

  

  

Answer 
Cube each side of the Jeans criterion equation 
to find 

(UM )‘_ (szT)‘ 
&) =\ 7w 

  ~we=(2) ) 
using the definition of density and M = Nm, 
where m is the mass of one molecule. 
Q2 mr——ceesm— 
Take the density of interstellar gas to be about 
100 atoms of hydrogen per cm’. What is the 
smallest mass this cloud can have so that it 
becomes unstable and begins to collapse? 

  

Answer 

The density is 

100 x 167 x 107 
10 m* 

  

=1.67x10"kg™ 

With T = 100 K in the Jeans criterion (see 
example question 1) we find 

M=3.0% 10" kg 
5% 10" My, 

  

This shows that the gas cloud is quite large and 
that it can break up, forming more than one star. 

As the gas is compressed more (always under 
the action of gravity) its temperature rises and so 
does its pressure. The pressure in the core of the 
star s one way the star can become stable against 
gravity and stay at a fixed size. However, the core 
of the gas can get so hot (T =5 x 10° to 107 K) 
that nuclear fusion reactions take place, resulting 
in the release of enormous amounts of energy. 
‘The vast quantity of energy released can account 
for the sustained luminosity of stars such as our 
sun, for example, over the 4-5 billion years of its 
life so far. Thus, nuclear fusion provides the 
energy that is needed to keep the star hot, so that 
its pressure is high enough to oppose further 
contraction and at the same time to provide the 
energy that the star is radiating into space. 

  

» While on the main sequence, the main 
nuclear fision reactions taking place are 
those of the proton-proton cycle discussed 

in Option E2. The net effect of these 

“reactions s to turn four hydrogen nuclei 
into one helium. 

4 H = He+2et+ 2.4 2y 

~ with a release of about 26.7 MeV or. 
3.98 x 107 ] of energy. Helium, being 

‘heavier than hydrogen, collects in the core 
of the star (see Tigure E5.2). 

The mass-luminosity relation 
For stars on the main sequence, there exists a 
relation between the mass and the luminosity 
of the star. The mass-luminosity relation states 
that 

Loame 

where the exponent a is between 3 and 4. This 
relation comes from application of the laws of 
nuclear physics to stars. The uncertainty in its 
value comes from the fact that the composition 
of the stars (the equation of state) is not 
precisely known. 

One application of the mass-luminosity 
relation is to estimate the lifetime of the star on  
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Figure E5.2 The structure of a main sequence star 
of one solar mass. The numbers.0.16, 0.99 and 
1.00 represent the fraction of mass enclosed 
within each shell. The helium core consists of 
about 62% helium and 36% hydrogen, showing 
that nuclear fusion has already started 
converting hydrogen into helium. The rest of 
the star is predominantly hydrogen (73%) with 
25% helium. The density in the core is about 
164 kg ™, whereas in the outer levels the | 
density falls to 90 kg m*. 

the main sequence. Since luminosity is the 
‘power radiated by the star, we may write that 

Eame 

where E is the total energy radiated by the star 
and T is the time in which this happens. Now, 
for the purposes of an estimate, we may assume 
that the total energy that the star can radiate 
will come from converting all its mass into 
energy according to Einstein’s formula, | 
E = Mc%. Thus 

  
E i M2 7 oM oM 

= T oM™ 

Assuming for concreteness that a = 
that the lifetime of a star of mass M is 
proportional to 

  

1 
W 

Typically, a star with mass equal to one solar 
mass will spend about 10* years on the main 

Tx 
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sequence. A star with 10 times the mass of our 
sun will spend a time on the main sequence 
thatis i = 10~ less than the time spent by 
the sun, i.e. 107 years. 

Main sequence stars on the upper lefthand 
corner of an HR diagram have very high 
luminosity and therefore are very massive. 

   

      
ter of 

ydrogen (the Shinbers-Crandrusclar 
i) its core will conract but ifs outside    

  

      the red giant branch. 

Amore detailed calculation of the lifetime is 
given in the answer to the example question 
below. 

Example question 
Q) T et ST T L 
The lifetime of the sun. Our sun emits energy at a 
rate (luminosity) of about 3.9 x 10 W, What 
mass of hydrogen undergoes fusion in a year? 
Assuming that the energy loss is maintained at this 
ate, find the time required for the sun to convert 
12% of its hydrogen into helium. (Mass of 
sun =199 x 10° kg) 

Answer 
Assuming the proton-proton cycle as the reaction 
teleasing energy by fusing hydrogen, we have 
seen above that the energy released per reaction 
is about 3.98 x 10~ ). Since the luminosity of 
the sun is 3.9 % 10 W, it follows that the number 
of fusion reactions required per second is 

  

3.9 % 10% 
=98 x107 

398 %107 

For every such reaction, four hydrogen nuclei 
tum into helium and thus the mass of the fused 
hydrogen is 

9.8x 107 x4 x 1.67 x 107 kgs™! 
=65x10"kgs™! 

or 2 x 10" kg per year.
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Atthe time of its creation, the sun consisted of 
75% hydrogen, corresponding to a mass of 

075 x 1.99 x 107 kg = 1.5 x 10% kg 

“The Schonberg-Chandrasekhar fimit of 129% 
results in a hydrogen mass to be fused of 
1.8 X 10 kg. The time for this mass to fuse is 
thus 

1.8 102 LEx10%, _2ex107s 
07 

=8.9x10"yr 

Since the sun has existed for about 5 billion years, 
it stll has about 4 billion years left in its lifetime 
as a main sequence star. 

Nuclear reactions beyond the 

main sequence 
‘With the hydrogen in the core exhausted, 
nuclear reactions there stop and hence the core 
contracts under its own weight. The contraction 

of the core releases gravitational potential 
energy, which heats up the core and the 
surrounding envelope of hydrogen. The hydrogen 
continues to fuse and the released energy forces 
the outer layers of the star to expand. At the 
same time, though, the outer layers are getting 
cooler because of the rapid expansion. The star is 
thus getting bigger and cooler on the surface - it 
is becoming a red giant. In the meantime, the 
core temperature is increasing. 

‘What happens next depends on the mass of 
the star. 

Low-mass stars (mass less than 0.25 

solar masses) 
No further nuclear reactions take place. The 
core stays a core of helium. 

Mass between 0.25 and 4 solar masses 
‘The temperature of the core reaches the 10° K 
required for nuclear reactions in the core 
involving helium to start. Since a helium nucleus 
has two units of positive charge as opposed to 
one for hydrogen, higher temperatures are   

required for helium nuclei to fuse. This is because 
the larger electric charge implies a larger electric 
force of repulsion that has to be overcome. 

‘The reactions involving helium produce nuclei 
of carbon and oxygen. Examples of such 
reactions are 

AHe + He — §Be + y 

1He +3Be — 2C+y 
iHe+"2C — 50+ 

The first two reactions occur in rapid succession 
and have the net effect of converting three 
helium nuclei into one of carbon. This is called 
the triple alpha process. No further nuclear 
reactions take place and the core now consists 
of carbon and oxygen 

Mass between 4 and 8 solar masses 
In this mass range, the core temperature rises 
further and nuclear reactions involving carbon 
and oxygen take place, producing a core of 
oxygen, neon and magnesium. 

Mass over 8 solar masses 
‘The evolution of such a massive star is very 
different from that of less massive stars. 
Because of the large mass of the star, the 
oxygen, neon and magnesium core will contract 
further, reaching a temperature high enough 
for these core elements to fuse, producing 
heavier elements. In the outer layers helium 
continues to produce more carbon, and 
hydrogen more helium. This process repeats, 
with ever heavier elements settling in the 
central core. Eventually iron will be produced 
by the fusing of silicon, and once this happens, 
the iron will settle at the core. Fusion cannot 
produce elements heavier than iron, since the 
binding energy per nucleon peaks with iron 
and further fusion is not energetically possible. 
‘Thus, a massive star ends its cycle of nuclear 
reactions with iron at its core surrounded by 
progressively lighter elements, as shown in 
Figure E5.3. The outer layers of the star have 
since expanded to a very large size, making the 
star a red supergiant  



helium      

  

siicon 

| carbon 

oxygenfneon 
Figure E5.3 The central core of the star consists 

of iron with layers of lighter elements 
surrounding it. 

‘Table ES5.1 shows the temperatures at which 
various elements participate in fusion 
reactions. 

  

  

120 Main sequence 
100 Red giant 

500-800 Supergiant 
1000 Supergiant 

  

‘The temperatures at which elements 
participate in fusion reactions. 

Evolutionary paths and stellar 
processes 
Once a star is formed out of contracting gases, 
its surface temperature is not particularly high, 
but it has a large size, which means that the 
star starts out somewhere to the right of the 
main sequence in the HR diagram. As the star 
continues to contract, its temperature increases 
and the star moves toward the main sequence. 
‘The time spent moving toward the main 
sequence depends on the mass of the star. 
Heavier stars take less time. Our sun has taken 
about 20 to 30 million years to reach the main 
sequence. (See Figure ES.4.)   
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Figure 5.4 Evolutionary tracks of protostars as 

they approach the main sequence. My stands 
for one solar mass. (Note that temperature is 
increasing towards the left.) 

  

Table E5.2 shows the various outcomes for 
various stellar mass ranges. The table is 
explained in greater detail in what follows. 

  

<025 ‘White dwarf with helium core 
0254 ‘White dwarf with carbon] 

oxygen core 
s ‘White dwarf with oxygen/neon] 

magnesium core. 
840 Neutron star 
>10 Black hole 

‘Table ES2 The final fates of stars of various initial 
masses. 

Case 1: Evolution of a star of mass 
under 8 solar masses 
We saw in the last section that, depending on the 
‘mass of the star, nuclear reactions in the core 
stop when the core is made mainly out of helium 
or carbon/oxygen or oxygen/neon/ magnesium.
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Figure E5.5 Helix: a planetary nebula. The star that 
produced this nebula can be seen at the exact 
centre. [Note: The name ‘planetary nebula’ is 
rather misleading, since it has no connection 
whatsoever with planets. Planetary nebulae were 
thought to resemble planets when first seen 
through a telescope, and the name has stuck ] 

‘The energy released from the core contraction 
and the hydrogen or helium fusion in the outer 
layers may force the tenuous outer layers to be 
ejected from the star in what is called a planetary 
nebula (see Figure E5.5). This leaves behind the 

small core of the star. The mass of the core may 
thus be substantially reduced compared with the 
original mass of the star. 

  

But the core is still contracting under its own 
weight and getting smaller. The conditions in 
the core mean that the electrons behave as a gas 
and the pressure they generate is what keeps the 
core from collapsing further under its weight. 
‘This pressure is generated because of a quantum 
mechanical principle, Paulis principle, which 
states that no two electrons may occupy the 
same quantum mechanical state. 

The core has now become a white dwarf star. 
Now exposed, and with no further energy 
source, the star is doomed to cool down to 
practically zero temperature and will then 
become a black dwarf.     

» The electron pressure can stop 
the further collapse of the core 
and the star will become a 
stable white dwarf only if 

the mass of the core is less than 
1.4 solar masses. This important 
‘number in astrophysics is 
known as the Chandrusekhar 
i, If the mass of the core is 
‘more than 14 solar masses, the 
star will become a neutron star 
or a black hole. 

‘The Chandrasekhar limit is 

named after the great Indian (and 
later American) astrophysicist, 
Subrahmanyan Chandrasekhar 

(Figure E5.6). His work on collapsed stars was 
presented in 1935 at a meeting of the Royal 
Astronomical Society in England. His ideas were 
publicly ridiculed by Sir Arthur Eddington, his 
colleague and mentor at Cambridge University. 
For his work, Chandrasekhar shared the 1983 
Nobel prize in physics. 

    

Figure 5.6 S 

  

brahmanyan Chandrasekhar. 

The best known white dwarf is Sirius B, a star 
that accompanies the star Sirius. It has a mass 
of 1.02 solar masses, a radius of 5400 km and a 
surface temperature of 10 000 K. Although hot, 

 



itis hard to see, mainly because of the small 
surface area from which the light is emitted (i.e. 
the luminosity is low), 

‘The transition from a white to a black dwarf 
‘may be uneventful, but occasionally something 
dramatic may take place. If the white dwarf is 
part of a binary system, it may attract material 
from the companion star, which may then be 
drawn into the white dwarf. As this material 
falls into the white dwarf, it heats up and emits 
light. In this way the luminosity of the white 
dwarf may, briefly, increase by tens of 
thousands of times. This temporary increase in 
luminosity is called a nova (see Figure E5.7). 

      

Figure ES.7 A white dwarf star increasing in 
luminosity during a nova, 

Case 2: Evolution of a star of mass 

over 8 solar masses 
Aswe saw in the last section, the end of nuclear 
reactions has left a massive star with an iron core. 
‘The star is full of photons that have been produced 
in the various nuclear fusion reactions. They are so 
energetic that they rip the iron nuclei apart into 
smaller nuclei. The smaller nuclei are in turn 
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ripped apart into individual protons and neutrons, 
so that in a very short time the star is composed 
mainly of protons, electrons, neutrons and 
photons. Because of the high densities involved, 
the electrons are forced into the protons, turning 
them into neutrons and producing neutrinos that 
escape from the star (e + p — 1+ v,). The star’s 
core is now made almost entirely of neutrons and 
it s still contracting rapidly. Pauli's principle is 
now applied to neutrons. The neutrons get oo 
close to each other and a pressure develops to 
prevent them from getting any closer. But the 
neutrons have overshot. They have become too 
close together and the entire core will now 
rebound to a larger equilibrium size. The 
rebounding of the core is catastrophic for the star. 
It creates an enormous shockwave travelling 

outward that tears apart the outer layers of the 
star. The explosion that takes place is much more 
violent than a planetary nebula and is called a 
supernova. The core that is left behind is called a 

neutron star, and is more massive than the 
Chandrasekhar limit of 1.4 solar masses. 

‘The first calculations showing the details of 
neutron star formation were performed by J. R. 
Oppenheimer (the ‘father’ of the American 
atomic bomb) and G. M. Volkoff in 1939. 
Neutron pressure keeps the star stable, provided 
the mass of the core is not more than about 3 
solar masses - the Oppenheimer—Volkoff limi. 

Black holes 
If the mass of the collapsing sta 
tens of solar masses, the gravitational collapse 
is unstoppable. The star will soon reach a radius 
at which the escape velocity from the surface of 
the sun equals the speed of light, and hence 
nothing can escape from the star. This radius is 
called the gravitational radius of the star, Rg, or 
the Schwarzschild radius or the event horizon 
radius. It can be found from 

r exceeds a few 
  

  

26M   Re= 

  

  

It can be calculated from this formula that for a 
star of one solar mass the gravitational radius is 
about 3 km. For the earth it is just 9 mm.
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The fact that light cannot escape from a very Evidence for black holes 
‘massive object was known to Pierre Laplace as Even though a black hole cannot be seen 
early as 1795. The first detailed calculations of directly, its effects are observable. If it happens 
how a star could actually collapse to form a to be in the vicinity of other stars, then the ‘ 
black hole were performed by Oppenheimer strong gravitational field of the hole will 

looks for binary star systems which are sources 
of Xrays and in which one star is invisible: gas 
forced into the black hole accelerates and 
becomes very hot, radiating X-rays on its way 
into the hole. There are now nine known 
examples of binary star systems in which the 
invisible member is a black hole. These include ‘ 
the oldest black hole candidate, the powerful 
Xay binary Cygnus X1, located near the centre ‘ 

and Snyder in 1939. influence the motion of nearby stars. Thus, one ‘ 

    

of our galaxy. Much heavier black holes exist in 
other galactic centres. Fiftcen of these are 
known and their masses are in the millions of 
solar masses. | 

Figure E5.8 shows a schematic summary of the 
life history of a star. ‘ 

‘These evolutionary stages can be shown on an 
HR diagram (Figure E5.9). 

  

   

    

e, 
supemova 

red supergiant 
Figure ES.8 The birth and death of a star. The star begins as a protostar, evolves to the 

‘main sequence and then becomes a red giant or supergiant. After a planetary nebula 
or supernova explosion, the core of the star develops into one of the three final stages 
of stellar evolution, a white dwarf, a neutron star or a black hole.
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Figure ES.9 Evolutionary tracks of two stars. () This 

s the path of a star of one solar mass that ends 
up as a white dwarf, which continues to cool 
down, moving the star ever more to the right on 
the HR diagram. (b) This is the path of a star of 
20 solar masses. It becomes a red supergiant 
that explodes in a supernova. After the 
supernova, the star becomes a neutron star, 
whose luminosity is too small to be plotted on 
the HR diagram. 

  

Pulsars and quasars 

Pulsars 
A neutron star may have a magnetic field of 
quite large magnitude (10° T) and may rofate as 
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well, with a period ranging from 30 ms to 0.3 s 
Rotating neutron stars emit electromagnetic 
waves in the radio part of the spectrum and so 
neutron stars can be detected by radio 
telescopes. (They can also radiate in the X-ray 

part of the spectrum,) Rotating neutron stars 
that radiate in this way are called pulsars. 
Despite the name, it is rotation not pulsation 
that is responsible for the radiation. The 
radiation emitted by the pulsar is in a narrow 
cone around the magnetic field direction. If the 
‘magnetic field is not aligned with the axis of 
rotation, then, as the star rotates, the cone 
containing the radiation precesses around the 
rotation axis (see Figure E5.10). An observer who 
can receive some of this radiation will then do 
50 every time the cone sweeps past. This 
explains the pulse nature of this radiation. 
Pulsars were discovered by Jocelyn Bell (now 
Professor J. Bell-Burnell), a graduate student at 
Cambridge University, in 1967. 

  

   

   

radistion 

Figure E5.10 If the axis of rotation of a neutron 
star does not coincide with the direction of the 
magnetic field, the emitted radiation shows a 
beacon effect. 

  

Quasars 
In the early days of radio astronomy, a few radio 
sources were discovered for which there was no 
obvious optical counterpart. Finally, a starlike 
object was identified to be at the position of one of 
these radio sources and its emission spectrum was 
obtained. The spectrum was mysterious in that it 
contained lines that could not be identified with
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any known element. The puzzle was resolved 
when it was realized that the lines did belong to 
familiar elements but they were redshifted by 
amounts never seen before. The largest redshift for 
a quasar is just under 5, which corresponds o a 
recession velocity of almost 95% of the speed of 
light. Using Hubble's law placed the quasar at a 
distance of about 4700 Mpc. The nearest quasar 

is at a distance of about 240 Mpc and most are 
more than 1000 Mpc away. This means that by 
observing quasars we observe the universe as it 
was a very long time ago. Quasars (the name 
stands for quasi-stellar radio sources) are believed 
to be the very active centres of very young galaxies. 

‘The luminosity of quasars varies from 10 W to 
10% W. A luminosity of 10 W is equivalent to 
about 2 x 10" suns or 10000 Milky Ways! What 
powers a quasar? Most theories involve the 
presence of a huge black hole at the centre of 
the quasar that swallows up stars at a rate of 
perhaps 1000 each year. As the material falls 
into the black hole, it heats up and radiates, 
building the quasar’s huge luminosity. 

In 1979, two quasars were discovered in roughly 

the same region of space, raising hope for a 
binary quasar system. When the two were 
analysed further, they were found to have 
identical spectra. The ‘two’ quasars were in fact 
two images of just one quasar. The multiple 
images were created by gravitational lensing. 
Radio signals from the quasar travel past a 
massive galaxy on their way to earth and are bent 
by the galaxy in accordance with Einstein’s 
theory of general relativity (sce Figure E5.11). 
Such multiple images of quasars provide valuable 
information about the mass of the lensing body. 

ensing body 

earth 

Figure E5.11 The radio signals from the distant 
quasar are bent as they travel past a massive 
galaxy. An observer on earth sees two images of 
the quasar. 3 

What would the evidence be that a black hole 
exists at a particular point in space? 

Using the known luminosity of the sun and 
assuming that it stays constant during the sun's 

ime, which is estimated to be 10 yr, 

  

calculate the mass this energy corresponds to, 
according to Einstein’s mass-energy formula. 

A neutron star has a diameter of 20 km and 
‘makes 1000 revolutions per second. 
(@) What s the speed of a point on its equator? 
(b) What fraction of the speed of light s this? 
Comparing two main sequence stars of mass 
1 and 10 solar masses, which would you 
expect 1o stay longer on the main sequence? 
Why? 
What is a planetary nebula? Why do most 
photographs show planetary nebulae as 
tings - doesn't the gas surround the core from 
all directions? 
How would you react to a claim of the 
discovery of a star with a core of gold? 

  

Assume that the luminosity of a main 
sequence star s given by L o M'. Realizing 
that the available energy that can be radiated 
equals the rest mass of the star Mc?, show 
that the lfetime of a star scales as ¢ o M-". 
Hence show that a star that is twice as 

massive as the sun has a lifetime that is 8 
times shorter than that of the sun. 
How would you react to the discovery of a 
stellar cluster 100 million years old containing 
alarge number of class O stars? (See 
question 7 above and page 499.) 
Assume that no stars of mass greater than 
about 2 solar masses could form. Would life 

as we know it on earth be possible? 
image | 

  

image 2 

10 Describe the evolution of a main 
g Sequence st of mass: "= @ @ 1 solar mass 

(b) 10 solar masses. 
11 Calculate the energy released in the 

reactions: 
(@) fHe+3Be — C 4 y; 
(b) He +C — %0 + .
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(Atomic masses: He = 4.00260 u, Be = 

8.0053u, O = 15.9941 u) 

12 Why is the temperature at which helium 
nuclei fuse higher than that for hydrogen? 

13 What causes: 

(@) a planetary nebula; 
(b) a supernova? 

14 Describe the significance of the 
Chandrasekhar limit in stellar evolution. 

  

15 Describe the formation of a red giant star. 
16 Show on an HR diagram the evolution of a 

star of 5 solar masses. 
17 Consider the reaction {He + iHe — {Be +y 

and look at Figure ES.12. The electrostatic 
repulsion of the positive helium nuclei 
prevents them from fusing unless the 
temperature is very high. Estimate this 
temperature by setting the kinetic energy of a 
helium nucleus equal to 2T, where k is 
Boltzmann’s constant. At the point of closest 
approach the helium nuclei stop and if they 
are close enough the strong nuclear force will 
take over and force them to fuse. At this point, 
set the electrostatic potential energy of the 
nuclei equal to the sum of the kinetic 
energies, and thus show that the temperature 
can be found from 

1 
Ine, 

3kT   

  

Taking the distance of closest approach to be 
d=1.0% 10" m, calculate T numerically. 

&— —8@ 

  

Figure E5.12 For question 17. 

18 Table £5.3 shows the luminosity L of a star 
and the corresponding mass A o the star, By 
plotting the logarithm of the luminosity versus 
the logarithm of the mass, find the relationship 

1 1 
  = 2 

5 238 
12 4700 
20 26500 

‘Table ES.3 For question 18, 

  

between these quantities assuming a power 
law of the kind L = kM*, giving the 
numerical value of the parameter . 

19 The light from a Cepheid star shows blue- and 
redshilts of varying magnitude. The blueshift is 
observed when the star is at its brightest and 
the redshit when at its dimmest. How can this 
be explained? When the shit is plotted against 
time, a periodic curve matching exactly the 
light curve of the Cepheid s obtained. How 
can this be explained? Theories of Cepheids 
as pulsating stars predict that the period T and 
density p are related by 

    

T%p = constant 

  

Considering Cepheids of the same mass, show 
that this implies that the longer-period stars 
have larger luminosities. 

  

20 Assume that the material of a main sequence 
star obeys the ideal gas law, PV = NKT. The 
volume of the star is proportional to the cube 
of its radius R, and N is proportional to the 
mass of the star, M. Show that PR’ o MT. 
The star is in equilibrium under the action of 
its own gravity, which tends to collapse it, 
and the pressure created by the outilow of 
energy from its interior, which tends to 
expand it. It can be shown that this 
equilibrium results in the condition P o« 
(Can you see how?) Combine these two 
proportionalities 1o show that T o« . Use 
this result (0 explain that, as a star shrinks, its 
temperature goes up. Conclude this rough 
analysis by showing that the luminosity of 
main sequence stars of the same density is 
given by L o M. 
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21 Compare the chemical composition of a 25 15 the energy emitted by a quasar much less 
young star with that of a star of similar mass than, about the same as or much larger than 
but 10 billion years in age. the energy emitted by a normal galaxy? 

22 What is a mechanism for energy production in 26 (a) Assuming a quasar swallows 1000 stars a 
a quasar? year, how long would it take a quasar to 

23 What was so unexpected in quasar spectra? consume the mass of the entire Milky Way 
galaxy? (Assume that the Milky Way 
contains 2 x 10" stars.) 

(b) What conclusion about a quasar’s lfetime 
can you draw from your calculation? 

24 Why is the radiation observed from a pulsar 
pulsed and not continuous?



  

Galaxies 
This chapter discusses Hubble’s scheme for the diassification of galaxies and provides 
more details about the expanding universe and Hubble's law. The main events in the 
lifetime of the universe are outlined. 

Objectives 

By the end of this chapter you should be able to: 
+ understand the Hubble lassification scheme of galaxies and describe the 

structure of the Milky Way galaxy; 
« state the Hubble law and solve problems using this law, v = Hd; 
« state the meaning of the Hubble constant; 
* identify significant epochs in the life of the universe; 
* understand the term inflationary universe. 

Ry 

  

Types of galaxy 

The Milky Way galaxy 
Our sun is one of about 200 billion stars 

(210" making up the Milky Way, our 
galaxy, whicl is a spectacular object to 
scientist and non-scientist alike, that can 
be clearly seen on a clear, dark night. The 
Milky Way is a spiral galaxy with a central 
disc-like bulge (see Figure E6.1). The 

galaxy has a diameter of some 100 000 ly. 

At the edges it has a thickness of about 
2000 ly. Our solar system occupies a 
position on one of the spiral arms a 
distance of about 30 000 Iy from the 
centre, and orbits the galactic centre, 
completing one revolution every 225 
million years. Assuming an average mass 
for stars equal o that of our sun 
2 % 10% kg) results in a mass for the 
galaxy of about 4 x 10%' kg. 

  

Galaxies were classified by Edwin Hubble 
in 1924 into a scheme based mainly 

on appearance. Hubble identified three 
basic types of galaxies, spiral (with a 
subdivision into barred spirals), elliptical 

and irregular. The original scheme has 
since been modified but it is still being 

used today. 

Spiral galaxies 
Our own Milky Way and our close 
neighbour Andromeda are examples of 
spiral galaxies. A spiral galaxy consists of a 
central nucleus, a flattened disc in which 
the spiral arms are found and a halo of 
older faint stars, A spiral galaxy contains 
old as well as young stars. Spirals range in 
diameter from 6000 pe to 30 000 pe and 
from 10° to 10" solar masses. Our own 
galaxy is a large spiral in both size and 
‘mass. New stars are formed mainly in the
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Shape. Flattened disc. central bulge from 
which spiral arms start. In barred 
‘galaxies, arms start from the ends 
of the bar: Halo 

Ellipticals 

Spherical or ellipsoidal in shape 
with stars faisly uniformly 
distributed in the galaxy 
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No obvious structure 

  
  

  

‘Contain mainly old st   ars Contain both young, 
and old stars 

  

  

Contain little o 1o gas and dust Contain a lot of gas and 
dust 

  

Star content The disc contains both young ant 
old stars. The halo has mainly old 
stars, 

and dust  The disc contains signifieant 
amounts of both, The halo does not 

Star formation. Takes place in spiral arms 

Table E6.1 Properties of the three types of galaxy. 

    

No significant new star formation 
in the Iast 10 billion years 

Very significant star 
formation 

  

0} 

  
© 

Figure E6.2 (3) Spiral galaxy. (b) Elliptical galaxy. (c) Irregular galaxy
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Galactic motion 

As we leave our galaxy behind and enter 
intergalactic space, we find that our galaxy is 
part of a group of galaxies - the Local Group. 
There are about 20 galaxies in the Local Group, 
the nearest being the Large Magellanic Cloud at 
a distance of about 2 million light years. In this 
group, we find the Andromeda galaxy, a spiral 
galaxy like our own and the largest member of 
the Local Group. The Local Group extends over a 
distance of about 10 million light years. 
This grouping of galaxies into clusters is very 
common. As we move even further out, we 
encounter collections of clusters of galaxies, 
known as superclusters. It is believed that our 
Local Group cluster belongs to a supercluster (or 
supergalaxy) of size 15 x 10° pe across. Contrary 
to what was believed until recently, the 
distribution of clusters in space is not uniform 
but there seem to be areas of linear size 10°ly 
that are empty. 

As early as 1914, V. M. Slipher announced his 
measurements on 15 spiral galaxies. Thirteen of 
these showed redshifted absorption lines, 
indicating that these galaxies were moving 
away from us. By 1925, the number of galaxies 
studied by Slipher and his assistant, 
M. Humason, had climbed to 45 and all but 
the closest galaxies appeared to be moving away 
at enormous speeds. 

  

  

  

      
  

  

‘The redshift in the light from distant galaxies 
is, strictly speaking, an effect of general     

relativity (the expanding universe) and is not 
due to the Doppler effect. 

Light emitted from galaxies comes from 
atomic transitions in the hot gas in the 
interior of the galaxies, which is mostly 
hydrogen. Galaxies are surrounded by 
cooler gas and thus light travelling through 
is absorbed at specific wavelengths, 
showing a characteristic absorption spectrum. 
‘The wavelengths corresponding to the 
dark lines are well known from experiments 
on earth but the observed wavelengths from 
the galaxies, when compared to those 
‘measured on carth, were found to be a bit 
longer: they were redshifted. The same 
applies, of course, to the emission spectrum 
of the galaxy, but that is usually too faint to 
be seen. 

If &g is the wavelength of a spectral line and . is 
the (longer) wavelength received on earth, the 
redshift, z, of the galaxy is defined as 

X 

  

*o 

Ao 
  

If the speed v of the receding galaxy is small 
compared with the speed of light ¢, then 

  

v 
¢ 

‘which shows that the redshift is indeed directly 
proportional to the receding galaxy’s speed 
(more correctly, the component of velocity 
along the line of sight - see Figure E6.3 and 
Chapter 4.5). 

sar velocity 
1 components 

earth star 
Figure 6.3 Using the Doppler effect we can 

only measure the component of the star’s 
velocity along the line of sight not the total 
velocity. 
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—_— 
Example question v 
Q! ———— | 1000 
Ahydrogen line has a wavelength of 434 nm. 
When received from a distant galaxy, this line is 8000 
measured on earth at 486 nm. What is the speed 
of recession of this galaxy? Ly 

000 
Answer 

The redshift is 2000 

BB _on R 
= Figure E6.4 Hubble discovered that the velocity of 

recession of galaxies s proportional to their 
hence distance from us. 

0.12¢ 

3.6x 10 ms™ H is the constant of proportionality, known 
appropriately as the Hubble constant. (It is 
constant in space but it varies with time,) This 

, was a dramatic discovery - it made the universe 
Hubble’s law a dynamic, evolving, expanding universe. There 

In 1925, Edwin Hubble began a study to 
‘measure the distance to the galaxies for which 
Slipher and Humason had determined the 
velocities of recession. In 1929, Hubble (building 
on earlier work by V. M. Slipher, and C. Wirtz 
and K. Lundmark) could announce that galaxies 
‘move away from us with speeds that are 
proportional to their distance. This was a 
‘monumental discovery. 

    
is considerable debate as to the value of the 
Hubble constant. The uncertainties come 
‘mainly from the enormous difficulties in 
measuring distances to remote galaxies 
accurately. The graph in Figure E6.4 assumes a 
value of 72 km s Mpe™". This is the most recent 
value of the Hubble constant, established after 
a Hubble Space Telescope study of Cepheid stars 
in 18 galaxies. 

Hubble's discovery implies that, in the past, the 
distances between galaxies were smaller and, 
‘moreover, that at a specific time in the past the 
entire universe had the size of a point. This 
specific point in time is taken o be the 
beginning of the universe. Not only was time 
created then but also the space in which the 
‘matter and energy of the universe reside. As the 
space expanded, the distance between clumps 
of matter increased, leading to the receding 
galaxies that Hubble observed. It is conventional 
to describe this three-dimensional expansion of 
the universe by a two-dimensional model that 
can be visualized. If we draw two points on the 
surface of a balloon, they will move apart from 
each other as the balloon is inflated, as shown 
in Figure E6.5.
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o () 
Figure E6.5 A twodimensional model of Hubble's 

Taw. The points on the balloon move away from 
each other as the balloon is inflated. 

‘This two-dimensional model can easily be 
visualized since we can observe the expansion 
of the balloon into the three-dirhensional space 
in which the balloon is embedded. The 
expansion of the universe, on the other hand, is 
three-dimensional and could be visualized only 
if we could similarly view it as embedded in a 
four-dimensional space. We cannot. 

  

Figure E6.6 shows how the ‘radius’ of the 
universe changes in an expanding universe. 

  

5 : " billonyr 

Figure E6.6 The ‘radius’ of the universe (in 
arbitrary units) as a function of time. 

  

Hubble's law does not imply that the earth is at 
the centre of the universe even though the 
observation of galaxies moving away from us 
might lead us to believe so. An observer on a 
different star in a different galaxy would reach 
this (erroneous) conclusion about their location 
too. Suppose that a distant galaxy a distance r 
from the earth has speed ¥ as measured by us. 
Let. 7 be the vector joining the earth to the 
galaxy. Then 7 = HF. Now consider a different 
observer in a different galaxy a distance R from 
us and moving away at speed V (see Figure 
E6.7). Hubble's law applied to this galaxy states 
that V = HR. 

  

   

   
Tistant galaxy 

\o 

some other 
observer 

Carth 
Figure E6.7 Observers on earth are not privileged 

‘when it comes to determining Hubble's law. 

As far as this observer is concerned, the distant 

galaxy has velocity 7 — V. and position vector 
7~ R. Clearly 

  

P-V=HF-R) 

that is, Hubble's law is satisfied by the other 
observer as well. Thus, all observers have the 
illusion that they are at the centre of the 
universe. The linear Hubble law is the only 
possible law for which this could happen. 

» I we assume that the expansion of the 
‘universe has been constant up to now, then 
1/H gives an upper bound to the age of 

the universe. This is only an upper bound 
since the expansion rate, having been 

faster at the beginning, implies a younger 
universe. The time-1/H, known as the 
Hubble time, is about 14 billion years. The 

universe cannot be older than that. The 
‘more detailed argument that leads to this 
‘conclusion is as follows. Imagine a galaxy, 
which now is at a distance r from us. Its 

* velocity is thus v = Hr. In the beginning. 
the galaxy and the earth were at zero 
separation from each other. If the present 

separation of r is thus covered at the same 
 constant velocity Hr, the time, T, taken to 
achieve this separation must be given by 
V=7 = HrthatisT = . Time T isa 2 
‘measure of the age of the universe.  



 ‘The numerical value of the Hubble time 
  

    
  

     
=420 1075 

111036524 x 60 x 60syr: - 

Co=Wex 10y 

  

    
  
  

The evolution of the universe 

If we extrapolate backwards in time, starting 
with the present temperature of 2.7 K, we can 
find the temperature of the radiation and the 
matter filling the universe at earlier times. 

Out of the fundamental constants of G, and h 
we may define a quantity with units of time. 
This is known as the Planck time and is assumed 
to mark that time in the history of the universe 
before which quantum gravitational effects 
were dominant. Since no quantum theory of 
gravity exists, the Planck time can be taken as 
the furthest one can extrapolate backwards in 
time. It is given by the combination 

hG 

c 
~107%s    

At this early time after the Big Bang, the 
temperature was about 10 K. The thermal 
energy associated with this temperature can be 
calculated from F, ~ 3KT, giving an energy of 
the order of 10" GeV (1 GeV = 10° eV). 

‘Whatever particles existed then would have had 
a kinetic energy of this order of magnitude. 

Forces are unified: time = 10™%'s 
The strong nuclear force presumably joined with 
the electroweak into one unified force. During 
this period, leptons (i.e. electrons, muons, 
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neutrinos, etc) were indistinguishable from 
quarks, and under the action of the unified force 
these particles turned into each other. 

Strong nuclear force separates: time = 
107 
The next milestone in the evolution of the 
universe occurred at a time of about 107, 
when the strong nuclear force decoupled from 
the electroweak force. The temperature by then 
had fallen to about 107 K. 

Inflation begins: time = 107°s 
‘There followed an extremely rapid period of 
expansion, called the inflationary epoch. It lasted 
for no more than 10**s but in this brief time the 
size of the universe increased by a factor of 1071 
See later for the necessity of inflation. 

Forces separate: time = 1025 
Ata time of about 10~ after t = 0, the 
temperature was about 10 K and the four 
fundamental forces, gravity, electromagnetism, 
strong nuclear and weak nuclear, behaved as 
separate forces. The size of the universe was 
about 107 of its present size. 

    

Nucleons form: time = 107%s 
Att =105, the temperature had fallen 
sufficiently (to 10" K) for quarks to bind 
together and to form protons and neutrons and 
their antiparticles. The universe had a size of 
about 107 of its present size. At = 1 s after 
the Big Bang, T = 10" K, and protons, neutrons, 
electrons and their antiparticles were in 
thermal equilibrium with each other. 

Example question 
Q2 EErTE—————— 
Show that at temperature T = 10" K there is 
enough thermal energy to create electron-positron 
pairs. 

  

Answer 
The thermal energy corresponding to T = 10" K 
is £, ~ 2KT, that is 

15% 138 107 = 1.3 MeV.
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The rest energy of an electron is m.c? =~ 0.5 MeV, 
50 the thermal energy £, ~ 1.3 MeV is enough to 
produce a pair. 

Nuclei form: time = 3 min 
Att =200 (the first three minutes’), the 
temperature had fallen down to 10° K and the 
time was right for protons and neutrons to start 
combining, creating the nuclei of the light 
atoms. When the temperature was just over 
10’ K, the thermal motion of nucleons inside 
the nucleus was large enough to break the 
nucleus apart. Therefore, no nuclei could have 
existed prior to this time. This temperature sets 
the time when nuclei began to form - the 
period of nucleosynthesis. The relative numbers of 
protons, neutrons and electrons differ because 
of differences in mass, but can be determined 
by applying the laws of thermodynamic 
equilibrium. Using, in addition, the laws of 
nuclear physics, which determine how nucleons 
combine to form nuclei, one can predict the 
relative abundances of the nuclei so produced 
as the universe cools from 10° K to lower 
temperatures, For example, it can be shown that 
at this time there were seven protons for every 
neutron in the universe, or fourteen protons for 
every two neutrons. The two neutrons can 
combine with two protons to form one helium 
nucleus, the remaining twelve protons forming 
twelve hydrogen nuclei. The mass of twelve 
hydrogen nuclei is about 12 u and the mass of 
one helium nucleus about 4 u. 

In this way, we can predict that there should 
exist an abundance of helium-4 in the universe 
of about 25% by mass. The fact that the 
‘measured abundance of helium is 25% is one of 
the strongest pieces of evidence in favour of the 
Big Bang scenario. 

After the formation of light nuclei, 3 min or so 
after the Big Bang, the universe consisted 
mainly of electrons, photons and light nuclei 
(protons and deuterium and helium nuclei) up 
toa time of about 10* yr (T = 10° K). The 
universe then had a size of about 10~ of its 
present size. 

Atoms form: time = 3 x 105 yr 
There followed a period of recombination, in 
which electrons joined with protons to form 
neutral atoms of hydrogen at about 3 x 10° yr, 
T =3000 K. (The term recombination is 
misleading since atoms of hydrogen had not 
existed earlier) The universe was cooling 
down sufficiently for matter and radiation to 
decouple. Previously, photons scattering off 
electrons kept the electrons (matter) in 
thermal equilibrium with radiation (photons). 
The fact that electrons were now in atoms 
and not free means that photons could move 
larger distances without being scattered by 
electrons. Earlier, the total energy carried by 
photons was greater than the energy carried 
by matter, but at these lower temperatures 
equality was reached. Soon afterwards, the 
energy carried by matter became the 
dominant energy in the universe; the 
universe became matter-dominated and 
continues to be so today. 

First stars and galaxies form: time = 

0.5 x 10°yr 
About half a million years after { = 0, matter 
began to cool sufficiently to allow for the 
formation of stars and galaxies. Nuclear fusion in 
the interior of stars provided their energy and 
heavier nuclei were formed. Our solar system 
formed just over a billion years from the Big Bang. 

Matter and antimatter 
The universe we observe is made out of matter 
and not antimatter. Yet in the very early 
universe there were almost equal numbers of 
particles and antiparticles. Note the word 
“almost’, for if the numbers of particles and 
antiparticles had been exactly the same, we 
would not be here -~ no matter would exist. 
‘Theories of elementary particles predict that in 
the very early universe an asymmetry in their 
interactions produced a very slight excess of 
particles over antiparticles (one extra particle 
for every 10° particle-antiparticle pairs in the 
universe). The particles constantly collided with 
the antiparticles and turned themselves into  



photons. But the reverse process also occurred, 
with photons turning themselves into pairs of 
particles and antiparticles. When the universe 
cooled down to below 10” K, the energy of the 
photons was 5o reduced that they could no 
longer produce pairs of particles and 
antiparticles. The annihilation of particles and 
antiparticles into photons continued, however, 
until all particle-antiparticle pairs were turned 
into photons (permanently). This left behind the 
one particle, in the 10° pairs, that was 
unmatched. This is the matter that we see today. 

  

1 What type of galaxy s the Milky Way 
according to Hubble's classification scheme. 

2 Outline the structure of the Milky Way galaxy. 
3 State and explain Hubble's law. Explain why 

this law is evidence for an expanding universe. 
4 Some galaxies actually show a blueshift, 

indicating that they are moving toward us. 
Does this violate Hubble's law? 

5 Galaxies are affected by the gravitational pull 
of neighbouring galaxies and this gives rise to 
what are called peculiar velocities. Typically 
these are about 500 km s-". How far away 
should a galaxy be so that its velocity of 
recession due to the expanding universe 
equals its peculiar velacity? 

   

6 Suppose that sometime a detailed study of the 
Andromeda galaxy and all the nearby galaxies 
in our Local Group will be possible. Would 
this help in determining Hubble's constant 
more accurately? 

7 Figure £6.8 shows two lines due to calcium 
absorption in the spectrum of five galaxies, 
ranging from the nearby Virgo to the very 
distant Hydra. Each diagram gives the 
wavelength of the H line (hydrogen line). The 
wavelength of the H line in the lab is 

656.3 nm. Use the Doppler shit formula (non- 
relativistic version) to find the velocity of 
recession of each galaxy. Using Hubble's law, 
find the distance to each galaxy. 
(Use H =72 kms~' Mpc') 
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Figure E6.8 For question 7. 

P ] 
R 

8 Take Hubble's constant nowto be 
H=72kms"' Mpc, 
(a) At what distance from the earth is the 

speed of a receding galaxy equal to the 
speed of light? 

(b) What happens to galaxies that are 
beyond this distance? 

() 15 the theory of special relativity 
violated? 

i=mom 

9 Aspectral line, when measured on 
carth, corresponds to a wavelength of 
4.5 10~ m. When received from a distant 
galaxy, the wavelength of the same line is 
measured at 5.3 x 10~ m. 
(@) What is the redshift for this galaxy? 
(b) How fast is this galaxy moving from us? 

Find the answer by using the non- 
relativistic formula 

(©) How far s the galaxy? 
(Take H = 72kms™ Mpc™".) 

10 Explain why the inverse of the Hubble 
constant, 1/H, i taken to be the ‘age of the 
universe’. How old would the universe be if 
H =500 km's™ Mpc™" (close to Hubbles 
original valuel? 

11 Explain how the Hubble constant sets an 
upper bound 1o the age of the universe. 

12 Explain why the Hubble law does not imply 
that the earth is at the centre of the universe.
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13 Consider a balloon and two points on its 
equator (see Figure E6.9). The radius of the 
balloon s R and is increasing wi      

0 is the angle that the arc joining the two 
points sublends at the centre of the balloon. 

  

Assume that as the balloon expands the angle ¢ 
stays the same. 

Figure E6.9 For question 13. 

(a) Show that the velocity with which the two. 
points move apart is proportional to their 
separation (i.e. show that v = Hr, where 
H = £4). This shows that Hubble's law is 
  

satisfied. 
(b) Show that, if the radius of the balloon is 

expanding uniformly (i.e. if R o« 1), then 
the Hubble ‘constant’is actually 
decreasing with time as H = ! 

(€) How should the radius be increasing in 
order that H be really constant in time? 

14 What do you understand by the term 
nucleosynthesist 

15 Suggest why no atoms existed at times prior to 
about 10° years after the Big Bang. 

16 What significant event took place three 
minutes after the Big Bang? 

17 The universe had almost equal quantities of 
matter and antimatter in its very carly stages. 
Outline the reason why the universe today is 
made out of matter only. 

18 All stars, regardless of age, contain at least 
25% helium by mas 

  

19 An old theory of cosmology (the steady state 
theory) asserted that, as the universe 
expanded, matter was constantly being 

time. The 
distance between the two points is thus getting 
bigger. This distance is given by r = R0, where 

How is this significant? 

created 50 as to keep the density of the 
universe constant. Taking the density of 
the universe to be about 10 kg m?, 
find at what rate matter must be created 
in order that the density of an expanding 
universe be kept constant. Take 
H=72kms" Mpc". 

HL only 

20 (The following very long problem is for 
mathematically inclined students who might 
enjoy it. It will certainly not be required in 
the 1B examination!) 
Imagine space to be filled with gas of density 
p. Agalaxy of mass mat a distance r from 
the earth is thus atiracted! toward the earth by 
the mass enclosed in a sphere of radius r 
centred on the earth. Newton's laws (second 
law and gravitation) then imply that 

dv (47r ‘)Gm A% o 

  

"ar~\3 7 

where the quantity in brackets represents the 
mass of the gas in the sphere of radius r. Use 
v= HRry = r,, where R is the scale factor 
of the universe and r, is the separation of 
two points at some arbitrary time £, 
Substituting into Newton’s law we find 

dR an ZGor= Gt R =0   

This is the equation obeyed by the scale 
factor R(t), but it still cannot be solved 
because the density is also a function of 
time. But by the law of conservation of mass 
we must have (why?) 

PR = puR} 

where the zero subscripts indicate the values 
of the density and the scale factor now. Thus, 
show that 

d*R C 

o 
   



where the constant C has the value 
€ = 6,R3. Show that the differential 
equation for R just derived is equivalent 
to 

drRY' € (’dT ~gk=0 

    

‘where k is a new constant of integation. 
(ust differentiate this last equation and 
show that you get the old one.) This fast 
equation is known as the Friedmann 
equation. It describes how tha scale factor 
varies with time. It was derived by 
Newtonian mechanics but it turns out 

that it is also valid in general relativity as 
well. 
Solve this equation for the case of k = 
10 find R(t) o 172, What does the rate 
of increase of R become as time gels 
large? 
Hence show that H o £, The expansion will 
Stop if £ = 0. Using the Friedmann 
equation, show that this requires that k > 0. 
Assuming that k > 0, show that the solution 
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of the Friedmann equation is given in 
parametric form as 

c 
R@) = 570 ~cos0) 

c i 10) = 5550 = sin®) 

where the parameter 6 varies from 0 to 21, 
This is the equation of a cycloid. Sketch this 
curve. Show that the largest value of the scale 

of the universe is then R = £ and that this 
takes place at a time given by 536 Show that 
R becomes zero again at a time given by 25. 
Show that, for small ¢, the solution for k > 0. 
of the previous problem agrees with the 
solution for k=, that is 

    

R(t) o 07 

Why is there such an agreement? At which 
point in the lietime of the universe was the. 
expansion the fastest (j.e. largest rate of 
change of R)? What does this suggest? 
Attempt to apply the same analysis (o the 
case k < 0. (Hint: You wil have to replace 
sines and cosines by hyperbolic sines and 
cosines) What do you guess k represents?



  

Radio communication 
Communication, the transfer of information in many different forms from one place to 
another,is perhaps the dominant characteristic of our present global society. We are now 
all dependent on computers, modems and mobile telephores for very many aspects of 
our daiy lives. Thanks to rapid advances in justthe past two decades, the average person 
fiow has access to an unprecedented amount of information. This information can be: 
etrieved, stored and retransmitted with astonishing ease and speed. This option is an 
introduction to the fascinating fild of communications. Its proper study requires some 
physics,  lotof electionics and a ot of very advanced mathematics. The approach taken 
Hese is non-mathematical and is intended only as a brief introduction to the subject. 

  

Objectives 
| By the end of this chapter you should be able to: 

« understand the difference between a carrier wave and a signal wave 
| (containing the information or message); 
|« sketch simple power spectra; 
‘ « understand that modulation of the carrier wave is necessary in order to 
i transmit information; 

{ 
| 

| 

  

« understand the process of amplitude modulation (AM); 
* define what is meant by sideband frequencies and bandwidth: 
« solve problems with amplitude-modulated waves; 
« understand the process of frequency modulation (EM); 
« describe the advantages and disadvantages of modulation by FM 

compared to AM: 
« describe the components and function of a 

    

iple AM radio receiver. 

  

Now imagine that the first person makes the 
same sound all the time, for example 
pronouncing the letter C repeatedly. Unless, by 
some prearrangement, this is supposed to 
signify something, the information submitted 

Modulation 
‘The most common form of communication 

involves two people talking to each other. The 
following example illustrates features common 

  

to all communication systems. To communicate | to the second person in this way is zero. To 
‘we need a source (the first person speaks), a convey information, the signal (in this case the 
carrier (in this example, a sound wave) and a ) must be modified in some way. One way to 
receiver (the second person). To produce the modify the signal is to pronounce the letter C 
sound in the first place, a voice must be at various intensities, loud and soft, or to leave 
available; and to receive it, an ear is needed. To | different intervals of time between one C and 
process everything, two brains are required as the next. Modifying the signal in this way can 

well. . be used to transmit information if both the  



source and the receiver understand the rules by 
which the signal gets modified. 

    s insome iy 

  

  

Signals 
We must distinguish between two types of wave: 

+ signal wave, which contains the information 
or message to be transmitted, e.g. audio 
(sounds or voice), video (picture or movie) or 
data; 

« carrier wave, the means by which the 
information is to be transmitted (usually an 
electromagnetic wave), e.g. a radio wave or 
visible light or alternating current. 

‘The simplest wave is a sinusoidal wave of 
constant amplitude A and single frequency f 
‘The displacement (‘displacement” here usually 
refers to a voltage) of such a wave is 

y =Asin@xft) 

Thus 

¥ = 55sin(200mt) 

represents a wave of frequency f = 100 Hz and 
amplitude 5 units. Given a signal, we can find 
its power spectrum. This means plotting the 
‘power (amplitude squared) as a function of 
frequency. Since our simple signal contains just 
one frequency, we obtain the power spectrum 
shown in Figure F1.1. 

Consider by contrast a more involved signal 
consisting of two sine waves: 

= 105in(2007t) +5.0in(4007t) 

‘The frequencies are 100 Hz and 200 Hz with 
corresponding amplitudes 10 and 5.0 units. Its 
power spectrum is shown in Figure F1.2. 
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power 

0 100 requency/Hz 
Figure F1.1 The power spectrum of a single- 

frequency wave, 

pover, 

  
0 100 

Figure F1.2 The power spectrum of a wave 
consisting of two components with different 
frequencies and amplitudes. 

200 frequency/Hz 

Most of the time we shall be concentrating on 
‘harmonic waves, i.e. waves of the form 
sin (2nft) or cos (2xft). A famous result in 
‘mathematics states that any periodic signal can 
De written as a sum (perhaps an infinite sum) of 
harmonic waves with specific coefficients. This 
is why the study of harmonic signals is 
important: through them, all other signals can 
be obtained. As an example of this, consider a 
periodic square wave, as in Figure F1.3. 

“This can be approximated with 

  y = sin@rft) + Lsin(6nft) + Lsin(10xft) +- - 

where f = 1. Figure F1.4 shows the 
approximation with just six terms in this series. 
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displacement 

  

  

e o 

      

Figure F13 A periodic square wave 

displacement 

  
Figure F1.4 Approximation of the square wave 

‘with harmonic waves of odd frequency, f. 3f, 
5f, etc. The approximation gets better when we 
include more terms in the series above. 

Amplitude modulation (AM) 

Consider two simple signal (information) and 
carrier waves. Assume that both are sinusoidal 

with displacements given by 

Ys=Assin@aft)  signal wave 
Ye=Acsin@rft)  carrier wave 

uhmmmofmpfimdemmim' e i y 

| changed (ie: moflumlv!h&nddifimvf' & 
e e 

    

    

  

So the modulated carrier wave becomes. 

modulated 
ym=Ac + Assin 2nfst)]sin 2xfct) carrier 

wave 

With some trigonometry (the details are not 
required for examination purposes), this can be 
rewritten as 

  

ym=Acsin@afct) + $As lcos(2at fc — fo)t) 
—cos(@r(fc+ fon)] 

This shows that the modulated carrier wave 

now has three components: 

() the original carrier wave, Ac sin(2 fct); 
s and frequency 

  

(b) a wave of amplitud 
(fe—fo 

() awave of amplitud 
(fe+ fs). 

  

   s and frequency 

Suppose that we have the sinusoidal signal 
(information) wave shown in Figure F1.5(a) and 
the carrier wave shown in Figure F15(b). The 
amplitude-modulated wave is then that shown 
in Figure F1.5(c). The power spectrum of the 
amplitude-modulated carrier wave is shown in 
Figure F1.6. 

The frequencies (fc — f5) and (Ic + f5) are 
known as the lower and upper side 
frequencies. The difference between the 
upper and lower side frequencies is known 
as the bandwidth: 

Af = (fc+ fo) — 

=2f 
fe—1fs) 

In practice, the information signal wave will 
carry more than one frequency. If the 
information signal wave carries a range of 
frequencies from f, to fi;, then the modulated 
carrier wave will consist of a wave at the carrier 

frequency fc and two sidebands. The lower 
sideband will contain frequencies in the range 
(fc — fy) to (fc — f) and the upper sideband 
will contain frequencies in the range (fc + f;) 
1o (fc + fy). The power spectrum is shown in 
Figure F1.7.  



(@) signal wave 

  

(®) carier wave 

s 

  

(©) AM-modulated wave 

ims.     E 
Figure FL5 (a) A signal (information) wave, (b) a 

high-frequency carrier wave and (c) the 
amplitudemodulated carrier wave produced. 

The bandwidth is defined as the range of the 

frequencies in the modulated signal and thus 
equals 

Af = (fe+ fw) = (fe = i) 
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power, 

el Je et 
Figure F1.6 The power spectrum of the AM wave 

from Figure F1.5, which has been amplitude- 
modulated by a single frequency in the 

| information signal. 

Trequency/He 

     

power, 

bandwidth 
  

  

    

   

upper 
sidebund   

   Jefu fef Jo feth Jofy frequencyiiz 
Figure F1.7 When the signal (information) wave 

has many frequencies, we have sidebands on 
both sides of the carrier frequency. 

From the earlier formula for the amplitude- 
‘modulated carrier wave, we can see that the 
amplitude has a maximum value equal to 
Ac+ s and a minimum value of Ac — As. This 
‘means that the difference between the 

‘maximum and the minimum amplitude values is 

(Ac+As) = (Ac = As) = 245 

ie. twice the signal amplitude. 

Example questions 
Qi FETREET————— 
(@) A 2 kHz information signal is used to 

amplitude-modulate a 1 MHz carier. 
Calculate the bandwidth of the transmitted 
signal.
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(b) The information signal is now changed to a 
signal with a range of frequencies from 
0.20 kHz 10 2.0 kHz. State the frequencies 
generated by the modulator for the 0.20 kHz 
and 2.0 kHz signals. 

{©) Calculate the bandwidth for this transmitted 
signal. 

{d) Radio stations have been allowed to broadcast 
in the frequency range 600 kHz to 1400 kHz. 
How many radio stations can broadcast i this 
range if the signal has the bandwidth 
calculated in (c)? 

Answer 
{a) There will be two side frequencies at 

(1£0.002) MHz, . at 1.002 MHz 
and 0.998 MHz. The bandwidth is 
1.002 — 0.998 = 0.004 MHz = 4 kHz. 

   

(b) The frequencies for the 0.20 kHz signal 
are (1 +0.0002) MHz, i.e. 1.0002 MHz 

and 0.9998 MHz. For the 2.0 kHz signal 
they are 1.002 MHz and 0.998 MHz, as 
before. 

(@) The bandwidth is 1.002 — 0.998 = 
0.004 MHz = 4 kHz, as before, twice the 

highest frequency in the information signal. 
{d) The frequency range is 1400 — 600 = 800 kHz. 

Thus we can have %244 = 200 radio stations 
i this frequency band. 

  

   

2 TSR 
$he graph of Figure F1.8 shows a carrier wave 
modulated by a single audio frequency. Using the 
graph, determine: 
(@) the frequency of the carrier; 
(b) the frequency of the information signal; 
(@) the amplitude of the information signal 

Answer 
(a) There are three full waves in a time interval of 

0.20 ms. Hence the carrier period is 
approximately 2% = 0,067 ms. The frequency 
is therefore 15kHz. 

   

(b) To find the period of the information signal, look 
atthe envelope of the carrier wave from peak o 
peak (or trough to trough if more convenient).   

Vimy. 

15 
10) 
0s 

o ms 
05 
10 
15 

  

Figure FL8 An amplitude-modulated carrier wave. 

  

This period is 1.30 — 0.30 = 1.0ms. The 
frequency i then 5okis = 1.0kHz 

(©) The modulated signal has a maximum 
amplitude of 1.80 mV and a minimum 
amplitude of 0.20 mV. The difference in these 

is equal to twice the amplitude of the 
information signal, so amplitude of information 

  

‘The modulation of a signal can be represented 
as a block diagram as shown in Figure F1.9. The 

result of mixing the original audio 
(information) signal with the carrier results in 
the three components mentioned above. The 
amplifier amplifies these three, but does not 
amplify the original audio signal. 

  

audio signal 
  modulator amplifier 

        
  

carrier 

Figure F19 Block diagram for an amplitude 
modulator. 

Frequency modulation (FM) 

In frequency modulation (FM), the carrier 
wave's frequency is changed (modulated) 
according to the instantaneous displacement of 
the information (message) signal wave. The  
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frequency of the modulated signal is greatest 
when the information signal has its greatest 
positive value, and the frequency is least when 
the information signal has its most negative 
value. (The information signal always has a 
‘much lower frequency than the carrier, as is 
also the case with AM,) Thus consider the 
information signal wave of Figure F1.10(a) and 
the carrier wave of Figure F1.10(b). The 
frequency-modulated carrier wave that results 
is given in Figure F110(c). 

volage: (@) signal wave 

 — 

voliage ) carrier wave, 

  

voltage. (© FM-modulated wave 

  
Figure F1.10 (a) A signal (information) wave 

modulating (b) a carrier wave, resulting in (c) a 
frequency-modulated carrier wave.   

  

  

Notice that in the frequency-modulated signal 
the frequency changes but the amplitude stays 
constant. This is important for the quality of EM 
transmissions - see page 550. 

] 

The mathematics of frequency modulation is 
complex and beyond the scope of this book. For 
a carrier signal yc = Acsin(2afct), the 
‘modulated FM signal may be written as 
Yiu = Acsin(2fct + @), i.e. the process of 
‘modulation introduces a phase & (recall what 
we have learned about simple harmonic motion 
in Chapter 4.1). In frequency modulation, the 
phase is related to the information signal. The 
precise way they are related is that the rate of 
change with time of the phase ¢ is proportional 
to the instantaneous information signal y(0, i.e. 
4 = kys(0). This defines frequency modulation. 
The parameter k s called the frequency 
deviation constant and is related to the 
modulation index f through the relation 
#= 14 where A and f; are the amplitude and 
‘maximum frequency of the information signal. 
You can experiment on your graphics calculator, 
or preferably a computer, with various. 
information signals and carrier waves to see 
what kind of frequency modulation you obtain 
as you vary k. 

    

  

In frequency modulation we have a parameter 
B, called the modulation index: 

af 
B 

Here, Af = { — fc is the maximum deviation of 
the modulated carrier’s frequency f relative to 
the unmodulated carrier frequency fc. Also, f 
is the highest frequency in the information 
signal. The importance of this index is that it is 
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related to bandwidth. The FM bandwidth is 
given (approximately) by 

FM bandwidth =~ 2(Af + f,) 

In radio FM broadcasts, Af = 75kHz and the 
modulation index f used is high, typically 5. 

  

smmewmmfimmmwm I 

    

* fisquencyf and the modltion ndex . 

  

Example question 
Q3w Ty 
A high-quality FM radiio station has a frequency 
deviation of 75 kHz and contains audio signals 
varying from 50 Hz 0 15 kHz. What is the 
modulation index and the bandwidth of the FM 
transmissions? 

Answer 

Applying the formulas in the text gives 
B=7 =5 and bandwidth = 275 + 15) = 
180 kHz (This is larger by 150 kHz compared 
10 an AM transmission containing the same audio 
information.) 

  

serial 
‘The power spectrum of frequency 
modulation is much more complex 

  

received signal. Notice that, when amplifying 
an AM signal, the noise gets amplified as 
well. 

* In FM, the amplitude of the carrier is small 
compared to the amplitude of the sidebands. 
‘This means that most of the power in 
transmission goes to the sidebands, which is 
where the information is. 

* The same information can be transmitted with 
less power with FM compared with AM. 

* The bandwidth for FM s greater than that for 
AM. 

* The modulators and demodulators for FM are 
‘more complex compared with those for AM. 

The AM radio receiver 

An AM receiver may be represented 
schematically as in the block diagram of Figure 
FL11. It consists of an aerial (antenna), a tuning 
circuit, an RF (radio-frequency) amplifier, a 
demodulator, an AF (audio-frequency) amplifier, 
and a loudspeaker. The role and function of 

each block is described below. 

  than that for amplitude modulation. 
Even with one frequency in the mniag circuit     

[Twe 
        information signal the power 

spectrum has many sideband 
frequencies. The advantage of a high 
modulation index 4 is that in that case the 
amplitude of the carrier wave decreases relative 
to the amplitude of the sidebands. This means 
that most of the power (98%) is transmitted in 
the sidebands (where the information is) and 
not in the carrier. 

Comparing AM and FM 

* FM has a better signal-to-noise ratio. This is 
because noise adds to the amplitude of the 
carrier wave and so is not included in the 

Figure F1.11 A block diagram of an AM radio 
Teceiver. 

Aerial 
‘The aerial (antenna) is needed in order to pick 
up the carrier signal that has been emitted by 
the transmitter. The carrier wave is an 
electromagnetic wave and so contains a time- 
varying electric field. The electric field forces 
electrons in the aerial to move, and this in turn 
creates a small current. The aerial is exposed to 
the carrier waves of many transmitters (radio 
stations, for example). In general, the electrons 
in the aerial move as a result of the electric 
fields of the very many carrier waves that the  



  

  

aerial picks up. So a way must be found to 
isolate the particular radio station one wants to 
tune to. 

Tuning circuit 
The role of the tuning circuit is to isolate the 
particular carrier wave that one wants to tune 
to. We may think of this circuit as an electrical 
oscillating system that has its own natural 
frequency. The natural frequency can be altered 
by changing the capacitance of a variable 
capacitor in the circuit. The situation is then 
analogous to a mechanical system that is driven 
by an external periodic force. The system will 
respond when it is in resonance with the 
external force. In other words, by making the 
natural frequency of the tuning circuit equal to 
the frequency of a particular carrier wave, we 
ensure that only that particular carrier will be 
picked up. Thus a copy of the modulated 
wave is now present in the tuning circuit 
as a small current. This current can be 
turned into a voltage and fed into the R 
amplifier. 

RF amplifier 
‘This stands for radio-frequency amplifier. The 
voltages sent by the tuning circuit to the 
demodulator are generally extremely small. 
‘They have to be increased so that the 
demodulator can work. This is the function of 
the RE amplifier. 

Demodulator 
In this important part of the receiver the 
information carried by the carrier is extracted 
and the carrier rejected. In the first step the 
signal from the RF amplifier is fed into a diode. 
The diode only allows the passage of current in 
one direction and not the other. This means 
that the negative voltages in the graph in 
Figure F1.12 are ignored. 

Recall that the carrier wave has a much larger 
frequency than that of the information signal 
wave. So the diode output is passed through a 
filter, which essentially cuts out the high- 

ier and leaves only the slowly 

  

voltage 

time. 

  

\volages 
et 
passd by 
the diode 

Figure F1.12 An amplitudemodulated (AM) wave. 

oscillating audio-frequency information signal. 
“This is the ‘envelope’ of the carrier wave shown 
in the graph in Figure F1.12 with the dashed line. 

AF amplifier 
‘This stands for audio-frequency amplifier. The 
signal sent by the demodulator is small and 
needs to be amplified before sending it to the 
loudspeaker; otherwise the loudspeaker cannot 
be driven. 

lnudspeakel 
The audiofrequency signal is stil electrical in 
nature. This signal will then drive the diaphragm 
of the loudspeaker, so that the sound content of 
the information signal can be recovered. 

Questions 

1 Calculate the frequency of the following 
signals, where the time ¢ is measured in 
seconds: 
(a) 3.0sin (2000t +0.1) 

(b) 4.05sin (6600t) 

(© 12 x 107sin (2 + ) 
2 (a) In the context of communications, state 

the meaning of modulation. 
(b) State and explain whether AM or FM 

transmissions are more likely to be 
affected by noise.
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3 Describe the process of amplitude modulation. 
4 Asinusoidal information signal has 

  

frequency of 5.0 kHz and is to amplitude- 
modulate a sinusoidal carrier of frequency 
4.0 MHz., 

@) State the frequencies in the amplitude 
modulated signal. 

(b) Sketch the power spectrum 
of the modulated signal. 

In the context of modulated 
carrier waves, stte the 
meaning of sideband 
frequencies. 
Referring to the discussion of 
the square wave on page 545, 
draw a sketch graph of the 
power spectrum of a square 
wave. 
Speech and music cover the 
frequency range from about 
50 Hz to about 4.5 kHz. What 
is the bandwidth required by 
an AM radio station? 
A3 kHz information signal is used to 
amplitude-modulate a 1.5 MHz carrier. 
(a) Calculate the bandwidth of the transs 

signal. 
(b) The information signal is now changed 

10 a signal with a range of frequencies 
from 0.20 kHz to 20 kHz. Calculate the 

range of frequencics in the lower ‘ 
sideband and in the upper sideband, and 
state the bandwidth for this transmitied | 
signal. 

(©) Radio stations have been allowed to 
broadcast in the frequency range 800 kHz | 
10 1200 kHz. How many radio stations ‘ 

can broadcast in ths range if the signal | 
has the bandwidth found in (b)? ‘ 

itted 

  

In radio communications the frequency range 
30 kHz to 300 kHz is known as LW (long 

wave. You are given permission to operate a 
radio station in the LW frequency range. 
Explain why you would not be given the 
choice between AM or FM modulation for 

Your transmissions. What would you be forced 
to use? -   

10 The graph in Figure F1.13 shows a carrier 
wave modulated by a single audio frequency. 
Using the graph determine: 
(a) the frequency of the carrier; 
(b) the frequency of the information signal; 
(©) the amplitude of the information signal. 

tims 

Figure F1.13 For question 10. 

11 Describe the process of frequency modulation. 
12 State and explain three advantages of 

frequency modulation over amplitude 
‘modulation in radio transmissions. 

  

13 Outline the significance of bandwidth in the 
transmission of a radio station broadcast. 
What would happen, in practice, if the 
bandwidth allotted to a particular radio station 
were to be reduced to, say, half is original 
size. 

14 In many countries, the range of frequencies 
used for FM radio station transmissions is 
88 MHZ 10 108 MHz. The bandwidth required 
is about 1 MHz. 
(a) How many radio stations can one have in 

this frequency range? 
(b) In practice, many more radio stations use 

this frequency in any one country. Explain 
how this is possible. 

15 The graphs in Figure F1.14 show a carrier 
wave modulated by a single-frequency audio 
wave.  



(@) carrier wave, 

  

VimV. 
10f 

(b) udio signal wave 

0s 

ol . 
o 

-10 
VimV 
10 

(©) PM-modulated wave 

s 

s 

05    10 
Figure F1.14 For question 15. 

The graph in Figure F1.15 shows a detail of the 
frequency-modulated wave near 1 = 0.5 

  

  

10! 
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) 060    

Figure F1.15 For question 15. 

Use the graphs to estimate: 
(@) the carrier frequency; 
(b) the information signal frequency; 
(c) the modulation index &, i.e. the ratio of 

the maximum deviation of the modulated 
carrier's frequency to the information 
signal frequency; 

(d) an approximate value for the bandwidth 
available for this FM transmission. 

(e) Discuss how the answers 10 the previous 
parts could have been obtained from the 
graph of the FM-modulated wave alone, 
iie. just the graph in Figure F1.15. 

16 An FM radio station has a frequency deviation 
0f 75 kHz and contains audio signals varying 
from 100 Hz to 12 kHz. For the FM 
transmissions, calculate: 
(@) the modulation index; 
(b) the bandwidth. 

17 Outline the operation of an AM receiver. 

    

18 Explain the role of resonance in the tuning 
circuit of a simple AM receiver.



  

Analogue and digital signals 
This chapter will introduce analogue and digi 

  

1 signals and the important concepts of 
sampling and sampling frequency. Binary numbers will be introduced, and the process 
of converting an analogue signal into a digtal signal and vice versa discussed. We will 
discuss the transmission of digital signals and the advantages this offers compared to 
analogue signal transmission. The chapter will end with a discussion of time division 
multiplexing (TOM), which is commonly used to transmit many digital signals along the 
same channel at the same time. 

Objectives 
By the end of this chapter you should be able to: 
* convert a decimal number into a binary number and vice versa; 
. d 

  

inguish between an analogue signal and a digital signal; 
+ understand the meaning of sampling and the importance of sampling 

Srequency: 
+ explain the significance of bit rate; 

* understand the meaning of quantization level and quantization error: 
+ state the advantages of the digital transmission of a signal; 
+ solve problems in analoguetodigital conversion of signals; 
+ describe the main processes involved in the transmission and reception of a 

digital signal; 
+ understand the importance of time division multiplexing. 

  

Binary numbers Bit rate of a digital signal 
  

‘This section is identical to the corresponding 
section in Chapter 8.1 of Topic 8, Digital 
technology, in the Core and AHL Material, to 
which the reader is referred. 

Analogue and digital signals 
‘This section is identical to the corresponding 
section in Chapter 8.1 of Topic 8, Digital 
technology, in the Core and AHL Material, to 
which the reader is referred. 

‘The bit rate refers to the number of bits that 
can be transmitted per second. If each bit has a 
duration of 7 seconds, then the bit rate is given 
by 

bit rate =   
z 

Furthermore, if the number of bits per sample 
is n and the signal is sampled f times per 
second, we must also have 

bitrate = f xn  
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ie. 

bit rate = (sampling rate) 
 (number of bits per sample) 

Example question 
Q1 FemsessnIsrnCTIITIeN ISR EIET 
Caleulate the bit rate for a signal that is sampled 
8000 times per second and has 16 quantization 
levels. 
Answer 
Since 2* = 16, we have four bits per sample and 
so the bit rate is 

8000 x 4 = 32000 bits™ = 32 kbit s   

‘The duration of one bit is 

31 %10 

  

31 s 
  

‘The bit rate is important because it determines 
the bandwidth that will allow a given digital 
signal to pass through a channel of 
communication (e.g. a cable or an optic fibre - 
see Option F4). A small bandwidth will 
distort the pulses to such an extent that 
reconstructing the analogue signal from its 
digital form may be impossible. 

  

‘The sampling rate (ie. the sampling frequency) 
is of crucial importance when the time comes 
to reconstruct an analogue signal from the 
digitized signal. To see this point, consider an 
audio signal of frequency 500 Hz (Figure F2.1) 
that is being sampled at a sampling rate of 
357 Hz, i.e. 357 times per second. 

Since the sampling frequency is 357 Hz, the 
sampling will take place every <1, = 2.80 ms. 
The resulting pulse-amplitude modulation 
(PAM) signal is shown in Figure F2.2. 

Fitting a smooth curve to these points results 
in the reconstructed analogue signal of 
Figure F2.3. Clearly this signal is not a 

information 

  

s, 
2 4 6 8 10 12 14 16 18 20 

Figure F2.1 An audio signal of frequency 500 Hz. 

samples. 

1] luu 
02 46 8101211618202 

Figure F2.2 The PAM signal with a sampling 
frequency of 357 Hz. 

  

  

faithful reproduction of the original. The 
frequency is much lower than that of the 
original signal. The appearance of this low- 
frequency signal is called aliasing. This 
happened because the sampling frequency 
was much too small 

reconstructed output 

2 

0 e ths 
02 46 & 101218 16 18 20 22 

Figure F23 The reconstructed analogue signal 
after sampling at 357 Hz. 

‘?fiwsmmm@mfi(wm@m i 
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A mathematical theorem known as the 
Shannon-Nyquist sampling theorem states 
that, to avoid this problem, the sampling 
frequency must be at least twice as large as the 
largest frequency in the information signal. 
“This is known as the Nyquist frequency. 

Example questions 
Q2 ressmsesesrmmTTe——— 
A signal has frequencies ranging from 400 Hz. 
10 5.4 kHz. What is the minimum sampling 
frequency that will result in a faithful reproduction 
of this signal? 

  

  

Answer 
By the Shannon-Nyquist sampling theorem, any 
frequency higher than 2 x 5.4 % 11 kiz will do, 
Q3 EnTE———————TET—— 
Consider the audio signal represented by the 
graph in Figure F2.1 above. Sample this signal 
with a frequency of 2.0 kHz (i.e. 2000 times 
per second), and plot a graph of the resulting 
reconstructed signal along a time axis. Compare 
the result with that obtained above when 
sampling at 400 Hz. 

Answer 
‘The result of the sampling and the reconsiructed 
analogue signal are shown in Figures F2.4 and F2.5. 

samples. 

  n 
0 4 6 8 10 12 14 

Figure F2.4 The PAM signal with a sampling 
frequency of 2.0 kHz. 

reconsttuted output 

tms 
0 2 4 6 8 10 12 1 
Figure F25 The reconstructed analogue signal after 

sampling at 2.0 kHz resembles the original signal.   

“The sampling frequency here is very high (the 
Shannon-Nyquist sampling theorem is more than 
satisfiec), and as a result we have a very faithiul 
reproduction of the original signal, unlike in the 
case of sampling at 400 Hz. 

Q1 emremrEET et ——— 
“The signal in Figure £2.6 is sampled every 
millisecond with 16 sampling quantization levels. 
(@) Construct the PAM signal out of this analogue 

signal. 
(b) Express the signal as a binary code. 
(©) Convert the signal into a digital signal. 

  

  
Figure F2.6 The analogue signal that has been 

sampled every 1.0 ms. 

Answer 
(a) The PAM signal is shown in Figure F2.7. 
(b) The signal has values at the sampling times as 

shown in the second column of Table F2.1. 
“These values are converted into four-bit binary 
code in the third column. We use four-bit 
words since there are 16 quantization levels. 

(c) The binary code must now be converted into 
a digital signal. The codes 1010, 0110 and 
0100 are represented by: 

UL LT  
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Working similarly with the rest of the binary 
codes, we obtain the digital signal shown in 
Figure F2.8. 

The transmission and reception 

of digital signals 

‘The transmission and reception of a di 
signal is shown schematically in the block 

  

  

  

        
  

        

  

diagram of Figure F29. 

signal 
signalin]cumple | | E panllel serial to - Lout 

and hold ADe 10 serial parallel DAC 

sampling clock clock frequency |     
  

  
        

    

nal of the analogue Figure F2.7 The PAM 
in Figure F26.     

0 10 1010 
1 B o110 
z 1 0100 
3 1000 
a 0100 | 
5 12 1100 | 
6 " o110 
7 2 0010 

‘Table F2.1 The analogue signal has been 
discretized by the PAM process and converted 
into a digital fourbit binary code. 

L1 M1 
  

    

Figure F2.9 Block diagram for the transmission 
and reception of a digital signal. 

‘The analogue signal arrives at the block called 
sample and hold. In this device, the signal is 
sampled according to the sampling frequency 
used and momentarily stored. (For the sake of 
discussion, we may take the sampling 
frequency to be 8 kiz, the frequency used 
universally in the telephone system.) In the 
next block, the ADC (analogue-to-digital 
converter), every sample of the signal is 
converted into an n-bit binary code. (For 
concreteness we take 1 to be 8 The output of 
the ADC is a set of eight bits making up one 
sampled signal. The eight bits are registered in 
one step in the device called the parallel-to- 
serial converter. Each bit is then transmitted 
one by one from this device along a single 
conducting line. At the other end, the bits, 
arriving one by one, are registered in the device 
called the seriak-to-parallel converter. Once all 
the bits have arrived, they are put together to 
make one eight-bit word. The eight bits are 
then simultaneously fed into the DAC (digital- 
to-analogue converter), where the digital signal 
is now turned into an analogue signal. The 
purpose of the devices labelled ‘clocks’ is to 

[ s 

  
  

        
  

Figure F28 The digital signal constructed out of the analogue signal of Figure F2.6. 
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control the process of transmitting the bits in 
the parallel-toserial and the serial-to-parallel 
converters. The bits must be sent before the 
next batch of bits arrives. 

Time division multiplexing 

‘Time division multiplexing (TDM) is a method 
commonly used to transmit many digital 
signals along the same channel at the same 
time. 

As noted carlier, the actual time required for 
sampling is very short compared to the time in 
between two consecutive samplings. Thus, 
consider the three signals of Figure F2.10. The 
time in between two pulses is wasted time. In 
TDM the same channel is used to transmit 
many different signals, as shown in 

  

  
  

Figure F2.11. 

voliage 

ead time that 
£ocs wasied 

[] M. 
voltage 

    
voltage 

  

Figure F2.10 Three separate signals. 

voltsge: 

1       
      

Mixing of individual signals so that they can be 
fed along the transmission line is achieved in a 
device known as a multiplexer (Figure F2.12). 

— TOM signat 
» o multpleser s 

        three different 

  

Figure F2.12 Block diagram for a time division 
‘multiplexer. 

The advantages of digital 
communication 

Communicating by the transmission of digital 
signals has a very large number of advantages 
over communication by the transmission of 
analogue signals. Whereas the initial (1970s) costs 
associated with the digital equipment necessary 

were high, and the transmissions 
themselves were unreliable, digital 
communications now are the standard 

because mass production and technical 
advances have made possible very low-cost, 
sophisticated, reliable integrated circuits. 
‘The advantages of digital communications 
include the following: 

   

* Digital signals can be regenerated perfectly, 
iie. noise and distortion can be eliminated, 
despite transfers over large distances. 

bond—Remmsenmsssssnssaasdsecenssnasnssasd L time ¢ Digital circuits are relatively inexpensive, 
reliable and readily available. 

* Error<orrecting codes can be applied to 
digital signals to ensure that errors in the 
transmission of the signals are eliminated. 

* The signals can be encrypted, by 
scrambling the bits in the signal, so that 
they can only be read at the desired 
destinations, providing privacy and 
security. 

   

  

Figure F2.11 The time between signals can be used to transmit other signals along the 
same line,
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« The signals can be stored, processed and | 
controlled by computers. | 

« Digital signals can be stored on devices such as 
CDs and DVDs that are readily available and 
inexpensive. 

« Digital signals can be compressed. 

      

« Time division multiplexing can be used with 
digital signals. 

9 

upplementary material 10 

There is very sophisticated physics and 
mathematics in error-correcting codes. The topic 
could be of interest to students taking either of 
those subjects or computer science. 
Astonishingly, there is a deep connection 
between a certain error-correcting code, a o 
certain lattice of points in 24 dimensions, and 
the problem of the closest packing of spheres in 2 
24 dimensions! Equally astonishingly, there is 
also a connection with string theories! 

  

1 Express the decimal numbers (a) 7, (b) 19 and 
(c) 67 in binary form. 
Express the binary numbers () 01001, (b) 
11101 and (©) 10101 in 
decimal form. 
How many bits are 
needed to express the 
decimal numbers (@) 16, 
(b) 32 and (c) 64 as 
binary numbers? 
How many bits do we 
need 1o express the 
decimal number 1453 in 
binary form? 

5 How many quantization 
levels are there when we 
use five bits to represent 
a sampled signal? 
An analogue signal 
varying from —10 mV. 
10 +10 mV is sampled 

  
Figure F2.13 For question 12. 

with five-bit words. Estimate the quantization 
error involved. 

A sampled signal will be represented with 
an n-bit binary number. State one advantage 
and one disadvantage of using a high value 
ofn. 
Distinguish between an analogue signal and a 
digital signal. 
Give three examples of an analogue signal 
and three examples of a digital signal. 
You listen to your favourite radio station by 
using the aerial (antenna) of your radio to pick 
up the signal.Is the signal that your aerial 
picks up an analogue or a digital signal. 
Explain. Is the signal transmilted by the 
loudspeaker of your radio an analogue or a 
digital signal? 

  

Distinguish between a binary code and a 
digital signal. 
(a) State what is meant by sampling and 

sampling frequency. 
(b) Explain why the sampling frequency must 

be higher than the frequency of the signal 
being sampled. 

(c) The graph in Figure F2.13 shows part 
of a 250 Hz signal that s to be sampled 
with a sampling frequency also of 250 Hz. 
The first sample is taken at £ = 0. 
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(i) Make a graph to show the pulse 
amplitude modulated signal. 

(i) Use the result of (c)() to reconstruct 
the analogue signal. Comment on your 
answer. 

13 What do you understand by the term 
“Shannon-Nyquist sampling theorer’? 
What is the significance of the Nyquist 
frequency? 

14 A sampled signal is assigned the binary code 
01001. Make a drawing to show the digital 
signal constructed out of this code. 

15 Reconstruct the binary code for the digital 
signal shown in Figure F2.14. The sampling 
has produced three-bit words. 

16 The graph in Figure F2.15 shows an analogue 
signal. Assume that the signal is sampled 

every 0.1 ms. Copy and complete the table 
below. Use the table to draw the digital signal 
50 constructed using three-bit words. 

0 
o1 
02 
03 

  

05 

08 
03 
10 

  

             

  

      

  

Figure F2.14 For question 15. 

    Figure F2.15 For question 16.
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17 The table below has been obtained by sampling 
an analogue signal. 
(@) Copy and complete this table. 
(b) Pt the individual signals together 

10 construct the complete digital 
signal. 

(0) Reconstruct the analogue signal. 

T 
1001 
o011 
0001 
ot01 
1010 
1100 
01 

  

  

  

18 The digial signal in Figure F2.16 has 
been constructed using three-bit words. 
Reconstruct the analogue signal from this 
digital signal. 

19 Asignal is sampled with a irequency of 5.0 
kHz and the sample s converted into an 
eight.bit word. Determine; 
(@) the bit rate; 
(b) the bit duration. 

20 The sampling rate during the playback of a 
compact disc (CD) is 44.1 kHz. Each sample 
consists of a 32-bit word. 
(a) Calculate the bit rate during playback 
(b) Estimate the duration of a single bit. 

21 Calculate the time between samples 
transmitted along a line when the signal is 
sampled at a frequency of 4.0 kHz. 

22 Make a block diagram to show the main 
features involved in 
() the recording of a CD; 
(b) the playback of a CD. 

23 Make a block diagram to show the main 
features involved in the transmission and 
reception of a telephone call along an 
ordinary conducting line. 

  

24 One of the elements in the transmission of a 
digital signal is a parallel-to-serial converter. 
Explain the role of this converter. Why is it not 
feasible to ransmit a signal represented with, 
say, eight bits using eight parallel wires at the 
same time? 

    

25 Explain what is meant by time division 
multiplexing. 

26 Atelephone call is sampled with a sampling 
frequency of 8.0 kHz in eight-bit words. The 
duration of one bit along the transmission line 
is 2.0 ps. 
(a) Calculate the time between consecutive 

words on the transmission line. 

(b) Estimate the number of different phone 
calls that can be transmitted on the same 
line. 

(c) Would your answer to (b) increase, 
decrease or stay the same if the sampling 
frequency were to increase to 16 kHz? 

    

27 Fast digital communications have made 
profound changes to the daily lives of 
many millions of people. State and discuss 
three such changes by referring once to 
() ethical, (b) social and (c) economic 
factors. 

  

          
      

Figure F2.16 For question 18. 
  



  

  

Optic fibre transmission 
This chapter introduces one very important channel of communication, the optical fbre. 
We discuss the optics of the opticfibre and the concept of the critical angle. We introduce 
two types of optic fibres, multimode and monomode fibres, and discuss these in the 
context of dispersion and attenuation. The chapter ends with a discussion of signal-to- 

  

noise problems. 

Objectives 
By the end of this chapter you should be able to: 
« understand the phenomenon of total internal reflection; 
« calculate the critical angle; 
« solve problems with total internal reflection; 
* understand the structure of a stepindex optic fibre: 
« distinguish between multimode and monomode optic fibres; 
+ understand and distinguish between material dispersion and modal 

dispersion; 
« appreciate the limitations on bit rate and frequency caused by dispersion; 
+ understand the terms attenuation and specific attenuation; 
+ sketch the variation with wavelength of the specific attenuation; 
+ solve problems with attenuation; 
+ understand the term noise; 
+ solve signalomoise ratio problems. 

  

Total internal reflection 

‘When a ray of light enters a medium of low 
refractive index from a medium of high 
refractive index, the refracted ray bends away 
from the normal, as shown in Figure F3.1. 

‘This means that the angle of refraction ¢, (the 
angle between the refracted ray and the 
normal, in the medium with the lower 
refractive index) is always larger than the angle 

of incidence 6, (the angle between the incident 
ray and the normal, in the medium with the 
‘higher refractive index). As the angle of 
incidence is increased, the angle of refraction 
will eventually become 90° (Figure F3.2). The 

      

   

3 refracted ray 

fow refractive index. 
high refractive index 

incident ray| iy 

Figure F3.1 A ray of light incident on a boundary 
partly reflects and partly refracts. The angle of 
refraction is larger than the angle of incidence. 

angle of incidence for which this happens is 
called the critical angle.  
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1ow Answer 
g % witeiny From Snell's law, we have 

high 1.33 x sin6, = 1.00 x sin90 
refractive 1.00 index,ny sing = = 

133 
- 1.00 

incident ray weally naesnally b = arcsin 355 
reflected ray P 

Figure F3.2 The angle of incidence is the critical 
angle 6 when the angle of refraction is 90 Q2 ST 

In Figure F3.4 the ray shown emitted at point P is 
totally internally reflected. What can we deduce 
about the refractive index of the liquid? 

Calculate the critical angle of the water-air boundary. 

| 

  

normal 
‘The critical angle 6, can be found from Snell’s law: 

ny sinf = na sin 90° 

sinf 

b 

  

For an angle of incidence greater than the 
critical angle, no refraction takes place. The ray 
simply reflects back into the medium from 
which it came (Figure F3.3). This is called total 
internal reflection. 

  

Example questions 
Q1 ST IO I Answer 
Avtay of light in water (refractive index 1.33)is From the diagram, the angle of incidence ¢ 
incident from water on a water-air boundary. has a tangent equal to tan 6 = & and so 

  

normal 
low 
refractive 
index 
high 
refractive 
index 

  

Figure F3.3 Four rays emitted from the same point in the medium with high refractive 
index. The angle of incidence increases as we move to the right. The angle of incidence 
for the rightmost ray is greater than the critical angle. There is no refracted ray. The ray 
just reflects. 2
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0 =arctan % = 34°. The critical angle can be at 
most 34°. Then the refractive index must be 
greater than n, where nsin34° = 1.00 X sin90°, 
e. greater than n= 1= = 1.8,   

  

Optical fibres 

One important application of total internal 
reflection is a device known as an optical fibre. 
‘The optical fibre consists of a very thin glass 
core surrounded by a material of slightly lower 
refractive index (the cladding). Such a thin fibre 
can easily be bent without breaking, and a ray 
of light can be sent down the length of the 
fibre’s core. For most angles of incidence, total 
internal reflection occurs (Figure F3.5). so that 
the light ray stays within the core and never 
enters the cladding. 

  

Figure F3.5 A ray of light follows the shape of the 
fibre by repeated internal reflections. 

I n, and n, are the indices of refraction for the 
core and the cladding, respectively (so n, > 1), 
the critical angle can be calculated as usual 
from 

n < n 
sing, = =2 0 = arcsin -2 

m m 
It is convenient also to find an expression for 
€056 Since cos b = /T = sin6,, we find 

  

  

Acceptance angle 
The maximum angle of incidence that a ray 
can make upon entering the fibre that will 
result in total internal reflection is called the 
acceptance angle of the fibre. Let us call this 
angle A (see Figure F3.6). It may be calculated 
as follows. Applying Snell’s law at the entry 
point for this limiting maximum angle, we 
find 

1.00 x sinA =ny x sina 

Buta = 90° — 6., so that 

SinA = msin(90° — ) 

=mcosb; 

= Jmnd 
‘The acceptance angle is thus given by 

A= arcsiny/n} —n3 

This means that, if we want to have every ray 
entering the fibre to suffer total inernal 
reflection, we must have A = 90° and so 

sin90° = /7 —n3=1. 

  

Figure F3.6 The acceptance angle A is the 
maximum angle of incidence for total internal 
reflection in the fibre. 

Example questions 
Q3 ewuenamrenETmac— 
“The refractive index of the core of an optical fibre 
is 1.50 and that of the cladding is 1.40. Calculate 
the acceptance angle of the fibre. 

Answer 
From the expression above, the acceptance angle 
(maximum angle of incidence for total internal
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reflection) is 

A =arcsiny/n? —n} 
= arcsiny/1.502 — 1407 

225-196 

resiny/0.29 
resin 0.5385 

A=33 

= arcsin 

  

Q4 
The refractive index of the core of an opic fibre is 
1.50 and the critical angle of the core-cladding 
boundary is 75°. 

(@) Calculate the refractive index of the cladding. 

  

(b) Calculate the acceptance angle of the fibre. 

Answer 
(a) Applying Snell’s law at the core-cladding 

boundary, we find that the cladding refractive 
index n, is 

1,50 x 5in75" = ny x sin90' 

  

“This gives n, = 1.45, 

(b) The acceptance angle is 

  

  = arcsiny/1.50° — 1457 
A=23 

  

  

Dispersion 

Rays of light entering an optic fibre will in 
general follow different paths. Rays that 
undergo very many internal reflections over a 
given distance are said to follow highorder mode 
paths, while those suffering fewer reflections 
follow low-order mode paths (Figure F3.7). 

high-onter 
mode ray 
low-order 
mode ray 

N V\ 

Figure F3.7 Low-order and high-order mode rays in 
an optic fibre. . 

Because the refractive index of a medium 
depends on the wavelength of the light 
travelling through it, light of different 
wavelengths will travel through the glass core 
of an optic fibre at different speeds. This is 
known as material dispersion. Therefore, a set 
of light rays of different wavelengths will reach 
the end of a fibre at different times even if they 
follow the same path. 

‘Thus, consider a pulse of light created by 
turning on, say, a light-emitting diode (LED) for 
a short interval of time. The power of the signal 
as a function of time as it enters the fibre is 
represented on the left-hand side of Figure F3.8. 
‘The area under the pulse is the energy carried 
by the pulse. In the output pulse, on the right- 
hand side of Figure F3.8, the area is somewhat 
less because some energy has been lost along 
the transmission. 

power input power output 

I =l 
time ime 

Figure F3.8 The effects of material dispersion. 

Now consider another set of rays that have the 
same wavelength but follow different paths (i.e. 
they have different order mode paths). Those 
rays travelling along low-order paths are more 
“straight’, travel a shorter distance, and so will 
reach the end faster than higher-order rays. This 
leads to what is called modal dispersion. The 
effect on the input signal of Figure F3.8 is the 
same. 

In practice, a set rays will have different 
wavelengths and will follow different paths, so 
they will be subject to both material and modal 
dispersion. This is the case in multimode fibres 
(Figure F3.92). Multimode fibres have a core 
diameter of about 100 um and the cladding is 
about 20um thick. 

Of special interest are monomode fibres 
(Figure F3.9b), in which the light propagates 
(approximately) along the same path. The 
diameter of the core of a monomode fibre is
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—m— T mEm 

@ ® 
Figure F3.9 (a) A multimode optic fibre. (b) A 
monomode optic fibre. 

very small, about 8-10pum, only a few times 
larger than the wavelength of light entering 
it. The thickness of the cladding is 
correspondingly much larger, about 125 wm in 
diameter, in order to make connecting one fibre 
to another easier. The propagation of light in 
such a fibre is not governed by the conventional 
laws of optics that we are using in this chapter. 
The full electromagnetic theory of light must be 
used, which results in the conclusion that light 
follows, essentially, just one path down the fibre, 
eliminating modal dispersion. Monomaode fibres 
are now used for long-distance transmission of 
both analogue and digital signals. 

Figure F3.9 also illustrates the meaning of the 
term step-index fibre. This means that the 
refractive index of the core is constant and 5o is 
that of the cladding, but at a slightly lower value. 
‘The refractive index thus shows a ‘step’ (down) as 
we move from the core to the cladding. This type 
of fibre is to be contrasted with a graded-index 
fibre, in which the refractive index decreases 
smoothly from the centre of the core (where it 
reaches a 

  

Example question 
Q5 TS ST eryerroscs s SIE 
‘The length of an optic fibre is 5.0 km. The 
refractive index of the core of the optic fibre is 
1.50 and the critical angle of the core-cladding 
boundary is 75°. Calculate the time taken for a 
ray of light to travel down the length of the 
fibre 
(@) along a straight line parallel to the axis of the 

fibre; 
(b) by suffering the maximum number of interal 

reflections in the fibre. 

Answer 
The speed of light in the core of the fibre is 
determined by the refractive index: 

3.00 x 10* 
150 

.00 x 10°ms™     

(@) The distance travelled by light in this case is 
5.0 km and so the time taken is 

    

(b) The ray must travel as shown in Figure F3.10 
with the angle 0, being infinitesimally larger 
than 75° 

  

Then s = 2. The total distance travelled by the 
ray is then 

5.00 
e 5.18km 

and the time taken is 

5.18% 10° SABR10 200 X108~ 204 

  

  

‘maximum) 
1o the outer edge 
of the core. The 
refractive index   
in the cladding 
is constant.  



  

‘This ‘smearing’ effect on the output pulse 
means that it is no longer exactly clear where 
the pulse ends and where it begins. Since the 
pulse width is wider in the output signal, the 
bit rate (the inverse of the bit width) is reduced 
as a result of dispersion. Also, to transmit a 
pulse of width t, the associated carrier wave 
‘must have a period of at least 2t so that bits do 
not overlap (Figure F3.11). 

  

  

Figure F3.11 The period of the carrier is at least 
twice the pulse duration. 

Since the width increases as a result of 
dispersion, the associated carrier wave period 
increases as well. and this implies that the 
maximum frequency that can be transmitted 
decreases. 

  

Attenuation 

Any signal travelling through a medium will 
suffer a power loss. This is called attenuation. It 
‘may be necessary to amplify the signal for 
further transmission. In the case of optic fibres, 
attenuation is mainly due to impurities in the 
glass core. The massive introduction of optic 
fibres in communications has been made 
possible by advances in the manufacture of very 
pure glass. For example, the glass in the 
window of a house appears to let light through 
without much absorption of energy. But the 
window pane s less than 1 cm thick. Glass of 
the same quality as that found in ordinary 
windows and of thickness of the order of 
Kilometres would not transmit any light at all. 

    

To quantify attenuation, we use a logarithmic 
scale. We define the power loss in decibels (dB) 
as 

  (indB) 
Pina power loss = 10 log 
Pl 

‘This is a negative quantity. 

‘Thus a power loss of 16 decibels means that the 
initial power of, say, 8.0 mW has been reduced 

  

  

    

Pinat ~16 = 10loy ® Pr 
o Pha 1.6 =log ¥ 

Prost _ 1016 
30~ ¢ 

Hence 

1 
Ponst = 5 Pt 

L 
T 40 
=020mW 

‘This idea can also be applied to signals that are 
amplified, as the next example shows. 

Example question 
Qb T m———————— 
An amplifier amplifies an incoming signal of 
power 0.34 mW to a signal of power 2.2 mW. 
Calculate the power gain of the amplifier in 
decibels. 

Answer 
The amplifier is shown schematically in Figure 
F3.12
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powerin power out 

Figure F3.12. 

For the amplifier we have 

Pou     gain = 10log    

-0k 22   

=10x0.81 

8.1dB 

It is worth remembering that an increase in 
power by a factor of 2 results in a power gain in 
decibels of approximately 3: 

gain = 10log o=t 

=10log2 

=301 

~3d8 

Similarly, a decrease of power by a factor of 2 
implies a 3 dB power loss in decibels. 

Example question 
(7 RO T TS e 
Two amplifiers of gain 5.00 dB and 4.00 dB 
amplify a signal as shown in Figure F3.13. What 
is the overall amplification produced by the two 
amplifiers? 

powerin power out 

sdB 4a8 
Figure F3.13. 

Answer 
Let the power input in the first amplifier be P. 
Then the power out is 

s00= 10008 

  

ot = 3.16P 

This is the power input into the second amplifer, 
and so 

  

  

  

  

Pou. 4.00=10log 3% 

Pui 
log 3355 =94 

=10 
3.16P 

Pou 
saep ~ 2% 

Poy =2.51 x 3.16P 

Pou =7.94P 

There is a quicker way to get the answer though. 
Just add the gains in decibels from each amplifier 
10 get 9.00dB. This s going to be the overall gain, 
and so 

   

    

  

uo=mxeg’ll;i 

tog % =09 

=10 

=794 

Po =7.94P 

“The proof that this is always true is left as an 
endofichapter problem (question 17). That is, 
the gain in the amplifier system of Figure F3.14 
isGy 4 G
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| 
GyaB GydB. 

Figure F3.14 The overall gain in this arrangement 
of two amplifiers is the sum of the individual 
gains. 

Also useful is the concept of the specific 
attenuation, i.e. the power loss in decibels per 
unit length travelled, i.e. 

 10log e [ 
specific attenuation = ?-«    

‘This is measured in decibels per kilometre 
(dBkm™). | 

Example questions. 

Qf masarssmaTIIsasast sesssevETIIEE R EII O 
Asignal of power 12mW is input to a cable of 
specific attenuation 4.0 dB km™". Calculate the 
power of the signal after it has travelled 6.0 km in 
the cable. 

Answer 
The loss is 4.0 x 6.0 = 24dB. Then 

Pas ~24=10l0g 72 | 

~24=10g Pt Pu 
Pou o2 

  

P 
Poa =3.98 x 107 P, 

3.98x 107 x 12 
0.048 mW 

Q9 seemmmmsEmETnssenm 
Asignal travels along a monomode fibre of 
attenuation per unit length 5.0d8 km " The 
signal enters a number of equally spaced 
amplifiers each providing a gain of 25dB. How 
many amplifiers must be used so that, after having 
travelled a total distance of 300km, the signal 
emerges from the last amplifier with no power 

loss? -   

Answer 

The total power loss without any ampliiers would 
have been —5.0 300 = ~1500 dB. The net gain 
of the amplifiers must then be +1500 dB, and so 
we need 52 — 60 amplifers. 

  

‘The specific attenuation (i.e. the power loss in 
dB per unit length) actually depends on the 
wavelength of the radiation travelling along the 
optic fibre. When the specific attenuation is 
plotted as a function of the wavelength, the 
graph of Figure F3.15 is obtained. 

attenuation per unt lengihydB k! 

25 

20 

05 

01— 
%00 1000 1100 1200 1300 1400 1500 1600 

waelengthnm 
Figure F3.15 The variation with wavelength of the 

attenuation per unit length (the specific 
attenuation) in a monomode fibre. 

‘The graph shows minima at wavelengths of 
1310 nm and 1550 nm, which implies that 
these are the desirable wavelengths for 
optimal transmission. These are infrared 
‘wavelengths. 

Detection 

‘The light that enters an optic fibre will travel 
down the length of the fibre, and at some point 
the arrival of the light must be registered and 
detected. This is usually done with a 
photodiode. A simplified detection system is 
shown in Figure F3.16.
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Figure F3.16 A light detector circuit with a 
photodiode. 

‘The photodiode with zero bias works as a 
photovoltaic cell. In this case, for the purposes 

of detection, the reverse bias voltage is arranged 
so that, in the absence of any light falling on 
the photodiode, the current is zero. When 
light of a specific wavelength falls on the 
photodiode, a current is allowed to flow of a 
magnitude that is approximately proportional 
10 the intensity of the incident light. 

Noise 

‘The term noise collectively refers to unwanted 
signals that travel along a given medium with 
the signal of interest. If the medium is a cable, 
the main source of noise is the random motion of 
electrons in the cable, which creates additional 
electric fields contaminating the signal. This 
increases with increasing temperature. Charged 
particles emitted by the sun during intense solar 
activity also create noise that can be picked up by 
asignal in a cable, as does lightning and other 
atmospheric disturbances. 

‘The great advantage of the optic fibre over cables 
is that the fibre itself does not cause any 
appreciable noise. The causes of noise in an optic 
fibre include the contamination of the light 

entering the fibre from noise created by the 
transmitter of the light. But the main source of 
noise in an optic fibre s the dark current in the 
photodiode, .. the small current that exists even 
when the photodiode is dark. This current has to 
do with radiation falling on the photodiode other 
than the light it is intended to record, as well as 
the workings of the semiconductor junctions in 
the photodiode. The current depends on the bias 
voltage used as well as on temperature. 

As with the everyday meaning of the word, noise 
is a nuisance. In a room full of people talking to 
each other, you cannot follow your conversation 
and you cannot make out conversations of other 
people (the famous ‘cocktail-party effect’ in 
acoustics). Communication becomes impossible 
when the power of the noise is comparable to 
the power of the signal 

‘We define the signal-to-noise ratio (SNR) in 
decibels (dB) to be 

SNR = 10log Pg   
Proise 

where Py and P, are, respectively, the power 
of the signal and the power of the noise. 

Example questions. 
QI sssssE——csem—— 
“The minimum SNR considered acceptable for a 
centain signal is 30 dB. If the power of the noise s 
2.0 mW, calculate the least acceptable signal power. 

  

Answer 
From the definition of the signal-to-noise ratio we 
have 

SNR = 101l0g Pigu 

Pagnt 30 = 10log 22t %6720 
[ 1o Poim _ 3 og 1% = 3.0 

   
=10 

20x 10" 
20w 
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QI FrETERsem TSy 
Agiven signal is fed into an amplifier of gain (in 
dB) G. Calculate the new signal-to-noise ratio 
after amplification in terms of the SR before 
amplification 

  

Answer 
The amplified signal and noise powers, Pl and 
P will be related 10 the power before 
amplification through 

Plignt G=10log   

Pl 106 
Pogul 
Pt = Pogaa x 109 

and 

    

ke % 10910 Prow 

Thus the new signal-to-noise ratio SNR" is 

Plgw SNR' = 10log 5 

Pt X 1010 
= oloR o 

= 10log D 

= original SNR 

‘This example makes it clear that amplification 
is not of any use in improving the signal-to- 
noise ratio. The amplifier amplifies the signal 
but it amplifies the noise as well. 

Regeneration 
‘The transmission of analogue signals is plagued 
by noise. As we have seen, amplification does 
not improve the signal-to-noise ratio because 
the noise gets amplified along with the signal. 
“This is shown in Figure F3.17. 

signal input 

PP o 
Figure F3.17 Amplification of an analogue signal 

with noise. 

signal output 

‘The transmission of digital signals, however, is 
inherently different because digital signals can 
be perfectly regenerated (reshaped and 
amplified). Figure F3.18 shows a digital signal 
that has been contaminated with noise. 
Amplification and regeneration results in a 
distortionfiee digital signal without loss of 
information. 

g i signal output 

D_ 

time 

Figure F3.18 The digital signal can be perfectly 
regenerated 

Regeneration can be achieved with a device 
known as a Schmitt trigger, which is discussed 
in Option F5 on electronics (HL only). Optic 
fibres, with their ability to transmit digital 
signals in the form of light pulses, are therefore 
ideal for high-quality communications. 

   

| 1 Calculate the speed of light in the core of an 
optic fibre of refractive index 1.45 

2 (a) State what is meant by total internal 
reflection. 

(b) Define the critical angle. 

(c) Explain why total internal reflection can 
only occur for a ray travelling from a high 
to a low refractive index medium and not 

| the other way around.
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3 The refractive indices of the core and the 
cladding of an optic fibre are 1.50 and 1.46, 
respectively. Calculate the critical angle at the 
core-cladding boundary. 

  

4 The refractive index of the cladding of an 
optic fibre is 1.42. What should the refractive 
index of the core be so tha any ray entering 
the fibre gets totally internally reflected? 

5 Calculate the acceptance angle of an optic 
fibre with core and cladding refractive indices 
equal to 1.52 and 1.44, respectively. 

6 State one crucial property of the glass used in 
the core of an optic fibre. 

7 (a) What is meant by dispersion in the context 
of optic fibres? 

(b) Distinguish between modal and material 
dispersion. 

8 Outline reasons why a laser is superior to a 
light-emitting diode for transmission along a 
fibre. 

9 An opiic ibre has length 8.00km. The core of 
the opic fibre has refractive index 1.52, and 
the corecladding critical angle is 82°. 
(@ Calculate the speed of light in the core. 
(b) Calculate the minimum and maximum 

times taken for a ray of light to travel 
down the length of the fibre. 

10 The pulse shown in Figure F3.19 is input in a 
multimode optic fibre. Suggest the shape of 
the output pulse after it has travelled a long 
distance down the fibre. 

ime 
Figure F3.19 For question 10. 

11 (a) Distinguish between monomode and 
multimode optic fibres. 

(b) Discuss the effect of reducing the fibre 
core diameter on the bandwidth that can 
be transmitted by the fibre. 

powerin 

12 List the advantages of optic fibres in 
communications. 

13 Outline the effect of dispersion on (a) the bit 
rate and (b) the frequency that can be 
wransmitted along an optic fibre. 

14 State the main cause of attenuation in an optic 
fibre. 

15 A signal is said to have a signal-to-noise ratio 
of 30dB. Explain what is meant by this 
statement. 

16 The signal-to-noise ratio in a certain signal is 
10 dB. The signal passes through an amplifier 
of gain 6.0dB. What will be the signal-to- 
noise ratio after amplification? 

17 Two amplifiers of gain (in dB) G, and G, 
amplify a signal as shown in Figure £3.20. 
Calculate the overall gain produced by the 
two amplifiers. 

  

pover out 

G GyaB 
Figure F3.20 For question 17. 

18 A signal of power 4.60 mW is attenuated to 
3.20 mW. Calculate the power loss in 
decibels. 

19 Asignal of power 8.40 mW is attenuated to 
5.10 MW after travelling a distance of 25 km 
in a cable. Calculate the attenuation per unit 
length of the cable. 

20 A coaxial cable has a specific attenuation of 
12 dBkm " The signal must be amplified 
when the power of the signal falls to 70% of 
the input power. After how much distance 
must the signal be amplified? 

21 Asignal is input to an amplifier of gain 
+1508. The signal then travels along a cable, 
where it suffers a power loss of 12 dB (Figure 
F3.21). Calculate the ratio of the output power 
1o the input power.  



cable 

+15dB -12d8 
Figure F3.21 For question 21. 

22 Asignal is input to an amplifier of gain 
+7.0dB (Figure F3.22). The signal then travels 
along a cable, where it suffers a power loss of 
10dB, and is then amplified again by an 
amplifier of gain +3.0dB. Calculate the ratio 
of the output power to the input power. 

cable 

+7dB. 1048 1348 
Figure F3.22 For question 22. 

23 In the arrangement of Figure F3.23, the output 
power is twice the input power. Calculate the 
required gain G of the amplifier 
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amplifier 

cable cable 

-12d8 Gan 6048 
Figure F3.23 For question 23. 

24 In a telephone cable, the power of the noise is 
measured to be 45 mW. The signal is 
considered barely acceptable if the signal-to- 
noise ratio is 20 dB. Calculate the least signal 
power for a signal to be barely acceptable. 

25 (a) Skeich a graph (no numbers are required 
on the axes) to illustrate the variation with 
wavelength of the specific attenuation in 
an optic fibre. 
Explain why infrared wavelengths are 
preferred in optic fibre transmissions. 

  

(b) 

26 (a) State what is meant by noise in 
communications. 

(b) State the main causes of noise in (i) copper 
wires and (ii) optic fibres. 

() Suggest a way to reduce noise in (i) copper 
‘wires and (ii) optic fibres.



  

Channels of communication 
in previous chapters we saw how a carrier wave can be modulated so that it can cafry. 
the information contained in an information signa. The carrier wave must the carty this 
information from the transmitter to its destination receiver. The carier wave must thus 
propagate in @ medium. There are many media or channels of communication available. 
Depending on the signal being transmitted, one or more channels may be used. In this 
chapter we will examine various channels of communication. 

Objectives 

By the end of this chapter you should be able to: 
« recall the main channels of communication (i.e. copper wires, wire pairs, 

coaxial cables, optic fibres, radio waves, microwave links and satellite 

communications); 
+ understand the characteristics and uses of these channels of 

‘communication; 

+ solve simple problem: 
above; 

wolving attenuation in the channels mentioned    

+ understand the differences between polar satellites and geosynchronous 
satellites; 

+ solve simple problems with satellite motion. 

  

i | disadvantages of copper wires include the very 
Copperwires | low bandwidth that can be transmitted (about 
When the telephonie network was first | 20 kHz) and the frequent need for amplification 
established, copper wires were used to transmit \ of the signal (every 10 km). 
the electrical signal sent by one’s telephone to 
the local exchange (Figure F4.1). In many places 
around the world, copper wires are still in use. 
‘They can be seen stretching from telegraph pole 
10 telegraph pole along roads. The wires carry 
current and the current is not constant. This 

means that the magnetic field it produces 
varies as well. A wire nearby will be affected by 
the magnetic field and this will result in cross- 
talk, i.e. noise and interference in the call 
carried by the nearby line. It is therefore 
desirable to have the wires as far apart as 
feasible in order to reduce the effects of 
interference of one wire on another. Other Figure F4.1 Copper wires. 
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Wire pairs 

“To reduce the effects of magnetic field interference 
from one wire to another, twisted wires were 
developed, in which two copper wires are twisted 
around each other so that, at any point, the currents 
iin the two wires are in opposite directions, resulting 
therefore in a much reduced net magnetic field 
(Figure F4.2). In addition, twisted wires reduce the 

flux linkage (by minimizing the area exposed to 
magnetic fields) and so minimize the unwanted 
signals created by electromagnetic induction. Each 
wire s insulated before twisting, and both are then 
inserted into an insulated outer cover. 

conductor 
insulation 

conductors 

outer insulation 
Figure F4.2 Wire pairs. 

Wire pairs reduce but do not completely 
eliminate cross-talk. They suffer from serious 
atfenuation (the average distance between 
amplification of the signal is of the order of 
5 km), especially at high frequencies, and they 
distort the transmitted signal due to dispersion, 
. due to the fact that radio waves of different 
frequencies travel at different speeds in the 
‘wires. Another disadvantage of wire pairs is the 
reduced bandwidth of the signal that can be 
carried along them (2 maximum of the order of 
500 kiz). 

Coaxial cables 

outer conductor 
(copper braid)    

    

central copper 
| conductor 

inner insulator outer insulator 
(polythene) 

Figure F43 Coaxial cable. 

The main advantage of the coaxial cable 
| relative to the wire pair is the higher 

bandwidth that can be carried (up to 500 MHz) 
and the reduced (but not eliminated) 
attenuation and cross-talk effects. The average 
distance between amplification varies a lot with 
frequency. At frequencies of a few megahertz 
(used for telephone signals) amplification is 
needed every 10 km, whereas at 1 GHz (used for 
cable TV) amplification is necessary every 100 m 
orso. 

Coaxial cables were used to carry high- 
frequency radio waves and were the standard in 
telecommunications until the appearance of 
the optic fibre and satellite links. Coaxial cables 
used for telephone call transmission are usually 
buried underground, and this adds to their cost 

| and creates delays in their implementation. The 
main use of coaxial cable today is to carry cable 
TV signals to consumers. 

| Optic fibres 
  

‘The problems of the wire pair were mostly 
solved with the development of the coaxial 
cable (Figure F4.3). This consists of a central 
copper wire surrounded by insulation and a 
second copper conductor, usually braided, that 
completely surrounds the inner copper wire. 
‘The inner and outer conductors thus have the 
same axis, hence the name coaxial. 

Optic fibres have been discussed in the previous 
chapter. They are now replacing the coaxial 
cable for most telephone communication needs. 
‘They can carry very high-frequency signals 
(approaching the terahertz range) and have a 
very large bandwidth (10 GHz). Attenuation is 
low, with amplification being required every 
80 km or so.
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Radio waves 

‘Table F4.1 shows the vast radio spectrum used 
in radio communications and a few of the uses 
to which particular members of this family of 
‘waves are put. 

  

Aradio wave can travel from its emitting aerial 
to its destination receiver in essentially three 
forms. These are surface waves, sky waves and 
space waves. The following is a brief description 

of each. 

Surface waves 
‘These are waves of frequency below about ‘ 
3 MHz. The associated wavelength is therefore 

221 — 100 m or more. This is a large 
wavelength, which means that these waves 
are substantially diffracted by the earth’s 
surface. These waves can therefore travel by 
following the curvature of the earth’s surface 
and can travel large distances, well beyond 
the horizon of the transmitter (Figure F4.4). 
‘The actual distance travelled depends on 
many factors, such as the power of the 
transmitter, the actual frequency used, and 
the conductivity of the ground over which the 
‘wave travels. For AM radio transmissions the 
range is a few hundreds of kilometres, and for 
powerful transmitters at low frequencies 
(3 kHz) the range can be thousands of 
Kilometres. 

3 Hz-30 Hz extremely low 10°-10*km submarine communication 
  

30 Hz-300 Hz ultralow 1010 km submarine communication 
  

10°-10 km baseband telephone signals 
  

3KH2-30 kHz very low 

EF 
ULF 

300 Hz-3 iz infralow F 
i 

30KHZS00KHZ  Tow ¥ 
1010 km long range navigation 
10-1 km Tongrange navigation 

AM radio broadeasting 
  

300 kHz-3 MHz medium ME ‘maritime radio 
direction finding 
AM radio broadeasting 

Tkm-100m 

  

3 MHz-30 MHz, high g 100-10m international radio broadcasting, 
amateur radio 
Tongdistance ship communication 

  

30MHz-300MHz  very high VHE 10-1m M radio broadcasting 
television broadcasting. 
aircraft communication 
aircraft navigational aids 

  

300 MHz-3 Gz, 

  

Tm-10cm television broadcasting. 
‘mobile phones 
‘microwave links 
navigational aids. 
radar. 

  

3GH2-30 GHz superhigh SHE 10-1cm ‘mobile phones 
microwave links 
radar 
satellite communications 

  

30GHz-300GHz  extremely high EHF 10-1 mm radar 
radio astronomy 

  300 GHz-3 THz 
‘Table F4.1 The radio wave spectrum. 

temendously high  THF 101 mm research  
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transmitter 

l 

  

Figure F4.4 Surface wave propagation. 

Radio waves in the frequency range 3 Miz 
10 30 MHz propagate as sky waves. This 
means that the waves are directed upwards 
towards the atmosphere where they suffer 
(a complicated) total internal reflection from a 
layer of the atmosphere called the ionosphere 
(Figure F4.5). The waves therefore return to the 
surface of the earth a certain distance away 
from the transmitter. This distance is called the 
skip distance. They are then reflected from the 
surface of the earth back into the atmosphere, 
where the process is repeated. The waves suffer 
substantial attenuation in the ionosphere. The 
ionosphere extends from a height of about 50 
km above the earth’s surface up to 500 km. 
‘This is a zone where ultraviolet radiation from 
the sun fonizes air molecules, creating 
electrons and positive ions. It has different 
layers with different concentrations of 
electrons. The actual electron concentration is 
affected by the sun’s 11-year cycle of solar 
activity. The lowest layer disappears at night 
when the incoming ultraviolet radiation is not 
present 

sky waves 

| 

    Figure F45 Sky wave propaga 

“This form of radio wave transmission is used by 
amateur radio operators, international radio 
broadcasts and ship communications. Due to 
varying skip distances, unpredictable 
ionosphere conditions and interference, these 
communications tend to be unreliable. 

Space waves 

‘These are waves of frequency above 30 MHz. At 
these frequencies the wavelength is 10 m or less 
and the waves travel along straight lines (line-of- 
sight propagation) (Figure F4.6). The ionosphere 
has no effect on these waves. The range is then 
dictated by the height of the transmitting 
station and is typically a few tens of kilometres. 
‘This is the method used for radio FM 
transmissions as well as earth-bound and 
satellite TV transmissions. 

  

Figure F46 Space wave propagation. 

Microwave transmission through 
free space 

Microwaves have a higher frequency than radio 
waves (a few gigahertz) and so can carry a larger 
‘bandwidth (100 MHz), making multiplexing 
possible. They can travel along straight lines 
from one point to another, and suffer 
substantially less attenuation than coaxial 
cables (Figure F4.7). 

  

Figure F47 A microwave link. 

The information above is summarized in 
Table F4.2.



578 SL and HL Option F - Communications 
— 

  

  

  

  

‘Copper wires 20 kiiz 20 kiz 10 km 10 
Wire pairs 10 MHz 500 kilz 5km 2 

: 2 MHz (telephone) 10km 6 
Coaial cable 500 Mtz 

1GHz(TV) 100m 200 
Microwaves in free space 5 GHz 100 Mz 50 km distancedependent 
Opic fibres 02THz 10GHz 80 km 020 

Table F4.2 Typical characteristics of various channels of communication. 

Example questions 
Q) TN E T ISSIESSSEE 
The specific attenuation of a coaxial cable is 
14 dB km". A signal of initial power 200 mW is 
input 1o such a cable. 
(@) Calculate the power of the signal after it has 

travelled a distance of 3.0 km along the cable. 
(b) State whether a signal of similar power 10 that 

in (a) but of much higher frequency would 
suffer a larger or smaller attenuation. 

Answer 
@) The attenuation after a distance of 3.0 km is 

3.0 x 14 = 42 dB. The power is then found 
from 

—2=10 1og(25—u) 

Icg(%):—fl.z 

# )42 200~ 10 

=63x10" 

P =0.013mW 

(b) Attenuation in coaxial cables is very 
requency-dependent. There is much more 
attenuation at higher frequencies. 

Q2 e 
A microwave link station emits microwaves of 
power 28 MW uniformly in all directions. 
(@) Calculate the power received by an antenna 

dish of area A = 1.2 m of this signal at a 
distance of 100 km. 

(b) Determine the attenuation of the signal in dB. 

Answer 

“The power s distributed uniformly over a sphere 
of radius d. The power per unit sphere area is 
therefore ¢, and so the power collected by the 
antenna is 

P 28 10" 
Tndt X A= rqioy X 12 =027 mW 

  

(b) The power loss in dB is 

-5 o (n,z7xm ] ):,uods 

  

This corresponds to a specific attenuation of 
   

Satellite communications 
In 1945, the science-fiction novelist Arthur C. 
Clarke published his pioneering essay ‘Extra- 
terrestrial relays' (largely based on earlier 
work by other scientists), in which he 
suggested that geosynchronous satellites 
orbiting the earth could provide worldwide 
radio coverage. It wasn’t until 1963 though 
that it became possible to launch the first 
satellite, Syncom 2, in such an orbit. Today, 
there are over 150 known satellites orbiting 
the earth, more than 100 of which are in 

geosynchronous orbits. 

Geosynchronous (geostationary) 

satellites 
An orbit is geosynchronous if it is directly 
above the equator and its period (the time for  
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one complete revolution) is equal to the From trigonomelry, we have 
period of rotation of the earth around its X 
axis, i.e. 24 hours. The reader with knowledge coso = 
of gravitation should be able to show that 66 
this orbit must be a distance of approximately = 3006 
42000 km from the earth’s centre. The 
great advantage of the geosynchronous =0.152 

satellite is that, since the satellite and the This means that 8 = arccos (0.152) = 81°,     
  carth rotate with the same period, the 

satellite is always above the same point 
on the earth’s surface (which is why they are 
also called geostationary), and that point must 
be on the equator. Because the orbi is above 
the equator, you can ‘see’ geosynchronous 
satellites if you look south from a place 
in the northern hemisphere and if you look 
north from a place in the southern 
hemisphere. Geosynchronous satellites are 

‘With some more advanced geometry (see the 
‘just for fun’ end-of-chapter question 17 in 
Option Hs), it can be shown that this is about 
42% of the entire surface area of the earth. 

| This means that three satellites can more than 
cover the entire area of the carth’s surface 
(except for the polar regions, of course, which 
are never accessible to a geosynchronous 

very far from the earth. Putting a satellite saeellite). 
into such an orbit s very expensive (in 
addition to the cost of buying or renting the FExample question 
satellite). Qi T 

(@) In the previous example, calculate the time 
between the emission of a signal at A and 

Example question its arrival at B via the geosynchronous 
Q) P satellite. 
The distance of a geosynchronous satellite from 
the centre of the earth is 42000 km. How much 

of the earth can the satellite ‘see’? Take the radius 
of the carth 1o be 6400 km. 

(b) For what kind of transmission would this time 
delay, possibly, be annoying? 

Answer 
| (@ By Pythagoras, the distance x can be found 

Answer from d” = R? + x”. So the distance travelled 
Figure F4.8 shows the geosynchronous satellite in | by the signal from A to B is 2x = 24/d7 — R* = 
orbit. The dashed lines are tangent 10 the surface 8.3 107 m. At the speed of light 
of the earth at points A and B. €=3x10°ms"', the signal would then take 

2J/d7—R? 
T 

83x 10 
=% 

    

  
salic 

=028s 

(b) This is a small time delay, 
but it could, however, be 
annoying in a telephone 
conversation,   
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Geosynchronous satellites are obviously 
extremely important in communications. Data 
(telephone calls, images. video, etc.) can be 
transmitted from a transmitter at a particular 
place on the earth’s surface towards the 
satellite, and the satellite can then redirect the 
signal t0 a receiver somewhere else. A TV 
station, for example, can use the satellite to 
redirect its signal to a vast geographic area. 

‘The signal from the transmitter to the satellite 
must be very well focused 5o as to avoid loss of 
power in the signal when it arrives at the 
satellite. To make the expensive satellite 
operation worthwhile financially, a very large 
‘bandwidth must be available, so that a large 
number of different data can be transmitted 
simultaneously. using for example 
multiplexing. (This requires digital signals.) In 
addition, the satellite must be able to transmit 
the signal without using too much power, 
simply because the satellite has limited power 
supplies (solar cells that can produce only a few 
hundred watts of power). These considerations 
impose constraints on the range of frequencies 
that can be used. 

  

‘The frequency used to transmit to the satellite 
is called the uplink frequency. The frequency 
used by the satellite to transmit down to earth 
is called the downlink frequency. The up-link 
and downlink frequencies are always different, 
with the uplink frequency being the larger of 
the two (by convention). 

‘The reason for this difference in frequencies is 
to avoid the following problem. The receiver on 
the satellite operates at the uplink frequency. It 
is designed to be able to pick up.very small   

signals and so is very sensitive. The transmitter 
on the satellite operates at the down-link 
frequency, and is powerful. If the uplink and 
down-link frequencies were the same, 
resonance would occur. The arrival of a tiny 
signal would create a larger output signal at the 
same frequency. Because it is so sensitive, the 
receiver would also pick up this signal, and 
would create an even larger output signal, and 
50 on. This is called positive feedback. 

   

Atypical uplink frequency is 10 GHz, in the 
microwave region of the electromagnetic 
spectrum. The corresponding wavelength is 

ho3xi 
T I0x10° 

=3x10?%m 

.3 cm, a typical microwave wavelength. The 
bandwidth available is of the order of 500 MHz. 
Table F4.3 lists some typical values for satellite 
communications. 

  

  

6 4 500 
n 500 
20 1500 

  

“Table F43 Satellite frequencies and bandwidth. 

Polar orbit satellites 
These satellites have north-south orbits passing 
over the poles of the earth. They are typically in 
low orbits (a few hundred kilometres above 
the earth as opposed to the 42000 — 6400 = 
35600 km of geosynchronous satellites above 
the surface). 

Ata height of 500 km the orbital period is 
about 95 minutes. A low polar orbit satellite 
will pass any one point on the earth’s surface 
twice in the course of one day and will be 
“wisible' to an observer at that point for a period 
of approximately 10 minutes (see Example 
question 5).  
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Example question 
Q5 TSI S0 550500 

Asatellite s in a polar orbit at a height of 500 km 
from the earth's surface. The satellite completes 
one orbit in 95 minutes and has a speed of 
76x10°ms™'. 

(@) Calculate the angle by which the earth has 
rotated during one revolution of the satellite. 
Assume that at ¢ = 0 the satellite is directly 
overhead the observer at O. 

(b) Estimate the time for which the satellite is 
visible to an observer on the equator. 

(c) Show that the satellite will pass any one point 
on the earth's surface twice in the course of 
one day, as claimed in the text. 

Answer 

In Figure F4.9 the dashed circle represents the 
orbit of the satellite at a height  from the surface. 
The observer is at O and the vertical line 
represents the horizon of the observer. (The 
observer can see what is 1o the right of the line.) 
The satellte therefore comes into view at A and 
disappears at B. 

  

    
st ot 

Figure F49.   

@ 

(b} 

(© 

  “The earth rotates by 360° in 24 hours, and so 
in 95 minutes it will rotate by 

95 
wx2 =2 
  360° x 

  

The angle 0 is given by 

The arc length AB s equal to 

2 
AB =21(R+h) 30 

44 =27(6900) 30 

=5300km 

The time to cover this distance (remember to 

convert speed to kms™) is 

_ 5300 
t=Tae 

=697s ~12min 

This is the time for which the satellite is 
visible to the observer at O. 

We have seen that the earth moves by about 
24° for every revolution of the satellite. If 
the satellite is above observer O at t =0, 
then by the time the satellite returns to the 
same point in space the observer will have 
moved out of sight. The satellite and the 
observer may meet aiter the observer has 
made a 180° rotation; this takes 12 hours. 
In these 12 hours the satellite has made 

22 %75 full revolutions. This is a half- 
integral number. This means that the satellite 
is again directly overhead the observer and 
so the satellite and the observer meet twice a 
day, as claimed earlier, at diametrically 
opposite points on the equator.
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“This example makes it clear that polar orbit 
satellites, while having the advantage of being 
able to see the whole of the earth at some point 
or other, are visible to a particular observer for 
only about 12 minutes out of the 95 minutes of 
cach orbit period. This means that the satellite 
has to pick up a signal from a transmission 
station underneath, store it, and then transmit 
it later when it passes over the destination 
receiver. This is not convenient for the 
transmission of a telephone call, unless many 
such satellites are involved. The advantage of 
the low orbit polar satellites is that they are 
cheaper to put into orbit, requiré less power to 
transmit up-link signals, and serve the polar 
regions that are unreachable by 
geosynchronous satellites. 

In order to transmit to the satellite, one must 
know where the satellite is, and so tracking 
systems are necessary to pinpoint the position 
of the satellite at any one time. 

Polar orbit satellites have many uses other than 
communication, for example, geological 
surveying and cartography, meteorology, 
oceanography, and military espionage. 

tions 

  

1 Identify the main sources of attenuation in 
copper wires, wire pairs, coaxial cable, optic 
fibres and microwave links. 

2 Anetwork of computers in a small business 
uses twisted wire pairs. Explain why wire pairs 
rather than coaxial cables or optic fibres are 
an acceptable solution in this case. 

3 Explain why coaxial cable would be preferable 
over twisted wire pairs for connecting a 
computer modem to an intemet provider. 

4 State and explain the advantages of optic fibre 
transmissions over transmissions in ordinary 
cables. What is the physical nature of the 
signal transmitted in an optic fibre? 

5 The strength of a signal in a coaxial cable 
varies with distance as shown in Figure F4.10. 

  

“The highest signal-to-noise ratio during the 
transmission is 50 dB and the lowest is 20 dB. 
1t may be assumed that the noise level is 
constant throughout the cable. 
(a) Calculate the specific attenuation in the 

cable. 
(b) Calculate the gain at each amplifer station. 
() The input power of the signal is 600 mW. 

Calculate the power of the signal after 
15 km if no amplifiers are used.    

rengeh! 
arbitrary units 

S 
5 o 15 distance/km 

Figure F4.10 For question 5. 

6 (a) State typical values of frequencies at 
which satellites emit and receive. 

(b) Suggest why the up-link and down-link 
frequencies are different. 

7 State three uses of satelltes in the 
communications field. 

8 Suggest a reason why a satellite should have 
as large a bandwidth as possible. 

9 State the advantages of geosynchronous 
satellites over polar orbit satellites. 

10 () State approximate values for the orbital 
radii of 
() a geosynchronous satel 

  

(i) a low polar orbit satellite. 
(b) Consider a transmilter that emits a total 

power P uniformly in all directions. 
Deduce that at a distance d from the 
transmitter the power received per unit 
area of the receiver is given by 7 

(€) Assuming that a low polar orbit satellite 
and a geosynchronous satellite receive the 
same power per unit area from their 
respective transmitters, calculate, using 
your estimates in (a), the ratio === of the 
powers radiated by the respective 
transmitters. 

  

  

   



F4 Channels of communication 583 
  

    

(@ In practice the ratio %= is much less satellte. Assume that at t = 0 the satellite 
than your answer in (c). Suggest reasons is directly overhead the observer at O. 
why this is so. (b) Estimate the distance that a point on the. 

11 Asatellite is in a polar orbit at a height of equator of the earth has moved during one 
600 km from the earth's surface. The satellite period of the satellite. 
Completes e orBiCin 97 mifutes and has & (c) Estimate the time for which the satellite is 
speed of 7.56 x 10° ms-1. visible to an observer on the equator 
(a) Calculate the angle by which the earth has 

totated during one revolution of the
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Electronics 
This chapter introduces a versatile and useful device in electronics, the operational 
amplifer (0p-amp). The inverting and non-inverting amplifiers are discussed, as well as 
applications of the op-amp in simple circuits, The chapter ends with an important 
application of the op-amp, the Schmitt trigger, which may be used to reshape digital 
signals. 

Objectives 
By the end of this chapter you should be able to: 
+ understand the basic principles of the operational amplifier (op-amp); 

ircuit diagrams for both inverting and nor-inverting amplifies; + draw 

  

« derive expressions for the gain of both inverting and non-inverting 
amplifiers; 

+ solve problems involving the op-amp; 
« design simple circuits involving the op-amp as a comparator; 
+ describe the use of the Schmitt trigger in reshaping digital signals. 

    

The operational amplifier 

(op-amp) 
‘The op-amp is a very versatile device and one of 
the most useful integrated circuits in all of 
electronics. This is because of its simplicity and 
the fact that many interesting circuits result 
by connecting it to just a few external 
components. The op-amp was used in the old 
analogue computers because of ts ability to 
perform mathematical operations such as 
addition, subtraction, differentiation and 
integration. This function has now been 
superseded in the modern digital computer. 

The schematic diagram for an op-amp is shown 
in Figure F5.1(a) and even more simply in Figure 
F5.1(b). The op-amp can amplify both DC and AC 
voltages. Its main features are as follows: 

+ The op-amp has very high gain in the output 
voltage (up to 10°). - 

+ It has very high input resistance, which implies 
that it does not draw any appreciable current 
from the input signal, 

+ It has very low output resistance, which 
implies that any load can be driven no matter 
how low its resistance. 

« Itisa differential amplifier, meaning that it 
gives an output signal that is proportional to 
the difference between two input signals. 

The commonly used op-amps come in a 
design with eight pins. We will be interested 
in only five of these eight available pins, as 
listed below. 

1 The inverting input: an input here will 
be changed in sign; we call this input 
voltage V.. 

2 The nomvinverting input: an input here will not 
be changed in sign; we call this input voltage V... 

3 Output: this is the output signal of the op-amj 
we call this output voltage V. 
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® v 
Figure F5.1 (a) The circuit diagram for an opamp 
showing the high (2M2) input resistance and 
the low (200 2) output resistance. (b) Simplified 
diagram for the opamp. 

4 The positive supply of voltage: this is indicated 
by +V. 

5 The negative supply of voltage: this is indicated 
by ~V. 

In most circuit diagrams involving the opamp, 
the power supply voltages +V/ are usually 
omitted. Figure F5.1 is a ‘block diagram’ for the 
op-amp. The internal circuit components are 
not shown - they are complex and beyond the 

scope of this book. An equivalent way of 
drawing the op-amp is shown in Figure F5.2. 

  

v 

  

inverting 
input, V_ 

nor-inverting 
inputV,       

  

Figure F5.2 The circuit diagram for an opamp 
showing the power supply voltages. 

“This shows more clearly the power supply 
voltages and also shows the output signal being 
fed into an external load. The thick line is the 
zero volt (0V) line, i.e. the voltage of the earth. 
Itis the voltage relative to which all other 
voltages are measured. 

The first result about the op-amp is that the 
output voltage, Vo, is directly proportional to 
the difference between the two input 
voltages, V; and V... In equation form this is 
written as 

Vo=Go(Vs = V) 

‘The variable G is known as the open loop gain 
and, typically, G, = 10° for DC and low- 
frequency signals. The gain decreases with 
increasing input signal frequency. 

Care must be taken with this equation. The 
graph in Figure F5.3 shows the variation of 
the output voltage Vy with the input voltage 
difference V, — V_. The formula can be used 
only for the non-horizontal part of the graph. 
‘This is because the output voltage can never 
exceed the power supply voltage +V or be 
less than —V. (In practice, the saturation 
values of the output voltage are about 
£80% V.
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output voltage 

   
    

saturation 

o difference in 
input voltages 

Figure F5.3 Variation of output voltage with input 
voltage difference for an op-amp. 

Example question 

Q! ETEETE———————— 
An op-amp has an open loop gain of Gy = 10°. 
The power supply voltages are 15 Vto +15 V. 
(@) What s the largest vohage difference between 

the input signals for which the equation 
Vo= Gy (V, — V-)can be used? 

(b) What is the output voltage for (i) V, — V. 
8.0 pV and (i) V, — V. = 26 pV. 

  

Answer 
(@) The maximum supply voltage (and therefore 

the maximum output voltage) is 15 V, so 

Y% 

15 
10° 

=15V 

v 

For an input voltage difference of at most 
15 Y, we can use the equation 
Vo= Go(V. — V) to calculate the output 
Voltage. For input voltage differences larger 
than 15 Y, the output voltage will be 
saturated, i.e. constant at =15 V or +15 V. 

(b) (i) Since 8.0 wV’ s fess than the maximum of 
150V, we can use the equation to get 

  

    Vo= Go(Ve = V) 
0° % 8.0 V. 

=80V 

  

(ii) Here 26 V is more than the maximum and 
we have saturation, 50 Vo= 15 V. (In a real 

op-amp, as opposed o an ideal one, the 
saturation voltage would be somewhat less 
than 15 V.) 

  

The inverting amplifier 
Figure F5.4 shows an opamp acting as an 
inverting amplifier. The output voltage is Vo 
and the input voltage is applied to the inverting 
input of the op-amp. The resistor labelled Ry is 
called the feedback resistor. Notice that part of 
the output (at X) s fed back as input to the op- 
amp. Because the input is through the inverting 
input of the op-amp, this signal is out of phase 
with the original input signal by 180° and the 
feedback is called a negative feedback. This means 
that the gain of the amplifier is reduced (which 
is a strange thing to do in an amplifier). The 
advantage of doing so is that in this way the 
gain is stable (constant) over a wide range of 
voltages and frequencies, and independent of 
the characteristics of the op-amp itself. 

Lo Re 
  

  
  

o 

  
OV Tine (carth) 

Figure F5.4 The inverting amplifier. 

Let the open loop gain be Go, which as we know- 
is typically of the order of 10°. We have 
Vi =0V, s0 the voltage V_ at point E s {2 and 
therefore very small, practically zero. Assuming 
that the voltage at E is zero means that we are 
‘making the virtual earth approximation, .. we 
are assuming that point E is connected to the 
earth, which has zero voltage. The potential 
difference across resistor R is then Vi, and the 
current flowing through this resistor is 

   



‘The current in resistor Ry is 

% = 

‘The negative sign is there since the potential V. 
is negative. (Remember that current flows 
towards lower potential - since the potential at 
E is zero, the potential at X must be negative,) 
In this way the current I is defined as a positive 
quantity. 

‘The current in R flows towards E. Since 
practically no current flows in the opamp, we 

   must have that I; = I, i.e. that 

Vo_ Wy 
R~ R 

5 
h_ B 
Vo R 

The ratio G = {2 is known as the closed loop 
gain of the inverting amplifier and so 

closed loop inverting 
amplifier gain 

Vo_ R 
=R   

  

Example questions 
e 1 

(a) Calculate the closed loop gain of the inverting 
amplifier shown in Figure F5.4 when 
R=100k2 and R; = 1.0 MQ. 

(b) The op-amp works with a power supply of 
“£15V. Calculate the input voltage for which 
the op-amp will saturate. 

Answer 

(@) From the equation above, the closed loop gain 
of this inverting amplifier is 

Re 

R 

1.0x10° 
100 % 10° 

G   

  

=-10 

“This means that a single input voliage of, say, 
0.25 mV will result in an (inverted) output 
voltage of Vp = 2.5 mV. 
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(b) In the ideal case the op-amp saturates at 15 V. 
“The smallest positive input voltage that causes 
saturation is therefore 1.5 V (see Figure F5.5). 

ourput voltage: 

      
    

    

  

Saturation 

inpur voltage 

Saturation 

Figure F55 Variation of output voltage with 
input voltage for the inverting amplifier of 
Example question 2. 

Q7 ST I e S 

Calculate the closed loop gain of the inverting 
amplifier (such as that of Figure F5.4) whose output— 
input characteristic is as shown in Figure F5.6. 

outpu/V. 

gt iV 

Figure F5.6 Output-input characteristic for the 

inverting amplifier of Example question 3 

Answer 
From Vo = GV, we see that the gain s the 
gradient of the graph and equals 5. (The negative 
sign indicates that this is an inverting amplifier)
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The non-inverting amplifier 

Figure 5.7 shows an op-amp acting as a non- 
inverting amplifier. The two resistors R and 
R act as a potential divider (see Chapter 5.5) 
and so divide the potential difference Vo in 
the ratio Ry : R. The voltage at point X is 
therefore Vo and hence this is also the 
voltage at Y, i.e. the input voltage at the 
inverting input. 

  

  

      

  

      
0V line (carth) 

Figure F5.7 The non-inverting amplifier. The 
resistors R and Ry act as a potential divider. 

  

To see this more precisely, we may argue as 
follows. Let the potential at X be V. Then the 
potential difference across R is V. The current I 
in R and Ry is the same and the total resistance 
of R and Re is R + Ry. Then we get 

   

  

  

      

=IR and Vo =I(R +Ry) 

Eliminating the current gives 

R 
= Vo 

R+Re " 
So for the input voltages we now have 

R 
+ in Vo 12 ¥ and AR 

If the open loop gain is Go (we apply the 
definition of the open loop gain to the box in 
dotted lines), then Vg = Go(V, — V), and so we 
get 

R Vo= 6oV ) 

But by definition, Vo = G Viy, where G is the 
closed loop gain, and so 

GV,.—bo(Vm R EV) 
R+Re 

Solving for G we find 

  

In the denominator, z57Go > 150 we may 
neglect the term with just the 1. Then 

  

‘This is the closed loop gain of the non- 
inverting amplifier and so 

Ri  closed loop non-inverting G=14+- Pl R amplifier gain 

Example question 

R 
(@) Calculate the closed loop gain of the non- 

inverting amplifier shown in Figure F5.7 when 
R=10k2 and R = 100%. 

(b) The op-amp works with a power supply of 
15 V. Draw and label the output-input 
characteristic for this non-inverting amplifier. 

Answer 

  

@) From the equation above, the closed loop 
gain of this non-inverting amplifier is 

   



(b) The output-input 
characteristic of the 
non-inverting amplifier is 
shown in Figure F5.8. 
The slope of the non- 
horizontal part of the 
graph is the closed loop 

  

) signal 
gain. generator 

ourput voltage: 

   

     
   

  

sauration 

0136V input voltage 

saturation 

Figure F5.8 Output-input characteristic of the 
non-inverting amplifier of Example question 4. 

Simple op-amp circuits 
‘The opamp is capable of comparing one voltage 
relative to another. Many simple circuits can be 
constructed that exploit this comparator 
property of the opamp. Generally, the voltages 
to be compared are fed as inputs into the op- 
amp. Let's assume that we use a 15V supply. so 
that the theoretical saturation voltage is + 15V. 
With the op-amp as in Example question 1, in 
the open loop state, we saw that the output will 
saturate when the absolute value of the 
difference between the two input voltages is 
greater than +15 V. That is to say 

Vo=+15V 
Vo=-15V 

Vi—Vo> 4150V 
V- Vo <4150V 

In the circuit of Figure 5.9 the resistors R} and 
R determine the voltage input to the inverting 
input of the op-amp. (If they are equal, then 
V_ = 0.To have a variable reference voltage, 
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sV 

o | 

| 
& 

———15V 
Figure F5.9 A circuit that compares the output 

voltage of the signal generator to the voltage at 
the inverting input. 

these two resistors can be replaced by a 
potentiometer.) 

Assume that V_ = 0. The signal generator sends 
a sinusoidal signal to the non-inverting input. 
‘This means that V varies as shown in Figure 
F5.10 (also shown in the figure is the reference 
voltage V.    

vy 

s 

  

Figure F5.10 A sinusoidal input voltage V, that is 

0 be compared to a zero reference voltage, 
V=0 

‘The output fed into the oscilloscope is shown in 
Figure F5.11. In the first 0.5 ms the sinusoidal 

signal (V. is larger than the reference voltage 
(V- = 0) by more than 15 pV, and so the output 
saturates at +15V. In the next 0.5 ms signal V. 
is less than the reference voltage V. by more 
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than 15 V, and so the output again saturates, 
but now at —15V. This repeats again and again. 

VoV 

15   

10 

  

s         
  

  

Figure F5.11 Oscilloscope reading for the circuit of 
Figure F5.9. 

Consider now the circuit of Figure F5.12, where 
the output of the opamp is connected to a 
buzzer that operates (is on) when the voltage 
across it is 30 V. There is a thermistor connected 
in the circuit. This is a resistor whose resistance 
decreases with increasing temperature. The 
voltage at the non-inverting input of the op- 
amp is determined by the voltage at point X, 
‘which can be taken as the reference voltage. 

Assume that the resistors Ry and Ry are equal. 
‘Then the reference voltage at X is zero. When 
the thermistor is cold, its resistance is high, the 
voltage at the non-inverting input is high 
(positive) and so the output voltage saturates at 
+15 V. The potential difference across the 
buzzer s zero and so it is off. Now if the 
temperature increases, the voltage at the non- 
inverting input will decrease and will 
eventually become negative if the temperature 
rises sufficiently. The output voltage now will 
saturate at ~15 V and the potential difference 
across the buzzer will become 30 V. The buzzer 
will then go off as a warning of the increased 
temperature. (A potentiometer can replace the 
resistors Ry and R.) 

In a variation of this circuit, we may replace the 
buzzer with two lightemitting diodes (LEDs), as 
in Figure F5.13. Depending on whether the 
output voltage saturates at a positive or a 
negative value, one or other of the LEDs will 
light. We may then use two different colour 
LEDs, say green and red, to indicate that the 
temperature is low or high. 

Reshaping digital pulses - the 
Schmitt trigger 

In the transmission of a digital 
  

  

thermistor 

    

Figure F5.12 A circuit that activates the buzzer 
‘when the temperature increases above a 
predetermined level. 

v 

*13V signal, noise and other factors 
may contribute to a distortion of 
the signal. An example of such a 
distorted signal is shown in 
Figure F5.14. 

  
] 

wo | e Unlike analogue signals, 
however, a digital signal can 
easily be regenerated. This may 
be done with a device known as 

the Schmitt trigger. This device 
has an input-output 
characteristic that can be 
described by the graph of Figure 
F5.15. The graph shows the 

variation with input voltage of the output 
voltage of the device.
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the signal of Figure F5.14 is 
the input signal to the 
Schmitt trigger. The signal 
starts very low and the 
Schmitt trigger output will 
be —Vp = 3.0 V. The output 
will remain at —3.0 V until 
the signal has a value just 
higher than the upper level 

+1sV. 

+—ov 

  
  

thermistor 

  
Figure F5.13 A variation of the previous circuit 

using LEDs. 

W 

100 

050 

0 

Figure F5.14 A very corrupt digital signal that 
must be reshaped. 

For zero input voltage, the output is —Vo. As 
the input voltage increases, the output remains 
at Vg (follow the lower horizontal line) until 
the input reaches the threshold voltage 2. The 
output then jumps abruptly to the value +Vo. If 
now the input signal decreases, the output stays 
at 1 until the lower threshold V/; is reached, 
at which the output now jumps abruptly to 
—Vy. The output is thus determined by the two 
threshold voltages V; and Vz. 

‘The Schmiltt trigger therefore works as a 
standard comparator (it compares the input 
voltage to a reference value) but also has the 
behaviour of Figure F5.15, i.e. the reference 

value s different when the input is increasing 
(V) from when it is decreasing (V4). 

As an example, consider values V; = 0.40V, 
V2=0.75 Vand Vp = 3.0 V. Assume that   

   of the trigger (here taken to 
be V, = 0.75 V). The output 
will then stay constant at a 
high value (Vo = +3.0 V) 
until the signal falls below 
the lower level of the trigger 

(here taken 1o be V; = 0.40 V), at which point 
the output becomes —3.0 V again. This would 
result in the graph of Figure F5.16. 

15V 

output 

¥ 

  

Yo 
Figure F5.15 Input-output characteristic of the 

Schmitt trigger. 

v 

100 
075 

040 

  

  

lime 

  3V Ll   
Figure F5.16 Regeneration of the digital signal. 

Note that the scale for the regenerated signal 
(in grey) is different from that for the original.  
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‘The Schmitt trigger is built around op-amps and 
uses the comparator properties of the op-amp. 
In the circuit of Figure F5.17 with Ry = 15k2, 
Ra = 10k, R; = 100k and a reference voltage 

of 3.0V, the thresholds are 0.75 V and 040 V. 
(see below). 

   

+ 

  

  
R 

Vo 
Figure F5.17 The opamp as a Schmitt trigger. | 

Let us now calculate the threshold voltages. 
Consider first the case in which the input s 
less than the voltage at the non-inverting 
input, V.. The output will then be V. The 
potential difference across resistor R is 
Vo~ Vy. The current through Ry is I = 
Similarlythe potential difference across Ry is 
VoV, and the current through Rs is 
Is = Y5z Finally, the potential difference 
across Ry s V, + Vo and the current through Ry 

L4  The three currents are related by 

ot | 

  

ish = 

h=hL+l 

which implies that 

VetWo_Vo-Vo Vo-Vo 
Ry Rz Rs | 
      

Solving for the voltage V.. at the non-inverting 
input we get the value for the high threshold 

v, VRsz+RxR —RaRs 
RiRo t RoR~+ R<

R. high o 

RRs T RaRsRaky P shiestiold 

Working similarly we can find the value for the 
low threshold 

RsR; — RiRz2 — RoRs 
Ve =R R, RoRs T ROR, 
  low threshold   

With Ry = 15k@,R; = 10k, Rs = 100k and a 
reference (output) voltage of Vg = 1.0 V, we get 
two possible values for V., 0.40 Vand 0.75 V, 
for output voltages Vo = +3.0 V. 

1 The open loop gain of an op-amp is 10° and 
the supply voltage varies from —15V to +15 V. 
Calculate the output voltage when the input 
voltage (V, — V. is: (a) 250 V, (b) 120 pV, 
() =80 wV, and (d) ~340 pV. 

2 An op-amp operates with a supply voltage of 
9.0V and has an open loop gain of 10°. 
(a) State what is meant by open loop gain and 

saturation. 

(b) The output voltage is a linear function of 
the input voltage difference only for a range 
of voltage differences. Calculate this range. 

  

  

3 Calculate the theoretical gain of the amplifier 
circut in Figure F5.18. 

Lome 
20m0 

   
OV T (earty 

Figure F5.18 For question 3. 

4 Show that an altemative drawing of the non- 
inverting amplifier is given by the diagram in 
Figure F5.19. 

  

  

  
OV fne (carh) 

Figure F5.19 For question 4.



5 Compare the circuit of the previous 
problem (Figure F5.19) with the circut in 
Figure F5.20. 
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OV Tine (eart) 
Figure F5.20 For question 5. 

(@) What values of R and : are needed to 
convert Figure F5.19 to Figure F5.207 

(b) Calculate the gain of the circuit in Figure 
F5.20. 

(€) Suggest a use of this circuit. 
6 (a) In the circuit in Figure F5.21, both resistors 

have the value 1.0k What is the voltage 
across resistor R? 

  

  
Figure F5.21 For question 6. 

(b) A voltmeter of resistance 1.0 k82 is 
connected across resistor R;. What will be 
the reading of the voltmeter? Comment on 
your answer. 

(c) The circuit is now changed to that in 
Figure F5.22. What is the reading of the 
voltmeter now? 

Figure F5.22 For question 6. 

7 The diagram in Figure F5.23 shows an ideal 
op-amp. The point V is referred to as a virtual 

      
    
  

earth. 

Re 
—— 

® 
L 

v 4 

v + 
n v 

OV Tine (carth) 
Figure F5.23 For question 7. 

{a) Explain what is meant by the term virtual 
earth. 

(b) Derive an expression for the voltage gain 
of this amplifier. 

(@) The resistor Ry is replaced by another 
device. The current through the device is 
related to the potential difference across it 
by I'=Jye™*. Deduce that 

1 Vin 

%=pn(z%) 
d) Suggest one advantage of this inverting 

amplifier over the conventional one 
discussed in the text. 

  

8 Explain how the circuit shown in Figure F5.24 
can be used to measure the amount of charge 
on the capacitor C.
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v 

T 
OV e T 

Figure F5.24 For question 8. 

9 Asignal of 4.0 mV is input in the circuit 
shown in Figure F5.25. The op-amp is 
assumed 10 be ideal. 

= 

25060 

x| ‘0 
> z 
3 Y 

  
OV Tine (carth) 

Figure F5.25 For question 9. 

@) State the voltage at X. 
(b) Calculate the current in the 250 k2 resistor. 
(© Calculate the output voltage at O. 

10 Consider the circuit in Figure F5.26. The op- 
amp output voltage saturates at £15V. 

Y 

" ouiput 
  

  
oV   Figure F5.26 For question 10. 

(a) Calculate the voltage at the inverting input 
of the op-amp. 

(b) The input signal is 6.0 V and the output 
voltage is +15 V. What is the smallest 
input voltage change that will make the 
output voltage saturate at —15V? 

11 The circuit in Figure F5.27 contains a diode, 

which only allows the flow of current in one 
direction (‘down’ in this circuit. A positive 
vohage is fed into the non-inverting input of 
the op-amp. 

  

input 

    

      

oV 

Figure F5.27 For question 11. 

The input voltage varies with time according 
1o the graph of Figure F5.28. Explain why the 
potential difference across the capacitor after 
15 will be equal 1o the maximum value of the 
applied input volage. 

0 i 
Figure F5.28 For question 11. 

12 In the circuit in Figure F5.29, R = 16k, 
R = 32ke2 and the op-amp operates with a 
power supply voltage ranging from —15V to 
+15V. 
(@) Calculate the output voltage when the 

input voltage is +4.0V.
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ke wy 
— 

0 

s | 
— me 

40 
v + 

” Yo Figure F5.30 For question 12. 

OV line (carth) 
Figure F5.29 For question 12, 

(c) What changes, if any, would come about 
(b) The input voltage is replaced by the signal in your answer to part (b) if the op-amp 

shown in Figure F5.30. Draw a sketch operated with a +6.0V power supply? 
graph to show the variation with time of 13 Outline the use of a Schmitt trigger in 
the output signal. reshaping a digital signal. 
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The mobile phone system 
This chapter is a very brief introduction to the mobile phone system. It discusses the 
main features of the structure of the system, namely the cellular organization of the base 
stations and the cellular exchange. 

  

Objectives 

By the end of this chapter you should be able to: 
« state the role of the cellular exchange and base stations in the mobile phone 

system; 
« understand that different frequencies are allocated to neighbouring cells 

to avoid overlap in calls. 

  

Mobile phones have become an integral part of 
life in many parts of the world. The concept of 
the mobile phone system was developed by 
engineers at Bell Laboratories, in the USA, in 
1947, The first mobile phone system was 
established in the Nordic countries in the early 
1980s. Modern mobile phone systems are 
digital, which makes communications secure 
and difficult to tap into, unlike the early 
analogue systems. 

‘The main ingredients of the mobile phone 
system include the mobile phones themselves, 
base stations and the cellular exchange. A 
mobile phone has the dual function of a 
receiver and a transmitter of radio waves. The 
frequencies used in modern digital systems are a 
few gigahertz (GHz). The wavelength associated 
with a radio wave of frequency 1 GHz is 

  

‘The handset (the mobile phone), when turned 
on, sends a radio signal that registers its   

presence to the nearest base station. Like the 
phone itself, the base station is a transmitter 
and a receiver of radio waves. The base station is 
located at the centre of a cell, an area from 
within which the base station can receive and 
transmit radio signals. The linear dimension of 
a cell varies from 0.5 km (in densely populated 
urban environments) up to 30 km in hillree 
countryside. The base station is connected via 
cables to the cellular exchange, which controls 
the operation of very many base stations. 

The idea is that very many adjacent cells provide 
coverage over a large geographical area. The 
shape of each cell is circular, since it contains an 
omnidirectional aerial (that of the base station) 
atits centre. The base stations are arranged in 
an approximately hexagonal array. In this way, a 
given geographical area can be covered without 
*gaps". This is shown in Figure F6.1, The cells are 
shown as hexagonal rather than circular. This is 
a convention to show a fully covered area 
without overlapping circles. 

‘The cellular exchange offers entry into the 
regular (fixed) telephone system network. 
Consider a phone call to a fixed telephone 
number made from a mobile phone. The signal
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ns 

1 State one advantage and 
one disadvantage in 
making the cell radiius very 
large, say 100 km. 

  

  

      

  

Figure F6.1 Base stations connected to a cellular 
exchange that gives access to the public 
switched telephone network (PSTN). 

will leave the mobile phone and will be received 
by the base station in the cell where the mobile 
phone is located. From the base station it will 
travel to the cellular exchange, and from there 
10 the destination fixed telephone number. If 
the mobile phone moves during the call, from 
one cell to another, the cellular exchange will 
automatically reroute the phone call to the base 
station at the centre of the new cell. The range 
of the base station is essentially equal to the 
linear dimension of the cell, 

A main function of the cellular exchange is to 
allocate a range of frequencies to each cell, with 
neighbouring cells being allocated different 
frequency ranges in order to avoid overlap and 
interference between calls. 

‘The base station within the cell will then select 
a frequency for a particular call. The same 
frequency can be used for other calls at the 
same time using the time division multiplexing 
technique. The frequencies emitted are 
different from those received and are usually 
separated by 50 MHz. 

Mobile phones offer the user the ability to send 
text messages, pictures, video and music, and 
allows access to electronic mail and the, 
internet, making them an unusually powerful 
tool of communication. 

  
   
BSIN 2 Suggesta reason why 

3 mobile phone antennas are 
small. 

3 Base stations have a power 
output that is small. Consider a power output 
0f 5.0 W. Calculate the intensity of the 
radiation (power per unit area) a distance of 
3.0 km from the base station. 
“The mobile phone, like base stations, emits at 
low power (less than 1 W today compared to 
about 3 W in the old analogue phones). State 
and explain one advantage of low-power 
transmissions, other than health 
considerations. 
Describe the role of the cellular exchange in 
mobile phone communications. 
“The analogue signal tha is input to a mobile 
phone is sampled 8000 times a second, and 
the digital signal created by the analogue-to- 
digital converter is an eight-bit word. 
{a) Calculate the bit rate. 

(b) The digital signal is actually compressed 
5o that the bit rate is reduced to about 
13 kbit s, State one effect of this 
compression on the quality of the sound 
transmitted. 

The base station transmission rate on one 
particular carrier frequency is about 
270 kbit s~ and the signal emiitted by a 
mobile phone has transmission rate of 
13 kbits™". How many different calls can be 
multiplexed on the same carrier? 
Based on your study of the earlier chapters, 
suggest a block diagram showing the main 
components of a mobile phone outlining the 
function of each part you include.
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Light 
This chapter describes Michelson's experiment to measure the speed of light, which is 
one of the most important physical constants. The various members of the large family. 
of electromagnetic waves are introduced and their properties described. The dependence 
of the index of refraction on wavelength (the phenomenon of dispersion) is discussed 
and the chapter closes with a discussion of the faser and its applications. 

Objectives 
By the end of this chapter you should be able to: 
+ describe one experiment that measures the speed of ight: 
+ understand the mature of an electromagnetic wave and how it is produced; 
« name the main members of the electromagnetic family of waves; 
+ state the meaning of the term dispersion and calculate the speed of light 

from the index of refraction of the medium, n = £ 
+ describe what the laser is and list a few of its uses; 

  

  

+ state the meaning of the terms monochromatic and coherent. 

  

The speed of light 
One of the most important physical constants is 
the speed of light in a vacuum. This is the 
limiting speed for all material objects according 
to Einstein'’s theory of relativity. A very early 
attempt to measure the speed of light was made 
by Galileo in 1600. A lantern was uncovered at a 
predetermined time and an observer some 
distance away was supposed to record the time 
that he first saw the lantern'’s light. Dividing 
his distance from the lantern by the time he 
recorded would give the speed of light. 
Obviously the experiment failed because the 
time taken by light to cover the known distance 
was so small that it could not be measured. The 
first measurement of the speed of light was 
made by the Danish astronomer Ole Roemer in 
1676, who devised an ingenious method based 
on observations of eclipses of one of the moons 
of Jupiter. Roemer was thus the first to show 
that the speed of light is finité. 

    
  

Avery accurate terrestrial method to measure 
¢ was developed by the American physicist 
Albert Michelson in 1926. Michelson used a 
rotating octagonal prism whose rate of 
rotation could be very accurately controlled. 
Aray of light from a very strong source is 
reflected off face F; of the prism (sce Figure 
G1.1) and allowed to move a very large 
distance (about 35 km) to a spherical mirror, 
from which it is reflected back to the prism. 
A final reflection off face F, of the prism 
brings the light into an observing telescope. 

If the prism begins to rotate, the light in the 
telescope disappears, since the prism has the 
wrong orientation relative to the rays from 
the mirror. As the speed of rotation is 
increased, light will again become visible in 
the telescope. This is because, in the time it 
has taken light to cover the distance from 
the prism to the spherical mirror and back, 
the prism has turned by exactly one-eighth of 
arevolution.



  

   
    

   

  

telescope 

spherical 

rotating prism 

  

O source of light 
Figure G1.1 A simplified diagram of the 

arrangement used by Michelson to measure the 
speed of light. The distance of the prism to the 
spherical mirror was about 35 km so the 
diagram is very much out of scale. 

Michelson saw light in the telescope with the 
prism rotating at a rate of 530 revolutions per 
second. Thus, he calculated a speed of light (in 
air) to be 

2x35  km _2X3 _km Bms! B 50 s =297 % 10'ms 

  

Electromagnetic waves 

‘There exists a very large family of waves called 
electromagnetic waves. This family has the 
following characteristics: 

  

* they can travel in a vacuum: 
+ they travel at a speed of 3 x 10° ms ina 

vacuum - the speed of light; 
* they are transverse waves. 

‘The displacement in electromagnetic waves is 
actually a pair of quantities: an electric and a 
magnetic field at right angles to each other, 
which vary with position and time. Both fields 
are at right angles to the direction of 
propagation of the wave, which makes 
electromagnetic waves transverse. In Figure G1.2 
the electric field oscillates in the z-y plane and 
the magnetic field in the x-y plane. The 
direction of propagation is along the y 
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Figure G1.2 An electromagnetic wave has an 
electric and a magnetic field at right angles to 
each other and to the direction of motion of the 
wave, 

direction (normal to both fields). As long as the 
plane along which the electric field oscillates 
stays the same, the wave s called plane 
polarized. 

‘The theoretical prediction of electromagnetic 
waves was the crowning achievement of the 
Scottish theoretical physicist James Clerk 
Maxwell in 1867. The experimental verification 

of Maxwell’s ideas came from the German 
physicist Heinrich Hertz in 1887, cight years 
after Maxwell's death. 

  

‘The various members of this family of waves 
are distinguished by wavelength or frequency 
as well as their method of production. 
Electromagnetic waves include light, gamma 
and Xrays, ultraviolet and infrared light, 
microwaves, TV and radio waves. The 
wavelengths range from 10”* m for very 
energetic gamma rays to 10" m for radio waves. 
Ordinary visible light occupies a small window 
in the electromagnetic spectrum: violet light at 
400 nm (7.5 x 10" Hz) to red light at 700 nm 
(4.3 x 10" Hz) - see Table G1.1. 

The entire electromagnetic spectrum is shown 
in Figure G1.3. The frequency increases as we 
move to the right. The photon energy increases 
from about 10 eV for a radio wave photon to 
10* eV for an energetic gamma ray. This means 
that the photon, which represents the particle 
nature of light, becomes more dominant as we 
move toward the right in Figure G1.3.
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390-455 659-769 Violet 
55492 610-659 Blue 
492577 520610 Green 
577-597 503-520 Yellow 
s97-622 a52-503 Orange 
22750 384482 Red 

Table G1.1 Wavelengths and frequencies of visible 
light. 

  

Radio waves 
‘These were the waves Hertz first observed. They 
are generally produced in various kinds of 
electrical circuits in which electrons are forced 
1o accelerate. The emission antennas of radio 
and TV stations are typical examples of 
accelerated electron motion followed by radio 
wave emission. 

Microwaves 
Microwaves are now used extensively in 
communication, remote control devices and 
heating and cooking food. They are produced in 

molecular transitions. The energy associated 
with the rotational and vibrational motion of a 
molecule is quantized and the molecule finds 
itself in one of a number of energy levels, just 
as the electron’s energy in a hydrogen atom is 
quantized, giving rise to molecular energy 

| levels. When the molecule makes a transition 
from a high to a lower energy level, microwaves 
‘may be produced. Hydrogen gas emits 
microwave radiation with a wavelength of 
21 cm - this has been detected from sources 
inside our galaxy, greatly increasing our 
knowledge of galactic structure. Microwave 
radiation with a wavelength of about 1 mm fills 
space and is a remnant of the Big Bang that 
created the universe. 

Infrared 
Just below the optical part of the spectrum (in 
frequency) is infrared (IR) radiation, first detected 
by Sir William Herschel in 1800. Commonly 
associated with this radiation is thermal 
radiation - the electromagnetic waves emitted 
by objects up to temperatures of order 10° K. 
IR radiation is emitted by human bodies, hot 
pieces of coal, light-bulb filaments and the sun. 
Some nocturnal hunting animals, such as pit 
viper snakes, are sensitive to IR radiation. IR 
radiation is produced in molecular transitions. 

Light 
Occupying a tiny window in the huge 
electromagnetic spectrum s the allimportant 
visible light. The wavelengths range from (very   
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Figure G13 The electromagnetic spectrum with wavelength expressed in metres and 

frequency in hertz.



roughly) 400 nm for violet light to about 700 nm 
for red. Light is produced in atomic transitions 
(for example in a discharge tube) or by accelerated 
electric charges (for example in the hot filament 
of a lamp where electrons are accelerated in 
constant collisions). The human eye is a detector 
of optical light and can record the arrival of as 
few as just 10 photons of light. 

Ultraviolet 
Ultraviolet (UV) radiation was discovered by 
Johann Ritter in 1801. UV radiation is very 
energetic and can fonize air (producing the 
ionosphere). UV radiation is harmful but most 
UV rays from the sun are absorbed by ozone (0;) 
in the atmosphere. UV radiation is produced in 
atomic transitions. 

X-rays 
These were discovered by Wilhelm Conrad 
Réntgen in 1895. They are produced when 
electrons are rapidly decelerated as they 
collide with atoms (Bremsstrahlung), or when 
electrons make transitions from very excited 
states down to the ground state in high atomic 
number elements. They are very penetrating 
and have important applications in medicine. 
Xerays have been observed from galaxies, stars 
and black holes, greatly increasing our 
understanding of the universe by 
complementing knowledge derived from 
optical observations. 

Gamma rays 
These are the most energetic members of the 
electromagnetic spectrum with wavelengths of 
107 m or less. They are produced when nuclei 
‘make transitions to lower nuclear energy levels 
or when particles annihilate in collisions with 
their antiparticles. 

Properties of EM waves 
  

Dispersion 
When a beam of white light falls on a 
triangular prism, the colours of the rainbow 
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will emerge from the other side of the prism 
(see Figure G1.4). This is because the index of 
refraction of glass actually depends on the 
wavelength of light entering the glass. This is 
the phenomenon of dispersion. In fact, the 
index of refraction is slightly smaller for red 
light than it i for blue. This means that red 
light will be bent by a smaller amount than 
blue and so the beam that emerges splits into 
the colours of the rainbow. If the various 
colours are recombined, white light is again 
obtained. The graph in Figure G1.4 shows the 
variation with wavelength of the refractive 
index for two substances: acrylic plastic and 
flint glass. In both cases the refractive index is 
lower for red wavelengths. 

flint glass 

  
          400 500 600 700 300 

| bluc red Hm 

white lghi 

  

Figure G1.4 The index of refraction depends on 
‘wavelength and is smaller for red light. White 
light entering a prism splits into the colours of 
the rainbow in a phenomenon known as 
dispersion. The index of refraction for red light 
is smaller than that for blue and so a red ray has 
a larger angle of refraction 6.  
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Scattering of light | 
When electromagnetic radiation is travelling 
through a material medium, the electric field 
associated with the radiation will force electric 
charges (e.. electrons) in the molecules of the 
medium to oscillate. These oscillating electric | 
charges produce electromagnetic radiationin | 
all directions. We call this phenomenon 
scattering of radiation. 

» Scafeing of electromagnetic radiation by 

  

   
the interaction of radiation with molecules 

‘of matter: Scautering results in the radiation 
eing redirected without being altered in 

any other way, 

      

In particular, light from the sun will scatter 
in the atmosphere, as shown in Figure G15. 
‘The details of the scattering depend on many 
factors, one of them being the size of the 
particles doing the scattering relative to the 
wavelength of light, A. The scattering of light 
by particles that are small compared to the 
wavelength of light (i.e. molecules of the gases 
in the atmosphere) was studied long ago by 
Lord Rayleigh, in 1871. Rayleigh's law states 
that the amount of scattering is proportional 
to the inverse fourth power of the wavelength 
(= ;4)- This means that sunlight entering 
the atmosphere will have its blue components 
scattered much more than other wavelengths 
because blue light has shorter wavelength 

  Figure GLS Scattering of wungm in the 
atmosphere. 

than the other colours. Therefore, if one 
looks at the sky in a direction other than 
that of the incident light (i.e. away from 
the sun), the short wavelengths (i.c. blue) 
scatter the most, giving the sky its 
characteristic blue colour. (In the absence 
of an atmosphere, the sky would look black) 
During sunsets and sunrises, the sun is low in 
the atmosphere, and so the light that reaches 
an observer is the one that is least scattered, 
ie. red 

However, if the size of the particles scattering 
light is larger than the wavelength of light, 
then colours other than blue are dominant in 
scattering. This partly explains the reddish 
colour of the sky over deserts where the 
atmosphere contains large dust particles. (The 
explosion of the volcano on Krakatoa in 1883 
produced large quantities of volcanic ash that 
stayed in the atmosphere for years, with reports 
of unusual colours for the sun, the moon, 
sunrises and sunsets) 

Absorption 
If the energy of the photons in the 
electromagnetic radiation matches the energy 
difference between energy levels of the 
‘molecules of the matter, then those photons 
will be absorbed and will cause the excitation 

of the molecules to higher energy states. As we 
have discussed in Chapter 7.2 on the 
greenhouse effect, gases such as water vapour, 
carbon dioxide and methane have energy levels 
that differ in energy by amounts comparable to 
infrared photon energies. This means that 
infrared radiation gets absorbed by these gases, 
leading to the ‘greenhouse effect’ and increased 
global temperatures. Similarly, ozone, while 
capable of absorbing infrared radiation (and is 
therefore a greenhouse gas), also absorbs 
‘harmful ultraviolet radiation, and so forms a 
protective layer in the atmosphere., 

  

Transmis: 
Finally, we have the phenomenon of 
transmission of electromagnetic radiation from 
one medium into another. As we have seen,  



when radiation is incident on the boundary 
between two different media, part of the 
radiation will be reflected and part will be 
refracted, i.e. transmitted into the second 
medium. 

The laser 

Physicists for a long time searched for powerful 
yet concentrated, coherent sources of light 
over very narrow ranges of frequency (i.c. 
monochromatic). The emission of light from the 
hot filament of an ordinary light bulb is 
incoherent in the sense that the emissions of 
photons from different atoms in the filament 
are totally uncorrelated. We have no control 
over the emission times of photons from the 
various atoms. One way to make the source of 
radiation more coherent is to reduce the area 
from which radiation is being emitted. Reducing 
the area, though, in general means that the 
intensity of the light is also reduced. For 
example, the sun emits an enormous amount of 
energy per second, about 3.9 x 10% W from its 
entire surface area, but this energy is emitted 
over all frequencies. The power radiated within 
1 MHz around a wavelength of 500 nm (the 
wavelength at which most of the sun's energy is 
emitted) is only 7.5 x 10-2 Wm 2 Making the 
area 1 mm means that the radiated power is an 
insignificant 7.5 x 10-* W. The laser is the 
answer to this problem. The first laser was 
constructed by Theodore H. Maiman in 1960 
following earlier work in the microwave region 
by Charles Townes in the USA and Aleksandr 
Prokhorov and Nikolai Basov in the USSR. The 

word laser is an acronym and stands for Light 
Amplification by Stimulated Emission of 
Radiation. 

  

»Th:luse\-uuwumotverymm very 

  

Figure G1.6 shows a cross-section of a laser 
beam. All points in the crosssection have the 
same phase. 

G1 Light 603 
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Figure G16 The meaning of coherent light: points 
on the same vertical plane through a laser beam 
have the same phase. The phase difference 
between widely scparated points on the beam 
stays the same as time goes on. 

The production of laser light 
We know from atomic physics that, once an 
electron finds itself in an excited state, it will 
quickly return to a lower energy state, 
emitting one photon as it does so. The energy 

of the emitted photon is equal to the 
difference in energy between the levels 
involved in the transition. This emission of 
radiation from atoms is called spontancous 
emission. If we imagine very many electrons 
performing the same transition in very many 
different atoms, we will get very many photons 
emitted that will have just one thing in 
common, their energy. They will differ in 
practically everything else; in particular, they 
will be moving in different directions, they 
will have different polarizations, and they will 
not be in phase. 

There is another way to get photons emitted 
from atoms, and this is called stimulated 
emission. Imagine that an electron is in an 
excited state. (Assume, for simplicity, that this 
is the first excited state above the ground 
state, and that the energy of this state is £ 
above the ground-state energy,) A photon of 
energy £ incident on the electron will 
stimulate, i.e. force, the photon to make the 
transition to the ground state. In this way, we 
have two photons, the one incident on the 
electron and the one emitted in the transition. 
‘These two photons have the same energy, of
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course, but also move in the same direction 
and have the same phase. 

Stimulated emission is the basis of the 
operation of the laser. To achieve this, we 
‘must have many more atoms in the excited 
state than in the ground state (see Figure 
G1.7). In the diagram, a line indicates an 

| 
| 
| 
| 
| 
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population inversion | 

| 
> — o o & omdsue — & — — — 
Figure G1.7 Normally there are more atoms in the 

‘ground state than in an excited state. With 
population inversion, the opposite is true. 

  

unoccupied state in an atom, and a line with a 
dot on it signifies an occupied state. This is 
called population inversion. Normally, atoms 
are in the ground state, so any incident 
photons (of the right energy) will simply be 
absorbed and will not cause stimulated 
emission. To achieve population 
inversion, we must have metastable 
states. These are excited states where 
electrons stay for unusually long times. 
Normally, an electron in an excited state 
will make the transition to a lower state 
ina time of 10°* 5. In a metastable state,   

2061 v 

0.05 eV from its kinetic energy and is now 
back in its ground state.) In this way there 
are more atoms in the neon metastable state 
than in the first excited state, which has 
energy 18.70 €V above the ground state. 
Population inversion has been achieved in 
neon. 

Transitions from the neon state with energy 
20.66 ¢V to the state with energy 18.70 eV 
result in photons with energy 1.96 eV being 
emitted. This corresponds to photons of 
wavelength 632.8 nm (calculated using the 
most accurate values available). These photons 
are reflected from mirrors at the ends of the 
laser tube, causing stimulated emission in 
other neon atoms in the metastable state. One 
of the mirrors is partially transparent to light, 
and so some of these photons exit the tube, 
producing the laser beam. In this way we 
produce light with unique characteristics: very 
‘monochromatic, very intense, very directional 
and coherent. 

  

1966V 
    

20666V 
1870eV, 

    
  the lifetime of an excited electron may 

be as long as 10~ 5. The explanation for 
the existence of metastable states is beyond 
the level of this book. 

In the helium-neon laser, helium isused to | 
create population inversion in neon. The two 
gases are kept together at low pressure in the 
ratio of 85% helium to 15% neon. An electric 
field is used to excite helium atoms to a 
metastable state of energy 20.61 eV above the 
ground state of helium (Figure G1.8). Because 
this state is metastable, a helium atom stays 
in it long enough to collide with a neon atom, 
exciting it into a neon metastable state 20.66 eV 
above the ground state of neon. (This means 
that helium must provide an additional 

He Ne 
Figure G18 Energy levels for helium and neon, 
showing the metastable states in both atoms. 

Uses of lasers 
The introduction of lasers has revolutionized 
many areas of industry and medicine. In 
medicine, lasers are used to: 
« destroy tumours; 
« reattach damaged retinas (the laser damages 

part of the tissue so that the resulting scar 
welds the retina back into place): 
unblock arteries and heart valves (by 
destroying the plaque and other residues 
that clog them);  



« cut and seal nerves in neurosurgery; 
+ correct vision defects such as myopia in 

cornea operations, 
In industry and defence their uses include: 
« welding; | 
« cutting and drilling metals; 
+ operating laser and compact discs; 
+ measuring distances accurately in surveying: 
+ measuring distances accurately between 

the carth and the moon by reflecting laser 
beams off mirrors left on the moon; 

« reading barcodes; 
+ communication, where coded signals travel 

in optical fibres transmitting telephone 
conversations; 

+ sophisticated ‘smart weapons’, where a laser 
beam guides the weapon (o its target. 

Q 

  

ions 

1 In Galileo's attempt to measure the speed of 
light, the two lanterns were about 8 km apart. 
(@) How long would light take to travel this 

distance? 

(b) How does it compare with a typical 
reaction time of 0.1 s? 

2 In Armand Fizeau’s measurement of the speed 
of light in 1849, a gear (toothed) wheel was 
used (see Figure G1.9). Light from a source 
falls on a plate P and part of it reflects 
through a hole H, in the gear wheel. The 
wheel s initially at rest. The light travels to a 
distant mirror and is reflected back through 
the same hole into the observer’s eye. As the 
wheel begins to tm, the observer will no 
Tonger see light. This is because on its return 
trip, the light ray hits a tooth and is 
intercepted. If, however, the speed of rotation 
is increased to a critical value, the observer 
again sees light. This is because it takes light 
as much time to travel the distance Dand | 
back as it takes hole H to take up the 
position previously held by Hi. In Fizeau's 
experiment, a wheel with 720 teeth was used. 
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Light was seen when the wheel revolved at 
25.2 revolutions per second and the distance 
D to the mirror was 8.65 x 10° m. Find the 

speed of light obtained by Fizeau. 

  

earwheel mirmor 
Figure G19 For question 2. 

3 The index of refraction for blue light of 
wavelength 4.5 x 107 m for a particular 
kind of glass is 1.328 and for red light of 
wavelength 6.5 x 107 m it is 1.321. An 
equilateral triangular prism is made out of 
this glass and white light s incident on it 
parallel to one of its bases. Find the angles 
the blue and red rays make with the normal 
as they emerge from the prism. What is the 
deviation of each ray? 

4 What is the difference between light emitted 
from a light bulb and light from a laser? 

5 Find out in detail how exacly a laser is 
used in: 

    

(©) reading a barcode. 
6 Distinguish between spontaneous emission 

and stimulated emission. 
7 Outline how laser light is produced. 
8 State what is meant by population inversion. 
9 (a) Explain why a point source of ordinary 

light, of power P, will have an intensity 
(power per unit area) given by I = 7% at 
a distance d away from the source. 

(b) Does the same result hold for a laser 
source? Explain your answer. 

10 (@) Calculate the intensity of light from a 60 W 
ordinary light bulb a distance of 4.0 m 
away. 
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(b) A He-Ne laser has a power of 8.0 mW 6 = using ideas based on () diffraction 
and exits a laser tube from an aperture of and (i) the uncertainty principle. 
diameter 2.0 mm. Calculate the intensity (b) Calculate the numerical value of the 
of this laser beam. angular spread. 

11 a) AHe-Ne laser has wavelength ;. = 632.8 nm () What is the diameter of the laser beam 
and the beam diameter as it exits the laser when it is incident on a target a distance. 
tube is d = 0.50 mm. Determine that the of 500 km away? 

  

angular spread of the beam is given by 

 



  

Optical instruments 
In this chapter we discuss the formation of images by lenses and two optical instruments - 
the compound microscope and the reffacting telescope. The chapter closes with brief 
femarks about fens aberrations. 

Objectives 

By the end of this chapter you should be able to: 
« find images of objects placed in front of lenses using the graphical 

method; 
« find images of objects placed in front of lenses using the algebr: 

method, } + ! nd appreciate the conventions being used; 

  

c 
bom=—t 

  

« understand how a simple magnifying glass works and find its 
magnification; 

« understand how a compound microscope works and find its magnification; 
« understand how a refracting telescope works and find its magnification; 
« describe the two main lens defects and how those defects are corrected. 

  

Lenses 

Just as the behaviour of mirrors is determined 
by the law of reflection, the behaviour of lenses 
is determined by the law of refraction. A ray of 
light that enters a lens will, in general, be 
deviated from its original path. 

‘The amount of deviation depends on the index 
of refraction of the glass making up the lens, 
the radii of the two spherical surfaces that the 
lens is polished to and the angle of incidence of 
the ray. 

We will make the approximation that the lens 
is always very thin, which allows for 

simplifications. The two sides of the lens are 
not necessarily cut from the same curvature 
glass surface and may be convex, concave or 
planar. Various types of lens are illustrated in 
Figure G2.1. 

  

b The straight line that goes through the centre 
of the lens at right angles to the lens surface 
s known as the prircipal axis of the lens. 

Converging lenses 
Lenses that are thicker at the centre than at the 
edges are converging lenses, which means that a 
ray of light changes its direction towards the 
axis of the lens (see Figure G2.2a). Rays of a 
parallel beam of light converge towards each 
other after going through the lens. 

Abeam of rays parallel to the principal axis 
will, upon refraction through the lens, pass 
through the same point on the principal 
axis on the other side of the lens (see 
Figure G2.3a).
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principal princi principal principal 
axis. axis axis s 

converging diverging one surface is planar. the surfaces have 
other spherical and comvex  different curvature: 

  

  

  

Figure G2.1 Various types of lens. 

  

  

® ® 
Figure G22 (a) A converging lens. (b) A diverging lens. A beam of rays parallel 

0 the principal axis converges toward the principal axis in the case of a 
converging lens but diverges from it in the case of a diverging lens. 

  

Figure G23 (a) Rays that are parallel to one another and are also parallel to the 
‘principal axis pass through the focal point of the lens, a point on the principal 
axis, after refraction. (b) If the rays are not parallel to the principal axis, the rays 
will go through a common point that is in the same plane as the focal point. 

  

For example, a lens with a focal length of 
f =25 cm has a power of 

1 
P m:{OD 

(The point on the other side of the lens at a 
distance f from the lens is also a focal point. A 

ray parallel to the principal axis and entering 
the lens from right to left will pass through F'.)    
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‘We now know how one set of rays will refract 
through the lens. We may call a ray parallel to 
the principal axis ‘standard ray 1". 

Another set of rays whose refraction through 
the lens is easy to describe is the set that 
first pass through the left focal point of the 
lens. They then emerge parallel to the principal 
axis on the other side of the lens, as shown in 
Figure G2.4. We may call such a ray ‘standard 
ray 2. 

  

Figure G24 A ray passing through the focal point 
emerges parallel to the axis. 

  

Athird light ray whose behaviour we know 
something about is one that is directed at the 
centre of the lens. This ray will go through 
undeflected, as shown in Figure G2.5a. We may 
call such a ray ‘standard ray 3", 

‘The reason for this behaviour s that near the 
mid-point of the lens the two lens surfaces are 
almost parallel. A ray of light going through glass 
with two parallel surfaces is shown in Figure 
G2.5b. The ray simply gets shifted parallel to itself. 
‘The amount of the parallel shift s proportional to 
the width of the glass block, which is the width of 
the lens. Since we are making the approximation 
of avery thin lens, this displacement is negligible, 
which proves our result. 

With the help of these three ‘standard rays’ we 
can find the image of any object placed in front 
of a converging lens. These rays are shown 
together in Figure G2.6. 

  

  

  

] ®     

  

  

Figure G2.5 (a) A ray going through the centre of the lens is undeflected. (b) A ray 
entering a glass plate is shifted parallel to itself by an amount proportional to the 
thickness of the plate. 

suandard ray 1 
standard ray 2 

sundard ray 3 

     

     
Figure G2.6 The rofraction of the three standard rays in a converging lens.
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‘We will get different kinds of images depending 
on the distance of the object from the lens. The 
distances of the object and the image are 
measured from the centre of the lens. 

> Animage can be real o virtual A real 
image is one where actual rays of light pass 
through it. A real image can be projected 

and seen on asereen. A virtual image is one 
* where 1o ays of light pass through, only. 
their mathematical extensions. A virtual 

 image cannot be projected onto a sereen: 

  

  

  

  

    

In describing the image we would like to know: 

« its distance from the lens; 
« ifitis real or virtual; 
« ifitis inverted or upright; 

  

it is larger or smaller than the 
object and by how much. 

‘We consider first an object of 
height 1 cm that is a distance of 
10 cm from a lens of focal length 
5 cm, Using all three standard rays, 
starting from the top of the object 
we construct the image of the top point by 
finding where the refracted rays intersect. The 
image of the bottom of the object must be 
formed on the principal axis. By symmetry, the 
image will be at right angles to the principal axis | 
and so if we find the image of the top, the full 
image can be drawn. (I the object is at an angle 
to the principal axis then rays from the bottom 
must also be considered) The full image is then 
as shown in Figure G2.7. 

| Wesee that the image s invrted. s alsoreal | 
since rays of light actually pass through it. 

—— 
Object 

object 

Measuring the distance from the lens to the 
image we find about 10 cm. The height of the 
image is about 1 cm. The image is the same size 
as the object. To see this image the eye must be 
put in a position where refracted rays enter the 
eye. Any position to the right of the lens will do. 
Note that if you cover any part of the lens, the 
image will still be formed. But because less light 
passes through the lens, the image will not be as 
‘bright. No other change in the image will be seen. 

Consider next what happens when the object is 
placed at a distance from the lens equal to the 
focal length. Here we make use of standard rays 

1and 3 leaving the top of the object, as shown 
in Figure G2.8. 

N 
Figure G2.8 The image of an object that is placed 

at the focal point is formed at infinity. 

  

Here the refracted rays are parallel and so do 
ot meet. In this case we say that the image is 
formed at infinity. 

For the final case, consider an object placed 
closer to the lens than the focal length, a 

distance of 3.5 cm from the lens. (The focal 
length is 5 cm). We again make use of standard 
rays 1 and 3 leaving the top of the object (see 
Figure G2.9). 

Figure G2.7 The image of an object that is further from the lens than the focal length  
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‘The lens is thin and so P and P’ may 
be considered to be the same point. 
Then, triangles MPF and A'B'F are 
also similar, so 

  

image object 
  

Figure G2.9 The object is placed closer to the lens 
than the focal length. 

‘The refracted rays do not intersect. When 
extended backwards they do intersect to form a 
virtual image. The eye receiving the refracted 
rays is tricked into believing that they 
originated from the position where the 
extensions intersect. This is where the image is. 
‘The image is upright and larger than the object. 
Measuring the distance to the image we find 
about 11.7 cm. The height of the image is 
measured to be about 3.3 cm. 

  

‘The methods described above are graphical 
‘methods for finding the image. These are very 
useful because they allow us ‘to see the image 
being formed’. There is, however, also an 
algebraic method which is faster. 

‘The algebraic method uses an equation that 
relates the object and image distances to the 
focal length of the lens. We derive this equation 
as follows. The object is placed in front of the 
lens as shown in Figure G2.10. 

  

  

Figure G2:10 The image of an object placed in 
front of a converging lens. 

Let u be the distance of the object from the lens 
and v that of the image. Triangles ABM and 
A'B'M are similar (angles are clearly equal) and so 

h_n 
u_ v 

  

5 T how 
=yt 

~ vt 
h f 

(note that MP = h). Combining the two 
equations gives 

v_v—f 
     

    

    

and can 
be use o obtain image distances. 

  

To examine whether the image is larger or 
smaller than the object we define the linear 
‘magnification, m, of the lens as the ratio of the 
image height to the object height: 

s image height 
bject height 

Numerically, the linear magnification is m = 
Itis much more convenient, though, to 
introduce a minus sign so that we define linear 
‘magnification as 

  

1 image height 
~ object height 

W 
“h 

The usefulness of the minus sign will be 
appreciated as soon as we look at an example. 

‘The thin lens equation and the magnification 
formula allow a complete determination of the
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image without a ray diagram. But to do that a 
number of conventions must be followed. 

‘The conventions used here are: 

  

Example questions 
QI e s—————— 
A converging lens has a focal length of 15 cm. An 
abject is placed 60 cm from the lens. Determine 
the image. 

  

Answer 
The object distance is u = 60 cm and the focal 
lengih is £ =15 cm. Thus, 

  

The image is real (positive v} and is formed on the 
other side of the lens. The magnification is 

20 
60 
1 
3 

The negative sign in the answer for magnification 
tells us that the image is inverted. This is why we 
defined magnification in the way we did. The 
magnitude of the magnification is less than one.   

The image is 3 times shorter than the object. 
(Construct a ray diagram for this example.) 

Q? EETETEE—TTT T 
An object s placed 15 cm in front of a 
converging lens of focal length 20 cm. Determine 
the image. 

Answer 
Applying the lens equation again we have 

1 
u 

  

1 
15 

  

=v=—60cm   

The image is virtual (negative v) and is formed on 
the same side of the lens as the object. The 
magnification is 

e ( 0 ) 
{20 

=43 

Thus, the image is 3 times taller than the object 
and is upright (positive m). The lens here is acting 
as a magnifying glass. (Construct a ray diagram for 
this example.) 

] 

Diverging lenses 
(Diverging lenses are included here for 
completeness — they are not part of the 1BO 
syllabus and will not be examined.) 
Lenses that are thinner at the centre than at the 
edges are diverging lenses, which means that a ray 
of light changes its direction away from the axis of 
the lens (see Figure G2.2b). Rays of a parallel 
beam of light diverge from each other after going 
through the lens.  
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Figure G2.11 (a) Rays parallel to the principal axis diverge from the lens in 
such a way that the extensions of the rays pass through the focal point of the 
Tens on the same side as the incoming rays. (b) Other parallel rays at an angle 
o the principal axis will appear to come from a point off the principal axis 

ata distance from the centre of the lens equal to the focal length. 

With small but important changes, much of the 
discussion for converging fenses can be repeated 
for diverging lenses. We therefore need to know 
the behaviour of three standard rays in order to 
construct an image graphically. 

First we need a definition of the focal point of a 
diverging lens. In a diverging lens, rays coming 
in parallel to the principal axis will, upon 
refraction, move away from the axis in such a 
way that their extensions go through a point on the 
principal axis called the focal point of the lens. 
“The distance of the focal point from the centre of 
the lens is the focal length of the diverging lens 
(see Figure G2.11a). This is our ‘standard ray 1 
for diverging lenses. 
1§ the beam is not parallel 10 the principal axis, the 
extensions of the refracted rays will all go through 
the same point a distance from the lens equal to 
the focal length (see Figure G2.11b). 
‘The second standard ray is one that s directed at 
the focal point on the other side of the lens, This 
ray will refract parallel to the principal axis, as 
shown in Figure G2.12. This is ‘tandard ray 2' 

  

  

Figure G212 A ray directed towards the focal 
point on the other side of the lens emerges 
parallel to the principal axis,   

  

Finally, a ray that passes through the centre of the 
lens is undeflected, as shown in Figure G2.13. 
“This is ‘standard ray 3. 

  

Figure G2.13 A ray directed at the centre of the 

Tens passes through undeflected. 

“The behaviour of all three standard rays is shown 
in Figure G2.14. 

  

Figure G2.14 The refraction of the three standard 
rays in a diverging lens. 

With this knowledge we can oblain the images 
of abjects placed in front of diverging lenses. 
Consider an object placed a distance of 8 cm in
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Figure G215 Formation of an image by a diverging lens. All three standard rays have been used here. 

front of a diverging lens of focal length 6 cm. 
“The height of the object is 2 cm. Using all three 
standard rays (even though only two are 
required) we see that we form an image at a 
distance of about 3.4 cm from the lens, The 
image is virtual (it is formed by extensions of 
rays). It s upright and has a height of about 
0.86 cm. (See Figure G2.15.) 

It can be shown that the same formula relating, 
object and image distances and focal length 
that we used for converging lenses applies o 
diverging lenses as well, with the very 
important difference that in using the formula 
the focal length must be taken as a negative 
number. The rest of the conventions are the 
same as for converging lenses. 
As an example, consider a diverging lens with 
focal length 10 cm and an object placed a 
distance of 15 cm from the lens. Then 

   

  

st 
B 

  

| 

  

i» 
\ 
% 
| 
| 

“The negative sign for v implies that the object is 
virtual and is formed on the same side of the fens 
as the object. The magnification is 

  

implying an image 0.6 of the height o the. 
object and upright. 

   » When the object s real (ie.u > 0).a 
diverging lens always produces a virtual 
 image (- < 0). The magnification is then 

*albvays positive implying an upright image.    

Virtual objects 
Let us finally consider an example involving 
non-real or virtual objects. Let two lenses 

of focal lengths f; and , be placed very 
close to each other, as shown in Figure G2.16. 
(We have drawn two converging lenses but 
the results we will obtain will hold for any 
pair of lenses.) An object is placed a 
distance u from the centre of the two-lens 
combination.  



  

Figure G2.16 Image I is formed by completely 
ignoring the second lens. This image will act as 
the (virtual) object to the second lens 

Ignoring for a moment the second lens, the 
image will be formed at a distarice v" given by 
111 
v R u   

‘This image serves as the object to the second 
lens. It is a virtual object, however. This is 
because the rays are actually entering the 
second lens from left to right but the ‘object” 
is situated to the right of the second lens 
(i.e. on the ‘wrong’ side). As it is virtual, the 
distance of this object must be taken as 
negative, which means that u’ of this virtual 
object is the negative of what we found for v'. 
Thus, the distance v of the final image is 
found from 

  

R 
‘Thus, the combination of the two lenses acts as 

a single lens of focal length f given by 

Iodel 
f Ak h 

Example questions 
Q3 mrreETTTT T 
An object of length 9.5 cm lies on a table. A 
converging lens of focal length 75 cm s placed at 
a distance of 40 cm from the object. Determine 
the image formed by this lens. A second 
converging lens with the same focal length is now 
placed above the first lens at a distance of 6.5 cm 
from the frst lens. Determine the image formed 
by this combination of lenses. -   
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Answer 
With just the firs lens the image is formed 
ata distance found from 

  

=v 

The image is virtual and upright. This image acts 
as the object to the second lens. The distance of 
the object from the second lens is 

85.7 4+ 6.5 =92.2cm 

The object is a real object for the second lens and 
50 u=+92.2cm. The new image is thus formed 
at a distance found from 

  

i a4 
22"V 
Sv=402cm 

  

The final image is thus real. The first lens 
produces a magniiication of 

P 
h 

—85.7 

-~ 
= h = +20.4 cm 

m= 

  

  

The second lens 
size given by 

magnify this image to a new 

    

(3) 
= h"=-88.7 cm 

The overall magnification is given by 

W 

  

95 
=934 

The image is inverted. It can be checked that the 
overall magnification is the product of the 
‘magpifications of each lens.
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0 ST final image is therefore at a distance found 
Figure G2.17 shows the formation of an image from 
in a converging lens of focal length 4.0 cm, 
ignoring the presence of the diverging lens (of 
focal length 6.0 cm). Determine the position of 

the image when the diverging lens is taken into Sv=120cm 
account and complete the ray diagram. 

  

“The image is thus real, The magnification of the 
lens system is given by 

| 
8 4 

  which implies that the final image is 
inverted and three times as large as 
the original object. Figure G2.18 is a 
ray diagram of the problem. 

Sem dem 

Figure G2.17. 

Answer. 
Ignoring the diverging lens, the image is at a 
distance from the converging lens found from 

AR GRE 
8Tvoa 
=v=80cm 

its distance from the diverging lens is therefore 
4.0 cm. This image acts as the virtual object for 
the diverging lens. Hence u = —4.0 cm. The 

   

    

   

his s the image in just 
the converging lens, which 
acts as the virtual object for 
the diverping lens final image 

    

Figure G218 A ray diagram for question 4.  



Optical instruments 

Much of our knowledge about the natural world 
in which we live is owed to optical instruments 
‘based on mirrors and lenses. These have enabled 
the observation of very distant objects through 
telescopes and very small objects through 
‘microscopes. We have already seen how a single 
converging lens can produce an enlarged upright 
image of an object placed closer to the lens than 

the focal length, thus acting as a magnifying glass. 
‘The apparent size of an abject depends on the size 
of the image that is formed on the retina. In turn, 
this size depends on the angle subtended by the 
object at the eye. This is why we bring a small 
object closer to the eye in order to view it - the 
angle subtended at the eye by the object increases. 

  

    

  

  

‘Thus, let an observer view a small object at a 
distance of 25 cm from the eye and let # stand 

for the angle that the object subtends at the eye, 
as shown in Figure G2.19. Assuming the angle is 
small, we have approximately that § = ' (the 
approximation involved is 6 ~tan ). 

4 -_ 
r 

Figure G2.19 The apparent size of an object 
depends on the angle subtended at the eye. 

  

If the object is now viewed through a lens and 
is placed closer to the lens than the focal 
length, a virtual, upright, enlarged image will 
be formed (see Figure G2.20). - 
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| 

-— Sam 
Figure G220 A converging lens acting as a 

‘magnifier. 

Let the distance of the object to the lens be u. 

1f the image is to be formed at a distance of 

25 cm, then (remember the image is virtual, 

hence its distance is negative) 

1    
5 =

=
 L 

7 
Su 

_ 251 
T 

Let ' be the angle that the image subtends at 
the eye through the lens. From simple geometry 
we obtain 

  

  

  

T 25 
_h_h@s+h) 
TuT s 

‘The angular magnification M is defined as 

  

7 
M=% 

_ @5+ 251 _h e (s.ma,Ts) 

_254f 
== 

25 
=1+F 

“This is the magnification of the magnifying glass 
‘when the image is formed 25 cm from the lens. 
‘The lens is assumed to be very close to the eye. 

If the object is placed at the focal length of the 
lens, the image is formed at infinity and the eye 
viewing this image is said to be relaxed. In this
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case,u = [, and so the angular magnification is 
hf 
h/2s 

_25 
T 

(Here the lens need not be very close to the eye.) 

M 

In both cases, the magnification can be 
increased by decreasing the focal length of the 
lens. Lens defects known as aberrations (see page 
620) limit the angular magnification to about 4. 

The microscope 
To increase the magnification more requires a 
‘microscope. A compound microscope (Figure G2.21) 
consists of two converging lenses. The object is 
placed at a distance from the first lens (the 
objective) slightly larger than the focal length f, 
(the objective usually has a focal length that is 
less than 1 cm). A real inverted image is formed 
ata distance from the second lens (the eyepiece) 
that is equal to the focal length of the eyepiece 
(which is a few centimetres). This image acts as 
an object for the eyepiece and this lens now 
forms an enlarged, virtual, final image at infinity. 
‘The eyepiece thus acts as a simple magnifying 
glass on the image formed by the objective. The 
first image is formed a distance L to the right of 
the objective’s focal point. Manufacturers arrange 
for this distance (known as the tube length) to be 
16 cm. Let u be the distance of the object from 
the objective. The image formed by the objective 
is a distance of f, + 16 from the objective and so 
(using the lens equation) u and f, are related by 

1 1 1 
Wt 

_ Lo +10) 
BT 

‘Thus, the objective produces a lateral 
magnification of 

=u 

object 

  
= 

image at-— 
infinity - 

‘The magnification of the microscope is the 
product of the magnification produced by the 
objective times the magnification produced by 
the eyepiece. 

The eyepiece has an angular magnification of 
(f, is the focal length of the eyepiece - 

the final image is at infinity). 

  

» The final magnification of the microscope 
s therefore 3 
o162 s 

     

Note: If the image by the objective lens is 
formed at a distance past the objective 
focal point other than 16 cm, the 
‘magnification is 

d25 
M=ET 

    

   

  

where d is the distance of the image in the 
objective past the objective focal point. In this 
formula the focal lengths must be expressed in 
centimetres. 

A compound microscope s illustrated in Figure 
G2.21. 

  

objective 

eyepicce 

Figure G221 A compound microscope consists of 
two converging lenses.  
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Example question the eyepiece, just as by a magnifying glass. 
Q5 E———————s | The second lens (the eyepiece) forms a virtual, 
Amicroscope has an objective o focal length inverted image of the object. The final image 
0.500 cm and an eyepiece of focal length 3.00cm, | is produced at infinity and so the distance 
What is the magnification of the microscope? between the two lenses s the sum of their 

focal lengths. 
Answer 

‘The angular magnification of the telescope is ‘The magpification is 
& defined as the ratio of the angle the object 

M=—1eZ subtends through the telescope divided by the 
fo o angle subtended by the object at the unaided 

=0 e 35 eye. Thus 
0.500 ~ 3.00 

~267 

The refracting telescope 
The function of a telescope is to allow the 
observation of large objects that are very | 
distant. A star is enormous but looks small 

  

   

because it is far away. The telescope is then The position of the eyepiece can be adjusted to 
used to increase the angle at which the staris | provide clear images of objects other than very 
observed relative to the angle at which the distant ones. The objective lens should be as large 
star is observed by the unaided eye. The as possible in order to allow as much light as. 
telescope is thus not used to provide a lateral possible into the telescope. Because it is difficult 
magnification of the star, since the image 1o make very large lenses, telescopes have been 
in that case would be many orders of designed to use mirrors rather than lenses. 
magnitude larger than the earth. A refracting 
astronomical telescope (see Figure G2.22) Example question 
consists of two converging lenses. Since the Qb sussssIE T —— 
object observed is very far away. it follows that A reffacting telescope has a magnification of 70.0 
the image produced by the first lens (the and the two lenses are 60.0 cm apart when 
objective) s at the focal plane of the objective adjusted for a relaxed eye. What are the focal 
lens. It is this image that is then magnified by lengths of the lenses? 

% Answer     

    

  

   

objective 
image at 

  

Figure G222 A refracting astronomical telescope. 
The final image is inverted. - |
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Lens aberrations 

Lenses do not behave exactly as described 
above - they suffer from aberrations. Two main 
types of aberration are important for lenses: 
spherical and dhromatic. 

  

In Figure G2.23, rays hitting the lens far from 
its mid-point refract through a point on the 
principal axis that is closer to the lens than 
rays that hit the lens closer to the middle. 
‘This means that the image of the point is not 
going to be a point image but a blurred patch 
of light. Spherical aberration can be reduced 
by reducing the aperture of the lens (its 
diameter - this is called stopping down), but 
that means that less light goes through the 
lens, which results in a less bright image. A 
lens with a smaller diameter would also 
suffer from more pronounced diffraction 
effects. 

  

  

    

Figure G223 Spherical aberration. Rays from a 
distant point source are not brought to focus at 
a single point. The image is not a point image. 

‘The fact that the focal point varies for rays that 
are further from the principal axis means that 
the magnification produced by the lens also 
varies. This leads to a distortion of the image, as 
shown in Figure G2.24.     

  

1 
L 

Figure G2.24 An example of distortion due to 
spherical aberration. The grid is distorted 
because the magnification varies as one moves 
away from the principal axis. 

  

            

    

  

‘This makes images appear coloured - there are 
lines around the image in the colours of the 
rainbow (see Figure G2.25a). Chromatic 
aberration obviously disappears when 
‘monochromatic light is used. Chromatic 
aberrations can be reduced, again, by a 

  

combination of lenses. A diverging lens of 
different index of refraction placed near the 
first lens will eliminate the aberration for 
two colours and reduce it for the others 
(see Figure G2:25b). 

  

Figure G2.25 (a) Light of different colour bends by 
different amounts and hence different colours 
are focused at different places. (b) An 
achromatic doublet consists of a pair of lenses 
of different indices of refraction.  



  

1 Define: 
(@) focal point of a converging lens; 
() focal length of a converging lens. 

2 Explain what is meant by: 
(@) a real image formed by a lens; 
(b) a virtual image formed by a lens. 

3 Explain why a real image can be projected on 
ascreen but a virtual image cannot. 

4 Amirror appears to reverse left and right. 
Does a lens do the same? Explain your 
answer. 

5 Astudent wants to buy lenses for a homemade 
telescope. Should she look for a short or long 
focal length objective lens? 

6 Aconverging lens has a focal length of 6.0 cm. 
Determine the distance x in Figure G2.26. 

  

Figure G2.26 For question 6. 

7 Figure G2.27 shows the real image of an 
object in a converging lens. Complete 
the rays drawn. 

  

    

  

  
object 

Figure G227 For question 7. 
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8 An object 2cm tall is placed in front of a 
converging lens of focal length 10 cm. Using 
ray diagrams, construct the image when the 
object is at a distance of: 
(a) 20cm; 

() 10em; 
© 5cm. 
Confirm your ray diagrams by using the lens 
equation. 

9 Using the graphical method, determine the 
image characteristics of an object of height 
2.5.cm that is placed a distance of 8.0 cm in 
front of a converging lens of focal length 
6.0cm. Confirm your ray diagram by using 
the lens equation. 

10 Using the graphical method, determine the 
image characteristics of an object of height 
4.0cm that is placed a distance of 6.0 cm in 
front of a converging lens of focal length 
8.0cm. Confirm your ray diagram by using 
the lens equation. 

11 Consider a converging lens of focal length 
5.00 cm. An object of length 2.236 cm is placed 
in front of the lens as shown in Figure G2.28 
(not 1o scale) so that the middle of the object is 
on the principal axis. By drawing appropriate 
rays, determine the image in the lens. Is the 
angle the image makes with the principal axis 
the same as that of the object? 

  

  

Figure G228 For question 11. 

12 A student finds the position 
of the image created by a 
converging lens for various 
positions of the object. She 
constructs a table of object 
and image distances 
(Table G2.1).
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@) Explain how these data can be used to 
determine the focal length of the lens. 

(b) Determine the focal length quoting the 
uncertainty in its value, 

wem£0lem 120 160 200 240 280 
VemE0iam 600 2722 199 175 168 

‘Table G2.1 For question 12. 

  

13 An object is placed in front of a converging 
lens which rests on a plane mirror as shown 
in Figure G2.29. The object is moved uniil the 
image is formed exactly at the position of the 
object. Draw rays from the object to form 
the image in this case. Explain how the focal 
length of the lens can be determined from this 
amangement. 

  

  

      

Figure G2.29 For question 13, 

14 A converging lens has a focal length of 15 cm. 
An object is placed 20 cm from the lens. 
(a) Determine the image (i.c. its position and 

whether it is real or virtual, upright or 
inverted) and find the magnification. 

(b) Draw a ray diagram to coniirm your resuls. 

  

15 An object is at a distance of 5.0m from a 
screen. A converging lens of focal length 
60 cm is placed between the object and the 
screen so that an image of the abject is 
formed on the screen. 
(@) At what distancefs) from the screen should 

the lens be placed? 
(b} Which choice results in the larger image? 

16 Two converging lenses each of focal length 
10.0cm are 4.00 cm apart. Find the focal 
fength of this lens combination. 

  

17 An object is viewed through a system of two 
converging lenses L, and L, (to the right of L. 
L, has focal length of 15.0cm and L, has focal 
fength of 2.0 cm. The distance between the 
lenses s 25.0 cm and the distance between 
the object (placed to the left of L) and L, is 
40.0 cm. Determine: 

(@) the position of the image; 
(b) the magniication of the image; 
(©) the orientation of the image. 

18 An object s viewed through a system of two. 
lenses Ly and L, (to the right of L) L is 
converging and has a focal length of 35.0 cm; Ly 
is diverging and has a focal length of 20.0 cm. 
The distance between the lenses is 25.0 cm and 
the distance between the object (placed to the 
left of L) and L, is 30.0.cm. Determine: 
(@) the position of the image; 
(b} the magnification of the image; 
(c) the orientation of the image. 

19 The pupil of the human eye through which 
light enters the eye is about 3 mm in radius, 
Find out how much more light a telescope 
with a radius of 5.0m can collect. 

20 A converging lens of focal length 10.0cm s 
used as a magnifying glass. An object whose 
size is 1.6mm is placed at some distance from 
the lens so that a virtual image s formed a 
distance of 25 cm i front of the lens. 
(@ What is the distance between the object 

and the lens? 
(b) Where should the object be placed if the 

image is to form at infinity? 
(€) When the image is at infinity, find its 

angular size. 

21 Your IBO Data Booklet lists the formula for the 

angular magnification of the simple 
magnifying glass as M = . 
@) By drawing suitable diagrams, show the 

angles that are entered into this formula. 
(b) A simple magnifying glass produces an 

image at the near point. Explain what is 
meant by near point. 

() Show that when a simple magnifying glass 
produces an image at the near point, the 
‘magnification is given by M =1 + 2 
where 1 is the focal length of the lens. 

  

  

 



22 The normal human eye can distinguish two 
objects a distance of 0.12 mm apart when 
they are placed at the near point. If a simple 
magnifying glass of focal length 5.00 cm is 
used to view the images at the near point, 
how close can the objects be and siill be 
istinguished as distinct? 

  

23 The objective of a microscope has a focal 
length of 0.80 cm and the eyepiece has a 
focal length of 4.0 cm. Find the magnification 

of the microscope. (The final image is at 
infinity.) 

24 The moon is at a distance of about 3.8 x 10°m 
and its diameter is about 3.5 x 10" m. 
(a) Determine that the angle subtended by the 

diameter of the moon at the eye of an 
observer on earth is about 0.53". 

(b) A very large telescope objective lens has a 
focal length of about 20 m. Calculate the 
diameter of the image of the moon formed 
by such a lens. 

25 Atelescope consists of an objective, L, which 
is a converging lens of focal length 80.0cm 
and an eyepiece of focal length 20.0cm. 
The object is very far from the objective 
(effectively an infinite distance away) and 
the image is formed at 
infinity. 
(@) What is the angular 

magnification of this 
telescope? 

(b) The telescope is 
used to view a 
building of height 
65.0m a distance of 

2.50 km away. What 
is the angular size of 
the final image? 

  

object 

26 A refracting telescope has an eyepiece focal 
length of 3.0 cm and an objective focal length 
of 67.0cm. 
(@) What s the magnification of the telescope? 
(b) What s its length? (Assume tha the final 

image is produced at infinity.) 
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27 Arefracting telescope has a distance between 
the objective and the eyepiece of 60 cm. The 
focal length of the eyepiece is 3.0 cm. The 
eyepiece has to be moved 1.5 cm further from 
the objective to provide a clear image of an 
object some finite distance away. What is this 
distance? (Assume that the final image is 
produced at infinity.) 

28 (a) Describe the two main lens aberrations 
and indicate how these can be corrected. 

(b) In an attempt 1o understand the distortion 
caused by spherical aberration, a student 
considers the following model. She places 
an object of height 4.00 cm at a distance of 
8.00cm from a converging lens. One end of 
the object is 1.00 cm below the principal 
axis and the other 3.00 cm above. She 
assumes that rays leaving the bottom of the 
object will have a focal length of 4.00 cm 
and the rays from the top a focal length of 
3.50 cm. (See Figure G2.30.) (i) Under these 

assumptions, draw rays from the bottom 
and top of the object 1o locate the image. 
(i) Draw the image again by using the 
4.00 cm focal length for all rays and 
compare. 

- 
800cm 

  

  

Figure G230 For question 28. 

29 An object is placed in front and to the left of a 
converging lens, and a real image is formed 
on the other side of the lens. If the distance of 
the object from the left focal point is x and the 
distance of the image from the right focal 
point is y, prove that xy = 2.



  

Interference and diffraction 
in Chapter 4.3 and the previous chapter, we saw the behaviour of liht in the geometrical 
‘approximation, which is when the important phenomena of diffraction and interference 
are neglected, o that we can treat light propagation along straight fines. This chapter 
gives a detailed account of the phenomenon of interference from two coherent sources. 
1t:also deals with multiple-sit diffraction and the diffraction grating. 

Objectives 
By the end of this chapter you should be able to: 
« appreciate the meaning of the terms coherence and coherent sources; 
* give the meanings of the terms phase difference and path difference; 
* describe Young’s two-slit experiment; 
+ derive, understand and use the formula d sin 6 = n for constructive 

interference, and derive from this the formula 

D [ s=2 

* describe one method to measure the wavelength of light; 
* appreciate that under the right conditions, interference takes place for all waves; 
« show the effect on the intensity of light of adding more narrow slits with 

the same slit separation; 

* solve problems with the diffraction grating formula, d sin & = nx, which 
| gives the positions of the maxima. 

  

Two-source interference 

In Chapter 4.4 we saw that, when identical 
‘waves are emitted from two coherent souzces 
and observed at the same point in space, 
interference will take place (see Figure G3.1). 
‘The principle of superposition allowed us to 
determine the following: 

    
    

Figure G3.1 Interference from two coherent 
sources, The waves arriving at P from the two 
sources travel different distances in getting 
there and hence artive with a path difference.  
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The two sources (black circles) in Figure G3.2 
emit circular wavefronts (four are shown from 
each source). These represent crests. At points 
such as A, B and C crests of one source meet 
crests from the other and so constructive 
interference takes place. The path difference for 
cach case is zero, since these are equidistant 
from the sources. Constructive interference also 
takes place for a point such as D, for which the 
path difference is three wavelengths (a distance 
of one wavelength from one source and four 
‘wavelengths from the other). On the other hand, 

for a point such as E, destructive interference 
takes place. This is because point E is a distance 
of two wavelengths from one source but three 
and a half from the other, resulting in a path 
difference of one and a half wavelengths. 

  

Figure G3.2 Interference between circular 
‘wavefronts. 

Twosource interference for light, sound and 
water waves can be studied using the 
arrangements in Figure G3.3. 

In the case of light, monochromatic light (i.e. 
light of one specific wavelength) from a 
laser is allowed to fall on two very thin slits 
separated by a small distance (0.1 mm or 
less). Interference fringes are observed on a 
screen some distance away. Constructive 
interference means bright light, and 
destructive interference means points of 
darkness. 

Sound interference can be observed if sound 
from a signal generator is fed into two, 
loudspeakers and an observer some distance 
away listens to both speakers, or if a 
microphone picks up the sound and feeds it 
into an oscilloscope. At points of constructive 
interference the oscilloscope signal will be 
large, corresponding to high intensity of 
sound, and at points of destructive 
interference it will be almost zero, 
corresponding to low intensity. 

For water waves, two-source interference is 
observed if a signal generator drives two 
dippers in a ripple tank. Where destructive 
interference takes place, the water surface is 
almost flat. 

If the path difference is anything other than an 
integral or halfintegral multiple of the 
wavelength, then the resultant amplitude of the 
wave at P will be some value between zero and 
21, where A is the amplitude of one of the 
waves. 

  

signal generator 
7     slits     
two loudspeakers             
  

light sound water waves 
Figure G33 Experimental arrangements to observe interference for light, sound and water waves.
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Interference for light 
In Figure G3.4, monochromatic laser light falls 
on two slits, which then act as the two sources 
of coherent light. The precise meaning of 
coherence and coherent light will be given later. 
Point Z is such that the distance S,P equals the 
distance ZP, The path difference is thus S,Z. We 
want to calculate this path difference in order 
to derive the conditions for constructive 
interference at P. Note that, in practice, the | 
distance between the slits, d, is only 0.1 mm and 
the distance (o the screen is a few metres. This 
means that, approximately, the lines 5P and ZP 
are parallel and the angles PS,Z and PZS, are 
right angles. Thus, the angle 5,5,Z equals 9, the 
angle defining point P (since these two angles 
have their sides mutually perpendicular). | 

  
Figure G3.4 The geometry of the problem that 

enters in the calculation of the path difference. 
‘The nth maximum at P is a distance s, from the 
centre of the screen. 

‘The distance S (i.. the path difference) is (by 
trigonometry) equal to d sin 6 and so: 

» The condition for canstructive fmzrfmncul 
Pbecomes ¥ 

dsin 6 =ni 

   

Here, d is the separation of the two slits. As 
implied above, the angle ¢ is quite small, so 
sing is small, which means we can approximate 
siné by tané (check on your calculator that for 
small angles , in radians, it is an excellent 
approximation that siné ~ tan g ~ ). But 
tang = i (see Figure G3.4) where D is the 
distance of the slits from the screen and s, 
stands for the distance MP, ie. the distance of 

  

  

the point P from the middle point of the screen. 
‘The suffix 1 in s, signifies that we are 
considering the nth maximum in the 
interference pattern. Thus, 

D 

  

‘measurement of the separation s betwet 
o successive maxima, and of the 
distances D and d., gives a value for the 
‘wavelength 4 of the wave. 

    

This last formula shows that the maxima of the 
interference pattern are equally separated. 
Additional work shows that these maxima are 
also equally bright. 

Young's two-slit experiment 
Modern versions of the twoslit interference 
experiment are performed with laser light, This 
‘makes sure that the two slits act as coherent 
sources of light. An early demonstration of the 
phenomenon of interference for light was 
performed by Thomas Young in 1801, 
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Monochromatic light from a source S falls upon 
a small slit as shown in Figure G3.5. As a result 
of diffraction, the light spreads around the 
single slit, which acts as a coherent source 
illuminating two narrow, parallel slits separated 
by a very small distance. The interference 
pattern is observed on a screen placed some 
distance from the slits. A filter placed in front of 
the light source ensures the light hitting the 
slits is monochromatic. The lens between the 
source and the single slit is there to make sure 
that the wavefronts hitting the single slit are 

‘planar (this is a technicality known as 
Fraunhofer diffraction and need ot concern us 

further). The lens, filter and single slit are 
unnecessary if a laser is used. 

il © } 

Figure G35 Young's twosslit experiment. 

| doule i 

Example question 

QI SECTITETTTrrreessessssssssRTETIIIE 
In a Young's two-slit experiment, a source of light 
of unknown wavelength is used to illuminate two 
very narrow slits a distance of 0.15 mm apart. On 
a screen at a distance of 1.30 m from the slis, 
bright spots are observed separated by a distance 
of 4.95 mm. What is the wavelength of light being 
used? 

  

Answer 
By straightiorward application of the result s = 22 
we find a wavelength of 571 nm. 

Why must the two sources be coherent? 
We have postponed until the end a discussion of 
the very important fact that for interference to 
be observed the two sources must be coherent. 

First, we introduce the concept of phase. The 
equation giving the displacement of a wave 
travelling toward the right with amplitude A, 
period T and wavelength 4 is given by 

  

where the angle ¢ is known as the phase of the 
wave. Two waves given by the equations 

27t 2ax asa(28- 22) 

  

and 

o (ZL’,?EJJ) 
FAN | Sy 

are identical in that they have the same 
amplitude, frequency and wavelength but are 
said to have a phase difference between them of %. 

» If the phase difference betyeen the waves 
stays the same as time goes on, the sources 

are said to be coherent. Coherence meansa 
constant phase difference between two sources. 

Two loudspeakers connected to the same 
amplifier would produce sound waves with a 
constant phase difference between them 
(usually a zero phase difference); they would be 
coherent sources. Similarly, waves produced on 
two identical strings by two people shaking the 
ends of the strings in identical fashion without 
stopping would also produce coherent waves on 
the strings. 

The case of light, however, is very different. 
Unlike a loudspeaker, which produces a 
continuous stream of sound waves, a source of 
light, such as a lamp, produces a non-continuous 
stream of light waves. Assume that the lamp is a 
point source of light, .. that just one point in 
the lamp filament produces the emitted light. If 
we could film that point while it is emitting 
light and then play the film in slow motion 
(slowed down by a factor of a few billion times) 
we would see the point being on for while, then



628 Extension HL Option G - Electromagnetic waves 
— 

off for a while, and so on. Consider now two 
such lamps. Even if the lamps are identical, 
the light emitted from one lamp will not be 
correlated with that from the other. Even if the 
on-off times coincide, there is no reason why the 
phase difference between the waves emitted will 
be the same as time goes on. The two lamps are 
incoherent sources of light. 

‘The conditions derived earlier for two-slit 
interference hold for the case where the phase 
difference between the two sources initially is 
zero. If the sources are coherent but there is a 
phase difference ¢ between them, the relevant 
path difference now is 4 + (d; —d), where d, 
and d; are the distances from S, to P and from 
Sz to P, respectively. 

    

Working precisely as before, the condition for 
constructive interference is 

—m+ 2 di— P 

0,1,2,3, 

    

and for destructive interference, we get 

d—dy =1+ ) r+2a 
2 

0,1,2,3     

  

For ¢ = 0, these conditions give the familiar 
ones derived earlier. 

  

The conditions for arbitrary phase difference 
explain, finally, why the two sources must be 
coherent. Coherence between the two sources 
means that the phase difference between them, 
& (whatever it is, not necessarily zero) stays the 
same as time goes on. If it does not remain 
constant (if ¢ is some function of time, ¢()), 
then at a particular point P the issue of whether 
Wwe get a maximum or a minimum also depends 
on time. For example, if ¢ starts from zero, 
increases to 2r and then drops back to zero 
again periodically, with a period of, say, 10, 
then what is observed at P is a rapid succession 
of maxima and minima with a period of 10~ s. 
‘The observer thus only sees an average of these 
effects - there is no interference pattern at all. 

    

interference 

‘The fringes in a Young's twoslit experiment, where 
the it width is assumed negligible, are equally bright. 

Intensity in two-s 

‘The formula for intensity is a function of the 
angle 6, defined in Figure G3.4. This is graphed in 
Figure G3.6 for the case of d = 2i. The horizontal 
variable is ¢ (in degrees). It is seen that the 
fringes are equally bright as mentioned earlier. 

inensity 

  

0 o e 0 0 200 a0 e 
Figure G3.6 The intensity pattern for two slits of 

negligible width. The separation of the slits is 

d=21 

  

For larger slit separations the maxima are 
closer to each other. Figure G3.7 shows the 
intensity for d = 43. 

intensity 

  

w0 e 200 20 40 60 
Figure G3.7 The intensity pattern for two slits of 

negligible width. The separation of the slits is 

    

Example question 
Q2 EssseEE TSt 
Calculate the fringe separation for light of 
wavelengih 680 nm that falls on two slits
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separated by 0.1 mm when the screen is placed 
1.3 m from the slits. 

  

  

In a more realistic case, the width is also 
important and, because of diffraction at each 
slit, there is a modulating effect on the 
interference pattern (i. the fringes are no 
longer of equal intensity). In the thinslit 
approximation, covering one of the slits would 
completely wipe out the interference pattern 
(no dark and bright fringes - just uniform 
illumination) - see Figure G3.8. 

an inteference 

  

0 interference pattern is 
pattern is observed observed i the slit widih is 
on the screen assumed very small 

Figure G3.8 In the idealized case of negligible slit 
‘widths, covering one slit destroys the 
interference pattern. 

In the realistic case, covering one slit would still 
result in a complicated diffraction pattern on 
the screen. 

‘Twosslit experiments can also be performed 
with water waves in a ripple tank, sound waves 
(two speakers connected to a signal generator), 
microwaves, radio waves, etc. All waves show 
interference phenomena.   

  

Multiple-slit diffraction 

As the number of slits increases, the interference 
pattern increases in complexity. We will consider 
here the simplified case in which the width of 
cach slit is very small compared with the 
wavelength being used. Consider the case of four 
slits separated by a distance d, as shown in 
Figure G3.9.If the path difference between the 
ray leaving slit 1 and the ray leaving slit 2 is an 
integral number of wavelengths, then by similar 
triangles the path difference between any two 
rays is also an integral number of wavelengths. 
‘The path difference between the rays from slits 1 
and 2 is d sinf and so constructive interference 
takes place whenever 

dsing=ni, n=0,41,£2,43, 
  

that is, the same condition as in the twoslit case. 
Here d is the separation of two successive slits. 

  
Figure G3.9 The path difference between 

the first slit and any other slit is an 
integral multiple of the path difference 
‘between the first and second slit. Thus, if 
the path difference between the first and 
second slit is an integral multiple of a 
wavelength, constructive interference 
from all sits takes place.
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At points for which the condition above s not 
satisfied, there is cancellation of the waves from 
the four slits, but the cancellation s not always 
complete, giving rise to secondary maxima. 

  

The number of secondary maxima is N2 
where N is the number of slits. The intensity of 
the principal maxima is proportional to N and 
their width is proportional to 1/N Thus, as N 
increases, the intensity of the secondary 
maxima decreases and becomes completely 
negligible (see Figures G3.10 and G3.11). This 
‘means, therefore, that for large N the primary 
‘maxima are bright and thin, making the 
measurement of their separation easy. 

  

‘The minima are observed at 
m 

dsma:N 

wherem =1,2,3,.... butm = N, 2N, 3N, ... are 
excluded. Here N stands for the number of slits. - 

) 
I Figure G311 (a) The intensity distribution for six 

slits. Note how the width of the maxima 
decreases but their position stays the same. Note 
also how the relative importance of the 
secondary maxima decreases with increasing 
slit number. (b) The intensity pattern for two 
slits (top). four slits (middle) and very many slits 
(bottom). Note that the principal maxima are 
observed at the same positions. For N = 4 there 
are two secondary maxima. As N increases, the 

e o secondary maxima become unimportant and 
S 0 0 100 20 30 the primary maxima become very narrow. In all 

@ cases we assume the slit width to be negligible. 

  

   
Example question 
Q3 s T————— e 
What s the slit separation for the intensity 
distribution pattems of Figure G3.11(a)?   

Answer 
The frst primary maximum occurs at 0 = 30" and    

  

  

=300 200 -10° 0 w200 30° sinee 
o dsing 
Figure G310 (a) The intensity distribution for two det 

slits. (b) The intensity distribution for four slits. = 9= Gn 30 
Note how the width of the maxima decreases. | =2\ 
but their position stays the same. e —
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The diffraction grating 

‘The diffraction grating is an important device 
in spectroscopy (the analysis of light) whose 
‘main purpose is the measurement of the 
wavelength of light. A grating is simply a large 
number of parallel slits whose width we take 
t0 be negligible. Instead of actual slits, modern 
gratings consist of a transparent slide on 
which lines or grooves have been precisely cut. 
‘The first diffraction gratings were constructed 
by the American astronomer David 
Rittenhouse in 1785 and a few years later by 
the German Joseph von Fraunhofer, who made 
significant discoveries with it. The advantage 
of a large number of slits is that the maxima 
in the interference pattern are sharp and 
bright and can easily be distinguished from 
their neighbours. This makes measurement of 
their separation easier. The maxima of the 
pattern are observed at angles given by the 
formula 

  dsing=n, n=0,1,23,... 

In practice, a diffraction grating is stated by its 
manufacturer to have ‘X lines per centimetre 
(millimetre)". This means that the separation of 
the slitsisd = & cm (mm). It s quite common 
to find diffraction gratings with 600 lines per 
mm corresponding to a slit separation of 
d=16710"m. 

  

Example question 
Qt ITTEE——— 
Light of wavelength 680 nm falls normally on a 
diffraction grating that has 600 lines per mm. 
What is the angle separating the central maximum 
(n= 0) from the next (n = 1) How many maxima 
can be seen? 

  

Answer 
The separation between slits is 

d= g5 %107 m 

With n=1 we find 
sind =1x 680 x 10" x 600 x 10° 

.408 

  

  

Hence 

6=24 

For n=2 we find 6 = 54.7° and no solution can 
be found for n = 3; the sine of the angle becomes 
larger than 1. Thus, we can see the central 
maximum and two orders on either side. 

  

  

[ tions 

  

1 In a Young's two-slit experiment it is found that 
an nth-order maximum for a wavelength of 
680.0 nm coincides with the (n + 1)th 
maximun of light of wavelength 510.0 nm. 
What is nt 

2 Two loudspeakers are 1.00 m apart and are 
connected to the same audio oscillator. An 
observer walks along a straight line a distance 
of 12.0 m from the loudspeakers as shown in 
Figure G3.12. The observer hears a loud 
sound at M but almost no sound by the time 
she gets to point P a distance of 2.00 m from 
M. Explain how this is possible. Find the 
wavelength of sound emitted by the 
loudspeakers. 

- 
Figure G3.12 For question 2. 

    

3 In a Young’s two-slit experiment, a coherent 
source of light of wavelength 680 nm is used 
10 illuminate two very narrow slits a distance 
of 0.12 mm apart. If a screen is placed at a 
distance of 1.50 m from the slits, find the 
separation of two successive bright spots. 

4 Explain why two identical flashlights pointing 
light to the same spot on a screen will never 
produce an interference patiern.
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5 Explain what will happen to the interierence 
pattern in a Young's two-slit experiment if one 
of the slts is covered with transparent film 
that absorbs some of the light through it 

6 In a typical classroom demonstration, two 
loudspeakers are connected to the same audio 
signal generator and students are asked to 
stand at various positions in the room to listen 
0 the sound produced. Depending on where 
they stand, the sound s sometimes loud and 
sometimes very soft. What wave phenomenon 
does this demonstrate? Give three reasons 
why there are no spots where the intensity of 
sound is completely reduced to zero. 

7 Discuss the effect on the bright spots in a 
Young's two-slit experiment of: 
(@) decreasing the separation of the slits 
(b) increasing the wavelength of light; 
(c) increasing the distance to the screen; 
(d) increasing the distance of the source from 

the slits 
(e) using white light as the source. 

    

8 Light of wavelength 644 nm (in air) is incident 

normally on two narrow parallel slits a 
distance of 1 mm apart. A screen is placed a 
distance of 1.2 m from the slits. 
(@) Determine the distance on the screen 

between the central maximum and the 
fifth bright spot. 

(b) If this experiment were repeated in water 
(index of refraction 1.33), how would your 
answer change? 

9 A car moves along a road that is parallel to 
the twin antennas of a radio station 
broadcasting at a frequency of 95.0 MHz (see 
Figure G3.13). The antennas are 30.0 m apart 
and the distance of A from the mid-point of 
the antennas is 2.0 km. When in position A, 

  

Figure G3.13 For question 9. 

the reception is good, but it drops 1o almost 
zero at position B. What is the distance AB? 

10 Two radio transmitiers are 80.0 m apart on 
a north-south line. They emit coherently at 
a wavelength of 1.50 m. A satellite in a 
north-south orbit travelling at 7.50 km s 
receives a signal that altemates in intensity 
with a frequency of 0.560 Hz. Assuming that 
the signal received by the satellte is the 
superposition of the waves from the individual 
wansmitters, find: 
(@) the distance between two consecutive poirs 

where the satellite receives a strong signal; 
(b) the height of the satellite from the earth's 

surface. 

     
11 Figure G3.14 is the intensity pattern from a two- 

slitinterference experiment. Determine the 
separation of the slits in terms of the wavelength 
of light used. 

intensity 

   w0 A 200§ 0 e 
Figure G314 For question 11, 

12 What will the intensity pattern for the two 
sits of question 11 be if the slit separation is 
halved? 

13 In a two-slit interference experiment with slits 
of negligible width, five maxima are observed 
on each side of the central maximum. When 
the slits are replaced by two slits of finite 
width separated by the same distance as 
before, the third maximum on either side of 
the central maximun is missing (.e. the 
intensity of light there is zero). Calculate the 
width of the sits in terms of their separation, d. 

 



@3 Interference and diffraction 633 

  

14 Two very narrow, parallel slits separated by a 
distance of 1.4 x 10°* m are illuminated by 
coherent, monochromatic light of wavelength 
7.0 X107 m. 
(@) Describe what is meant by coherent and 

monochromatic light. 
(b) Draw a graph to show the intensiy of light 

observed on a screen far from the sis. 
(©) By drawing another graph on the same 

axes, illustrate the effect on the intensity 
distribution of increasing the width of the 
slits 10.2.8 % 104 m. 

15 A difiraction grating with 350 lines per mm 
produces first-order maxima at angles 8.34° and 
8.56° for two separate wavelengihs of light. 
(a) What are these wavelengths? 
(b) What angle separates the second-order 

maxima of these wavelengths? 

16 A grating with 400 lines per mm s illuminated 
with light of wavelength 600.0 nm. 
(@) At what angles are maxima observed? 
(b) What i the largest order that can be seen 

with this grating and this wavelength? 
17 Visible light ranging in wavelengths from 

400.0 nm to 700.0 nm falls on a grating with 
400 lines per mm. Describe the spectrum that 
is observed. 

18 (a) Draw a graph 1o show the variation with 
angle of the intensity of light observed on 
a screen some distance from two very 
narrow, parallel slits when coherent 
monachromatic light falls on the sli 
Hllustrate by a graph on the same axis the 
effect on the intensity of light of replacing 
the two slits by five very narrow slits 
whose separation is the same as that of the 
original two sits. 

    

(b)



  

X-rays 
This brief chapter looks at X-rays, including their production, X-ray seattering and diffraction, 
and the Bragg condition. 

Objectives 

By the end of this chapter you should be able to: 
describe the mechanisms for the production of Xrays; 

  

    

« predict the effect on the Xray spectrum of changes in the accelerating 
voltage and the nature of the target material; 

+ explain how Xray diffraction results from scattering of X-rays in a crystal; 
+ derive the Bragg scattering condition and solve problems involving it; 
« outline how X-rays may be used to determine the structure of crystals. 

  

The production of X-rays 

Suppose that electrons emitted from a hot wire 
as in a cathode-ay tube) are accelerated 
through a very large potential difference, say 
30 KV, We then let these electrons hit a piece of 
material (e.. tungsten) called the ‘target’, (See 
Figure G4.1) 

  

target 

  

        

    
  e 

Figure Ga.1 Apparatus for producing Xrays. The 
emitted electrons are accelerated toward the 
target by a high potential difference. 

As we saw earlier, when charges accelerate, they 
emit electromagnetic radiation. Here the 
electrons are rapidly brought to rest by the 
collisions with the atoms of the target and thus 
radiate electromagnetic radiation. The radiation 
emitted will have a whole range of wavelengths. 

  

Figure G4.2 gives the intensity of the radiation 
(ie. the number of photons emitted for a given 
wavelength times the energy of one of those 
photons) as a function of the wavelength. 

      

    

   

  

intensity 

high potential 

Tow potential 

wavelength 
Figure G42 The spectrum of Xrays. Increasing the 

accelerating potential decreases the minimum 
wavelength. 

‘The striking feature is the existence of a 
minimum wavelength below which no radiation 
is emitted. How is this explained? Let us imagine 
that the electrons have been accelerated through 
a potential difference of V volts, Then, just before 

 



hitting the target, the electrons have kinetic | 
energy Fy, =eV. When an electron converts all of | 
this energy into a single photon, we must have, 
by conservation of energy, % =eV/, and thus we 
obtain a minimum wavelength 

. 
e 

    

‘This shows that an increased accelerating voltage 
results in a smaller minimum wavelength. If 
the electron converts part of its kinetic energy to 
one photon and the rest to another, this results 
in photons of wavelengths larger than the 
minimum one we just found (see Figure G4.3). 

7 
&—O 

electron single photon emiled with energy eV and 
‘minimum wayelength — electron stops 

; ’ 

muliple photon emission results | electron 
inlarger wavelengihs 

Figure G4.3 Ways in which an electron can give its 
energy to photons. 

Of the total energy supplied to the electrons by 
the accelerating voltage, only a small part (a 
fraction of 1%) is radiated as energy of X-rays. 
‘The rest heats up the target, which means that 
it must be cooled if it is not to melt. 

‘The spectrum of X-rays indicated in Figure G4.2 
has two parts, the continuous spectrum whose | 
origin we just discussed and the discrete [ 
spectrum, which is the set of spikes on top of 
the continuous spectrum, at specific 
wavelengths. If we increase the accelerating 
voltage, the positions of these wavelengths 
remain unchanged. This suggests that the 
spikes have to do only with the target material. 
What happens is that the incoming electrons 
knock electrons out of their ground state in the 
target atoms. Electrons in the atom in higher 
states then make the transition to occupy the 
‘now empty ground state, thus radiating 
photons (see Figure G4.4), 
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Figure G4.4 An innershell electron is ejected from 
the atom by the incoming electron. Its place is 
then taken by a highershell electron, which 
emits a photon in the transition. 

‘These photons have wavelengths in the Xtay 
region. (In a big atom, the energy of the ground 
state can be many keV. Tungsten's ground state 
energy is —67 keV. This is why the emitted 
photons are in the Xray region.) As we already 
know, these photons will have specific 
wavelengths corresponding to the energy 
difference between the ground state energy and 
the energy of the state they came from. This 
energy difference is, of course, characteristic of 
the atoms of the target and thus does not 
depend on the accelerating voltage V. If we 
change the target, we will find spikes at 
different wavelengths, 

  

Example question 
QO T s —— 
What is the minimum wavelength of X-rays 
emitted in a 50 kV tube? 

  

Answer 
The minimum wavelength is 

he 

o 
49 x 107" m. 

X 

    

  

X-ray diffraction 

Soon after the discovery of Xrays by 
'W. Réntgen, the German physicist Max von Laue 
suggested that a beam of Xrays directed at the 
regular arrangement of atoms (or ions) in a 
crystal would show interference effects in a way
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similar to light diffracting through a diffraction 
grating. In experiments performed in 1912, X- 
rays from an Xray tube were directed at a 
crystal, as shown in Figure G4.5. 

  

Xeray detecor, 
be 

b 

U I A aysal 

slits 
Figure G45 X-rays scattered by atoms in the 

crystal are observed at a detector. The intensity 
of the received X-rays is maximum at certain 
angles 6 and minimum at others. 

Xrays, scattered by the atoms in the crystal, 
were received at a detector, which at that time 
would have been photographic film. As the 
position of the detector was varied, it was found 
that there were certain angles at which the 
intensity of the Xrays reaching the detector was 
2 maximum and others for which the intensity 
was practically zero. This is typically what 
happens in an interference pattern. These early 
experiments gave support to the idea that X- 
rays were electromagnetic waves. (The physical 
mechanism behind this effect is X-ray 
scattering. The incident X-rays are 
electromagnetic waves and so carry an electric 
field. This field causes the atoms it falls upon to 
vibrate, and therefore these radiate at the same 
frequency as the frequency of the incident 
waves. The radiated electromagnetic waves are 
the scattered|reflected/diffracted X-rays.) 

‘The atoms (or ions) in a crystal are arranged in 
regular patterns. As von Laue suggested, the 
interatomic distances in the crystal are of the 
same order of magnitude as the wavelength of 
Xerays, and so could play the role of the slits in 
an ordinary diffraction grating used with 
visible light. Consider a cubic crystal, such as 
that of ordinary salt, sodium chloride (NaCl). 
which the ions (Na* and CI") are arranged at 
the vertices of cubes, as shown'in Figure G4.6. 

    

Figure G46 The arrangement of the ions of Na™ 
and CI in the crystal of ordinary salt, NaCl. 
(The chloride ion CI” is about five times bigger 
than the sodium fon Na*, but for clarity it is 
drawn only about twice as big) 

“To begin to understand the process of scattering 
of Xerays from a erystal, consider first a two- 
dimensional analogy in which atoms are 
arranged in rows, as shown in Figure G4.7 (two 
rows are shown). The figure shows X-rays 
scattering from adjacent atoms in the top row 
as well as from adjacent atoms in the second 
row. The angle of incidence is 6, which is 
defined as the angle between the incident ray 
and the row (and not the angle between the 
incident ray and the normal, as is customary in 
optics). Similarly the angle of scattering 
(reflection) is 6. 

o b 
s 

Figure G4.7 Two rows of atoms in a two- 
dimensional array. The distance between 
adjacent atoms in the same row is taken to be a, 
and the distance between two adjacent rows is 
taken to be d. In a cubic crystal, a and d would 
be equal.    



From the geometry of Figure G4.8, we see that 
the scattered (reflected) rays from two adjacent 
atoms have a path difference between them of 

AC—BD =acos b —a cos 6 

The two rays will therefore be in phase if 
6 =6 

  

Figure G4.8 Xerays scattering from two adjacent 
atoms in the same row. The two rays shown will 
interfere constructively if the path difference 
between them, a cos, —a cos6), is zero. This 
implies that 6, = 6. (The dotted lines are at 
right angles to the rays.) 

Now consider the scattering involving an atom 
in the first row and one directly below it in the 
second row, as in Figure G4.9. The diagram 
assumes that the condition 6 = 6 is satisfied 
and we have set 6 = 

  

  

  

Figure G49 The path difference between the rays 
scattered from atoms in two adjacent rows is 
2dsin . (The dotted lines are at right angles to 
the rays) 

‘The path difference between the two scattered 
rays is 

dsing +dsing = 2dsing - 
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Therefore we will have constructive interference 
between the two rays if 

2dsin 6 =nx 

“This is known as the Bragg condition, named 
in honour of William Bragg and his son 
Lawrence Bragg, who analysed Xray diffraction 
in the manner described above. 

In other words, we will get strong scattered 
(reflected) beams in those directions for which 
both conditions are satisfied: 

16, = b (rays scattered from atoms in first row 
are in phase): 

2 2d sin 6 = n (rays scattered from atoms in first 
row and from atoms in second row are in phase). 

The first condition is equivalent to saying that 
the angle of incidence is equal to the angle of 
reflection. The second is similar to the 
diffraction grating condition, but notice 
carefully the factor of 2 as well as the fact that 
the angle 0 is defined differently here. 

“This discussion can be extended to a real three- 
dimensional crystal by now considering planes 
of atoms rather than rows. The same conditions 
may then be derived, except that now the 
distance d will stand for the distance between 
planes of atoms. Because we can have many 
different sets of parallel planes in a crystal, we 
will have many different values of d and many 
angles for which constructive interference will 
take place (see Figure G4.10). This means that 
the interference pattern will, in general, be 
quite complex. 

Example question 
Q2 rEersiTaerTrsesesessssasessssssTITITIITITIT 
Xerays of wavelength 1.45 x 10°'° m are reflected 
off a crystal. When the angle between the X-ray 
beam and the face of the crystal is increased from 
zero, a strong reflected beam is detected when 
the angle becomes 36.4°. 
(@) Calculate the spacing of the crystal planes 

responsible for this reflection. 
(b) Are there other angles at which strong 

reflection is observed? 
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igure G4.10 In a threedimensional cubic crystal 
there are many parallel atomic planes. In the 
upper diagram the distance between the planes 
is a. In the lower diagram the distance between 
the planes is & 

Answer 
{a) Using the Bragg condition, we find 

  

  

s 
9= 75ne 

1x1.45x 1071 
T T zen36a 
122%10°m 

(b) With the value of d just calculated, we have 
m sind =37 

1.45 x 10-1© 

  

x1.22x1 
=nx059 

    

No other angles exist, since for n = 2 or higher 
we get sind > 1, which is impossible. 

Xeray diffraction played a crucial role in the 
determination of the structure of the DNA 
molecule. Rosalind Franklin began studies of 
Xeray diffraction with the DNA molecule in the 

1950s. James Watson and Francis Crick 
discovered the helical structure of DNA in 1963. 

  

how X-rays are produced. 
(b) What is the minimum wavelength of 

X-rays emitted in a 67.0 kV machine? 

2 (a) Describe what happens to the maximum 
frequency of the X-rays produced in an 
X-ray tube when the accelerating voltage 
is increased. 

(b) In a television screen, electrons are 

accelerated by a potential difference of 
30 kV. How fast are the electrons moving 
just before they hit the screen? 

(©) What is the maximum frequency of the 
X-rays produced when the electrons in (b) 
are brought (o rest? 

3 Itis said that the production of X-rays and the 
photoelectric effect are ‘opposite’ phenomena. 
Make this statement precise. 

4 In an X-ray tube, the accelerating voltage is 
40.0 KV and the current between the cathode 
and the anode is 20.0 mA. 

(@) What is the smallest wavelength of X-rays 
produced in this tube. 

(b} If only 0.50% of the total energy 
supplied is converted into X-rays, the rest 
going to heat up the anode, find the rate 
at which heat must be removed from the 
anode in order to keep it at a constant 
temperature. 

5 Xerays of wavelength  are incident on a 
crystal whose atomic planes are a distance d 
apart. The incident beam makes an angle 0 
with the face of the crystal. State and explain 
the two conditions that must be satisfied for a 
strong reflected beam to be observed at an 
angle 6 1o the face of the crystal.  



The separation of the slits in a diffraction 
grating is about 10° m. Suggest why, though 
suitable for difiraction with visible ligh, this is 
unsuitable for diffraction with X-rays. 

  

X-rays of wavelength 6.3 x 10°" m are 
incident on a crystal whose atomic planes are 
separated by a distance of 4.4 x 107" m. 
Calculate the first two angles at which strong 
reflection is observed. 
X-rays of wavelength 6.26 x 107" m are 
incident on a NaCl crystal. The frst strong, 
eflection is observed at an angle of 6.41°. 
Calculate the distance between the atomic 
(actually ionic) planes of NaCl. 
First-order (n = 1) difiraction is observed 
at an angle of 12.4° between the direction 
of the incident X-ray beam and the crystal 
face. Assuming that the atomic planes 
responsible for this effect are separated 
by a distance of 2.5 x 10° m, calculate: 
(a) the angle at which second-order 

diffraction takes place; 
(b) the wavelength of the X-rays. 

   

  

‘ Figure G4.11 For question 10. 
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10 Figure G4.11 shows a cross-section of the 
arrangement of the atoms in a cubic crystal. 
The distance between adjacent atoms in the 
same row is d. 
(@) Calculate, in terms of d, the distance 

between the planes indicated by pairs of 
dotted lines (i) and (ii). 

(b) Outline, using your answer to (a), how 
Xeray diffraction can be used to determine 
the structure of a crystal. 

  

@ i) 

 



T 

  

Thin-film interference 
This short chapter looks at interference due to thin films, commonly seen as the coloured 
patches in s0ap bubbles and on thin layers of leaked oil floating on water. It also fooks 
at the use of thin air wedges to meastire small distances. 

" Objectives 

By the end of this chapter you should be able to: 
« appreciate that phase changes may be introduced upon reflection of a ray of 

light; 
+ explain the role of phase difference in interference; 
+ understand interference in thin films and thin air wedges by division of 

amplitude: 
* describe how interference may be used to measure small distances.   

    

Parallel films thatis 

coloured patches on thin layers of leaked it 

oil floating on water on streets, on thin layers 
of grease floating on water in a cup and in 
soap bubbles. To understand this phenomenon 
‘we must first realize that, upon reflection, a 

  

2 low index of ray of light may undergo a phase change (sce reftaction 
Figure G5.1). 

there is a phase. 
Consider now a thin film with parallel sides change hereof 1 
surrounded by air (see Figure G5.2). e 
Let d be the thickness of the film of oil. Then e 
the path difference is 2d assuming we view the 
film normally from above. There will be a phase 
change of 7 at the first reflection at the air-oil igh index of 
interface since oil has a larger index of reltaction 
refraction than air. At the second reflection at e B PR 

  

the oil-air interface there is no phase change, Shing e 
Using the condition for constructive interference in 
the presence of a phase difference ¢ = (with loweendex of 
o the wavelength in oil) we get e 

o 

| 
This phenomenon is commonly seen as the path difference 

{ 
| 
| Figure G5.1 A ray of light reflecting off a medium 

with higher index of refraction will undergo a 
phase change of . 

P 

K=0/1{2,3,::4: 
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Erssssess e —— phase change Q 

Toobserver ‘ Example question 

here | Asolar cell must be coated inorder hat as e 
as possible of the light falling on it is reflected. A 

l & solar cell has a very high index of refraction 
(about 3.50). A coating of index of refraction 1.50 
is placed on such a cell. What should its 
minimum thickness be in order to minimize 

medium of refractive 
indesx les than that of oil 

o phase change here 

Figure G52 Thinfilm interference in oil is reflection of light of wavelength 524 nm? 
explained by the phase difference due to the extra 
distance covered by one of the rays and by the Answer 
phase change upon reflection at the top surface. We will have phase changes of 180° at both 

reflections (from the top of the coating and the solar 
which means we get a maximum if this path cell surface), hence the condition for a minimum is 
difference is a halfintegral multiple of the 
‘wavelength. However, the wavelength of light in 
0il (1) is not the same as that in air. Rather, in oil =d=1 
Ao = A/n, where n is the index of refraction of 
oil and  the wavelength of light in air. 

‘The wavelength that shows constructive 
interference for a particular thickness of the 
film will lend its colour to the film. 

Thin air wedges 
Another example of interference is provided by 
an arrangement in which two flat glass plates 
are put on top of each other with a thin piece 
of paper (of thickness D) in between them so 
that a very small angle is formed between the 
plates (sce Figure G5.3). Air is trapped between 
the glass plates, forming an air wedge of 
variable thickness. Fringes are seen when the 

    

  T — 
@ ® 
Figure G523 (2) Two flat glass plates have a thin wedge of air between them. 

(b) A ray of light coming down vertically (solid line) splits at A (the interface 
between the top plate and the air wedge underneath it). The ray is partially 
reflected upward (dotted line) and the other part (dashed line) traverses the 
air gap twice, undergoing reflection at B



642 Extension HL Option G - Electromagnetic waves 
D ——— 

glass plates are observed from above after being 
illuminated by light from an extended source. 
‘The problem is essentially that of interference 
in thin films except that here the thickness of 
the film is variable. 

We assume that the glass plates are coated so 
that no reflection takes place from the top 
surface of the top plate and the bottom surface 
of the bottom plate. 

Aray of light coming vertically down will then 
partly reflect from point A (the interface of the 
top plate and the air wedge underneath it) and 
partly continue to point B. Point B is at the top 
face of the bottom plate. It will reflect from this 
point and move up where it will interfere with 
the ray that reflected from A. The path 
difference is thus 2d, where d is the thickness 
of the air wedge at the point of impact of the 
light ray. The ray undergoes no phase change at 
A(Ais on the inside of the top plate) but there 
is a phase change of = at B. Applying the 
condition for constructive interference we find 

atm (b )1 Ko 
‘Thus the bright fringes occur for thicknesses 
given by 

A 3h 5 
d i , and s0 on      

We see that the fringes are equally separated 
(see Figure G5.4). 

t 
plates join here. 

Figure G5.4 The fringe pattern of the airwedge 
system. 

Measuring small distances 

‘The air wedge can be used to measure small 
distances such as D in Figure G5.3. To do that 
we need to find the angle of the.wedge. From   

Figure G5.3,d = x tan ¢ and so the difference of 
airwedge thicknesses corresponding to 
successive bright bands, Ad, obeys 
Ad = Axtang. Since Ad = /2 it follows that 

A 
= Axtang 2 

= tan6 = = 

  

2Ax 

But Ax is the bright fringe separation, which can 
be measured (by measuring the separation of 
many fringes and dividing appropriately), and 
hence the angle of the wedge can be determined. 
Having determined the angle, measurement of 
the length L allows the determination of the 
small distance D (see Figure G5.3). 

Example question 
Q2 oEEswsneneenoEI— 
Awire of diameter D is placed between two glass 
plates of length 4 cm forming a thin air wedge as 
shown in Figure G5.3. When the plates are 
illuminated with light of wavelength 590 nm, 20 
dark fringes are observed across the top plate. 
Find the diameter of the wire. 

  

n of the dark fringes is the same as 
that of the bright fringes. It is simply 
4cm 
T~ 0.20 em 

20 
The angle of the wedge is thus found from 

tang = = 
2ax 

590 nm 
2%0.20cm 

_ 590 % 10 
2x020x107m 
=148 x 107 

    

  

that is 

6=1.48 x 10" rad (since the angle is small, 
0~ tand) 
Hence 

D=Ltané 

om x 1.48 x 107 

=592x10"" cm 

  

(see Figure G5.3).  



G5 Thin-fitm interference 643 

| a possible value of the thickness of the soap 
| bubble? 

    

1 When a thin soap film of uniform thickness is 4 Asoap film will appear dark if it is very thin 
illuminated with white light, it appears purple and will reflect all colours when thick. 
in colour. Explain this observation carefully. Carefully justify these statements using 

2 Apiece of glass of index of refraction 1.50 is interference from thin films. 
coated with a thin layer of magnesium 5 In the thin-air-wedge interference pattern, how 
fluoride of index of refraction 1.38. If it is would the separation of the bright fringes change 
illuminated with light of wavelength 680 nm, if the angle of the wedge is made smaller? 
what s the minimum thickness of the coating 6 In a thin-air-wedge interference experiment, 
that will result in no reflection? 12 maxima are observed within a length of 

3 Athin soap bubble of index of refraction 5 cm when the plates are illuminated with 
1.33 is viewed with light of wavelength light of wavelength 500 nm. Calculate the 
550.0 nm and appears very bright. What is angle between the plates.



  

The principle of 
special relativity 
At the end of the nineteenth century, it seemed that all the problems in physics had 
been solved and that scientists had a complete understanding of the laws of nature. 
Mechanics was triomphant, with daily applications in engineering as well as explanations 
of the motion of the heavenly bodies. Electricity and magnetism had been shown by 
James Maxwell o be two faces of the same thing (electromagnetism), thus unifying a 
large fange of phenomena. The kinetic theaory of gases provided an understanding of the 
warkings of matter at the molecular level. Two problems defied solution, however, and 
they were about to bring down the entire structure of clasical physics. The frst was the 
attempt to understand the spectrum of the radiation emitted by a black body. The 
fesolution to this problem came many years later. It involved the concept of a photon 
and the birth of quantum mechanics. The second problem had to do with the velocity of 

light: it s said that Albert Einstein, as a boy, asked 
himself what would happen if he held a mirror i front 
of him and ran forward at the speed of light. With 
respect to the ground, the mitror would be moving at 
the speed of light. Rays of light leaving young 
Einstein's face would also.be moving at the speed of 
light relative to the ground. This meant that the rays 
would ot be moving relative to the mifcor, hence 
there should be no reflection in t. This seemed odd to 
instein. He expected that looking into the mirror 
would not reveal anything unusual. Some years later, 
instein (left) would resolve. this puzzle with a 
revolutionary new theory of space and fime, the 
theory of special relativiy.    

  

Objectives 
By the end of this chapter you should be able to: 
+ state the meaning of the term frame of reference; 
« state what Galilean relativity means; 
« solve problems of Galilean relativity; 
* understand the significance of the speed of light: 
« state the two postulates of the principle of relativity: 
+ appreciate that absolute time does not exist and that simultaneity is a relative 

concept. 
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Frames of reference 

In a physics experiment, an observer records the 
occurrence of events: the time and place at 
which these events take place. 

  

    

15 

    

  

  

  

              
  

            

    

x=0 =20 x=50 =60 
Figure H1.1 In this frame of reference the observer 

decides that lightning struck at time f = 3 s at 

position x = 60 m. 

x=10 x=30 x=d0 

    
  

“To discuss motion we must first specify the 
frame of reference with respect to which the 
motion is to be described. Thus, an observer 
with rulers and clocks who is firmly attached to 
the surface of the earth will conclude that a 
train travelling from one city to another moves, 
and the distances travelled and times taken can 
be calculated. The same events can also be 
viewed by another observer in a different frame 
of reference. Consider, therefore, the following 
situation involving one observer on the ground 
and another who s a passenger on the train. In 
Figure H1.2, a train moves past the observer on 

the ground (who is 
represented by a thin 
vertical line) at time t =0 
and is struck by lightning 
35 later. The observer on 
the train is represented by 

lightaing stikes a thick vertical line. The 
ar=60m 3 bt train is travelling at a 

velocity of ¥ = 15 m's ™" as 
far as the ground observer 
is concerned. 

Let us see how the two 
observers view various 

events along the trip. Assume first that when 
the clocks carried by the two observers show 
zero, the origins of the rulers carried by the 
observers coincide. The stationary observer uses 

origins coincide when clocks at 
both orgins show zero    

   

    

the rain has moved away: 
when the clocks show 35, 
lightning strikes at + = 60 m    

  

Figure H1.2 The origins of the two frames of reference coincide when clocks in both 
frames show zero. The origins then separate. Lightning strikes a point on the train. 
‘The observer on the train measures the point where the lightning strikes and finds 
the answer to be x'. The ground observer measures that the lightning struck a 
distance x from his arigin.
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the symbol x to denote the distance of an event 
from the origin of his ruler. The observer on the 
train uses the symbol x'. As shown in Figure H1.2 
these are related by 

X=x- 
r=t 

  

since in the time of s the train moves forward 
a distance 1. These equations express the 
relationship between the coordinates of the 
same event as viewed by two observers who are 
in relative motion. 

Thus, to the event of Figure H1.2 (lightning 

strikes’) the ground observer assigns the 
coordinates x =60 m and t = 3 5. The observer 
in the train assigns to this same event the 
coordinates '=3 s and x' =60 15 x 3= 15 m. 

  

We are assuming here what we know from 
everyday experience (a guide that, as we will 
see, may not always be reliable): that two 
observers always agree on what the time 
coordinates are; in other words, time is 
common to both observers. Or as Newton wrote: 

Absolute, true and mathematical time, of 
itself, and from its own nature, flows equably 
without any relation to anything external. 

Of course, the train observer may wish to 
consider herself at rest and the ground below 
her to move away with velocity —v. 

» It is impossible for one of the observers to. 
claim that he or she s ‘really’ at restand - 
that the other s ‘really! moving, There i 

    

 her that she ‘really’ moves (apart from 
,mfl&wifllff         

  

accelerating frames. Both abservers are 
equally justified in considering themselves: 
wheatrstand!h!dunlpmm!tbp/m 
are equally valid. 2 

    

    

A nominertial frame, by contrast, is an 
accelerating frame, and in this case it is 
possible to distinguish the observer who is 
“really’ moving. An observer in an accelerating 
frame will feel forces pulling him back into his 
seat if he is accelerating, or thrown forward if 
he s decelerating. A mass hanging from a 
string will make an angle with the vertical in 
the accelerating frame but will hang vertically 
if the frame s inertial (i.e. moving with 
constant velocity). Similarly, in a rotating frame 
of reference, the surface of water in a bucket 
‘would not be level. 

  

Galilean relativity has an immediate 
consequence for the law of addition of velocities: 
Consider a ball that rolls with velocity ' as 
‘measured by the train observer. Again assume 
that the two frames, train and ground, 
coincide when  =| 0 and that the ball 

first starts rolling when I’ =0. Then, after 
time t’ the position of the ball is measured 
tobe atx’=u't’ by the train observer (see 
Figure H1.3). 

    

‘The ground observer records the position of the 
ball to be at x =x'+ vt = (u'+¥)t (recall t =I') 

and so as far as the ground observer is concerned 
the ball has a velocity (distanceftime) given by 

  

u=u'+v
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Figure H13 An object rolling on the floor of the ‘moving’ frame appears to move faster 
as far as the ground observer is concerned. 

Example question 
Q! e TTT—— 
Aball rolls on the floor of a train‘at 2 m s~ (with 
respect to the floor). The train moves with respect 

1o the ground (a) to the right at 12 m s, (b) to 
the left at 12 m 5™, What is the velocity of the 
ball relative to the ground? 

Answer 
@) The velocity is 14 m s”! 
(b) The velocity is ~10 m s~ 

  

‘This apparently foolproof argument presents 
problems, however, if we replace the rolling ball 
in the train by a beam of light moving with 
velocity ¢ =3 x 10° m s™' as measured by the 
train observer. Using the formula above implies 
that light would be travelling at a higher speed 
relative to the ground observer. At the end of 
the nineteenth century, considerable efforts 
‘were made to detect variations in the speed of 
light depending on the state of motion of the 
source of light. The experimental result was 
that no such variations were detected! 

The speed of light 

In 1864, Maxwell corrected an apparent flaw in 
the laws of electromagnetism by 
introducing his famous ‘displacement 
current’ term in the electromagnetic 
equations. The result is that a changing 
electric flux produces a magnetic field 
just as a changing magnetic flux 
produces an electric field (as Faraday had 
discovered earlier). An immediate conclusion was 

    

that accelerated electric charges produced a pair 
of selfsustaining electric and magnetic fields at 
right angles to each other, which eventually 
decoupled from the charge and moved away from 
itat the speed of light. Maxwell discovered 
electromagnetic waves and thus demonstrated the 
electromagnetic nature of light. 

One prediction of the Maxwell theory was that 
the speed of light is a universal constant. Indeed, 
Maxwell was able to show that the speed of 
light is given by the expression 

1 
/Folo 

where the two constants are the electric 
permittivity and magnetic permeability of free 
space (vacuumy: two constants at the heart of 
electricity and magnetism. 

  

> In other words,the speed oflight does not      
   

“This results in a conflict with Galilean relativity. 
According to Galilean relativity, if the speed of 
light takes on the value ¢ in the ‘train’ frame of 
reference then it will have the value  +v in the 
‘ground” frame of reference (see Figure H14). 

source of light 

Figure H1.4 An observer in the train measures the 

speed of light (0 be ¢. An observer on the ground 
would then measure a different speed. ¢ +v.
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Maxwell believed that light, and other 
electromagnetic waves, required a medium (the 
ether) for their propagation (as all other waves 
did). He was thus forced to admit that his 
equations were not in fact valid in all frames of 
reference but only in a small subset, namely those 

inertial frames that were at rest velative to the ether 
(see Figure H1.5). 

  

Figure H15 If the source moves through the ether, 
the speed of light in the direction of motion is 
expected 10 be less than when the source is at 
rest with respect to the ether. 

The ether, the medium for light waves, was 
hypothesized to be an all-pervading medium. If 
you moved in the ether, you would experience 
an ‘ether wind', much the same as a car 
travelling in still air experiences an opposing 
wind. If while moving through the ether you 
‘were (o emit a light signal in the direction of 
motion, the velocity of light was expected to be 
less than the velocity of light would be if you 
were at rest relative to the ether. 

Experiments to detect these variations in the 
speed of light depending on the state of motion 

of the source failed, however, to produce any such 
difference. The most famous experiment in this 
regard was the Michelson and Morley 
experiment, which is discussed in Option H3. 
‘This puzzle of classical physics was resolved by 
Einstein in 1905, who simply threw away the   

entire notion of the ether. Light, like all other 
electromagnetic waves, does not require a 
‘medium and the speed of light in a vacuum is 
the same for all observers. The laws of physics 
(including Maxwell's electromagnetism) are the 
same in all inertial frames of reference. This means 
immediately that the laws of Galilean relativity 
have to be modified. Einstein was thus led to a 
‘maodification of the Galilean transformation laws, 
from 

  x    
to 

    

  

vt - 

/1- -2 

‘The new transformation laws showed that the 
speed of light was the same for all inertial 
observers. The price to be paid, though, was that 
‘now Newton's laws of mechanics were not the 
same for all inertial observers if one used the new 
transformation equations! Einstein did not hesitate 
to change the laws of Newtonian mechanics as 
well, creating what is called relativistic mecharics. 
‘The laws of relativistic mechanics are presented in 
alater chapter (Option H4). 

   

The principle of special relativity 

The constancy of the speed of light for all 
observers is Einstein’s first building block for 
the theory of relativity. The second is his 
observation that absolute motion does not 
exist. As we discussed earlier, it is impossible 
to perform any experiment within a closed 
box that moves with constant velocity relative 
to an inertial frame of reference, the purpose 

of which will be to let the occupants of the 
box find out whether they move or whether 
they are at rest. Further, if the occupants 
perform a series of experiments in order to 
discover the laws of physics, they will reach 
exactly the same laws as the occupants of any 
other box that is not accelerating. All inertial 
frames are equivalent. This leads to the 
principle of relativity with the two 
postulates:
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‘These two postulates of relativity, although they 
sound simple, have far-reaching consequences. 
‘The fact that the speed of light in a vacuum 
is the same for all observers means that absolute 
time does not exist. Consider a beam of light. 
‘Two different observers in relative motion fo 
each other will measure different distances 
covered by this beam. But if they are to agree 
that the speed of the beam is the same for both 
observers, it follows that they must also measure 
different times of travel. Thus, observers in 
motion relative to each other measure time 
differently. The constancy of the speed of light 
means that space and time are now inevitably 
linked and are not independent of each other as 
they were in Newtonian mechanics. 

A related consequence is the concept of 
simultaneous events, Imagine three rockets 
A.Band C travelling with the same constant 
velocity (with respect to some observer) along 
the same straight line. Imagine that rocket B is 
halfway between rockets A and C, as shown in 
Figure H16. 

Ata certain time rocket B emits light signals 
that are directed toward rockets A and C. Which 
rocket will receive the signal first? The 
principle of relativity allows us to determine 
that as far as an observer in rocket B is 
concerned the light signals are received by A 

  signal signal 
      

  

Figure H16 B emits signals to A and C. These are 
received at the same time as far as B is 
concerned. But the reception of the signals is 
not simultaneous as far as the ground observer 
s concerned., :   

and C simultaneously (i.. at the same time). 
‘This is obvious since we may imagine a big box 
enclosing all three rockets that moves with 
same velocity as the rockets themselves. Then, 
for any observer in the box, or in the rockets 
themselves, everything appears to be at rest. 
Since B is halfway between A and C, clearly the 
two rockets receive the signals at the same time 
(light travels with the same speed). Imagine, 
though, that we look at this situation from the 
point of view of a different observer, outside the 
rockets and the box, with respect to whom the 
rockets move with velocity v. This observer sees 
that rocket A is approaching the light signal, 
while rocket C is moving away from it (again, 
‘remember that light travels with the same 
speed in each direction). Hence, it is obvious to 
this observer that rocket A will receive the 
signal before rocket C does. 

We are thus forced to admit the following as a 

consequence of the principle of relativity: 

  

  

Example question 
Q2 wassses e sTYSTITITIIIEE 
Observer T is in the middle of a train carriage that 
is moving with constant speed to the right with 
respect to the train station. Two light signals are 
emitted at the same time as far as the observer, T, 

  

in the train is concemed (see Figure H1.7). 
(a) Ave the emissions simultaneous for observer G 

on the ground? 
(b) The signals arrive at T at the same time as far 

as T is concemed. Do they arrive at T at the 
same time as far as G is concemed? According 
10 G, which signal is emitted first?
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Figure HL7. 

Answer 
(a) No, because the events (i.e. tie emissions from 

Aand B) take place at different points in space 
and so if they are simultaneous for observer T 
they will not be simultaneous for observer G. 

(b) Yes, because the reception of the two signals 
by T takes place at the same point in space 
so if they are simultaneous for T, they must 
also be simultaneous for G. From G's point 
of view, T is moving away from the signal 
from A. So the signal from A has a larger 
distance to cover to get to T. If the signals 
are received at the same time, and moved 
at the same speed (c), it must be that the one 
from A was emitted before that from B. 
  

Simultaneity, like motion, is a relative concept. 
Our notion of absolute simultaneity is based on 
the idea of absolute time: events happen at 
specific times that all observers agree on. 
Einstein has taught us that the idea of absolute 
time, just like the idea of absolute motion, 
must be abandoned. 

  

o 

1 It was a very hotly debated subject 
centuries ago as to whether the earth goes 
around the sun or the other way around. 
Does relativity make this whole argument 
irtelevant since ‘all frames of reference are 
equivalent’? 

2 Give as many examples as you can of events, 
that are simultaneous for one set of observers 
but not for others.   

3 Two trains are travelling at constant speeds on 
two parallel straight lines. The first, A, is 
wavelling at 5 m 5™, the second, B, at 
2ms™'. An observer at the station observes 

both trains. At a given instant of time, a 
passenger in A, a passenger in B and the 
observer at the station are all aligned along a 
line normal to the motion of the trains. At that 
poin, a passenger in A drops an ice cube 
from his drink which he is holding at a height 
of 1.40 m. Using Galilean relativity, where 
will the ice cube land as far as each of the 
three observers is concerned? 

  

4 Discuss the approximations necessary in order 
1o claim that the rotating earth is an inertial 
frame of reference. 

5 Imagine that you are travelling in a train at 
constant speed in a straight line and that 
you cannot look at or communicate with the 
outside. Think of the first experiment that 
comes to your mind that you could do to try 
10 find out that you are indeed moving 
Then analyse it carefully 1o see that it will 
not work. 

  

6 Here is another experiment that can be 
performed in the hope of determining whether 
you move or not. 
“The coil in Figure H1.8 is placed near a strong 
magnet and a galvanometer attached to the c 
registers a current. Discuss whether we can 
deduce that the coil moves with respect to the 
ground. 

  

  

      
  

Figure H18 For question 6. 

7 What experiment might you periorm in a train 
that is accelerating along a straight line that 
would convince you that it s accelerating? 
Could you also determine the direction of the 
acceleration? 
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8 How would you know that you find yourself 
in a rotating frame of reference? What 
experiment would convince you of that? 

10 Imagine a ‘train’ that is 5400 000 km long 
travelling at 240 000 km s™! 1o the right. 
Two laser beams are emitted from the middle 
of the train toward the ends of the train, 
giving the signal to open the front and rear 

  

9 An electric current flows in a wire (see 
Figure H1.9). A proton moving parallel to the 
‘wire will experience a magnetic force due to doors. 
the magnetic field created by the current. From (@) When will the doors open according to an 
the point of view of an obsesver tevelling slong | observer at the middle of the train? 
with the proton, the proton is at rest and so | {b) Which door will open first according to an 
should experlence o force. What do you sayt | observer on the platform? The platiorm 

| observer is standing level with the train 
| observer when the laser signals are 

emitted. 

  

Figure H19 For question 9.



  

The effects of special relativity 
The principle of relativity has immediate consequences. Time runs differently for two 
observers. who are in relative motion and these observers disagree about length 
measurements. This chapter discusses three basic relativity phenomena: time dilation, 
length contraction and velocity addition. 

( Objectives 
By the end of this chapter you should be able to: 
+ give the definitions of proper time interval and proper length; 

  

* describe the behaviour of the gamma factor y 

  

+ state the meaning of time dilation and solve problems using 
time interval = y x proper time interval; 

+ derive the time dilation formula; 
+ state the meaning of length contraction and solve problems using 

| length = propsrionsh 
‘ « use the law of velocity addition and appreciate its significance, 

    - or, solving for u',u' = * 

  

+ appreciate that time dilation and length contraction are both 
symmetrical effects; 

* describe and resolve the twin paradox. 

  

straightline segments AB and BA. From the 
—_— | pointofview of an observer on the ground, 

‘Aldirect consequence of the principle of however, things look somewhat different. In the 
relativity is that observers who are in motion time it takes for light to return to A, B (which 
relative to each other do not agree on the 
interval of time separating two events. To see 
this, consider the following situation: a train 
moves with velocity v with respect to the 
ground as shown in Figure H21. 

  

From point A on the train floor a light signal 
is sent toward point B directly above on the S e 
ceiling, The time it takes for light to travel from | Figure H2.1 A signal is cmitted at A, is reflected 

5 ? Off B and returns to A again. The path shown is 

Ao Bandibark o As reporded anid equals Al what the train observer sees as the path of the 
Note that as far as the observers inside the train signal. The emission and reception of the 
are concerned, the light beam travels along the signal’s happen at the same point in space, 
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moves along with the train) will have moved 
forward. This means, therefore, that as far as 
this observer is concerned, the path of the light 
beam looks like that shown in Figure H2.2. 

“This is called the time dilation formula, It is 
customary to call the expression 

  

] the gamma factor, in which 
: + case At = yAl Note that y > 1. 

A graph of the gamma factor 

  

    

    
versus velocity is shown in 

  

B 
¥=0 5 =0 
Y AR 

%=0 AT x=vAr 
Figure H22 The ground observer sees things 

differently. In the time it takes the signal to 
return, the train has moved forward. Thus, the 
emission and reception of the signal do not 
happen at the same point in space. 

Suppose that the stationary observer measures 
the time it takes light to travel from A to B and 
back to A to be At. What we will show now is 
that, if both observers are to agree that the 
speed of light is the same, then the two time 
intervals cannot be the same. 

Itis clear that 

2 
At = 

  

© 
217+ vAl/2¢ 

© 
At= 

since the train moves forward a distance v AL, in 
the time interval At that the stationary observer 
measures for the light beam to reach A. Thus, 
solving the first equation for L and substituting 
in the second (after squaring both equations) 

4(2ard | v 
(a7 = ( 5 ) 

¢ 
Ean? = (At +vian? 

(€ —vA)(Al? =AY 
cary 
FovE   (aty = 

  

So finally 

  

  

Figure H2.3. We see that the 
‘gamma factor is approximately 

one for velocities up to about half the speed of 
light but approaches infinity as the speed 
approaches the speed of light. 

7 

10 

2   e S 
02 04 06 08 T 

Figure H23 The gamma factor as a function of 
velocity. The value of y stays essentially close to 
one for values of the velocity up to about half 
the speed of light but approaches infinity as the 
velocity approaches the speed of light. 

‘The time interval for the time of travel of the 
light beam is longer for the ground observer's 
clock. This is known as time dilation. If the 
train passengers measure a time interval of 
Al'= 65 and the train moves at a speed 
v =0.80c, then the time interval measured by 
the ground observer is 

6 
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which is longer. It will be seen immediately 
that this large difference came about only 
because we chose the speed of the train to be 
extremely close to the speed of light. Clearly, if 
the train speed is small compared with the 
speed of light, then y ~ 1, and the two time 
intervals agree, as we might expect them to 
from everyday experience. The reason that our 
everyday experience leads us astray is because 
the speed of light is enormous compared with 
everyday speeds. Thus, the relativistic time 
dilation effect we have just discovered becomes 
relevant only when speeds close to the speed of 
light are encountered. Otherwisé, small speeds 
result in differences in time intervals that can 
only be measured with super-accurate atomic 
clocks, as indeed has been done in the 
Hafele-Keating experiment (see page 655). 

If an observer measures that two events take 
place at the same point in space, the time interval 
between the events is very special and is called a 
‘proper time interval. Al other observers moving 
with respect to this observer will measure a longer 
time interval separating the same two events. 

    
  

  

  

3T
 

      
      
  

  

      

  

    
    

        
  

  

    

  
  

        

  

Note that there is no question as to which 
observer is right and which is wrong when it 
comes to measuring time intervals. Both are 
right. Two inertial observers moving relative to 
cach other at constant velocity both reach valid 
conclusions according to the principle of 

relativity. .       

Example questions 

Q1 mresssn T = 
The time interval between the ticks of a clock 
carried on a fast rocket is half of what observers 
on earth record. How fastis the rocket moving 
with respect to earth? 

Answer 
From the time dilation formula it follows that 

1    2= - 

v - 1221 
Ta 

¢ 3 - g 
a= 3 

= v=0.866c 

Q2 eETEEEsssssssTETTTTTETTITTIIT 
A rocket moves past an observer in a laboratory 
with speed v = 0.85c. The observer in the 
laboratory measures that a radioactive sample of 
mass 50 mg (which is at rest in the laboratory) has 
a half-life of 2.0 min. What half-life do the rocket 
observers measure? 

Answer 
We have two events here. The first is that the 
laboratory observer sees a container with 50 mg 
of the radioactive sample. The second event is 
that the laboratory observer sees a container with 
25 mg of the radioactive sample. These events are 
separated by 2.0 min as far as the laboratory 
observer is concerned. These two events take 
place at the same point in space as far as the 
laboratory observer is concered and so the 
laboratory observer has measured the proper time 
interval between these two events, Hence the 
rocket observers will measure a longer half-lfe of 
time interval = y x proper time interval 

X 2.0 min 

  

= 3.80 min 

“The point of this example is that you must not 
make the mistake of thinking that proper time 
intervals are measured by ‘the moving’ observer. 
There is no such thing as ‘the moving’ observer:
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the rocket observer is free to consider herself at 
rest and the laboratory observer moving with 
velocity v = —0.85c. 

    

Q3 rPTTeeS PRSI EITIIIITITIRISIONIROSEIETINIT] 

In the year 2010, a group of astronauts embark 
on a journey toward the star Betelgeuse in a 
spacecraft moving at v = 0.75c with respect to 
the earth. Three years after departure from the 
carth (as measured by the astronauts’ clocks) one 

of the astronauts announces that she has given 
birth 10 a baby girl. The other astronauts 
immediately send a radio signal to earth 
announcing the birth. When is the good news 
received on earth (according to earth clocks)? 

  

Answer 
When the astronaut gives birth, three years have 
gone by in the spacecrait's clocks. This is a proper 
time interval since the events ‘departure from 
earth’ and “astronaut gives birth’ happen at the 
same place as far as the astronauts are concerned 
(inside the spacecraft. Thus, the time between 
these two events according to the earth clocks is 

time interval = y x proper time interval 

30y 

  

This therefore is also the time for which the 
spacecraft has been travelling as far as the earth is. 
concerned. The distance covered is (as far as 
earth is concerned) 

distance = vt 
0.75¢x 4.54 yr 
3.40cx yr 
3401y 

    

This is the distance that the radio signal must then 
cover in bringing the message. This is done at the 
speed of light and so the time taken is 

  

  

3401y _ 3.40cx yr 
< < 

=340yr 

Hence, when the signal arrives, the year on earth is 

2010 + 4.54 + 3.40 = 2018 (approximately). 
  

‘The time dilation effect just described is a ‘real’ 
effect. In the Hafele-Keating experiment, 
accurate atomic clocks taken for a ride aboard 
planes moving at ordinary speeds and then 
compared with similar clocks left behind show 
readings that are smaller by amounts consistent 
with the formulae of relativity. Time dilation is 
also a daily effect in the operation of particle 
accelerators. In such machines, particles are 
accelerated (o speeds that are very close to the 
speed of light and thus relativistic effects must 
be taken into account when designing these 
‘machines. The time dilation formula has also 
been verified in muon decay experiments. This 
is discussed separately (see page 666). 

Time dilation is symmetric 
Consider now the following situation. A rocket 
travelling at 0.80c starts from space station P 
and is directed to space station Q distance of 
864 million km away (as far as observers in both 
space stations are concerned - the stations do 
not move relative to each other). A passenger on 
the rocket sets his watch as the rocket leaves 
space station P by looking at the space station’s 
clock. The time is zero. When the rocket arrives 
at space station Q. he checks his watch against 
the space station’s clock. He will find that 
because of time dilation his clock is slow. 
Indeed, the trip lasted a time interval of 

864 x 10" 
080 %3 % 10°° 
=3600s 
= 60min 

At 

  

according to the space station clocks. Thus, the 
clock in space station Q shows 1 h when the 
rocket comes whizzing by. The traveller's watch 
‘measures the proper time interval between the 
events ‘look at clock in space station P* and 
“look at clock in space station Q' and since 
time interval = y x proper time interval 

Th  proper time interval 1 
V10802 

s0 
proper time interval = 1 h x /1~ 0.80° 

=36 min
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‘The passenger’s watch is slow by 24 min. Let us 
carefully review what the passenger actually 
did. First he compared his watch with the space 
station clock at P. Then he checked it again 
against the space station clock at Q. He found 
that the interval of time between leaving space 
station P and arriving in space station Q was 36 
min. The interval of time was 60 min according 
to the stations’ clocks. (See Figure H2.4.) 

station P 

   
™ toe=36in 

Figure H2.4 The passenger on the rocket records a 
time of travel from A to B of 36 min. The station 
clocks record 60 min. 

‘What would happen, however, if the 
stationmaster at Q said that the rocket was at 
rest and that it was he (and the space station) 
that moved toward the rocket (as he is entitled 
10 5ay)? Imagine that the rocket has a very long 
rod reaching from space station P to space 
station Qand that clocks are placed at regular 

7 stationmaster 
nQ 

  

  ime = 36 min 

Stationmaster at 

time = 60 min 

  

Figure H25 The stationmaster is moving and the 
rocket is at rest. The stationmaster’s watch 
shows 36 min when he sees the rocket. The 
Tocket's clock shows 60 min. 

    

intervals along the rod. The stationmaster at Q. 
sets his watch by looking at the clock on the 
rod in front of him. The watch now shows zero. 
‘The stationmaster now thinks he is moving. 
Eventually, the stationmaster will see the rocket. 
He again compares his watch with a clock on 
the rocket. He will find that his watch shows 
36 min while the rocket clock shows 60 min. 
(See Figure H2.5) 

‘What we have 
described s that the 
time dilation effect is 
a symmetric effect. 
Both observers are 
free to call themselves 
at rest and the other 
moving and vice 
versa. Both are correct 

in their measurements of time since the 
principle of relativity states that all inertial 
observers make equally valid measurements, 

station Q 

The twin paradox 
What if the rocket of the previous discussion 
‘moved, instead. on a long circular path. The 
rocket sets off from space station P and will 
eventually come back. The passenger in the 

rocket sets his clock by 
looking at the station’s clock. 
‘The time s zero. When he 
returns, he looks at his watch 
and finds that it is slow 
compared with the station 
clock. Thus, if the trip lasted, 
say, 6 years by the passenger’s 
watch, the passenger is 6 years 
older. However, the 
passenger’s twin brother, who 
is the stationmaster, is older 
by 10 years. (We are assuming 
that the rocket moves at a 
speed of v = 0.80c so that 
== 

By the previous argument, the 
stationmaster may claim that it was he who 
maoved away. So when the stationmaster again 
meets the rocket passenger, he will claim that
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his clock s slower than the passenger's. So the 
stationmaster is only 6 years older while the 
rocket passenger is 10 years older. How can that 
be? Which of the twins is the older when they 
meet again? 

  

‘This is often referred to as the twin paradox. It 
is not a real paradox. though, because unlike 
the discussion of the previous section, the 
situation here is not symmetric. At all times the | 
stationmaster was in an inertial frame. However, 
the rocket had been moving in a circle (thus 
experiencing centripetal acceleration) and so 
the rocket’s frame had not been inertial. Careful 
application of the laws of relativity to this 
asymmetric situation leads to the conclusion [ 
that the stationmaster has aged by 10 years and | 
the rocket twin by 6 years. Even if the rocket 
moves in a straight line and then reverses 
direction to return to the space station, this 
does not help because in this case the rocket 
must decelerate and then accelerate. So the 
rocket passenger again finds himself in a non- 
inertial frame for part of the time. This again 
ruins the symmetry of the situation; the rocket 
passenger is younger than his twin brother 
when they are reunited. 

  

Length contraction 
Suppose now that the observers inside a fast- 
‘moving train or rocket place a rod on the floor 
pointing in the direction of motion of the train 
(see Figure H2.6).   

rodat rest on i 
floor 

  

Figure H26 The rod is at rest in the moving 
frame. To an observer on the ground, the rod 
‘moves with the velocity of the frame. 

They measure the length of this rod and find it 
tobe Lo. What is the length of the rod when 
measured by the observers on earth with 
respect to whom the rod moves at speed 12 To 

  

find the length of a rod means that one must 
record the positions of the ends of the rod 
simultancously. The length Lo for this rod was 
the result of a simultaneous measurement of 
the rod’s ends in the frame of reference in 
which the rod is at rest (i.e. by the observers in 
the train). Measurements that are simultaneous 
in one frame of reference are not, however, 
necessarily simultaneous in others, as we saw. 
carlier, and this will imply that an observer 
with respect to whom the rod moves will 
measure a different length for the rod. 

A ] 

Imagine that the observers o the train send a 
light signal from the left end of the train to the 
right end, where a mirror reflects the light back 
10 its source (see Figure H2.7). The time taken 
for the return trip of the light beam is A = 22, 
where Ly is the length of the train as measured 
by the train observers, An observer with respect 
10 whom the train moves with velocity v sees 
the light signal emitied at time zero, say, but in 
the time it takes for the signal to return o the 
emitter the emitter has moved forward along 
with the train. Let At be the lime interval for 
the light beam to reach the mirtor for this 
observer and L the length of the train as far as 
this observer is concemed. Then, 
At = L+ VA, giving At = . Similarly, if 
Aty is the time for the light beam 1o reach the 

        

emiter and 
receiver of light 

  
Figure H27 Setup for deriving the length 

contraction formula. A signal is emitted 
from the back of the box and is reflected 
back by a mirror on the front. The signal is 
thus emitted and received at the same point 
in space as far as the observer in the box is 

concerned.
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emitter from the mirror, we have 
At = L~ vat; sothat At = . Thus the 
total time for the return trip is 

At=ab + At 
45! 
TV o 

2Lc 

Bo= 
HEgE 

) 

  

  

Recall now that At and At are related by 
At= 7&; since At" is a proper time interval 

(why?). Thus 

2L 2Ly 

(-3 oJi-9) 
giving 

v 
L=tofi— % 

  

x[
& 

  

    

— 

As with time dilation, length contraction s a 
real effect as well as a symmetric effect. Take 
two identical rods of proper length 1 m and 
put one on a rocket moving at high speed and 
keep the other on carth. The observers on the 
rocket measure the length of their rod and find 
1 m. The observers on carth measure the 
length of the rocket rod and find it less than 
1 m. The rocket people, on the other hand, 
measure the length of the earth rod and find it 
less than 1 m, whereas the earth observers will 

of course measure 1 m for their rod. Both sets 
of observers are correct according to the 
principle of relativity. 

Example question 
Q) BT AL M A 
SLAC stands for the Stanford Linear Accelerator. In 

this accelerator, electrons of speed v = 0.96¢ 
move down the 3.0 km long linear accelerator. 
(@) How long does this take according to 

observers in the laboratory? 
(b) How long does it take according to an 

observer travelling along with the electrons? 
(€) What i the speed of the linear accelerator in 

the rest frame of the electrons? 

  

Answer 
(a) In the laboratory the electrons take a time of 

3010 
096 x 3 x 107 0 2 X107    

(b) The arrival of the electrons at the beginning 
and the end of the accelerator track happens at 
the same point in space as far as the observer 
travelling along with the electrons is concered 
and so that is a proper time interval. Thus 

time interval =  x proper time interval 

    

571 
1.042 x 107 5 = 3.571 x proper time interval 

  

that is 

1.0 x 107 
3571 

= 2918 %105 

   
proper time interval = 
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(©) The speed of the accelerator is obviously 
v=0.96¢ in the opposite direction. But this 
can be checked as follows. As far as the 
electron s concemed, the length of the 
accelerator track is moving past it and so is 
length-contracted according to 

I Jength = POPEr ength 

   8401 km 

and so has a speed of 

0.8401 x 10° 
S m 
2.918 x 10+ 
.879 x 10° ms™! 

~0.96¢ 

speed = 

  

  

Adi 
Consider a frame §' (for example a train) that 
‘moves at constant speed v in a straight line 
relative to another frame S (for example the 
ground). An object slides on the train floor in 
the same direction as the train ($') and its 

velocity is measured by the observers in S’ to be 
u'. What is the speed of this object as measured 
by the observers in S? (See Figure H2.8) 

    on of velo 

oo 
Figure H2:8 The speed of the moving object is u’ 

in the frame §'. What is its speed when 
measured from frame $? 

In pre-relativity physics (ie. Galilean-Newtonian 
physics), the answer would be simply u’ +v. 
“This cannot, however, be the correct relativistic 
answer; if we replaced the sliding object by a 
beam of light (u’ = c), we would end up with 
an observer (5) who measured a speed of light 
different from that measured by S'. The correct 
answer for the speed u of the particle relative to   

  

S is given by 

  

1t can be easily checked that, irrespective of how 
close u’ or v are to the speed of light, u is always 
less than ¢. In the case in which u’ = ¢, then 
1 = as well, as demanded by the principle of 
the constancy of the speed of light (check this). 
On the other hand, if the velocities involved are 
small compared with the speed of light, then we 
‘may neglect the term “¥ in the denominator, in 
which case Einstein’s formula reduces to the 
familiar Galilean relativity formula u = u'+v. 

  

Example questions 
(0 AASEITEEERTIITTOreseasLIMIITIFIITISIOTOSS, 

An electron has a speed of 2.00 x 10° ms™! 
relative 10 a rocket, which itself moves at a speed 
0f 1.00 x 10% m s~ with respect to the ground. 
What i the speed of the electron with respect to 
the ground? 

Answer 
Applying the formula above with o’ = 2.00x 
10°m s~ and v=1.00 x 10°m s~ we find 

u=245x10"ms". 

(6 CETTTETTIII s A A AT IIIEITTITIT 

Two rockets move away from each other with 
speeds of 0.8¢ and 0.9, with respect to the 
ground, as shown in Figure H2.9. What is the 
speed of each rocket as measured from the other? 
What is the relative speed of the two rockets as 
measured from the ground? 

  

0 09— 

A sround ) 2 

Figure H2. 

  

Answer 
Let s first find the speed of A with respect o B. 
In the frame of reference in which B is at rest, the
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ground moves to the left with speed 0.9¢ (ic. a 
velocity of ~0.9¢). The velocity of A with respect 
to the ground is —0.8¢. This is illustrated in 
Figure H2.10. 

  
S=Bsrest 
frame 

Figure H2.10. 

Applying the formula with the values given in 

  

= -0.988¢ 

‘The minus sign means, of course, that rocket 
A moves towards the leit of B. Let us now find 
the speed of rocket B as measured in A’ rest 
frame. The appropriate diagram is shown in 
Figure H2.11. 

        

We thus find 

  

as expected. 
The relative speed of the two rockets as measured 
from earth is 0.8¢ + 0.9¢ = 1.7c. There is nothing 
10 worry about here. This faster than light speed is 
not the speed of any material object, nor the speed 
of any inertial frame, nor can it be used to send a 
signal to anybody. It is simply a statement of how 
fast the distance between the rockets is increasing 
as seen from earth. 
Q7 e TT——— 
“This question uses both the length contraction 
effect and the velocity addition formula. A rocket 
has a proper length of 200 m and travels with a 
speed v = 0.95¢ relative to the earth. A missile is 
fired from the end of the rocket toward the front at 
aspeed u' = 0.90c relative to the rocket. When 
will the missile hit the front of the rocket as far as 
the rocket observers are concerned? When will this 
happen as far the earth observers are concerned? 

Answer 
Let L, stand for the proper length of the rocket and 
wior the speed of the missile relative to the carth. 
The time taken for the missile to hit the front end of 
the rocke is just Ly/u' for the rocket observers. For 
the earth observers the time will be different. Let 
this time be t. The length of the rocket as measured 
from carth is L = . In the fime it akes the 
missile to reach the front of the rocket, the rockel 
has moved forward a distance of vt. Thus, as far as 
the earth observers are concerned, the 

  

  

  

    
distance the missile wil cover is Lyy/1 — % + vi. 
“This distance is covered at a speed u and thus the 
time taken obeys 

 



From the relativistic addition law for velocities 

vy 
T+   

and so substituting for u and solving for t we find 
(after some algebra) 

  

  

I instead of a missile a light signal s fired, then 
and the formula above simplifes to 

    

We can now put in the numbers to find numerical 
answers: L, = 200 m, 0.95¢, u' = 0.90c, and 

S0 Lo/u' = 7.4 x 107 5. The time on earth is 
measured at 4.4 x 107 

  

1 An earthling sits on a bench in a park eating a 
sandwich. It takes him 5 min to finish it 

according to his watch. He is being monitored 
by planet Zenga invaders who are orbiting at 
a speed of 0.90c. 
(a) How long do the aliens reckon it takes an 

earthling to eat a sandwich? 
(b) The aliens in the spacecraft get hungry 

and start eating their sandwiches. I takes a 
Zengan 5 min (o eat her sandwich 
according to Zengan clocks. They are 
actually being observed by earthlings as 
they fly over carth. How long does it take 
a Zengan 10 eat a sandwich according to 
carth clocks? 

  

2 An unstable particle has a lifetime of 
5.0x 10~ s as measured in its rest frame. The 
particle is moving in a laboratory with a speed 
of 0.95¢ with respect 1o the lab. 
(@) Calculate the lifetime of the particle 

according to an observer at rest in the 
laboratory. 

(b) Calculate the distance travelled by the 
particle before it decays, according 1o the 
observer in the laboratory. 
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3 The star Vega is about 50 Iy away from earth. 
A spacecraft moving at 0.995¢ is heading 
toward Vega 
(a) How long will it take the spacecrait to get 

10 Vega according to clocks on earth? 
(b) The crew of the spacecraft consists of 18- 

year-old 1B graduates. How old are the 
graduates when they arrive at Vega? 

4 Apendulum in a fast train is found by 
observers on the train to have a period of 
1.0's. What period would observers on a 
station platform measure as the train moves 
past them at a speed of 0.95¢? 

5 A rocket travelling at 0.6¢ with respect to 
carth is launched toward a star. After 4 yr of 
travel (as measured by the rocket clocks) a 
radio message s sent 1o earth. When will it 
arrive on earth as measured by: 
(@) observers on earth; 
(b) observers on the rocket? 
(©) How far from earth was the rocket when 

the signal was emitted, according to 
observers on earth? 

6 A spacecrait moves past you at a speed of 
0.95¢ and you measure its length to be 100 m. 
What length would you measure if it were at 
rest with respect to you? 

7 A spacecraft leaving the earth with a speed of 
0.80c sends a radio signal to earth as it passes 
aspace station 8.0 light years from earth (as 
measured by earth). 
(a) How long does the signal take to arrive on 

carth according to earth observers? 
(b) How long did it take the spacecraft to 

reach the space station (according to 
spacecrat clocks)? 

(©) As soon as the signal s received by earth, 
a reply signal is sent to the spacecraft. 
How long does the reply signal take to 
arrive at the spacecraft according to earth? 

() According to the spacecraft, how much 
time went by between the emission of 
their signal and the arrival of the reply? 

8 Two identical fast rains move parallel to each 
other. An observer on train A tells an observer 
on train B that by her measurements fi.e. A’s) 
train A is 30 m long and train B is 28 m long.
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1f the observer on train B takes measurements 
what will he find for 
@) the speed of train A with respect to 

train B; 
(b) the lengih of train A; 
() the length of train B2 

9 Two people meet at point A. They compare 
their watches and set them both to zero. 
They meet again at point B. Person P has 
been moving in a straight line at constant 
speed. Person Q has been moving on part of a 
circle with constant speed. Whose watch is 
slow when they meet at B? (See Figure H2.12.) 

P 
Figure H2.12 For question 9. 

10 A rocket approaches a mirror on the ground at 
a speed of 0.90c as shown in Figure H2.13. 
The distance D between the front of the rocket 
and the mirror is 2.4 x 10" m, as measured 
by the observers on the ground, when a light 
signal is sent toward the mirror from the front 
of the rocket. When is the reflected signal 
received by the rocket as measured by: 
(@) the observers on the groun 
(b) the observers on the rocket? 

  

  
Figure H2.13 For question 10. 

11 Two objects move along the same straight line 
as shown in Figure H2.14. Their speeds are 
as measured by an observer on the ground. 
Find: 

(a) the velocity of B as measured by A; 
(b) the velocity of A as measured by B. 

&— o— 
A 06 B 08 

  

Figure H2.14 For question 11. 

12 Repeat question 11 for the arrangement in 
Figure H2.15. 

06 A B 0% 

  

Figure H2.15 For question 12. 

13 A particle A moves to the right with a speed of 
0.60¢ relative to the ground. A second particle 
B moves to the right with a speed of 0.70¢ 
relative to A. What is the speed of B relative 
o0 the ground? 

14 A particle A moves to the left with a speed of 
0.60¢ relative to the ground. A second particle 
B moves to the right with a speed of 0.70c 
relative (0 A. What is the speed of B relative 
to the ground?



  

HL Ogitinn_H - Special and general relativity - 

Consequences of and 
evidence for special relativity 
This chapter introduces the idea of relativistic energy. It closes with a discussion of the 
Michelson-Morley experiment - an experiment that failed to detect the motion of the 
earth thiough the ether. 

Objectives 
By the end of this chapter you should be able to: 

  

= solve problems with relativistic energy, F = ymoc 
« describe muon decay experiments as evidence for time dilation and length 

contraction; 
« appreciate the significance of the Michelson-Morley experiment 

  

Relativistic energy 

One of the first consequences of Einstein’s 
theories in mechanics is the equivalence of 
mass and energy. The theory of relativity 
predicts that, to a particle of mass my that is at 
rest with respect to some inertial observer, 
there corresponds an amount of energy F o that 
the observer measures to be Eg = moc?. (We will 
not be able to give a proof of this statement in 
this book) This energy is called the rest energy 
of the particle. In particle accelerators, particles 
and antiparticles are accelerated to high 
energies and are then allowed 10 collide. For 
example, an electron colliding with its 
antiparticle, the positron, will produce a 
photon, which will then immediately 
materialize into a pair of a new particle and its 
antiparticle. This is denoted pictorially in 
Figure H3.1, 

  

‘The possibility of this process (discussed in 
detail in the means that we can view rest 

energy in the following way. The electron and 

electron particle 

     
photon 

antiparticle 
positron 

Figure H3.1 An electron and a positron collide, 
producing a new particle-antiparticle pair. 

the positron are moving in opposite directions 
with the same speed, and so the total 
‘momentum of the system is zero. The produced 
particle and antiparticle will then also have 
zer0 total momentum. The least energy required 
to produce the particle-antiparticle pair is then 
2myc? when they are produced at rest (i.e. 
without kinetic energy). Therefore, we can say 
that: 

b Rest energy is the amount of energy needed 
to produce a particle at rest.
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Similarly, if the particle moves with speed v 
relative to some inertial observer, the energy 
corresponding to the mass of the particle that 
this observer will measure s given by 

E = ymoc? 

moc® 

  

‘This is energy that the particle has because it 
has mass and because it moves. If the particle 
has other forms of energy, e.g. gravitational 
potential energy or electrical potential energy, 
then the total energy of the particle will equal 
ymoc? plus the other forms of energy. We will 
mostly deal with situations where the particle 
has no other forms of energy associated with it. 
‘The total energy of the particle in that case is 
then just ymoc?. 

Itis very important to notice immediately 
that, as the speed of the particle approaches 
the speed of light, the total energy approaches 
infinity. This is a sign, as we will see shortly, 
that a particle with mass cannot reach the 
speed of light. Only particles without mass, 
such as photons, can move at the speed of 
light. 

Figure H3.2 shows a graph of the variation with 
vlc of the ratio of the total energy  to the rest 
energy Eg of a particle. 

EEy 

     i by 
02 04 06 08 10 

Figure H3:2 As the speed of the mass approaches 
the speed of light. its energy increases without 
limit.   

Example questions 
Q1 et ner T T S e ST T 

Find the speed of a particle whose total energy is 
double ts rest energy. 

Answer 

We have that 

£ = ymyct 

  

2myc? = ymyc® 

Sy=2 

0.866 ¢ 

  

()2 EESE353000eS eIt SSTITYTYFIINEITINITISE 

Find (a) the rest energy of an electron and (b) its 
total energy, when it moves at a speed equal to 
0.800¢. 

Answer 
(a) The rest energy is 

E=mc 

=9.1x107" x9x 10" 

=819x107") 

  

=051 MeV 

(b) The gamma factor at a speed of 0.80c is 

1.667 

  

and so the total energy is 

E = ymyc* = 1.667 x 0511 MeV = 0.852 MeV. 

Q3 s 
A proton (rest energy 938 MeV) has a total energy 
of 1170 MeV. What is its speed?
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Answer 
Since the total energy is given by F = ymc we 
have that 

Tzt =28 
   
0.8017 

  

0.6427 

v 
5 =03573 a 

0.598 ¢ 

  

Ifa particle is accelerated by a potential 
difference of V/ volts, its total energy will 
increase by an amount qV/, where g is the charge 
of the particle. Thus, if a particle is initially at 
rest, its total energy is the rest energy 
FEq = moc?. After going through the potential 
difference, the total energy will be 
E =moc? +qV. We can then find the speed of 
the particle, as the next example shows. 

Example questions 
Q4 ERereeee sl I IIIITIIENITE RIS S AL 1L 

An electron of rest energy 0.511 MeV is accelerated 
through a potential difference of 5.0 MV in a lab. 
(@) What is ts total energy with respect to the lab? 
(b) What s its speed with respect to the lab? 

Answer 
(@) The total energy of the electron will increase by 

GV =1ex 5.0 x 10° vol   =5.0MeV,     

and so the total energy is 
£ =md +gqV =0511 MeV +5.0 MeV. 

=5.511 Mev 

(b) We know that 

  

E=ymc 

5511 =y x 0511 
5511 

¥ 

  

0511 
=10.785 

  

Since y = 7'__ it follows that 

10785 = —   
fi- 

v 
  

  

— 
  (=0.0927) 

  

0.008597     

v 
& 10875 
v 

< 
v=0.996c 

Q5 s TS 
(@) A proton is accelerated from rest by a potential 

difference V. Calculate V'so that the proton 
reaches a speed of 0.95¢ after acceleration. 
(The rest energy of the proton is 938 MeV.) 

(b) What accelerating potential is required to 
accelerate a proton from a speed of 0.95¢ 0 a 
speed of 0.99¢2 

Answer 
(a) The gamma factor at a speed of 0.95¢ is 

1 
  

    

V=095 

=320 
“The total energy of the proton after acceleration 
is thus 

E=ymc 

=320 x 938 MeV 
=3004 MeV 

From 
E=mct+qV 

we find 
qV = (3004 — 938) MeV = 2066 MeV 

and so 

V=21x10"V 

Notice carefully how we avoid using S| units to 
make the numerical calculations much easier. 

(b) The total energy of the proton at  speed of   0.95¢is (from part (a)) £ = 3004 MeV. The
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total energy at a speed of 0.99¢ is (working as 
in (a)) £ = 6649 MeV. The extra energy 
needed is then 6649 — 3004 = 3645 MeV, 

and so the accelerating potential must be 
3.6 x 10" V. Notice that a larger potential 
difference is needed to accelerate the proton 
from 0.95¢ to 0.99¢ than from rest to 0.95c¢. 

This is a sign that it is impossible to reach the 
speed of light. (See also the next example.) 

Q6 FETETTETTITIASSIIII 
A constant force s applied o a particle which is 
initially at rest. Sketch a graph that shows the 
variation of the speed of the particle with time for 
(a) Newtonian mechanics; 
(b) relativistic mechanics. 

  

Answer 
In Newtonian mechanics, a constant force 
produces a constant acceleration, and so the 
speed increases uniformly without limit, 
exceeding the speed of light. In relativistic 
mechanics, the speed increases uniformly as long 
as the speed s substantially less than the speed of 
light, and is in fact identical with the Newtonian 
graph. However, as the speed increases, so does 
the energy. Because it takes an infinite amount of 
energy for the particle (o reach the speed of light, 
we conclude that the particle never reaches the 
speed o light. The speed approaches the speed of 
light asymptotically. Note that the speed is always 
Tess than the corresponding Newtonian value at 
the same time. Hence we have the graph shown 
in Figure H3.3. 

    

Evidence for special rela 

  

  

Muon decay 
Muons are particles with properties similar to 
those of the electron except that they are more 
massive, are unstable and decay into electrons: 
they have a lifetime of about 2.2 x 10-* s. (The 
reaction is i —> €+ 7 +1,.) 

» This is the lifetime measured when the. 
muon s at rest - this is the proper time 
interval between the creation of a muon 
and its subsequent decay. } 

  

  

  

From the point of view of an abserver in the 
laboratory, however, with respect to whom the 
‘muons are moving at high speed, the lifetime is 
longer because of time dilation. Consider a muon 
created at a height of 3.0 km and moving toward 
the surface of the earth with a speed of 0.99c. Its 
lifetime as measured by ground observers will be 

e roper time time interval — EOPSLIME 

  

=156 x 10 

  

In this time the muon travels a distance (as far 
as the laboratory observers are concerned) 

0.99 %3 % 10° x 1.56 x 107* m = 4.63 km 

‘This means that the muon reaches the surface 
of the earth before decaying. Without the time 
dilation effect, the muon would have travelled a 
distance of only 

0.99 x 3 x 10 x 2.2 x 10 m = 0.655 km 

and thus would not make it to the surface. 

b The fact that muons do make it o the 
surface of the earth is evidence in favour 
of relativity: : 

‘The muon exists as a muon for only 2.2 x 10 s 
in the muon’s rest frame. So how does an 
observer travelling along with the muon  
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explain the arrival of muons (and not electrons) 
at the surface of the earth? The answer is that 
the distance of 3.0 km measured by the 
observers on earth is a proper length for them 
but not for the moving observer, The observer 
travelling along with the muon claims that it is 
the earth that is moving upward and so 
‘measures a length-contracted distance of 

3.0 x v/1-0.99 km = 0.42 km 

to the surface of the earth. The earth’s surface 
is coming up to this observer with a speed of 
0.99 and so the time when they will meet is 

042 x 10° 
TSI 14x107°s 

  

that is, before the muon decays! 

  

The Michelson-Morley experiment 

Nineteenth-century physics demanded that 
light, like all other waves, required a medium 
for its propagation. Just as water waves require 
water, waves on a string require a string, etc. it 
was presumed that light too required a medium 
in which its vibrations would take place and 
propagate. The medium for light waves was 
‘hypothesized to be an all-pervading medium 
called the ether. The problem with the ether was 
that an observer moving in it could not 
measure the same speed of light as one who 
‘was stationary in it. If an observer moved in the 
ether, they would experience an ‘ether wind", 
‘much the same as a car travelling in still air 
experiences an opposing wind. If this observer 
‘were to emit a light signal in the direction of 
motion, the velocity of light was expected to be 
less than it would be if the observer were at rest 
relative to the ether (see Figure H3.4). 

‘We have seen that neither mechanics nor 
electromagnetic experiments can help in 
deciding whether an inertial observer really is at 
rest or really moves. Could we use the ether in 
an attempt to define absolute rest and absolute     

Figure H3.4 The speed of light would be less when 

emitted from a source that moved in the ether 

in the same direction as the light signal. 

‘motion? Consider an observer in a boat who 
looks at waves in the water. In the first instance, 
the boat is at rest in the water (Figure H3.5). In 
the second, the boat moves smoothly at constant 
velocity relative to the water (Figure H3.6). 

Figure H35 View from the boat at rest. The boat is 
at rest in the water and waves moving to the 
right and left move with the same speed relative 
10 the boat. This velocity is i, the velocity of 
water waves relative to the water. 

e 
Figure H36 View from a moving boat. The boat 

‘moves with velocity v relative to the water. The 

speed of the waves is u relative to the water. Thus, 
the right-moving waves have velocity Uy = u — v 
relative to the boat and the left-moving waves   have a velocity Uy = u +v relative to the boat.
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‘The experiment used Michelson’s interferometer, 
‘which is shown in Figure H3.7. 

4]
 | 

[ 

Figure H3.7 The Michelson interferometer. 

In 1881, Michelson, and later Michelson and 
Morley, performed an experiment to find the 
speed of the earth relative to the ether using an 
accurate interferometer designed by Michelson. 

‘The idea of the experiment appears to have been 
put forward a few years earlier by Maxwell 
‘himself. To their great disappointment, despite 
the accuracy of their experiment they found no 
speed at all. (One way out would be to say that this 
implies that the earth is in a state of absolute rest; 
this i not acceptable as the earth moves in 
different directions as it rotates around the sun 
and 5o could not be permanently at rest relative to 

the ether. This is why the experiment was repeated 
at different times of the year when the earth was 

in different points in its orbit around the sun) 

  

Light from a source § falls on a semitransparent 
mirror and the beam is split in two: the reflected 
part (dotted line) proceeds to mirror 1 from 
‘which it s reflected towards the microscope. The 

other part (solid line) goes through the mirror 
and proceeds towards mirror 2 from which it is 
reflected back towards the semitransparent 
mirror and from there into the microscope. The 
two beams are thus rejoined at the microscope. 
‘The two mirrors are not exactly perpendicular 
0 each other, which means that as you look 
along the field of view of the microscope (F). 
interference fringes are observed. The 
interferometer floated in a container filled with 
‘mercury and could be rotated by 90°, say in the 
counter<clockwise direction. Because the speed 
of light was expected to be different depending on 

whether light moved along or against the ether, 
detailed calculations show that rotating the 
interferometer should change the interference 
pattern by shifting the interference fringes (see 
Figure H3.8).  
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before rotation 3 The rest energy of a particle 
total is 135 MeV an 

energy is 200 MeV. What is its 
speed? 

  

after rotation 4 An electron is accelerated from o 
it rest through a potential FEEE BRER oo 

(@) What s ts total energy? 
Expcied heated (b) What is its speed? 

Figure H3.8 Expected and observed interference 5 

patterns before and after rotation in the 
Michelson-Morley experiment. 

What is the total energy in MeV of a proton 
travelling at 0.80c? 

6 A proton is accelerated from rest by a 
potential difference V. Calculate V so that the Michelson and Morley saw no difference when 
proton reaches a speed of 0.998c. they rotated their interferometer. Many 

physicists, including Fitzgerald and notably 7 What happens to the density of a cube 
Lorentz, attempted to explain this result by travelling past you at a relativistic speed? 
various ad hoc assumptions. The simplest 8 Amuon travelling at 0.95¢ covers a distance 
explanation, though, came from Einstein, who of 2.00 km (as measured by an earthbound 
abandoned the ether idea and introduced the observer) before decaying. 
principle of the constancy of the speed of light (a) What is the muon’s lifetime as measured 
in all directions and for all inertial observers by the carthbound observer? 

(b) What i the lifetime as measured by an 
The constancy of the speed ‘ observer travelling along with the muon? 

5 9 The lifetime of the unstable pion particle is 
of light [ measured 10 be 2.6 x 107 s (when at rest). If 

this particle is to travel a distance of 20 m in 
the laboratory just before decaying, at what 
speed must it be moving? 

10 Two islands in a river are separated by 12 km 
(see Figure H3.9). The current flows with a 

speed of 2 km per hour relative to the banks 
from A to B. 

(a) How long would a boat trip take from A to 
Bif you can row with a speed of 4 km per 
hour with respect to the water? 

(b) How long would the return trip take? 
(©) How long would the entire trip take in il 

water? 

The null result of the Michelson-Morley 
experiment is, of course, consistent with a 
constant speed of light, independent of the 
velocity of the source. However, the first 
conclusive experiment that demonstrated the 
constancy of the speed of light with great 
accuracy was performed at CERN (the European 
Centre for Nuclear Research) in 1964. In this 
experiment, neutral pions moving at 0.99975¢ 
decayed into a pair of photons moving in 
different directions. The speed of the photons 
in both directions was measured to be ¢ with 
extraordinary accuracy. The speed of light does 
not depend on the speed of its source. 

1 The rest mass of a proton is 1.67 x 10-kg. _— 
Find its rest energy. 

2 At what speed must a body move so that its 
total energy is 10 times its rest energy? Figure H3.9 For question 10. 
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11 Two barges, A and B, are opposite each other 
near the shores of a lake, 12 km apart (see 
Figure H3.10). A current of speed 3 km per 
hour relative to the shores flows as shown. 
You can row at 5 km per hour relative to the 
water and you want 0 get from A to B. How 
long will it take you? 

  

  

12km —_— 

L O 
Figure H3.10 For question 11. 
  

 



  

Relativistic mechanics 
The farmiliar laws of mechanics based on Newton's laws of motion that we have studied 
earlier need to be modified whenever an object moves at speeds dlose to the speed of light. 
Relativistic mechanics introduces new relations between mass, energy and momenturn. 

    

Objectives 
By the end of this chapter you should be able to: 
« solve problems with relativistic momentum, p = —— = ymqv, relativistic 

I8 
energy, E = %, and kinetic energy, E, = (y — imsc*; f 

Ve 
+ solve problems with the formula relating momentum, rest energy and total 

energy, E = /et + pic’; 
« appreciate that a charge ¢ that i 

  

celerated from rest through a 
   potential difference V increases its kinetic energy to Ey, where gV = 

+ use relativistic unit for mass (e.g. MeV ¢-3) and momentum (eg. MeV ). 

  

Momentum and energy | momentum is given by the product of mass 
| times velocity, but in relativity this is 

(momenergy) | modified to 

Consider a body of mass 1 kg initially at rest mv 
acted upon by a force of 1 N. The body will 
‘move with an acceleration of 1 m s~ and thus 
in a time of 3 x 10 s the body will acquire a ok 
speed equal to the speed of light. Since this is 
impossible, modifications in the laws of 
mechanics are necessary to make them comply 
with the principle of relativity. These 
modifications make up what is called 
relativistic mechanics. As we will see, the 
concepts of energy and momentum are so 
interconnected in relativity that John A. 
Wheeler coined the word momenergy for both 
quantities. i 

  

We still have the usual law of momentum 

conservation, which states that, when no 
external forces act on a system, the total 
‘momentum stays the same. The symbol m, here 
stands for the rest mass of the particle and is a 
constant for all observers. 

» This means that (unlike Newtonian 
‘mechanics) a constant force on the particle 
‘will produce a decreasing acceleration in 
such a way that the speed never reaches the 
speed of light. 

Momentum 
The first change involves the momentum of 
a particle. In classical mechanics, the
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Example question 

Q1 TSGR 
A constant force F acts on an electron that is 
initially at rest. Find the speed of the electron as a 
function of time. 

Answer 

Initially, for small ¢, the speed increases uniformly, 
as in Newtonian mechanics. But as t becomes 
large, the speed tends to the speed of light but 
does not reach or exceed it. This is because as the 
speed increases so does the mass of the electron 
and so the acceleration becomes smaller and 
smaller, never achicving the speed of light. This 
results in the graph shown in Figure Ha.1. 

  

e 

10 

08 
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nmgmlng both sides, we. finmhal (auummg 
me mass starts from test) 
gzl 
Sheg 

Solving for the speed, we find 

A s D 
(my0 + (FO? 

The way the velocity wwmw of 
light is shown in Figure H4.1. 

  

  

  

Energy 
Amass moving with velocity v is said to have a 
total energy E given by 

2 moc’ E 

  

‘This means that even when the mass is at rest it 
has energy F o = moc?; this is called the rest 
energy of the mass. This is Einstein’s famous 
formula from 1905. It states that mass and 

energy are equivalent and can be transformed 
into each other. 

   



‘This relativistic definition of kinetic energy 
does not look similar to the ordinary kinetic 
energy jmv?. In fact, when v is small compared 
with ¢, we can approximate the value of the 
relativistic factor using the binomial 

  

expansion for - for small x: 

Ui Lo 
JT=x 2 

Applying this to £, with x 

  

  

    (£) we find 

  

1w 2 
n:m"zz(l +3at )—m“r- 

that is 

Ex = dmor? 
In other words, for low speeds the relativistic 
formula reduces to the familiar Newtonian 
version. For higher speeds, the relativistic 
formula must be used. 

Total energy, momentum and mass are related: 
from the definition of momentum, we find that 

22 c 
  et P+ mict = ""9 

  

that is 

E=\Jmict+ pct 

(This formula is the relativistic version of the 
conventional formula £ = %~ in Newtonian 
mechanics.) This relation can be remembered 
by using the Pythagorean theorem in the 
triangle of Figure H4.2 

o 
Figure H4:2 The rest energy, momentum and total 

energy are related through the Pythagorean 
theorem for the triangle shown. 
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The formula we just derived applies also to 
those particles that have zero mass, such as the 
photon, in which case E = pc. Remembering 

o that for a photon E =hf, we find p 

  

A point about units 
We have already seen that we can use units 
such as MeV ¢ or GeV ¢~ for mass. This 
follows from the fact that the rest energy of a 
particle is given by Fo = myc? and so allows us 
to express the mass of the particle in terms of 

| the rest energy asmo = Eq/c?. Thus, the 
statement ‘the mass of the pion is 135 MeV ¢ 2, 
means that the rest energy of this particle is 
135 MeV. (To find the mass in kg we would 
first have to convert the MeV into joules and 
then divide the result by the square of the 
speed of light.) 

Similarly, the momentum of a particle 
can be expressed in units of MeV ' or 

| GeVc'.A particle of rest mass 5.0 MeV ¢ 2 
and total energy 13 MeV has momentum 
given by 

2= mict 4 pic 
= p’c® = (169 — 25) MeV* 

=144 MeV? 
= pe=12MeV 
=p=12Mevc! 

‘The speed can be found from 

2 myc E=—— 

  

=    
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In conventional SI units, a momentum of 
12MeVeis 

J 
12x10°% 1.6 x 107" ———— R 

  

=64 x 102" kgms™! 

Example questions 
Q2 mResrr T —— 
Find the momentum of a pion (rest mass 135 
MeV ¢ whose speed is 0.80c. 

Answer 
The total energy is 

  

    e+ 
V2251 = 135¢ 
80 MeV 

= p=180MeVc' 
   

03 EmseEEETrE—TE st e——— 
Find the speed of a muon (rest mass = 105 MeV c~%) 
whose momentum is 228 MeV ¢ 

  

Answer 
From p= ymy we find 

228MeV e =y x 105 MeV ¢ x v 

  
  

Q4 IEITISSTIIIEIIGS ¢o4TY PRI IMPEEFTSTELILG 

Find the kinetic energy of an electron whose 
momentum is 1.5 MeV ¢, 

Answer 

The total energy of the electron is given by 
Emmd 4 pict 

  

= 0511 MeV? 4+ 1.5 MeV* ¢ x ¢ 

2511 Mev? 
= =158 MeV 

  

and so 

Ev=E—myc 
568 MeV 
07 MeV 

0.511 MeV. 

  

  

A free electron cannot absorb 
(or emit) a photon 

‘The laws of relativistic mechanics forbid the 
absorption of a photon by a free electron. 
Assume for a minute that this is possible; that 
is, let a firee electron initially at rest absorb a 
photon of energy  (see Figure H4.3). 

before after 

WO | 00— 

Figure H43 What would happen if a free electron 
could absorb a photon. 

By conservation of momentum, the electron 
must then move in the same direction as that 
of the incident photon, with momentum &/c, 
since this is the momentum the photon had 
before absorption, 

By conservation of energy, the total energy of 
the electron, £, after the photon absorption is  



E =myc? +¢. But the electron’s total energy £ 
and momentum p are related by 

F? = mic* + pic 
and so this implies that 

   £ 
(moc? +&)> =mic* + z 

mict + €2 4 2moc’e = mic! + 6 ¢ I 
2moc’s 

  

‘which is an impossible relation. Hence the 
photon cannot be absorbed. In the photoelectric 
effect the absorption is possiblé, but only 
because the electron is not free but bound in an 
atom. The atom then participates in sharing 
energy and momentum so that the photon can 
be absorbed. 

1 (a) Find the rest energy of an electron in MeV. 

(b) An electron s accelerated from rest by a 
potential difference of 1.00 x 10" V. 
Calculate the speed of the electron using 
(i classical mechanics and (i) relativistic 
mechanics. 

2 What is the speed of a particle whose kinetic 
energy is 10 times its rest energy? 

3 What is the momentum of a proton whose 
total energy is 5 times its rest energy? 

4 What is the total energy of an electron with a 
speed equal to 0.9 times that of light? 

5 What is the momentum, in conventional I 
units, of a proton of momentum 685 MeV ¢ 

6 What is the kinetic energy of a proton whose 
momentum is 500 MeV ¢'? 

7 The total energy of an electron is 10.0 GeV. 
What isits mass in kg? 

8 (a) What is the speed of electrons accelerated 
10 a total energy of 100.0 GeV? 

(b) What s it for protons? 
9 What is the speed of an electron that has been 

accelerated from rest by a potential difference 
of 2.0 MV? 
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10 Through what potential difference must a 
proton be accelerated (from rest) so that its 
speed is 0.96¢2 

11 Find the kinetic energy of a proton whose 
speed is 0.99 times that of light. 

12 What is the energy needed to accelerate an 
electron 0 a speed of: 
(@ 0.506; 
(b) 090 
() 099 

13 A proton initially at rest finds itself n a region 
of uniform electric field of magnitude 
5.0 % 10°Vm™". The electrc field accelerates 
the proton over a distance of 1 k. Calculate: 
) the kinetic energy of the proton; 
(b) the speed of the proton. 

14 (@) Show that the speed of a particle of 
rest mass m, and momentum p is given 

  

An electron and a proton have the same 
momentum. What is the ratio of their speeds 
when the momentum is: 
(b) 1.00 MeV ¢™'; 

{c) 1.00 GeV ¢'7 

(d) What does the ratio become as the 
‘momentum gets larger and larger? 

  

15 A particle at rest breaks apart into two pieces 
of masses 250 MeV ¢+ and 125 MeV ¢ 
The lighter fragment moves away at a speed 
equal to 0.85¢. 
(@) What is the speed of the other 

fragment? 
(b) What is the rest mass of the particle that 

broke apart? 
(Use the laws of conservation of momentum 
and total energy) 

  

16 An electron and a positron (a particle 
of the same mass but opposite charge 
to the electron) each of kinetic energy 
2.0 MeV collide head-on. The electron 
and positron annihilate each other into 
photons. 
(@) Explain why the electron-positron pair 

cannot create just one photon.
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17 The Compton effect. A photon of wavelength 

  

and general rlativity 

(b) Assume that two photons are produced. 
Explain why the pholons must be moving, 
in opposite directions. 

(@) Calculate the energy of each photon. 

A scatters off an electron initially at rest (see 
Figure H4.4). 

  

Figure H4.4 For question 17, 

(@) By treating the process as a collision and 
applying the laws of conservation of 
energy and momentum, show that the 
wavelength of the photon after the 
collision, ', is given by 

Y=t —cos) = 
(b) Explain why the scattered photon has a 

larger wavelength than that of the 
incoming photon. 

(@ If the incoming photon has a wavelength 
0f 3.00 x 10 m, find the wavelength of 
the scattered photon when the scattering, 
angle is 60°. 

  

18 In the Compton efiect (see question 17) an 
incoming photon of wavelength 5.00 x 10 m 
scatters off an electron initially at rest and 
goes back along the path it came from. With 
what kinetic energy and speed does the 
electron move off? 

19 A neutral pion of mass 135 MeV * travelling 
a1 0.8¢ decays into two photons travelling 
in opposite directions, 70 — 2y (see 
Figure H4.5). What is the ratio of the 
frequency of photon A o that of photon B7 

pion 
o— 

AN Ay, 
B 

Figure H4.5 For question 19. 

20 Two identical bodies with a rest mass of 3.0 kg 
are moving towards each other from opposite. 
directions, each with a speed of 0.80c. They 
collide and form one body. Determine the rest 
mass of this body. 

21 State the formulas, in terms of the rest mass m 
of a particle, for 
(@) the relativistic momentum p and 
(b) the total energy E. 
(€) Using these formulas, derive the formula 

v = £ for the speed v of the particle. 
(d) The formula in (c) applies in fact to all 

particles, even to those that are massless. 
Deduce that, if the particle is a photon, 
then v=c. 

   



  

General relativity 
The theory of general elativity was formulated by Albert Finstein in 1916. i a theory 
of gravitation thal replaces the standard theory of gravitation of Newton and generalizes 
instein's special theory of relativity. Newlon’s theory of gravitation, while successful in 
dealing with planetary. motion, cannot account for the effects of gravitation in very. 
dense, massive objects and the behaviour of matter and energy in the universe as a 
whole. A number of physicists were close to discovering the laws of special relatvity at 
the beginning of the twentieth century. The theory of general relativity, however, stands 
as the crowning achievement of Einstein's genius and is considered to be perhaps the 
most elegant and beautiful example of a physical theory ever constricted, The theory is 
a adical theory i that it relates the distribution of matter and energy in the universe to 
the structure of space and time. The geometry of space-time is a direct function of the 
matter and energy that space-time contains. In general, this geometry is not Euclidean, 
which means, among other things, that the angles of a triangle do not add up to 180° 
Matter distorts the space-time in which it finds tself,in much the same way that a heavy 
ball would distort a rubber sheet on which it is placed; 

  

Objectives 
By the end of this chapter you should be able to: 
« state the equivalence principle and appreciate its consequences; 
+ appreciate that the equivalence principle leads to the equality of 

inertial mass and gravitational mass; 
+ describe the tests of general relativity, in particular the bending of light by 

amassive object and the gravitational redshift or Pound-Rebka experiment; 
+ solve problems using 2 = ¢ 
+ understand that general relativity is a theory that relates the rules of 

geometry to the energy and mass contained in space; 
|+ appreciate that, in the absence of forces, objects in general relativity 
‘ move along paths of shortest distance called geodesi 

  

  

  

+ understand that general relativity predicts the existence of black holes 
whose event horizons have radius R, = %; 

« state the meaning of the term event horizon. 

  

inci i | elevator’) the reading of the scale is zero. It is as 
—.*]he principle of equivalence | if the person is weightless. This is what the scale 
‘We have already seen in Chapter 2.5 0n Newfon's | would read if the elevator were moving at 
second law that when a person stands on a scale constant velocity in deep space far from all 
inside a freely falling elevator (‘Einstein’s masses. Similarly, consider an astronaut in a
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spacecraft in orbit around the earth. She t0o | 
feels weightless and floats inside the spacecraft. | 
But neither the person in the falling elevator nor 
the astronaut are really weightless. Gravity does 
act on both. We can say that the acceleration of 
the fireely falling elevator or the centripetal 
acceleration of the spacecraft ‘cancelled out’ the 
force of gravity. The right acceleration can make 
gravity disappear and make the frame of 
reference under consideration look like one 
‘moving at constant velocity. 

‘The right acceleration can also make gravity 
appear. Consider an astronaut in a spacecraft in 
deep space far from all masses that moves with 
constant velocity. The astronaut really is 
weightless. The spacecraft engines are now. 
ignited and the spacecraft accelerates forward. 
The astronaut feels pinned down to the floor. If 
he drops a coin, it will hit the floor whereas | 
previously it would have floated in the 
spacecraft. The coin falling to the floor and the 
sensation of being pinned down are what we 
normally associate with gravity. 

We have seen two examples where the effects of 
acceleration mimic those of gravity. Another 
expression for ‘the effects of acceleration’ is 
‘inertial effects'. Einstein elevated these 
observations to a principle of physics - the 
equivalence principle: 

  

Applying this principle to the two examples we 
just discussed we may re-express it as: | 

  

You can use either one of these last two 
statements as a definition of the equivalence 
principle. But the original statement takes care 
of both. 

Figure H5.1 shows a frame of reference, A, 
moving at constant velocity in deep space and a 
frame of reference, B, that is falling freely in a 
gravitational field. The principle of equivalence 
says that the two frames are equivalent. There 
is no experiment that the occupants of box A 
can perform that will give a different result 
from a similar experiment performed in box B. 
Nor can the occupants of either box decide 
which of the two states of motion they ‘really’ 
have. 

  

  

      

  

      

  

A constant 
velocity 

B 

free fall 

mass M 

Figure H5.1 A frame of reference moving at 
constant velocity far from any masses (A) and a 
freely falling frame in a gravitational field () 
are equivalent. 

Figure H5.2 shows a frame of reference, A, that 

accelerates in deep space and a frame of 
reference, B, that is at rest in a gravitational 
field. Again, there is no experiment that the 
occupants of box A can perform that will give a 
different result from a similar experiment 
performed in box B, nor can the occupants 
decide which is which. 

This principle has immediate consequences. 

 



  

      

A | deepspace 

Br—atrestina 
graviationa 
field 

    

  

Figure H5.2 An accelerating frame of reference far 
from any masses (4) and a frame at rest in a 
gravitational field (B) are equivalent. 

    

The speed of light 
The first consequence is that the speed of light is 
the same whether in a gravitational field or not. 
An observer in box A of Figure H5.1 would 
measure ¢ =3 x 10° m s~ for the speed of 
light. An observer in the freely falling frame of 
box B must also reach the same conclusion 
since the two frames are equivalent. 

» The speed of light in a gravitational field 
is the same as in any inertial frame of 
reference. 

  

Inertial and gravitational mass 
The second consequence is that gravitational mass 
and iertial mass are the same. Recall that inertial 
‘mass is the ratio of the net force on a body to the 
body’s acceleration and gravitational mass is 
the ratio of the gravitational force on a body to 
the acceleration due to gravity. 

In frame A of Figure H5.2, mass measurements 
are inertial mass measurements. In frame B at 

rest in a gravitational field, mass measurements 
are gravitational mass measurements. Since the 
£wo frames are equivaent, the equality ofthe 
two masses follows. 
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| This is something that Galileo (and later 
Christiaan Huygens) checked experimentally 
‘when he showed that different objects fall at the 
same rate and that pendulums of equal lengths 
but with different masses have the same period. 
Modern, more accurate experiments by Dicke 
and Braginsky have verified this equality to an 
accuracy of 1 part in 10%, that is 

<1072 

  

‘ m—my 

| 
| So there is good experimental evidence for the 
| equivalence principle. 

The bending of light 
‘The third consequence of the equivalence 
principle is that light bends toward a massive body. 
Imagine a spacecraft orbiting a massive object. 
Aray of light is emitted from the back of the 
spacecraft toward the front. Where does it hit - 
at the front of the spacecraft at F or on the side 
at s (see Figure H5.3)? Remember that the frame 
of the spacecraft is freely falling (it is in orbit) 
and so s equivalent to a frame moving at 
constant velocity in a straight line (Figure H5.1). 
In this frame there is no doubt that the light 
will hit at E. So it must also hit at F in the 
spacecraft in orbit, since the two frames are 
equivalent. 

  

Figure H5.3 The ray of light will hit at F, 
indicating to an observer outside that the ray 
has bent toward the massive object. 

But this means that from the point of view of 
an observer at rest on the surface of the massive 

| body, light has bent towards it.
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| The tests of general relativity 

Massive objects can thus act as a kind of ‘The four main tests of the theory of general 
gravitational lens. relativity are: 

Time slows down [ e the bending of light and radio signals near 

A final consequence of the equivalence principle massive objects 
is that time slows down near a massive body. « the gravitational frequency shift 

Consider two rays on a wavefront AB, which are + the precession of the perihelion of Mercury 
bent as they pass near a massive object (see +thg time delay experiment 
Figure H5.4). A and B are thus points in phase. 

Of these, only the first two are required for 
examination purposes. 

Test 1: The bending of light 
A ‘The bending of light in the vicinity of a massive 

object (the sun, for example) was detected 
experimentally in a famous observation by 
F.W. Dyson, A.S. Eddington and C. Davidson 
in two separate eclipse expeditions to the 
islands of Principe and Sobral in 1919. News of 
their confirmation of Einstein's theory was 
telegraphed around the world and made Einstein 

  

    

Figure H5.4 Ray BD appears o have covered a 
smaller distance than ray AC. Since the speed of 
light is the same for both rays, it follows that 
time must be ‘running slower” near the massive known to the wider public. This is shown in 

object. Figure H5.5. The angle of bending is shown. 
unrealistically large for clarity. When the sun is 

‘The ray at A moves to point C and that at B between the earth and the star, the sun’s light 
‘moves to point D. The wavefront AB has bent would completely wipe out the light from the 
because the rays bend towards the massive star. This is why such an observation is possible   object. If points C and D are to be in phase (they | only during a total solar eclipse. 
‘must be since they are on the same wavefront) 
the rays from A and B must take the 
same time to get to C and D. But ray 
BD covers a smaller distance than ray 
AC, yet travels at the same speed. The 
problem can be avoided if time runs 
slower for ray BD. 

   
   

        

   

  

o apparent 
position of star 

Consider two identical clocks. One is 
placed near a massive body and the other far Figure H5.5 The star is observed during a solar 
from it. When the clock near the massive body eclipse and then 6 months later when the sun is 

s hacia e T not in the way. The angular position of the star 
shinws hiat 13 bas gone by, the favawayclock is different in the two measurements, For a ray 
will show that more than 1 s has gone by. This is grazing the surface of the sun, the predicted 
the general relativity analogue of time dilation. angle of bending is about 175" (arcseconds).  
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‘The bending of light that Eddington and his period arge, 
co-workers measured in 1919 was in agreement requency low 
with the Finstein prediction, within photon 
experimental error, but the accuracy was not ) 
enough for this to constitute a test of the ""““" "yn:]';h requency b theory. The measurements have since been 
refined to include radio signals from distant 
galaxies, and these agree with general relativity 
predictions. Referring to Figure H5.5, if  is the 
distance of closest approach of a ray of light to 
the sun, the angle of deflection is predicted by 
general relativity to be 

R 
175 

where R is the radius of the sun. (The angle is 
given in arcseconds - there are 3600 arcseconds 
in one degree.) [ 

  

‘The bending of light is important to astronomers 
in the following way. Light from a distant star 
will be bent on its way to earth if it goes past a 
‘massive star or galaxy. This means that the star 
will not be observed to be at its true position. In 
some cases this leads to the formation of 
‘multiple images of the star. In this way massive 
objects act as a kind of gravitational lens. 

Test 2: The gravitational frequency shift 
General relativity predicts that clocks near a 
massive object run slower than similar clocks 
further away from the massive object. 
Monochromatic light can be taken to be a clock - 
the period of the wave is like the time interval 
between the ‘ticks’ of a clock. 

Thus, when a photon is emitted from the 
surface of a massive body and then observed far | 
away from the massive object, the frequency of 
the photon will be less than the frequency at 
emission. The photon will show a redshift. 
Conversely, if the photon is emitted far from 
the massive body and is then observed near the 
‘massive body, the photon will experience a 
blueshift. 

  
‘This blueshift has actually been observed in the 
Pound-Rebka experiment in which the earth 
acts as the massive object (see Figure H5.6). 

Figure H5.6 The photon has a larger frequency 
near the surface than at the point of emission 
far from the surface. 

The Pound-Rebka experiment 
In this experiment performed at Harvard 
University in 1960, a beam of gamma rays of 
energy 14.4 keV from a nuclear transition in 
iron-57 was emitted from the top of a tower 
22.6 m high and detected at ground level (see 
Figure H5.7). 

emission £ = e + mgH 

41| photon 

  

i, ! recepion 
Figure H5.7 A photon emitted at ground level will 

be observed at the top of the tower with a lower 
frequency (redshift). Conversely, a photon 
emitted at the top will be observed at ground 
level at a higher frequency (blueshift). 

Let fop, be the emitted frequency at the top of 
the tower and f, the observed frequency at 
ground level. 

‘The energy of the emitted photon is hf,y,. This 
photon is received at a position lower than the 
emission point and energy conservation 
demands that 

Bl +mgH = h, 
*Mass’ here stands for the gravitational mass of 
the photon, that is its energy divided by c? (this
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is in effect the mass on which gravitation acts; | 
it is not implied that the photon has a non-zero | 
‘mass). This mass is thus (hf/c?). Hence 

  

‘This means that the frequency shift Af = 
fo— f i given by 

gh 
¢ 

Af 
   
   

(Here,  stands for either the emitted or the 
observed frequency since they are almost equal.) 

Q| I ETETEIIressal rARIRITIEIISISIPTIEAY] 

A photon of energy 14.4 keV is emitted from the 
top of a 30 m tall tower toward the ground. What 
shift of frequency is expected at the base of the 
tower? 

[ 
[ 

Example question ‘ 

| 

Answer 
On emission, the photon has frequency given by 

E=hf 
E 

> 

  

_144x 107 x 1.6 % 10" 
- 6.63 x 10 
= 3475 x 10" Hz 

The shift (it is a blueshift) is thus 

  

  

  

S % 3.475 x 10" Hz 
910 
116 x 10°Hz 

Note how delicate this experiment actually is: the 
shift in frequency is only about 10% Hz compared 
with the emitted frequency of about 10'® Hz, a 
fractional shift of only 
10°Hz = =10 
107 Hz 

Time slowing down near massive objects has 
also been detected directly in experiments. 
Atomic clocks carried on satellites have been 
compared with similar clocks on earth and the 
results have been consistent with general 
relativity. The clocks on earth are slow 
compared with those on satellites. 

The structure of the theory 

‘The theory of general relativity is a physical 
theory different from all others in that: 

  

  

» The mass and energy content of space 
determine the geometry of that space. 

 and time. The geometzy of space-time 
determines the motion of mass and 
energy in the space-time. 

  

   

That is 

geomelry < mass-energy 

Space-time is a four-dimensional world with 
three space and one time coordinates. In the 
absence of any forces, a body moves in this four- 
dimensional world along paths of shortest 
length, called geodesics. 

Ifa single mass M is the only mass present in 
the universe, the solutions of the Einstein 

equations imply that far from the mass the 
geometry of space is the usual Euclidean flat 
‘geometry with all its familiar rules (for 
example, the angles of a triangle add up to 
180°). As we approach the neighbourhood of M, 
the space becomes curved as indicated by Figure 
H5.8. The rules of geometry then have to 
change. Large masses with small radii produce 
extreme bending of the space-time around 
them. 

As an illustration of how the theory works, 
consider two balls that are made to move 

parallel to each other on a flat frictionless 
surface (see Figure H5.9a). The separation 
between the balls stays constant. In Newtonian 
‘mechanics we say that there is no force between 
the balls, no acceleration and hence no relative  



  

Figure H5.8 Far from the mass, the space looks 
flat: near the mass, the deviation from flat 
geometry is large. This is only a two-dimensional 
diagram’though; Einstein’s theory demands a 
distortion in the geometry of fourdimensional 
space-time, 

velocity. On the other hand, consider the same 
two balls on the curved surface of a sphere that 
also start out moving parallel to each other (see 
Figure H5.9b). The balls will start approaching 
each other and will actually meet at the north 
pole. In Newtonian mechanics we would have to 
invoke a force between the balls which brings 
them toward each other. In Einstein’s relativity 
no force is required - the balls approach each 
other because of the geometry of space. The 
paths they follow are the ‘straight’ lines of the 
curved space. 

  

Similarly, light retains its familiar property of 
travelling from one place to another in the 

  
Figure H5.9 (3) On a flat surface the separation 

between the balls stays the same as the balls 
‘move parallel to each other. (b) On a curved 
surface the balls will approach each other even 
though no force acts between them. 
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shortest possible time. Since the speed of light 
is always constant, this means that light 
travels along paths of shortest length - 
geodesics. In the flat Buclidean geometry we are 
used to, geodesics are straight lines. In the 
curved non-Euclidean geometry of general 
relativity, something else replaces the concept 

of straight line. A ray of light travelling near 
the sun looks bent to us because we are used 
to flat space. But the geometry near the sun is 
curved and the ‘bent’ ray is actually the 
geodesic: it is the ‘straight’ line appropriate to 
that geometry. 

‘Thus, the motion of a planet around the sun is, 
according to Einstein, not the result of a 
gravitational force acting on the planet (as 
Newton would have it) but rather due to the 
curved geometry in the space and time around 
the sun created by the large mass of the sun. The 
planet follows a geodesic in the curved space- 
time around the earth. This geodesic appears as a 
circular path if we view space-time as flat. 

Black holes 

‘The theory of general relativity also predicts 
the existence of objects that contract under the 
influence of their own gravitation, becoming 
ever smaller objects. No mechanism is known 
for stopping this collapse and the object is 

expected to become a hole in space- 
time, a point of infinite density. This 
creates an immense bending of space- 
time around this point. This is called 
ablack hole - a name appropriately 
coined by John Archibald Wheeler, 
since nothing can escape from it. 
Massive stars can, under appropriate 
conditions, collapse under their own 
gravitation and end up as black 
holes (see Option Es in Option E, 
Astrophysics). Powerful theorems by 

Stephen Hawking and Roger Pentose show that 
the formation of black holes is inevitable and 
not dependent too much on the details of how 
the collapse itself proceeds
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The Schwarzschild radius and the 

event horizon 
A distance known as the Schwarzschild radius 
of the black hole is of importance in 
understanding the behaviour of black holes. 
(Kar] Schwarzschild was the German 
astronomer who provided the first solution of 
the Einstein equations.) The Schwarzschild 
radius is given by 

  

where M is the mass and ¢ the speed of light. 
This radius is not the actual radius of the black 
hole (the black hole is a point) - it is the 
distance from the hole’s centre that separates 
space into a region from which an object can 
escape and a region from which no object can 
escape (see Figure H5.10). 

escape 
possible 

Figure H5.10 The Schwarzschild radius splits 
space into two regions. From within this radius 
nothing, not even light, can escape. 

Any object closer to the centre of the black hole 
than Rs will fall into the hole; no amount of 
energy supplied to this body will allow it to 
escape from the black hole. 

‘The escape velocity at a distance equal o R 
from the centre of the black hole equals the 
speed of light and hence nothing can escape 
from the star from within this radius. The 
Schwarzschild radius is also called the 
gravitational radius of the black hole, or the 
event horizon. The last name is apt since 
anything taking place within the event horizon 
cannot be seen by or communicated to the 
outside. The area of the event horizon is taken 
as the surface area of the black hole (but, 
remember, the black hole is a point).   

‘The Schwarzschild radius can be derived in an 
elementary way without recourse to general 
relativity if we assume that a photon has a mass 
m on which the black hole’s gravity acts. Then, 
as we did in the calculation of the escape 
velocity in Chapter 211 on gravitation, 

an,, 
Rs 

  

Thus m cancels and we can solve for Rs. 

It can be readily calculated from this formula 
that for a star of one solar mass 
(M =2 x 10 kg) the gravitational radius is 
about 3 km:   

  
26M Re=23 
_2x667x 10" x2x 10% 
- G x 1097 
~3x10°m 

For the earth it is just 9 mm. This means, for 
example, that if the sun were to become a black 
hole its entire mass should be confined within 
a sphere with a radius of 3 km or less. 

Figure H5.11 shows that an observer on the 
surface of  star that is about to become a 
black hole would only be able to receive light 

ML 

Figure H5.11 The horizon for observers on a 
collapsing star is rising; that is, only rays within 
a vertical cone can reach them.  



   

    
    

| this photon does not escape 

this photon escapes 
o infinity 

Rs distance 
Figure H5.12 A spacetime diagram of the 

formation of a black hole. As time goes on, the 
radius of the star is getting smaller. At{ = T, the 
radius becomes zero and a singularity has been 
formed. A photon emitted from the surface of 
the star before the radius becomes less than the 
Schwarzschild radius will be received by an 
observer far from the hole. But once the star 
collapses beyond the event horizon, any photons 
emitted do not leave the black hole 

through a cone that is getting smaller and 
smaller as the star approaches its gravitational 
(Schwarzschild) radius. This is because rays of 
light coming ‘sideways’ will bend toward the 
star and will not reach the observer. Figure 
H5.12 shows the radius of the star shrinking. 
After the radius has become smaller than the 
gravitational radius, any photons emitted from 
the surface of the star will not reach an 
observer far away. They will be ‘trapped” by the 
black hole. 

Time dilation i 
relativity 

In special relativity, we saw that two observers 
who are in relative motion measure the time 
interval between the same two events 
differently. This is the time dilation effect of 
special relativity. In general relativity, there is a 

  

general   
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similar phenomenon, the gravitational time 
dilation effect, which can be stated as follows: 

  

      
  

  

‘The gravitational redshift, discussed in the last 
section, is an example of this. A more extreme 
example is provided by a black hole. 

Consider a clock that is a distance r from the 
centre of the black hole of Schwarzschild radius 
Rs (the clock is outside the event horizon, 
1 > Rs). An observer stationary with respect to 
the clock measures the time interval between 
two ticks of the clock to be Alpeyr. An identical 
clock very far away from the black hole will 
measure a time interval Aty such that 

Atnear Al 

  

‘This formula is the general relativistic analogue 
of time dilation in special relativity. It applies 
near a black hole. (Time dilation takes place 
‘near any massive body and not just a black hole, 
but the formula above can only applied near a 
black hole.) 

‘Thus, consider a (theoretical) observer 
approaching a black hole. This observer sends 
signals to a faraway observer in a spacecraft 
informing the spacecraft of his position. When 
his distance from the centre of the black hole is 
I = 1.50Rs, the observer stops and sends two 
signals one second apart (as measured by his 
clocks). The spacecraft observers will receive the 
signals a time apart given by 

  

Alnear   
  Al = -5 

  

=175s
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‘The extreme case of time dilation is when the 
observer is just an infinitesimally small 
distance outside the event horizon. If he stops 
there and sends two signals one second apart, 
the far-away observers will receive the signals 
separated by an enormous interval of time. In 
particular, if the observer is at the event 
horizon, the signals are received an infinite 
time apart! 

1 Discuss the statement: ‘a ray of light does not 
actually bend near a massive object but 
follows a straight-line path in the geomery of 
the space around the massive object’. 

2 A spacecrait filled with air at ordinary density 
and pressure is far from any large masses. A 
heliumiilled balloon floats inside the 
spacecraft which now begins to accelerate 
towards the right. Which way (f any) does the 
balloon move? 

3 The spacecrait from question 2 now has a 
lighted candle in it. When the craft begins to 
accelerate toward the right, what happens to 
the flame of the candle? 

4 Describe what is meant by the equivalence 
principle. How does this principle lead to the 
predictions that: 
(a) light bends in a gravitational field; 
(b) the gravitational and inertial masses are 

the same; 
(c) time ‘runs slower’ near a massive object. 

5 Describe what the general theory of relativity 
predicts about a massive object whose radius 
iis getting smaller. 

6 Ina local inertial frame (i.e. one falling freely 
in a gravitational field) an observer attaches a 
mass m to the end of a spring, extends the 
spring and lets the mass go. If he measures the 
period of oscillation of the mass, will he find 
the same answer as an observer doing the 
same thing: 
(@) on the surface of a very massive sar; 
(b) in a true inertial frame far from any masses? 
Explain your answer.   

7 Calculate the shift in frequency of light 
of wavelength 500.0 nm that is emitted 
from sea level and is received at a height of 
50.0 m. 

8 If a photon of frequency 1 is emitted from the 
surface of a star, the frequency shift observed 
far from the star is given by 

where R, is the gravitational radius of the star 
and R its radius. Use this formula to calculate 
the shif in frequency of a line in the sun's 
spectrum which has a wavelength of 548 nm 
at emission. 

9 Acollapsed star has a radius that is 5 times 
larger than its gravitational radius. An observer 
on the surface of the star carries a clock and a 
laser. Every second the observer sends a short 
pulse of laser light of duration 1.00 ms and 
wavelength 4.00 x 107 m (as measured by 
her instruments) toward another observer in a 
spacecraft far from the star. Discuss 
qualitatively what the observer in the 

  

spacecraft can expect 1o measure for: 
(@) the wavelength of the pulses; 
(b) the frequency of reception of consecutive 

  

pulses; 
(©) the duration of the pulses. 

10 Two identical clocks are placed on a rotating 
disc. One is placed on the circumference of 
the disc and the other half-way toward the 
centre. Explain why the clock on the 
circumference will run slow relative o the 
other clock. 

11 What would the density of the earth be if its 
entire mass were confined within a radius 
equal to its Schwarzschild radius? 

12 What is the Schwarzschild radius of a black 
hole with mass equal to 10 solar masses? 

  

13 Explain what is meant by geodesic. 
14 Amass m moves past a massive body along 

the path shown in Figure H5.13. Explain the 
shape of the path according to: 
(a) Newtonian gravity; 
(b) Einstein's theory of general relativity.



H5 General relativity 687 

  

Figure H5.13 For question 14. g N 
Figure H5.15 For question 16. 

15 Aball is thrown with a velocity that s initally 
parallel to the floor of a spacecraft as shown 
in Figure H5.14. Draw and explain the shape 
of the ball's path when: 
@) the spacecraft is moving with constant 

velocity in deep space far from any large 
masses; 

(b) the spacecraft is moving with constant 
acceleration in deep space far from any 
large masses. 

17 The curvature of a spherical surface of radius 
R can be defined in many ways. Two 
methods to calculate the curvature are as 
follows. Consider a circular patch (cap) of 
radius r centred at the ‘north pole’. This 
radius is defined along the surface — in other 
words, it s the length of the arc from Nto a 
point P on the sphere. (See Figure H5.16.) 

  

" 
Figure H5.14 For question 15. The curvature, K, is then defined by 

T 27{!7!('(” = 
0w 

Figure H5.16 For question 17. 

K 

  

16 Aray of light moving parallel to the floor of a 
spacecrait enters the spacecraft through a small K =12 lim 
window as shown in Figure H5.15. Draw and 
explain the shape of the ray's path when: 

(@) the spacecraft is moving with constant 

7= A 
wrt 

  

where C(r) and A(r) are the circumference 
and area of the circular cap of radius r 
centred at N, Show that 

  

velocity in deep space far from any large ? 
masses; C(r) = 22 Rsin — and 

. P R (b) the spacecraft is moving with constant i 
acceleration in deep space far from any. A =27k (1= cos ) 

  

large masses.
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Evaluate the two limits to find the curvature 
of the sphere. Hence explain why a large 
sphere is less curved than a smaller one. 
(You will find the following approximations 
useful: sin x = x— % and 
cos x~ 1 — £ + 2, which are valid if x (in 
radians) is small.) 

  

18 An observer is standing on the surface of a 
massive object that is collapsing and is about 
10 form a black hole. Describe what the 
observer sees in the sky: 
(a) before the object shrinks past its event 

horizon; 
(b) after the object goes past its event 

horizon. 
19 A plane flying from southem Europe to New 

York City will ly over Ireland, across the 
North Atlantic, over the easter coast of 
Canada and then south to New York. Why do 
you think such a path is followed? 

20 Einstein’s birthday present. A colleague of 
Einstein at Princeton presented him with the 
following birthday present. A long tube was 
connected to a bowl at its top end. A spring 
was attached to the base of the bowl and 
connected to a heavy brass ball that hung out 
of the bowl. (See Figure H5.17.) The spring 
was very ‘weak and could not pull the ball 

  Figure H5.17 For question 20. 

into the bowl. The exercise is to find a sure- 
fire method for putting the ball into the bowl 
without touching it. Finstein immediately 
found a way of doing it. Can you? 

21 An observer approaching a black hole stops 
and sends signals to a far-away spacecraft 
every second as measured by his clocks. The 
signals are received 2.0 seconds apart by the 
spacecrait observers. How close to the event 
horizon is the observer? 

1 22 A spacecraft accelerates in the vacuum of 

outer space far from any masses. An observer 
in the spacecrait sends a radio message to a 
stationary spacecraft far away. The duration of 
the radio transmission takes 5.0 seconds 
according 1o the observer’s clock in the 
moving spacecraft. Explain whether the 
transmission will take less than, equal to or 
greater than 5.0 seconds when it s received 
by the far-away stationary spacecraft. 

| 23 General relativity is described by saying that 
large masses curve space-time. Give an 
example of how a black hole curves (a) space 
and (b) time. 

24 Ablack hole has a mass of 5.00 x 10 kg. 
(@) State what is meant by a black hole. 
(b) Calculate the Schwarzschild radius Rs of 

the black hole. 
Explain why the Schwarzschild radius is 
not in fact the actual radius of the black 
hole. 
Blue light of frequency 7.50 x 10'* Hz is 
emitted from a source that s stationary at 
a distance of 0.10R; above the event 
horizon of a black hole. Calculate the 
period of this blue light according to an 
observer next to the source. 

(e) Determine the frequency measured by a 
distant observer who receives the light 
emitted by this source. 

  

(© 

(d) 

25 (a) State the formula for the gravitational 
(Schwarzschild) radius Rs of a black hole 
of mass M. 

(b) The sphere of radius R around the black 
hole is called the event horizon. State the 
area of the event horizon of a black hole 

1 of mass M. 
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(c) Suggest why, over time, the area of the 
event horizon of a black hole ahways 
increases. 

(@ In physics there is one other physical 
quantity that always increases with time. 
Can you state what that quantity is? 
(You will learn a lot of interesting things if 
you pursue the analogy implied by your 
answers 10 (c) and (d)) 

26 (a) Aray of light s emiltted from within the 
event horizon (dashed circle) of a black 
hole, as shown in Figure H5.18(a). Copy 
the diagram and draw a possible path of 
this ray of light. 

(b) Light from a distant star arrives at a 
theoretical observer within the event 

horizon of a black hole, as shown in 
Figure H5.18(b). Explain how it is possible 
for the ray shown 1o enter the observer's 
eye. 

  

     
“&eit horizon et horizon 

@ ® 
Figure H5.18 For question 26.



  

The functioning of the ear 
This chapter introduces the basic ideas behind the functioning of the human ear and the 
related physics questions on sound perception,intensity, frequency response and frequency 
discrimination. Hearing defects are also briefly discussed. 

Objectives 
By the end of this chapter you should be able to: 
« describe the basic components of the human ear; 
+ define sound intensity and the sound intensity scale based on the decibel; 
« perform calculations with intensity and the decibel scale; 
+ understand how the ear functions; 

  

  

+ describe how the ear separates sound according to frequency in the 
cochlea; 

+ state the meaning of the terms threshold of hearing and audiogram; 
+ understand basic hearing defects and say how they might be corrected. 

      

The ear by the Eustachian tube, which is normally closed 
——— | butcanbeopened by swallowing or yawning to 
‘The human ear is an exceptionally efficient equalize the pressure on each side of the 
and sensitive instrument that detects and eardrum. The ossicles act as a lever system, 
analyses sound, and converts the mechanical which transmits the energy falling on the 
energy carried by a sound wave into electrical eardrum onto the oval window, an opening 
energy that is fed into the brain. The ear is | marking the beginning of the inner ear. The 
sensitive to sounds of frequency ranging from tension in the muscles attached to the ossicles 
20 Hz to 20 kHz. At 1000 Hz, the ear responds i increases in the presence of a very loud sound, 
10 sound that displaces the eardrum by only | thus limiting the motion of the stapes and 
one-tenth of the diameter of the hydrogen ‘ hence the energy transferred to the oval 
atom! The ear can be divided into three main | window and protecting the delicate inner ear 

  

parts: the outer, middle and inner ear (see from damage. This is known as the acoustic 
Figure 11.1). reflex; this takes about 10 ms to become 

: effective, 50 it offers no protection in the case of 
Sound waves reaching the ear are fed into the e ey 1OMA OGO S e wAna T 
auditory canal and fall on the eardrum, a 
membrane that begins to vibrate as a result. ‘The purpose of the lever system is to amplify 
‘The eardrum forms the entrance to the middle the amplitude of the incoming sound wave. As 
ear, an air cavity of 2 em? in volume that seen in the example that follows, the lever 
contains the ossicles (three small bones), the system amplifies by a factor of 1.5. However, as 

a result of the difference in the areas of the 
oval window and the eardrum, the 

‘malleus (hammer), incus (anvil) and stapes 
(stirrup). This cavity is connected to the throat  
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AT — 

inner car 

Figure 1.1 A diagram of the ear showing its 
division into outer, middle and inner ear. The 
cochlea is responsible for the resolution of the 
incoming sound into its various components. 
© 1995 Dorling Kindersley Multimedia. 

amplification is increased further by a factor of 
about 13, resulting in a total amplification of 
about 20. 

‘The inner ear has three main parts: the vestibule 
(the entrance cavity), the semicircular canals and 
the cochlea. The vestibule is surrounded by bone 
except for the opening to the middle ear (the 
oval window}; this opening is sealed by the 
stapes and the round window, which is covered 
by a membrane. This cavity is filled with a 
liquid. The semicircular canals play no role in 
hearing - their function is to provide us with a 
sense of balance. The cochlea is a tube, coiled 
like a snail (making 2.5 turns) and has a length 

of about 3.5 cm. 

The sound wave entering the oval window 
travels in the liquidfilled canals of the cochlea. 
First in the vestibular, then through the 
helicotrema and into the tympanic canal. It ends at 
the round window membrane, which acts as a 
pressure release point (a total length of about   

  

2 ¢m). Between these two 

canals is a third, the scala 
media or cochlean duct. The 
basilar membrane separates the 
cochlean duct from the 
tympanic canal and this 
membrane contains a large 
number of nerve endings, 
whose purpose is to transmit 
the electrical signals to the 
brain. These signals are 
generated when vibrations in 
the basilar membrane are fed 
into the organ of Corti, which 
s attached to the membrane. 
Different parts of the basilar 
membrane are sensitive to 
different frequency ranges of 
the incoming sound wave. 

‘The three parts of the car are illustrated 
schematically in Figure 1.2, and Figure [13 is a 
schematic cross-section through the cochlea. 

cochlea 
— 

scala vestibuli 

oval Window 

      

    

    

  
= scala tympani 

Figure 112 A schematic diagram showing the 
three parts of the ear. Here the cochlea is shown 
as a straight uncoiled tube. The cochlea is 
separated into three canals or scalae. The top. 
scala vestibuli, and the bottom, scala tympani, 
which communicate through an opening at the 
apex of the cochlea called the helicotrema. The 
scala vestibuli starts at the oval window while 
the scala tympani starts at the round window. 
‘The middle canal is known as scala media or 
cochlean duct. 

‘The auditory pathways from the cochlea into 
the brain are highly complex and not yet fully 
understood. There is, however, a considerable 
amount of processing of the information along 
the pathway in processing centres, with
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scala vestibuli Reissner’s 
membrane 

hair b scala media 

basilar membrane: 
organ of 
Conti scala tympani 

Figure 113 A schematic crosssection through the 
cochlea. The scala media is separated from the 
scala vestibuli by Reissner’s membrane and from 
the scala tympani by the basilar membrane. 

connections between the left ear and the right 

ear’s main pathway and vice versa. 

Mismatch of impedances 
When a wave enters a new medium, only part 
of it will be transmitted into the new medium; 
part will be reflected back into the old 
‘medium, The fraction of the transmitted 
intensity depends on the impedances of the two 
media. The least amount of reflection takes 
place when the impedances of the two media 
are as close to each other as possible. For 
exactly equal impedances no reflection takes 
place at all. 

    
      

          
  

‘The region up to the oval window is filled with 
air and its impedance is thus about 450 kg m 
571, The region behind the oval window is filled 
with the cochlear liquid and its impedance is 
about 1.5 x 10° kg m™* 5™, This large mismatch 
of impedances means that it is necessary to 
amplify the sound wave arriving at the oval 
window o that a substantial fraction of it can 
be transmitted. 

  
  

Example question 
Q1 12390900 I S T SIS SR Y 

The area of the eardrum is A= 43 mm* and that 
of the oval window a = 3.2mm”. Using Figure 
11.4 as a model for the action of the ossicles, find 
the pressure amplification at the oval window. 

  

pivot 
  

  

eardrum 

  

    
Figure I1.4. 

Answer 
Taking torques about an axis through the pivol we. 
find 

  

therefore, the pressure on the oval window is 

P 

  

S
e
l
m
 

VA 
i 
A 
a 

  

R 
a 
3 

=2 
3 

T2 
_3 
  P i 
=202, 

that is, an amplification of about 20. 
  

Complex sounds 
Few sounds are as simple and pure as the 
single-frequency harmonic waves we discussed 
in Topic 4, Oscillations and waves. When a 
human voice is fed into an oscilloscope through
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a microphone, the trace that appears on the 
oscilloscope sereen will not be a sine wave. 

  

To illustrate this point, consider an extreme 
example, the graph of the function y = 1* from 
—7 10 47 (see Figure I15). 

     .= = W A 2 3 
Figure 115 The graph of the function y = £*. 

“This function can be well approximated by a 
sum of harmonic functions called a Fourier 
series: 

  
wt L cos(nt) 
5 +4) ) = 

Figure 11,6 is the graph of this function for only 
the first five terms in the sum (Fourier 
components). 

‘The approximation is quite good. It can be 
‘made even better by keeping more terms in the 
sum. The point here is that any periodic 
function can be written as a sum of harmonic 
functions. Thus, complex sounds entering the     

3 2 1 0 T 7. 73 
Figure 16 The approximation to y = *obtained 

using the first five Fourier components (i.e 
harmonic waves). 

ear can be decomposed into the component 
frequencies of the harmonic functions making 
up the complex sound. This happens in the 
cochlea and is explained in a later section. 

Intensity of sound 

Consider a source of sound S. The power of the 
source is the energy per second emitted by the 
source. 

‘The energy emitted by the source can be thought 
of as being spread uniformly on the surface of an 
imaginary sphere of radius r centred on the 
source (see Figure 1.7). Thus, at a distance  from 
the source the energy received per second by an 
instrument of area A is 

A 
4ar? 
  

instrument 
ofaread 

Figure I1.7 The energy emitted by the source 
‘goes through an imaginary sphere around the 
source.
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Itis known that the ‘sensation of hearing’ (let us 
call this quantity £) does not increase linearly 
with intensity I. Rather, the ear has a logarithmic 
response to intensity: the increase in the 
hearing sensation is proportional to the fractional 
increase in intensity (the Weber-Fechner law). 
Mathematically this means that 

Ar 
spo 

We can exploit this law to define a scale of 
sound intensity level as follows. On this scale 
(the decibel scale) an increase of 10 units 

  

  

  

  

  

‘Threshold of hearing 0 000002 
Falling leaves, 10 0.00006 
Radio studio 0 00002 

Whisper 30 00006 
Tibrary 0 0002 
Office space 50 0006 

Conversation 2 002 
Roomwith TVon 70 
Noisy street 5 
Rock concert 110 
Pain setting in 120 20   

  

Pneumatic hammer 130 50 
  

Jetplane3maway 140 200 
‘Table 1.1 Typical decibel values and the corre- 

sponding amplitude of the sound wave in pascal.   

implies an increase of intensity by a factor of 10. 
‘The zero on this scale corresponds (o the 
threshold of hearing. This implies that 

Bin decibels) = 10log (Ii) o 
‘Table 11.1 shows some typical intensity levels of 
common sounds along with their pressure 
amplitudes. 

Example questions 
Q2 (TR ITA IS TICASAI SR 

The intensity of a sound increases from 
1079 W m™*10.10-" W m . By how much 
does the sound intensity level change? 

Answer 
The original level was 

) 
10l0g10° 

=20d8 

  

B =10log 
  

The new sound intensity level is 

10" 

1005 (75) 
10l0g 10* 
=40dB 

I B   

I 

‘The increase is thus 20 dB. 

Note: Since the increase in the intensity level is 
proportional to the fractional increase in intensity, 
we could have writien directly 

10 AB=10log (m) —10log 10* = 20dB. 

Q) me——— 
One sound has intensity 2 x 10-*W m~* and 
another has intensity 4 x 10-* W m-2. What is the 
difference of the sound intensity levels? 

Answer 

“The first sound has intensity level 

o1 (22127 
1010 (2 x 109) 
63 dB 

B 
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The second sound has intensity level 

ot (1210 
= 10l0g (4 x 10%) 
=46d8 

    

Their difference is thus 17 dB. 

QT R S RIS 

The sound intensity level in a room is 70.0 dB. A 
radio produces sound of intensity level 72.0 dB. 
What is the sound intensity level in the room 
now? 

Answer 
The intensity in the room is found from 

  

724    

  

= 1=10""Wm™ 

“The combined intensity is 

A0 +107 ) Wm? 

    

Thus, the new sound intensity level is 

  

10\@('-0;‘%‘7;) —74.1d8 

  

Note: It is important to realize that it is intensities 
that must be added not the sound intensity levels 
i decibels. 

Q5 ———————— | 
A shouting voice has a power output of about | 
10° W. At what distance irom the source is the | 
sound intensity level 80 dB? ‘ 

| Answer 
Using 

  

! ~ 101 
L m"g(m'v   

  Now using the definition of intensity 
P 

Txr 

  

  

it follows that 

  

Q6 
Assume that in a football stadium 40 000 fans 
cheer their teams, each producing a power output 
of 107 W. If the average distance of the fans from 
the centre of the stadium is 150 m, find the sound 
intensity level there. 

  

Answer 
The combined power output is 
40000 x 10~ W = 40 W. The intensity at the 
centre of the stadium is thus 

    

=141 x 10 Wm™ 

The sound intensity level is 

|4|><m‘) ,q:\mng( D 

=81.5d8 

  

Frequency response and loudness 
The human ear has a threshold when it comes 
1o the frequency of the sound wave. The lowest 
frequency that can be heard is about 20 Hz and 
the largest about 20 kHz. With age, the upper 
frequency threshold is reduced.



    

Thus, the statement made earlier that the 
normal human ear has a threshold of hearing 
of 1.0 x 1072 W m~? is correct provided the 
sound has a frequency of 1000 Hz. Sounds of 
larger or smaller intensity than this may be 
‘heard or are barely audible depending on the 
frequency of the sound. The graph in Figure 1.8 
shows the intensity level of barely audible 
sounds (the threshold of hearing) as a function 
of frequency. Thus, a sound at 100 Hz must have 
an intensity level of 35 dB to be barely audible, 
and a sound at 20 Hz must have an intensity 
level of 72 dB. All points on this curve are 
perceived by the ear to have the same loudness, 
even though they have different intensities. 
These points define the ‘zero phon loudness 
curve'. The ‘N phon loudness curve’ consists of 
those sounds that the ear perceives to be 
equally loud as a sound of N dB at 1000 Hz. 

intensity/dB 
50 
0 
& 
50 
0 
30 
2 
10 
o 
10— 

0 oo To00 16000 
frequencyHz 

Figure 118 The threshold of hearing curve as a 
function of frequency. A sound of frequency 
3 KHz is just audible even at —8 dB. 

  
  

          

  

‘The sensitivity of the human ear for frequencies 
around 3 kHz can be understood in terms of 
resonance in the ear canal. The canal can be 
thought of as a tube with one open and one 
closed end, so standing waves in this tube have 
a wavelength in the fundamental mode equal 
to 4L, where L is the length of the canal - 
about 2.8 cm (see Figure [19). 

  

28em 
Figure [19 Schematic diagram of standing waves 

in the ear canal. 

‘This means that the frequency corresponding to 
this wavelength is 

340 
M=o =3056 Hz 

  

‘which is in good agreement with the most 
sensitive frequency. 

Pitch 
“Pitch’ is a subjective characteristic of sound. It 
‘measures how high or low a sound is. It is 
determined primarily by frequency (which is why 
pitch s often taken to mean the same thing as 
frequency) but also by intensity. Imagine a pure 
tone of frequency 100 Hz that is sounded first 
at low intensity and then at high intensity. The 
louder sound will “feel” lower in pitch than the 
soft sound. 

Frequency separation in the cochlea 
As mentioned earlier, a complex sound can, in 
general, be decomposed into its component 
‘harmonic waves. 

:i( - ué:' 
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Awave entering the oval window travels along 
the basilar membrane, which separates the 
tympanic canal from the cochlean duct. The 
basilar membrane decreases in stiffness along 
its length (of about 35 mm). The velocity of the 
sound wave is thus high at the beginning of the 
membrane and drops along its length. In 
general, the response of a given point on the 
basilar membrane is small unless that part 

of the membrane is in resonance with the 
sound wave. 

  

  

“This is done through the organ of Corti, which 
lies on the basilar membrane, and its hair cell 
receptors, which feed the information into the 
nerves that end at the base of the receptor cells. 
A wave of frequency 8 kiz will be in resonance 
ata point at about 2.5 mm from the beginning 
of the basilar membrane, a frequency of 1 kHz 
will be in resonance at a distance of about 
22 mm and a frequency of 100 Hz will be in 
resonance a full 32 mm along the basilar 
‘membrane (see Figure 11.10). 

amplitude LkHz 

  

0 10 20 30 zmm 

Stapes apex 
Figure 11:10 The amplitude of vibration of the 

basilar membrane for three different 
frequencies as a function of distance from the 
stapes. The point of largest amplitude shifts 
toward the apex of the basilar membrane as the 
frequency decreases.   

Hearing defects 

Two hearing losses may be distinguished. 
« Sensory nerve deafness, which involves damage 

to the hair cells and neural pathways (e.g. 
due to tumours of the acoustic nerve or 
‘meningitis). 

« Conduction deafiess, in which damage to the 
‘middle ear prevents the transmission of sound 
into the cochlea. (This may be due to the 
plugging of the auditory canal by foreign 
bodies, such as wax, thickening of the ear 
drum because of repeated infections, 

destruction of the ossicles, or 100 rigid an 
attachment of the stapes to the oval window,) 

Hearing can be monitored with an audiogram: 
the patient is supplied with very faint sounds of 
a specific frequency through earphones and 
their intensity is increased until they are just 
audible to the patient. A typical example s the 
audiogram of Figure 1111 (consider first the 
data points represented by circles). At a 
frequency of 1000 Hz a sound must increase in 
intensity by 45 dB and at 4000 Hz by 70 dB if 
these sounds are to be audible to the patient. 
‘This defines what is called a hearing loss in dB. 
At 1000 Hz, therefore, the intensity of sound 
must be increased (for example, by a hearing 
aid) by a factor of 

AB=145d8 
1 = 10log - 

= 7= x 10 
where Jy is the intensity prior to amplification. 
‘This audiogram shows a substantial loss of 
hearing, especially in the higher frequencies. 
‘The damage was possibly caused by excessive 
exposure to loud sounds over very long periods 
of time. Ageing, which also results in hearing 
loss, would show in a more gently varying curve 
in the audiogram and with smaller loss in 
decibels. 

Sound can reach the cochlea through the bones 
of the head and thus the audiogram is 
performed not only with carphones but also
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100 1000 
frequency/Hz 

Figure I1.11 Audiogram for air (circles) and bone 
(triangles) conduction. 

10000 

‘with an oscillator (placed at the bottom of the 
skull) that transmits the sound into the bones. 
‘The data points represented by triangles in the 
audiogram in Figure 1.1 are the results of 
bone transmission. 

‘There is a gap between the two sets of data 
points of about 25 dB (at 1000 Hz). This is most 
likely an indication of a conduction hearing 
problem, the origin of which is in the middle 
or outer ear. Audiograms in which the data 
points for air and bone conduction almost 
coincide indicate cochleajnerve problems in the 
inner ear. 

In conductive hearing loss (where the sound 
does reach the inner ear) use of a hearing aid 
that amplifies the sound may help a patient. A 
hearing aid responds to and amplifies sound 
within a limited range of frequencies (the 
frequency range of human speech) but does not 
work well outside this range. For sensory nerve 
hearing loss, where the damage is to the hair 
cells, a cochlear implant may be useful. This is a 
device that consists of a microphone to pick up 
the sound, a signal processor to convert the 
sound into an electrical signal and a 
transmission system to transmit the electrical 
signal to electrodes. The electrodes are then 
surgically implanted in the cochlea. Different 
electrodes are stimulated according to the 
frequency of the sound so, in effect, the 
cochlear implant mimics the function of the 
cochlea, Assuming that enough healthy nerves 

are left near the electrodes, stimulation of the 
electrodes induces stimulation of the 
neighbouring nerves and the signal can be 
carried to the brain. 

Speech recognition 
All the information in speech is contained 
within the frequency interval from 200 Hz 
10 6 kHz. Noise and loss of frequency 
discrimination affect speech intelligibility. 
Generally, the meaning of a sentence can still 
be extracted from context but the 
intelligibility of isolated words is more 
strongly affected. The shorter the word, the 
bigger the loss of intelligibility. It has been 
found that, in cases of hearing loss at high 
frequencies (3000 Hz), amplifying the sound 
does not help the patient to identify spoken 
syllables. Similarly, the inability of the cochlea 
1o correctly identify frequencies also leads to 
errors in the identification of syllables. 

| 
1 A point sound source emitting uniformly in all 

ditections is observed to have a sound intensity 
| level of 70 dB at a distance of 5 m. What is the 

power of the source? 
2 The sound level intensity of a screaming child 

in a room is 75 dB. What is the sound level 
intensity when three screaming children are put 
together i the same room? 

3 The sound intensity level a certain distance 
from a source is 68 dB. If the distance 1o the 
source is halved, what s the new sound 
intensity level? 

4 The sound level intensity of a given sound 
wave is 15 dB higher than that of another 
sound wave. What s the rato of the intensites 
of the two waves? 

5 If a radio creates sound of intensity level 70 d, 
ow many radios are required to create sound 
of intensity level 80 dB? 

6 The audiogram of Figure 1111 shows that the 
loss in dB for a person at 4000 Hz is 70 dB. 
What s the least intensity of sound this person 
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can hear at 4000 Hz? (Use the diagram of 8 What is the reason for employing a logarithmic 
Figure 11.8 o find the threshold of hearingat | scale for sound intensity levels? 
4000 Hz.) | 9 What can you conclude from the audiogram 

7 Figure 11.12 shows the threshold of hearing shown in Figure 11.137 Bone conduction is 

curve for a patient. Explain what this means. represented by triangles and air conduction by 
What i the frequency at which this patient is circles. 
most sensitive? What i the intensity of sound 
this patient receives at 200 Hz? Yose gD 

-1 
intensity/dB 16 

£, ~18 i 
o = o | 2 
5 24 
2 2l 
20 284 
10 30—t 
S 100 Too0 10000 

10 frequency/Hz 
10 100 1000 10000 | Figure 1113 For question 9. 

frequency/H. 
Figure 11,12 For question 7.
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Medical imaging | 
This chapter introduces the use of X-rays and ultrasound in medical imaging. Other 
imaging techniques such as PET scans and the method based on nuclear magnetic 
fesonance are also discussed. The chapter closes with a short account of the diagnostic 
use of radioactive tracers. 

     

   
   

    

   

      

     

  

Objectives 
By the end of this chapter you should be able to: 
« state the properties of fonizing radiations; 
+ state the meaning of the terms quality of Xrays, halfvalue thickness (HVT) 

and linear attenuation coefficient; 
« perform calculations with X-ray intensity and HVT, 7= f, e, HVT 
* describe the main mechanisms by which X-rays lose energy in a medium; 

« state the meaning of fluoroscopy and movingfilm techniques; 
+ describe the basics of CT and PET scans; 

« describe the principle of MRI; 
+ state the uses of ultrasound in imaging; 

state the main uses of radioactive sources in diagnostic medicine. 

    

rays and radioactive isotopes have uses in 
Properties of radiation ‘ nuclei), beta particles (fast electrons), gamma. 

medicine or have an effect on living organisms. ‘The uses of radiation in medicine fall into two 
classes: first in diagnostic imaging (described in 
this chapter) and second in radiation therapy 
(discussed in Option I3). The first radiation to be | 
used in medicine was Xays -~ shortwavelength | If we consider a poin source of X-or gamma 

Table 12.1 gives a summary of the main 
‘properties of these radiations. ‘ 

electromagnetic radiation (photons) discovered |  rays radiating uniformly in all directions, the 
by W. Rontgen in 1895, Other ionizing intensity at a distance r from the source falls off ‘ 
radiations, such s alpha particles (helfum according to an inverse square law. We have   
  

  

  

  

Nature Helium nucleus Electron Photon 
‘Mass (in wnits of the proton mass) @ 11840 o 

Charge “2e —e 0 | 
lons produced per mm of path 10000 1000 1 ‘ 

Stopped by Afew cm ofair “Afew mm of Al 10 cm of Pb 
‘Table 121 The main properties of different forms of radiation.



seen the argument leading to this result before 
in this book. 

  

Example questions 
QI sesssom T 
A radioactive gamma ray source has an activity of 
50 kBq. Each gamma ray radiated has an energy 
of 0.2 MeV. What s the intensity of the source at 
a distance of 25 cm? 

  

Answer 
The power radiated by the source is 

P S 
At 

=50 x 10° x 0.2 MeV's™ 
=16x10°W 

and so the intensity 25 cm away is 

i 
anrt 
1.6% 1077 

4m % (0.25 
.04 % 10°° W 

Q2 M TR S S T T TIIYITE 
By what factor is the intensity reduced when a 
worker doubles his distance from a source of 
Xerays? 

  

Wm 

    

  

Answer 
Since we have an inverse square law, the intensity 
will be reduced by a factor of 4. 

Attenuation 
If, however, monochromatic radiation is 
directed into a medium that can absorb   
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radiation, the fall in intensity is exponential. 
The degree to which X-rays can penetrate 
matter is called the quality of the radiation. 

  

& intensity is 
reduced 

incident 
intensity 

  

intensity%. 
100   

  80 

  60 
  40 

™~ 
  S ]                 

o 2 &+ 6 & 10 12 
Figure 12.1 Attenuation of radiation through an 

absorbing medium. The graph gives the 
percentage of the intensity transmitted after 
going through a thickness x of the material. 

“This law is similar to the radioactive decay law 
and we define by analogy the halfvalue thickness 
(HVT), which is the length that must be 
travelled through in order to reduce the 
intensity by a factor of 2. Then 

0693 
T
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Figure 12.2 shows the dependence on energy of | 
the HVT for Xrays and gamma rays in water. 

i 
1) 

HVTem 

@ 05 1 15 2> eV 
Figure 12.2 The halfvalue thickness as a function 

of photon energy. The curve is the same for both 
Xerays and gamma rays. 

Example questions 
Q3 TEFITI LRSI T T SIS 

A metal sheet of thickness 4 mm and hali-value 
thickness 3 mm is placed in the path of radiation 
from a radioactive source. Wha fraction of the 
source’s incident intensity gets transmitted through 
the sheet? 

Answer 
I=fen 

0.693 x 4 =hexp (. f) 

=0.3971, 

that is, about 40% goes through. 
Q4 23ISR S T T NS IR T 

Aworker used to work at a distance of 2 m from 
asource of radiation. She now decides to move 
away 1o a distance of 3 m and 1o work behind a 
3 mm screen with HVT equal to 2 mm. By what 
factor is the radiation she receives reduced? 

Answer 
Let P be the power of the source. At a distance of 
2 m the worker received an intensity of 

L e 
P 

T a2 

P 
16 

=0.0199P 

   

  

At the increased distance of 3 m the received 
intensity is 

  

After going through the screen, the intensity is 
further reduced to 

  

Tmfen 
= e n.auxz) 
= 36x P 2 

» 
354~ S6x 

  

=0.0031 P 
The overall reduction is thus a factor of about 6.4. 

  

In the photoelectric effect, the X-ray photon is 
absorbed by an electron, which is then emitted 
from its atom or molecule. In the Compton 
effect, the photon gives part of its energy to a 
free electron and scatters off it with a reduced 
energy and so increased wavelength. The energy 
given to the electron appears as kinetic energy 
for the electron. The importance of the 
photoelectric effect is mostly for low-energy 
photons and increases sharply with increasing 
atomic number of the specimen upon which 
the photons fall. The Compton effect, on the 
other hand, does not vary much with energy 
and increases linearly with atomic number. In 
both cases the electrons can ionize matter 
along their paths. 

  

-ray imaging 

As mentioned at the beginning, X-ays were the 
first radiation to be used for medical imaging. 
Xray machines used for taking an ordinary 

cray picture’ operate at voltages of around 
15-30 kV for a mammogram and at about 

50-150 kV for a chest X-ray (see Figure 12.3). 

  

 



  

igh voltage 
    
  

electrons 

  

flament ruting anode 

Xerays 
Figure 123 Schematic diagram of an Xray tube. 

   
"fl:eifli&tfié‘e’c\nufiefl Since this effectis 
strongly dependent on atomic number and 
there is a substantial difference between - 
the atomic numbmofm‘edm‘enfi 

 present in bone (Z = 14) sue. 
=17, follows that bone will absorb 

Xrays much more strongly than Sof tssue. 

  

  

      

         

  

fence, the X-ray picture will show a 
contrast between bone and soft tissue. 

The X-rays that are directed ~ ———— 
electon beam through a patient’s body will 

penetrate the body and those 
that make it through to the 
other side fall on photographic 
film, which they expose. In| 
those cases where there is no 

substantial difference 
between the Z number of the 
area to be imaged and the 
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extended poin source 

shadow is sharp shadow i blurred i | St 
Figure I2.4 The shadow cast is blurred when the 

source is extended. 

must be made as pointlike as possible (see 
Figure 12.4). 

‘The quality of the image is thus improved if the 
film s as close to the patient as possible, or if 
the distance from the source to the patient is 
large. (In the latter case, the intensity of Xtays 
reaching the patient is diminished, which in 
turn implies a longer exposure time.) The image 
is also improved if as many scattered rays as 
possible are prevented from reaching the film. 
(See Figure 12.5.) 

tient 
film R 

    surrounding area, the image 
can be improved by giving 
the patient a contrast medium. Usually this 
consists of what is called a barium meal, barium 
sulphate, which the patient swallows. When 
this moves into the intestinal tract and an Xeray 
is taken, the barium will absorb X-rays more 

strongly than the surrounding tissue, resulting 
in a sharper image. The image created by the 
Xeray on the film is actually a shadow of the 
high-Z material in the body (e.g. bones) against 
the surrounding low-Z tissue. To increase the 
sharpness of the shadow the source of X-rays 

  

scattered ray _unscattered ays il 
  

Figure 12,5 A beam of Xerays entering a patient. 
Scattered rays blur the image. 

“This can be achieved with the use of a grid of 
lead (i.c. X-ray opaque) strips, which are placed 
‘between the patient and the film, as shown in 
Figure 12.6. The strips are oriented along the 
direction of the incoming Xrays. and so 
scattered rays are blocked and do not make it to 
the film. The strips are about 0.5 mm apart. 
“This creates unwanted images of the lead strips 
on the film, however. These can be eliminated
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10 some extent by moving the grid sideways 
back and forth during exposure so that the 
strip images are blurred. 

patcnt 

  film 
Figure 12.6 The use of a grid with lead strips 

blocks scattered rays, improving the image. 

Low-energy Xrays will simply be absorbed by the 
skin of the patient and cannot therefore penetrate 
the body. Such X-rays are usually removed from 
the Xray beam in a process called fltering. 

Because photographic film is much more 
sensitive to ordinary visible light than to X-rays, 

the time of exposure in making an Xray image 
needs to be longer. However, it can be 
significantly reduced by using intensifying 
screens. An intensifying screen is a piece of 
plastic containing fluorescent erystals in the 
top and bottom surfaces and a double-sided 
photographic film in between. X-rays that have 
gone through the patient enter this screen and 
transfer some of their energy to the crystals. 
‘The energy absorbed by the crystals is then 
emitted as visible light that exposes the film. 
(See Figure 12.7) 

LL o 
patient 

  

  

  

    

  
Figure 12.7 The use of intensifying screens 

increases the brightness of the image.   

In another X-ray technique called fluoroscopy, a 
realtime dynamic image is created on a TV 
monitor. Xrays that have passed through the 
patient fall on a fluorescent screen and visible 
light is emitted. The photons cause the 
emission of electrons from a photosurface, 
which are then accelerated by a potential 
difference so that they fall on a second 
fluorescent screen from which they cause 
emission of light that is fed into the TV 
monitor. 

The advantage of the realtime image is, 
however, outweighed by the unusually high 
doses of radiation the patient receives in the 
process. 

Computed tomography (CT scan) 
One of the biggest advances in the medical use 
of Xrays has been the discovery (in 1973), 
through work of G. N. Hounsfield and A. 
Cormack, of a technique known as computed 
(axial) tomography (CT) or computer-assisted 
tomography (CAT). This diagnostic method has 
made possible much more accurate diagnosis 
with much less invasive action on the patient. It 
does use Xrays, however, and so its use does 
present dangers to the patient. A complete 
brain CAT scan lasts about 2 s and a whole-body 
scan lasts about 6 5. 

Imagine a patient standing up with a beam of 
Xerays directed horizontally, at right angles to 
the long vertical axis of the patient. The CT 
scan creates an image of a horizontal slice 
through the patient. In Figure I2.8 we look at a 
patient (represented by the grey circle) from 
above. A movable source of X-rays emits a beam 
that is confined to a horizontal plane and 
travels through the patient’s body so that it is 
received by detectors on the other side. The 
source then is rotated so that the beam enters 
the body from a different angle. 

‘The use of many detectors as opposed to just 
one cuts down the time required for the scan 
and the amount of radiation deposited in the 
patient. The detectors record the intensity of 
the X-rays reaching them and the information 

  

 



  

Figure 12.8 In a CT scan, an array of detectors 
records the Xerays passing through the patient 
ina given direction and the amount of 
absorption in each pixel is computed. 

is then sent to a computer, which analyses the 
data and constructs the image. 

‘The image is constructed as follows. Imagine for 
convenience that the horizontal slice to be 
imaged is broken down into a square grid of a 
suitably small size so as to get acceptable 
resolution. Typically the size of the grid is 
about 2 mm or smaller. The objective is to get 
information about the amount of X-rays that 
has been absorbed by each grid element (also 
called a pixel). A detector, of course, only 
measures the total amount of Xrays absorbed 
along a straight line joining the source of Xrays 
to the detector. A method is needed to find the 
amount absorbed by each pixel. This is done by 
a computer using sophisticated mathematical 
techniques. To illustrate the point, consider an 
oversimplified example in which the area to be 
imaged has just 4 pixels (see Figure 12.9a). The 
numbers next to the arrows indicate the total 
amount of absorption along the direction of the 
arrow in arbitrary units. If the amount of 
absorption in each pixel is A, B, C and D, we 
have, for example, that A+ B = 14. In a real 
situation, there would be tens of thousands of 
pixels and fast computer techniques must be 
used to determine the individual amounts of 

absorption in each pixel. Once the numbers for 
each pixel are found, a colour code can be 
applied to each pixel to represent its 
absorption. Here we use shades of grey - darker 
shades meaning higher absorption - to get 
Figure 12.9(b) using the values A = 8, B = 
€=3,D'=9: 
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@ ® 
Figure 12.9 (2) The detectors measure the total 
amount of absorption in a given direction. 
(b) On the basis of these measurements the 
computer then assigns absorption values to 
each pixel. 

Other imaging techniques 

Magnetic resonance imaging (MRI) 
Magnetic resonance imaging is based on a 
nuclear physics phenomenon known as nuclear 
‘magnetic resonance and is a superior method to 
the CT scan. Unlike the CT scan, the image is 
constructed without dangerous radiation 
(despite the word nuclear) but it is significantly 
more expensive. 

Electrons and protons have a property called 
spin (see Option J1 in Option J, Particle physics). 
Particles with electric charge and spin behave 
as tiny microscopic magnets - the technical 
term is magnetic moment. In the presence of 
an external magnetic field, the magnetic 
‘moment will align itself either parallel (‘spin- 
up’) or antiparallel (‘spin-down’) to the direction 
of the magnetic field. 

Protons inside nuclei belong to energy levels of 
specific energy. If the protons are put in a 
region of external magnetic field, the energy of 
the level will change depending on how the 
proton magnetic moment aligns itself with 
respect to the magnetic field (see Figure 12.10). 
The difference in energy between the split 
levels is proportional to the external magnetic 
field. 

As seen from Figure 12.10, the state with spin- 
up has the lower energy. If a radio-frequency



706 HL Option 1 - Biomedical physics 
  

spin-down 

B2 

spincup     
Figure 12,10 A normal energy level splits into two 

in a magnetic field. The state with spin-up has a 
lower energy than the state with spin-down. 

(RF) source (i.e. electromagnetic radiation) 
provides energy to a sample of hydrogen 
nuclei in a magnetic field, the protons in the 
lower energy spin-up state may absorb photons 
and make a transition to the higher spin-down 
state. This will happen if the frequency of the 
electromagnetic radiation corresponds to the 
energy difference between the spin-up and 
spin-down states (an example of resonance). 
Once the transition to the higher energy state 
is made, it will be followed by a transition 
down again with the accompanying emission 
of a photon of the same frequency. Detectors 
can record these photons and techniques 
similar to CT scanning are used to create the 
magnetic resonance image so that the 
photons detected can be correlated with 
specific points of emission. Of great interest in 
MRI is the rate at which the transitions take 

place, since the rate is related to the type of 
tissue in which the transition occurs. Thus, 
measuring the rate gives information about 
the type of tissue. 

RF receiving coil 

    RF tansmitting coil 

‘The point of emission of the emitted photons 
can be located by placing the patient in an 
additional magnetic field that destroys the high 
degree of uniformity of the original magnets. 
Suppose that the magnetic field now varies 
across the patient (shown in crosssection in 
Figure [2.11), so that it becomes stronger as we 
move upwards. Imagine that the variation of 
the magnetic field is the same along horizontal 
planes through the patient. 

‘The frequency that can be absorbed by the 
hydrogen nuclei depends on the external 
‘magnetic field, so for a fixed RF frequency only 
one plane within the body will have the correct 
value of magnetic field for absorption to take 
place. To measure absorption in other planes 
through the body, the frequency of the RF 
source can be varied. The image so created 
shows the density of hydrogen nuclei since it is 
hydrogen that is primarily responsible for 
absorption. More sophisticated techniques 
‘measure the rate at which excited nuclei return 
to their ground state (the relaxation times) and 
these produce images of especially high 
resolution. Different kinds of tissue show 
different relaxation times, thus allowing the 
identification of tissue type. 

Positron emission tomography 
(PET scan) 
‘This technique is similar to the CT scan and 
involves the annihilation of an electron and a 
positron (the antiparticle of the electron) and 

  

    
  

Figure I2.11 In MRI the patient is surrounded by powerful magnets that produce very 
uniform fields, and RF coils. The magnetic field is given a gradient - it is made stronger at 
some places. Here the field increases as we move upwards.  



the detection of the two photons so produced. 
‘The patient is injected with a solution of 
radioactive material containing isotopes that 
decay by positron emission. As soon as the 
positron is emitted, it will collide with an 

electron in the tissue of the patient. The 
electron-positron pair will annihilate into two 
photons each of energy 0.511 MeV 

et 2y 
The electron-positron total momentum is, 
essentially, zero, which means that the two 
photons must move in opposite directions with 
the same energy (in order o conserve 
momentum). The detectors surrounding the 
patient (see Figure 12.12) can therefore 
determine the line along which the emissions 
took place and eventually locate the point of 
emission. PET scans have a resolution of about 
1 mm. They are used mainly for biochemical 
and metabolism-related studies. They produce 
superior brain images. 

detectors 
along ring. 
around patient 

g 
Figure 12.12 The patient is surrounded by a ring of 

detectors which record the line along which the 
two photons are emitted. 

photons produced 
by annihilation of 
electron-positron 
pair 

Ultrasound 

A major tool in diagnostic medicine is 
ultrasound. Ultrasound is sound that is not 
audible to the human ear - its frequency is 
higher than about 20 kHz. The ultrasound used 

in diagnostic medicine is in the range of about 
1 to 10 MHz. Ultrasound has the advantage over 

Xerays in that it does not deposit radiation in the 
body and no adverse side effects of its use are 
Known. For certain organs, for example the lungs, 
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Xerays cannot produce an image but ultrasound 
can. One disadvantage of ultrasound is that the 
images are not as detailed as those from Xrays. 

‘The ultrasound is emitted towards the patient’s 
body in short pulses, typically lasting 1 s, and 
their reflections off surfaces of various organs 
are detected. The idea is thus similar to sonar. 
‘The speed of sound in soft tissue is 1540 m s, 
similar to that in water. This means that the 
wavelengths involved are 1.54 mm for 1 MHz 
waves and 0.154 mm for 10 MHz waves. Thus, if 

we use 1 MHz waves, the length of the pulse is 
154 mm and so contains just one full wave, For 
10 MHz waves, the wavetrain contains 10 full 
waves. In general, diffraction considerations 
place a limit on the size. d, that can be resolved 
by a wave of wavelength . The constraint is that 

A<d 

If a resolution of a couple of millimetres is 
required, the wavelength used must therefore 
be less than a few millimetres. In view of the 
frequencies used, this is not a problem. As we 
saw, a 10 MHz ultrasound has a wavelength of 
about 0.15 mm and so, in principle, such an 
ultrasound can ‘see’ objects of linear size of 
about 0.15 mm. 

  

On the other hand, in practice, the pulse used 
must contain at least a few full waves for 

resolution to be possible. 

    
» Thus, in the case of the ultrasound 3 
frequencies used in medicine, itis the 

that 

  

The frequency used is usually determined by 
the organ to be studied and the resolution 
desired. A rough rule is to use a frequency 
given by 

f= 

  

c 
UOJ 

where ¢ is the speed of sound in tissue and d is 
the depth of the organ below the body surface. 
(In other words, the organ should be at a depth 

of about 200 wavelengths.)
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Example question 
()7 EESEActte0e90sTITITITIINES (FISITIISSNRNSIST 

The stomach is about 10 cm from the body’s 
surface. What frequency should be used to get a 
scan of the stomach? 

Answer 

Applying the formula gives 

  

‘The source of ultrasound is a transducer that 
converts electrical energy into sound energy. 
‘This is based on a phenomenon called 
piezoelectricity. An alternating voltage applied 
10 opposite faces of a crystal such as strontium 
titanate or quartz will force the crystal to 
vibrate, emitting ultrasound (see Figure 12.13). 
Similarly, ultrasound falling on such a crystal 
will produce an alternating voltage at the faces 
of the crystal. This means that the source of 
ultrasound can also act as a receiver. 

erystal 

— 
10 AC source. 

signal swength | @) 
Figure I2:13 A piezoelectric crystal 

vibrates when an AC source is applied 
toit. 

‘The sound energy must then be directed 
into the patient’s body. In general, when a 
‘wave encounters an interface between two 
different media, part of the wave will be 
reflected and part will be transmitted into 
the other medium. The amount of 
transmission depends on the impedances 

of the two media. Acoustic impedance is 
defined as 

Z=pr 
where p is the density of the medium and v is 
the speed of sound in that medium. The units 
of impedance are kg m™* s~ If [ is the 

  

  

incident, / the transmitted and /; the reflected 
intensity then 

& 
I 

I 
o 

  

This shows that for most of the energy to be 
transmitted, the impedances of the two media 
must be as close to each other as possible 
(impedance matching). The impedance of soft 
tissue differs from that of air by a factor of 
about 10%, so most of the sound would be 

reflected by the body. This is why the area 
between the body and the transducer is filled 
with a gellike substance whose impedance 
matches that of the body. 

In a type of ultrasound scan called the A scan, 
the ultrasound pulse is directed into the body 
and the reflected pulse from various interfaces 
in the body is recorded by the transducer. This 
time it converts the sound energy into electrical 
energy. The reflected signal is then displayed on 
a cathodeay oscilloscope. The CRO signal is, in 
fact, a graph of signal strength versus time of 
travel from the transducer to the reflecting 
surface and back. An example of such a trace is 
shown in Figure 12.14.     

time 

skeleton 

Figure 12.14 A short beam of ultrasound is 
directed into the patient. The beam is partially 
reflected from various organs in the body and 
the reflected signal is recorded. The dots at the 
top of the figure represent the strength of the 
reflected signal.  



  

‘The dots in the graph show another way of 
representing the results. The dot brightness is 
proportional to the signal strength (darker 
colours representing stronger signal). 

The A scan provides a one-dimensional image. 
Imagine a whole series of A scans performed by 
sending parallel beams of ultrasound into the 
patient by a transducer that moves up along the 
surface of the body or by a series of transducers, 
as shown in Figure [2.15. 

    
  

  

  

i @ | 
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Figure 12.15 As the source of ultrasound is moved | 
along the body, a series of dots whose brightness 
represents the strength of the reflected signal is 
formed. These dots build up the ultrasound 
image. 

If the A scans are put together, the resultis the | 
dots on the right of the diagram, which begin to | 
form an outline of the surface of the organ in a 
twodimensional image. A series of transducers are ‘ 
put on the body and each sends one short pulse 
after the other. Typically, the time delay ‘ 
between two consecutive signals s 1 ms. 

  

        

Ultrasound can also be put to other uses. One is 
to measure blood-flow velocities and foetal 
heart movement. Ultrasound is directed at the 
heart, say, and the reflected signal detected. 
Because the heart moves, the reflected signal 
will have a slightly different frequency because 
of the Doppler effect. Comparison of the 
emitted and received frequencies gives the 
speed of the reflecting surface. 

‘The various imaging techniques described are 
summarised in Table 12.2. 

Diagnostic uses of radioactive 

sources 
Radioisotopes are used for diagnosis and to 
monitor specific body organs and their 
functions. Uses include the monitoring of the 
thyroid gland using radioactive iodine, 
measurement of body fluids, studies of how 
food is digested, vitamin absorption, how amino 
acids are synthesized. how ions can penetrate 
cell walls, etc. Most commonly used is the 
radioisotope technetium-99 (3 Tc), a 

  

  

  

  

Xrays 05mm Cheap. ‘Presents radiation danger; some organs are 
not accessible; some images are obscured 

CT scans 05mm Can distinguish between Presents radiation danger 
different types of tissue 

MRI 1mm Presents no radiation dangers; Expensive; difficult for patients who are 
superior images: can distinguish claustrophobic. 
between different types of tissue 

Ultasound  2mm Presents no radiation dangers Some organs are not accessible. 
PET scans 1mm Organ function studies: Some organs are not accessible 

superior brain images 

Table 2.2 Advantages and disadvantages of different imaging techniques.



710 HL Option I - Biomedical physics 
_— 

‘metastable (i.e. long-ived) excited state of 
technetium99, It is produced in the decay of 
molybdenum-99: 

Mo — “MTc+ Se+ 0t +5y 

‘The produced technetium then decays by 
gamma emission 

mTc— BTc+dy 

‘The photon energies are about 140 keV. This is 
an advantage since any alpha or beta particles 
emitted would be absorbed within the body and 
‘would not reach an outside detector; also, 

photons of these energies are easily detectable. 
Technetium has a halflife of about 6 h, which is 
conveniently short, and can combine into a 
large number of compounds. 

Technetium is useful in diagnostic studies of 
most body organs, such as the heart, the lungs 
and the liver. In investigations of calcium 
absorption by bones, technetium and calcium- 
45 or calcium-47 are used. lodine-131 is another 

commonly used radioisotope. It is used in blood 
volume measurements and in studies of the 
thyroid gland. Thallium-201 is used in studies of 
muscle function and disease. 

‘The compound to be tagged with technetium is 
chosen according to what part or organ of the 
body needs to be imaged - different compounds 
will accumulate in different parts of the body. 
‘The radioactive compound so formed is called a 
radiopharmaceutical. This is given to the patient 
(orally or by injection) and the radiation 
emitted by technetium can then be recorded by 
a detector placed over the relevant part of the 
patient’s body. The amount of radiation 
compared with the amount expected from a 
healthy body then provides information about 
the function of the particular body organ. 

‘The example question that follows shows the 
theory of a method used to determine the 
amount of blood in a patient (who might have 
been involved in an accident resulting in 
massive blood loss). 

Example question 
Qb simeriniranim i e s TR 
A patient is injected with 5 cm” of albumen 
labelled with iodine-131 (albumen is part of the 
blood plasma). A 5 cm’ sample drawn from the 
patient’s blood has an activity of 100 Bq. Another 
5 cm” of iodine-131 is mixed with 3000 cm’® of 

water. The activity of a § cm” sample is found to 
be 170 Bq. Determine the volume of blood of the 
patient. 

  

Answer 
Let A be the activity of the 5 cm” of iodine-131. 
Then the activity of 5 cm* drawn from the entire 
blood volume V is 

  

5 100=2A 
v 

The activity of the 5 cm® drawn from the diluted 
sample is 

5 
30 

and so dividing these two equations side by side 
we find V = 5100 cm’. 

170 

  

A 

      

1 Figure 12.16 shows the fraction of X-rays of two 

specific energies transmitted through a 
thickness x of a sheet of metal. 
(a) For each energy, determine the HVT for 

these X-rays in the metal. 
(b) Which graph corresponds to X-rays of 

higher energy? 

intensity% 

100:   

  50 

60 + 

  40 
\ 

2.                 v   

0 > 4 6 8 10 12 
Figure 12:16 For question 1.  



2 Figure 12.17 shows the fraction of X-rays of a 

specific energy transmilted through a thickness 
X of a sheet of metal. 
(@) Determine the value of the linear 

attenuation coefficient for these X-rays in 
this metal. 

(b) What thickness of metal is required to 
reduce the transmitted intensity by 80%? 

intensity/% 
100-   

80   

0   

  40+ 
™~ 

20                     s o TR E 6 s W w 
Figure 12,17 For question 2. 

3 Apiece of metal 4 mm thick reduces the 
intensity of X-rays passing through it by 40%. 
What thickness of the same metal is required to 
reduce the intensity by 80%? 

4 The HVT for a beam of X-rays is 3 mm. What 
fraction of the X-ray intensity is transmitted 
through 1 mm of this metal? 
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5 The X-rays used in medicine are usually not 
monoenergetic (i.e. of a single energy). It is said 
that these beams become ‘harder’ as they are 
allowed to pass through material. What is 
meant by this statement and why is it true? The 
HVT of a certain absorber for X-rays of energy 
20 keV is 2.2 mm and that for 25 keV X-rays 
is 2.8 mm. A beam containing equal quantities 
of X-rays of these two energies is incident on 
5.0 mm of the absorber. What is the ratio of 
25 keV 10 20 keV pholons that are transmitted? 

6 The intensity of a beam of monoenergetic 
X-rays is 0.28 kW m™? at a distance of 20 cm 
from the X-ray source. 
(a) What is the intensity at a distance of 10 cm 

from the source (assume no absorption 
between the point of interest and the 
source)? 

(b) 1 an aluminium foil of thickness 3 mm and 
HVT 2 mm is wrapped around the source, 
what will the intensity be 10 cm away? 

7 Aradioactive isotope with a half-life of 14 h 
and activity of 3.6 kBq s injected into a 
patient’s blood. A 10 cm” sample is taken from 
the patient 6 h later and its activity is measured 
to be 5.0 Bq. Fstimate the volume of the 
patient’s blood. 

  

8 What resolution can be achieved with 
ultrasound of frequency 5 MHz? (Take the speed 
of sound in soit tissue to be 1540 ms ') 

 



  

Radiation in medicine 
This chapter introduces the main effects of adiation on living things and the methods 
used to measure the fadiation absorbed. 

Objectives 

  

| By the end of this chapter you should be able to: 
« outline the effects of fonizing radiations on living things: 
* describe how radiation is measured; 

|« solve problems involving absorbed dose, D 
and exposure, X = 2 

  

. dose equivalent, H = QD, 

+ state the meaning of halflife. biological halfiife and effective halfiife and 
  solve problems using & = = + L. 

  

Biological effects of 
radiation and dosimetry 

We are all exposed to radiation in our daily 
lives from either natural or artificial sources, 
or because of special conditions in the 
‘workplace. Natural sources include radon, 
gamma rays from the earth, unstable isotopes 
found in food and cosmic rays. Artificial 
sources include the exposure to radiation for 
medical reasons, radiations from building 
materials, radiation from nuclear weapons 
testing, and accidents in nuclear power plants. 
‘Workers in research labs and radiology 
personnel in hospitals are exposed to radiation 
as a result of their work. 

  

‘The starting point of any discussion on the 
effects of radiation on living matter might be to 
realize that the energy that is required o break 
2 molecular bond is of the order of 1 eV. 
Radiations that deposit energies of this order, 
or more, are therefore bound to alter the 
molecular structure of the matter they travel 
through. It is now generally accepted that any 

amount of radiation, no matter how small, is 
harmful, and that in dealing with radiation the 
following general rules must be followed: 

e xgepasfirupmibkmflxé      fmm,' 

‘The absorption of even a single photon of 
energy by a single molecule of a living 
organism may not be harmless. The absorbed 
photon may have the effect of ejecting an 
electron from its molecule and this may imply 
that the structure of the molecule changes, For 
example, if the ejected electron was crucial in 
the chemical bonds holding the molecule 
together, then the molecule may break apart. 
Enzymes may not operate correctly if the 
molecule is altered in any way. It is also known 
that irradiation of water produces very reactive 
free radicals (see the reactions below)., As most 
living organisms contain water, the production 
of these free radicals induces changes in the 
chemical structures of the surrounding 
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‘molecules with biological implications. Such 
reactions include 

H0 ™5 1,01 4 
H,0" +H0 — HiO* + HO" 
¢ +H,0 > OH 4 H 

The damage of a few molecules from radiation 
will not, in general, result in loss of function 
for the cell, but if the amount of radiation 
received is large, then the cell may not be able 
1o recover its function. By contrast, damage to a 
gene will, in general, affect the function of the 
cell. Radiation is particularly damaging to the 
bone marrow, which is responsible for 
producing blood cells, and seriously impairs the 
‘human immune system. Thus, leukaemia and 
other forms of cancer are common results of 
exposure to radiation. 

To understand the effect of radiation on living 
‘matter we must first define appropriate 
‘quantities that measure the amount of 
radiation received. 

  

An older unit still in use is the rad: 

1Gy=1Jkg" =100 rad 

      

Another unit still in use s the rem (standing for 
radiation equivalent man) 

15v=1Jkg™ = 100rem 

Table 13.1 gives the quality factor values of some 
different types of radiation. 

[ 
By and Xrays 1 
Fast protons 

Slow neutrons 3 
Fast neutrons 0 
@ particles 2 

‘Table 13.1 Quality factor values of different types 
of radiation. 

The quality factor is related to the relative 
biological equivalent, which is defined as 

RBE= 
absorbed dose to produce an effect with 250 keV X-rays 
absorbed dose (o produce same effectwih radiaion used 

For our purposes here we will take Q and RBE 
to be the same. 

Example questions 
Q1 1551T8208050550 F26LASTTI REAS AN S AN EESERESERY 
A person of mass 60 kg receives 0.8 | of energy 
from radiation of quality 5 to her whole body. 
What is the absorbed dose? What is the dose 
equivalent she receives? 

Answer 
“The absorbed dose is 

D   

3i
m 

_ 08 
T 60kg 

=13.3mGy
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The dose equivalent is 
H=QD 

5x13.3msv 
66.7 mSv 

  

Q2 TR T ST 

A person of mass 70 kg receives a whole-body 
dose equivalent of 30 mSv. Half of this amount is 
of quality 1 and the other half of quality 10. How 
much energy did the person receive? 

Answer 
The dose equivalent is 

  

H=QD 

and so 

15=1x D, 
=D, = 15mGy 
= E,=70kgx 15 x 10~ 1kg”' 

=1.05) 

and 

15=10x D, 
=D, =15mGy 
= E;=70kgx 1.5x 107" Jkg™' 

=0.10) 

giving a total energy of 1.15 ). 

“To get an idea of the meaning of the sievert, note 
that a dose equivalent of more than 100 Sv 
results in death in a few days due to massive 
damage to large numbers of cells. With an 
amount of about 10 Sv symptoms of radiation 
sickness (nausea, diarrhoea, vomiting) begin to 
appear a few hours after exposure and death 
follows in a few weeks. In radiation therapy, 
amounts up to 3 v are administered but patients 
have survived much larger amounts. A typical 
chest Xay examination gives 0.1 mSv and a 
flight at a height of 8 km gives 2 pSv per hour. 
Generally, the danger increases with the amount 

of dose equivalent and the probability of cancer 
increases by 1% for every sievert of radiation 

received. - 

The International Commission on Radiological 
Protection recommends that on a yearly basis: 
+ a person working with radioactive materials 

should not be exposed to more than 50 mSv; 
+ other adults should not be exposed to more 

than 5 mSv; 

+ children should not be exposed to more than 
0.5 mSv. 

‘The ICRP's recommendations for protection also 
include short-term limits of exposure of: 

+ 1o more than 10 uSv per hour for y rays at a 
distance of 10 cm; 

+ 1o more than 50 v per hour for B particles, 
also at a distance of 10 cm from the source; 

+ particle sources with activity larger than 
40 kBq should be avoided. 

(Recall that the becquerel (Bq) is a unit of 
activity and equals one decay per second.) 

‘The amounts of dose equivalent from various 
sources in everyday life depend on the location 
and elevation above sea level. Table I3.2 
summarizes the average amounts of radiation a 
person receives in a year. The total is 337 mSv 
per person per year. Radon contributes 59% of 
this radiation. 

Radon 20 59 
Cosmic rays 027 
Building materials 030 
Isotopes in body from food_0.20 6 
sotopes in the earth 20 5 
Medical procedures 010 2 

ToTAL 3a7msv 100% 
‘Table 132 Amounts of radiation received per year 

by an average person living in a modern city at 
sea level. 

    

(The amount from cosmic rays increases by 
about 0.2 mSv for every 1 km of levation.)  



  

  

   

    

  

  

\reldted quantity :vxvv[w:gh‘é 5 

chargeg due toionization in a mass m of a 

  

     

Tonization means that positive and negative 
charges are produced. In defining exposure we 
‘measure only the positive charges. The unit for 
exposure is coulomb per kilogram (C kg ). Thus, 
ionization of exposure 50 C kg ! means that in 
1 kg of air 50 C of positive or negative charge is 
produced as a result of ionization by a particular 
radiation. The exposure rate is defined as the 
exposure per unit time, which is the amount of 
charge produced in 1 kg of air per second. 

There is a connection between exposure 

and absorbed dose. This is because in order 

to produce one ion in air an energy of 
approximately 34 ¢V is needed. Thus, let the 
exposure of a given radiation be £ (in units 
of C kg™!). This radiation produces 

€ 1 electrons E— =FEx— SO 
kg~ “Tex10" kg 

Each electron requires an energy of 34 eV and 
thus the energy absorbed (absorbed dose) is 

1 34y 
*T6x 107 kg 

J 

D inGy) = 

  

=F x34 

  

=34E (inJkg) 
‘This i the connection between absorbed dose i 
air and exposure. For materials other than air, 
we must take into account the fact that it takes 
different energies to produce an ion. Thus, the 
relationship between exposure and absorbed 
dose is 

D (inGy) = fE (in Jkg™") 

where f is a factor that depends on the material 

and the photon energy. For muscle, f is 
approximately 40, independent of the photon 
energy. For bone, f drops from 150 at very low 
photon energies to about 40 for energies up to 
0.1 MeV. For higher energies, f-stays at about 40. 

Example question 
Q3 prsss s 
Potassium-40 (“K) is a natural radioactive isotope 
of ordinary potassium with a half-life of 
1.27 % 10° yr. The abundance by mass of “K is 
0.0118%. *K decays by beta emission. The 
electrons in this decay have an average energy of 
0.4 MeV. Calculate the yearly dose equivalent 
due to *K in a 70 kg body. The K content by 
‘mass of an average human body is 0.18%. 

Answer 
The amount of potassium-40 in the body of a 70 kg 
person is 

70 x 0.0018 % 0.000118kg = 1.5 x 107" g. 

The activity of this amount of “K is A= %Ny, 
where the decay constant can be found from 

0693   

  

T 
=173x 1077 57!   

and the number of “’K nuclei present is 
  1.5 %10 X0« 6.02x 107 No= 

=23x10" 

“Thus, the activity is 
A=AN, 
=17 %107 x 2.3 x 10% 
=3.9x10"Bq 

“The number of nuclei that decay in one year is 
thus (approximately) 
3.9 x 10" x 365 x 24 x 60 x 60 = 1.2 x 10" 

Each deposits an average energy of 0.44 MeV and 
hence the total energy in a year is 

53 x 10" MeV 
8.4x107) 

The absorbed (whole-body) dose is thus 
84107 

70 
=0.12mGy, 

1.2 10" x0.44 = 

  

Gy 

Since the @ factor for electrons is 1, the dose 
equivalent is H = 0.12 mSv. 
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Radiation therapy 

Radiation is harmful to healthy cells, but it can 
also be harmful to malignant, cancerous cells. 
Radiation can thus be used to destroy such 
cells. In radiation therapy, X-rays or gamma rays 
can be directed in very narrow beams at the 
collection of cancerous cells to destroy them. In 
order to minimize the damage to the 
surrounding normal cells, tissue and bone, it is 
necessary to direct the beam at the tumour 
from a number of different angles. This 
assumes that the tumour is well localized and 
itis only in this case that radiation therapy can 
be effective. The energies of X-rays and gamma 
rays used in cancer treatment vary from 
200 keV to 5 MeV. 

‘The tumour may also be injected or implanted 
with radioactive material whose radiation is 
released within the tumour, thus destroying it. 
Radium, which is an alpha particle emitter, is 
commonly used in this way. A related 
technique is to give the patient a quantity of a 
radioactive isotope of iodine, '31, which, once 
in the blood stream, will accumulate in the 
thyroid gland. Its radiation can then kill 
cancerous cells in that gland. An isotope of 
gold, "™Au, collects in the lungs, destroying 
cancerous cells in the fluids that line the 
lungs. 

Physical and biological half-life 
A radioactive isotope decays, as we have seen in 
nuclear physics, according to an exponential 
decay law, so that the number of nuclei that are 
undecayed after time f is given by 

N =Noe™ 

or equivalently 

w=n(l) 
‘where the physical decay constant Ay is related to 
the physical halfiife through 

  

  

Note that by differentiating this equation we 
obtain 

AN = -3 Nat 

‘The activity of the isotope (ie. the number of 
decays per second) obeys a similar exponential 
decay law: 

A= Agemint 

where the initial activity is given by ¢ No. Here, 
and in the decay formula above, No stands for 
the number of radioactive nuclei initially 
present. When a radioactive isotope is taken in 
by a patient, however, its activity falls off faster 
than the law above implies. This s because the 
‘number of isotope nuclei in the body decreases 
not only by radioactive decay (physical decay) 
but also because some of the radioactive 
‘material is removed from the body as waste 
(sweat, urine, etc., in other words, by biological 
decay. If we assume that the biological removal 
of the isotope obeys an exponential law as well, 
with a decay constant %, then in a time At the 
number of nuclei removed is 

AN = —apNAL = 3N AL 
—ieNAt 

Ae= Aoty 

  

where i is the effective decay constant, which 
represents both physical decay and biological 
decrease of nuclei in the body. Thus, we may 
define effective, physical and biological half- 
lives from these constants and hence (recall the 
definition of a decay constant) 

A AT 
Te T 

  

   



Example question 
Q4 ERausE———————— 
A radioactive isotope has a physical half-life of 24 
days and a biological half-lfe of 12 days. If 4 g of 
this isotope are injected into a patient, how much 
is left after 24 days? 

Answer 
The effective half-lfe is 

  

11 
TTaTn 
= T=8days 

After 24 days (i.e. three effective half-lives) the 
amount that i left is 

(Y o 

  

1 How much energy is deposited in a 70 kg 
person who receives an absorbed dose of 
radiation of 0.2 Gy? 

2 How much energy is deposited in a 70 kg, 
person who receives a dose equivalent of 
0.2 5v of slow neutrons? 

3 (a) Which does more damage, 10 Gy of alpha 
particles or 10 Gy of gamma rays? 

(b) Which does more damage, 10 Sv of alpha 
particles or 10 Sv of gamma rays? 

4 I a person receives 2 pSv per hour during a 
flight at an alttude of & km, how many trips 
can a person take in a year if their dose 
equivalent is not to exceed 1 mSv. (Take each 
tripto be 3 h long,) 

5 Astudent with a broken leg receives X-rays 
from a 50 keV machine. If the broken bone 
has a mass of 0.75 kg and the equivalent dose   
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is 0.40 Sy, find; 
(@) the absorbed dose; 
(b) the energy deposited in the bone; 
(@) the number of photons absorbed by the 

bone. 

A beta ray source of activity 8.0 x 10* Bq 
and a halffife of 6 h is injected into a 
spherical tumour of radius 1.0 cm and density 
1.3 % 10° kg ™. The energy of the electrons 
emitted is 3.5 MeV. Calculate the dose 
equivalent in the tumour 30 min after 
injection. Mention any assumptions you make 
in your calculations. How would the result of 
your calculation change if the source had 
been a gamma ray source. 

  

A patient is exposed for 5.0's to a radioactive 
source that emits gamma rays of energy 
2.7 MeV. The activity of the source was 
3.0 x 10" Bq, and about 3% of the gamma 
rays reach the patient. If his mass is 70 kg, 
find the dose equivalent he receives. 
A70 kg person stands at a distance of § m 
from a source of gamma rays of activity 
1.5 % 10° Bq, exposing a body surface area of 
0.09 m” to the source. Each gamma ray has an 
energy of 1.4 MeV. Assume that 1/4 of the 
emitted gamma rays are absorbed by the 
person. 
(@) What is the intensity of the gamma rays at 

the position of the person? 
(b) How much energy does the person receive 

inl s 
If the person works for 2 h near this source 
find: 
(©) the whole-body absorbed dose; 
(d) the effective dose she receives. 
The radioisotopes used in therapy generally 
have very much longer half-lives than those 
used in diagnosis. Why is such a difference 
desirable?



0 
  

    

  

Particles and interactions 
Particle physics i the branch of physics that tries to answer two basic questions: What 
are the fundamental building blocks of matter? What are the interactions between these 
buiding blocks? The history of physics has shown that, as we probe matter at 
increasingly ‘smaller scales, we find structures within structures: molecules. contain 
atoms; atoms are made of nuclei and electrons; nuclei are made of nucleons (protons 
and neutrons); and the nucleons are made out of quarks. Wil this patiern continue 
foreve, or are there final, elementary building blocks? And if there are elementary 
buiding blocks, are these particles or are they ‘strings’ as many recent theories diaim? 
These are the central questions of the part of physics called particle physics. 

  

Objectives 
By the end of this chapter you should be able to: 
« state the meaning of the term elementary particle; 
+ identify the three classes of elementary particles, the quarks, the leptons 

and the exchange particles; 
« understand the meaning of quantum numbers; 
« state the meaning of the term antiparticle; 
« dlassify particles according to their spin; 
« understand the Pauli exclusion principle and how it is applied: 
« understand and apply the Heisenberg uncertainty principle for energy and 

time; 
+ appreciate the meaning of the term virtual partie; 
+ describe the fundamental interactions; 
+ state the meaning of the term interaction vertex; 
+ understand what is meant by Feynman diagrams; 

« draw Feynman diagrams in order to represent various physical processes; 
« apply the Heisenberg uncertainty principle in order to derive the range of an 

interaction. 

  

Particles and anlipartides and the electron. We know that protons and 
neutrons are made of smaller particles called 

Ordinary matter, such as the chair on which quarks. The proton and neutron are thus 

you sit, the air that you breathe and your own. composite particles. The electron, on the other 
body, is made using very, very many copies of hand, is still believed to be an elementary. 
just three particles, the proton, the neutron particle. 
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Mfl.mmmypam:hwflh@mflnd. g 
IB;M electrons, for example, are dmpleely 

  

In the 19505 and 1960s hundreds of other 
particles were discovered. Thesé are very 
unstable particles and so are not found in 
ordinary matter. A few of these are the pions 
(", 7, %), the kaons (K", K", K°), the etas 
(. '), the hyperons (£*, £~, 3°), the 0~ and 
hundreds of others. These particles decay 
with half-lives ranging from 10~ s to 10~ *s. 
Making sense out of all these particles was 
the main problem of particle physics in the 
1960s. 

The elementary particles 

Almost a century of painstaking experimental 
and theoretical work has resulted in what we 
believe (today) to be the st of the elementary 
particles of nature. This picture, one day, may 
very well change. There are three classes of 
elementary particles: 

Quarks  There are six types (or ‘flavours’) of 
quarks. They are denoted by u.d. s, ¢, band t, 
and are called up, down, strange, charmed, 
bottom and top, respectively. All of these have 
electric charge. The up (u) quark is the lightest 
and the top (1) quark is the heaviest. There is 
solid experimental evidence for the existence 

of all six flavours of quarks. A quark can 
combine with an antiquark to form a meson. 
‘Three quarks can combine to form a baryon. 
‘The proton is a baryon made out of two u 
quarks and one d quark. The neutron is a 
baryon made out of two d quarks and one u 
quark. (See Option J3.) 

Leptons  There are six of these as well: the 
electron and its neutrino, the muon and its 
neutrino, and the tau and its neutrino. They are 
denoted by ", ve, ™, v, and 7", v,. We have 
seen the electron and the electron neutrino 
before when we learned about beta decay. The 
‘muon is heavier than the electron, and the tau 
is heavier than the muon. The three neutrinos 
were once thought to be massless, just like the 
photon. There is now conclusive evidence that 
in fact they have a very small mass. There is 
solid experimental evidence for the existence of 
all six leptons. 

Exchange particles - This class of elementary 
particles contains the photon (denoted by ), 
which we have met before. As we will sec in 
detail later, the photon is intimately related 
to the electromagnetic interaction. We also 
have the particles W= and Z°, called the W 
and Z bosons. Again, we will discuss how 
these particles are intimately related to the 
weak interaction. Then we have eight 
particles called gluons that are related to the 
strong or colour interaction. Finally, there is 
the graviton, which is related to the 
gravitational force or interaction. There is 
solid experimental evidence for the exi 

of all exchange particles except for the 
graviton. 

  

‘We must also mention the Higgs particle. It is 
not known if this particle is elementary and it is 
not normally listed as such. This mysterious 
particle is very much needed, as we will see later, 
but it has not yet been detected experimentally. 
‘The new generation of particle accelerator 
experiments may very well provide evidence for 
this particle as well. 

‘The quarks and leptons are particles that 
together account for what is ordinarily called 
‘matter’, and the exchange particles are 
associated with interactions or forces. All the 
above information is summarized in the Tables 
J1.1-]1:3. (Spin will be discussed on page 721) In 
the tables, electric charge is given in units of 
e(1.6 x 10717 C), mass is given in MeV ¢ 
spin in units of /- 
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330 
333 
456 

1500 
4700 

175500 

  

‘Table J1.1 The quarks. Because of quark 
confinement (see Option J3) the very notion of 
quark mass is somewhat uncertain and beyond 
the scope of this book. This is less of a problem 
for the heavier quarks (¢, b and t). 

Electron 
Flectron 
neutrino 
Muon 
Muon 
neutrino 

  

-1 1780 

  

‘Table J12 The leptons.   

already - that for electric charge. If we use a unit 
of electric charge equal to e = 1.6 x 10~ C then 
we know that the electric quantum number for 

the electron is —1, for the proton +1, for the 
neutron 0, and 0 on. Some (but not all) 
quantum numbers are conserved in interactions 
(i.e. the total number before the reaction is the 
same as that after the reaction). The quantum 
‘number for electric charge is always conserved. 

A second quantum number is that of flavour. 
Unlike charge, this is not specified by an actual 
numerical value. Only quarks carry flavour, and 
we have seen that there are six types of flavour 
called up, down, strange, charm, bottom and 
top. We may think of flavour as a kind of ‘weak 
charge’. Flavour is conserved in some but not all 
interactions. 

We will introduce many other quantum numbers 
as we go along. Option J3 will introduce the 
quantum numbers for colour, strangeness, 
Daryon number and generation lepton number. 

Antiparticles 

In addition to the elementary particles we 
have listed in Tables J1.1-J1.3, we have the 
antiparticles of all of the above. To every 

particle there corresponds an 

  

antiparticle of the same mass as 
the particle but of opposite electric 

Photon ' Hlecuomagaetic  charge (and opposite all other 
Woosoms W' 1 804 T Weak quantum numbers). The existence 

b e 3 it of antiparticles was predicted 
G & 55 T e theoretically by Paul Dirac in 1928. 
5 = < ; The first antiparticle to be 

hions ;3357 0 g & trong (colows) jiccovered experimentally was the 
Crviton g 0 0 2 Gravitational 

Table J1.3 The exchange particles. 

Quantum numbers 

Quantum ‘numbers’ are numbers (or properties) 
used to characterize particles. There is one 
quantum number that we know 

positron, the antiparticle of the 
electron. The positron was 

discovered in 1932 by Carl Anderson 
(1905-1991). If a particle has zero electric 
charge then, as we will see, the antiparticle 
can still be distinguished because of quantum 
numbers other than charge; for example, 
antineutrinos differ from neutrinos because 
they have opposite lepton number (see
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Option J4). But some particles are their own 
antiparticle, e.g. the photon and the graviton. 
Particles that are their own antiparticles are 
therefore necessarily electrically neutral. 

Antimatter is material made up of antiparticles. 
‘Whenever antimatter comes into contact with 
matter, it will annihilate, releasing energy. It is 
thought that the early universe contained almost 
equal numbers of particles and antiparticles. 
“Today, however, we observe a predominance of 
matter over antimatter: this will be discussed later. 

Spin 

In classical mechanics, a body of mass m 
moving along a circle of radius r with speed v 
has a property called angular momentum. This 
is defined to be 

L=mvr 

‘This quantity has units of ] . If the body spins 
around its own axis (like the earth, for example), 
it has additional angular momentum. Particles 
appear to have a similar property, measured also 
in units of ] s, and this property was called spin 
by analogy with a spinning body in mechanics. 
But it must be emphasized right away that a 
particle’s spin is not the same thing as the 
angular momentum of a spinning body. For 
elementary particles. spin is a consequence of 
Einstein’s theory of relativity and does not have 
a classical counterpart. The spinning body is just 
a useful analogy - an elementary particle may 
be a point particle and a point particle cannot, 
literally, spin around its axis. All known 
particles have a spin that is a multiple of a basic 
unit. This unit is the quantity 

i h 
Unit of spin = -2 nit of spin = 5 - 

i.e. Planck’s constant h divided by 277. 

‘The second fact about spin is that particles fall 
into two separate classes when classified 
according to spin. Al the known particles 
(composite as well as elementary) have a spin 

  

that is either an integral multiple of the basic 
unit or a halfintegral multiple. 

  

Quarks, leptons (e.g. the electron), protons and 
neutrons are fermions, whereas the photon is 
aboson. 

A particle that has spin is denoted by a circle 
‘with an arrow through it (Figure J1.1). The 
length of the arrow does not signify anything. 
In the presence of a magnetic field B, particles 
‘with spin will align their spin parallel or 
antiparallel to the direction of the B field. 

Bfield 

spinup spin down 

Figure J1.1 Particles with spin in a magnetic field. 

The Pauli exclusion principle 
We have seen that elementary particles are 
characterized by quantum numbers. In 1930, the 
Austrian physicist Wolfgang Pauli discovered an 
important principle that bears his name: 

    
  

“This is why the inner shell of any atom can 
contain at most two electrons. Electrons are 
fermions and so the Pauli exclusion principle 
applies to them. In the inner shell the one 
quantum number that can distinguish two 
electrons is the spin. Since the spin of the
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electron is }, there are just two quantum states 
available: one in which the spin is ‘up’ and 
another in which it is ‘down’. Thus in the inner 
shell we can have two electrons of opposite 
spin. In other shells, the electrons have angular 
‘momentum (because the electrons ‘orbit’ the 
nucleus) and so can be distinguished through 
different values of their angular momentum. 
‘Therefore more than two electrons can occupy 
the outer shells. 

The Heisenberg uncertainty 

principle for time and energy 

In 1928 the German physicist Werner 
Heisenberg discovered one of the fundamental 
principles of quantum mechanics, now called 
the Heisenberg uncertainty principle. The 
version of the principle that will concern us 
here s that which applies to simultaneous 
‘measurements of energy and time. According to 
Heisenberg, measurements of the energy of a 
particle or of an energy level are subject to an 
uncertainty. This uncertainty is not the result 
of random or systematic errors. Even in an ideal 
world in which these types of uncertainty were 
absent, there would still be an uncertainty in 
the measurement of the energy as a result of a 
law of nature. The very process of measurement 
necessarily creates an uncertainty in the 
quantities being measured. 

Consider then the measurement of the energy 
of a particle. The measurement must be 
completed within a certain interval of time that 
we may call At. Heisenberg proved that the 
uncertainty in the measurement of the energy 
AF is related to A through the Heisenberg 
uncertainty principle 

h 
AEALz o 

‘This says that, the shorter the time interval 
‘within which the measurement is made, the 
greater the uncertainty in the measured value 

of the energy. To have a very small uncertainty 

in energy would require a very long time for 
the measurement of energy. 

Example question 
Q1 T — 
An electron spends on average 1.0 ns in an excited 
energy state in an atom. What is the uncertainty in 
the value of the energy of the excited level? 

Answer 
To measure the energy of a particular energy state, 
we must observe the electron in that state for a 
length of time. Since the electron cannot exist in 
that state for longer than about 1.0 ns, we deduce 
that at most At = 1.0 ns. Then we get 

h 6.6x10% 
I x1.0x107 

33x107ev 

  

  

The minimum uncertainty in the energy is thus 
33x107eV. 
  

‘There is, however, a subtler, and for our 
purposes more useful, interpretation of the 
energy-time Heisenberg uncertainty principle. 
We know that total energy is always conserved. 
But suppose, for a moment, that in a certain 
process energy conservation is violated. For 
example, assume that in a certain collision the 
total energy after the collision is larger than 
the energy before by an amount AE. The 
Heisenberg uncertainty principle claims that 
this is in fact possible () provided the process 
does not last longer than a time interval At 
given by Al &~ ... In other words, energy 
conservation can be violated provided the time 
it takes for that to happen is not too long. 

  

Consider a ball of mass 1.0 kg and total energy 
9.0 J. It bounces up and down on the floor. A 
‘wall next to the ball is 1.0 m high. To make it 
over the wall and to the other side, the ball 
‘would have to have a total energy of mgh = 
1% 10 % 1 = 10]. In classical physics we would 
therefore conclude that it is impossible for the 
ball to make it over. Doing so would violate 
energy conservation by an amount 1.0 J. 
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According to the Heisenberg uncertainty 
principle, the ball can make it over the wall 
provided this happens within a time interval 
given by, approximately, 

h 6.6 x 107 N = x107% 
TAE = amxi0 S o010 At 

This time interval is ridiculously small for a 
macroscopic object such as a ball. There is no 
way that a 1.0 kg ball can make it over the wall 
in this short a time interval because to do so it 
would have to move many times faster than the 
speed of light. The ball cannot make it over the 
wall even though theoretically it could, 
according to the Heisenberg uncertainty 
principle. Therefore we can be assured that, in 
‘macroscopic physics, total energy is conserved! 

But consider now an electron of total energy 
1.0V that is classically forbidden to go over a 
‘wall of total energy 2.0 eV. This would violate 
energy by an amount AF = 1.0 éV. The time 
interval over which this has to happen is 

L _h 66x10% 
4n AE 4 x 1.0 x 1.6 x 10-7 

  at 

%107 

  

This is still a small time interval but is 19 orders 
of magnitude longer than that for the ball. A 
fast electron (v = 6 x 10 m's”*) can make it 
over the wall in this short time and it does. This is 
the basis of the tunnelling electron microscope, 
an instrument that can ‘see’ atoms. 

  

Virtual particles 

We have seen that the Heisenberg uncertainty 
principle allows for violations of the law of 
conservation of energy by amounts AF provided 
the violations do not last longer than time 
intervals of about At ~ i This is irrelevant 
for macroscopic objects but not so for 
‘microscopic elementary particles. 

Let us then consider the possibility of a free 
electron emitting a photon. We may represent 
this as in Figure J1.2. This process actually 
violates the law of conservation.of energy (see 

Option H, Relativity). It cannot take place unless 
the photon that is emitted is very quickly (i.e. 
within a time interval At & ;-!t-) absorbed by 
something else so that the energy violation 
(and the photon itself) becomes undetectable. 
Precisely because this photon violates energy 
conservation, it is called a virtual photon. 
Therefore the process represented by Figure J1.2, 
although classically impossible, is nevertheless 
possible within quantum theory. 

   

    

  

photon 

clectron 
electron 

Figure J12 A free electron emitting a virtual 
photon. 

Interactions and exchange 
particles 

‘We saw that a free electron can emit a (virtual) 
photon provided the photon is very quickly 
absorbed by, say, another electron. We may 
represent this process pictorially as in Figure J1.3. 
Particle physics now interprets this diagram in 
the following novel way. 

     

   
   

   

electron 
electron 

virtual photon 

clectron electron 

Figure J13 Exchange of a virtual photon in the 
interaction between electrons. 

Because the first electron emitted a photon, it 
changed direction a bit in order to conserve 
momentum. Similarly, the second photon also 
changed direction, since it absorbed a photon.
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Looked at from a large distance away, the 
change in direction of the two electrons can be 
interpreted as the result of a force or 
interaction between the two electrons. We 
know, of course, that two electrons will exert 

repelling forces on each other according to 
Coulomb’s law. The particle physics view of the 
situation is that Coulomb’s law s the exchange 
of a virtual photon between the electrons. 

  
  

    

  

Similar things hold for the other interactions, 
as we will discuss on page 727. 

Basic interaction vertices | 
As we have mentioned in the core section of the | 
book, there are four fundamental forces or 
interactions in nature, The interactions and the 
particles that participate in each interaction as 
well as their relative strength (known as the 
interaction strength) are summarized in 
Table J1.4. 

  

 the electroweak interaction; 

« the strong (colour) interaction; 
« the gravitational interaction. 

‘The gravitational interaction s the least 
relevant for particle physics because the masses 
of the particles are so small. The gravitational 
interaction will therefore be ignored in what 
follows, and we will meet it again only in 
Option J5. In this chapter, however, the 
electromagnetic and weak interactions will be 
treated as distinct. 

Ata fundamental level, particle physics views 
an interaction between two elementary 
particles in terms of interaction vertices. The 
fundamental interaction vertex of the 
electromagnetic interaction, for example, is 
denoted in Figure [1.4, in which the wavy line 

photon 

I cleciron 
Figure J14 Fundamental interaction vertex of the 

electromagnetic interaction. 

  

Interaction Exchange Relative represents a photon and the Interaction  acts particle strength A B & ! straight line with an arrow to 
CIC, E"“lm"‘fi:‘c:‘“ Photon w the right represents an electron. 

o (A positron would be denoted 

A ?;‘::;::‘l‘ s Zhosons with a straight line with an 
S ; Y = arrow to the left,) From this 
od0g (colauy @ auly Sluory - basic vertex, all phenomena 

Gravitational Particles with mass  Graviton 107 

Table J14 The fundamental interactions and the 
exchange particles that participate in them. 

  

Since the early 1970s (and as we will discuss in 
some detail later) the electromagnetic and weak 
nuclear interactions have been shown to be two 
faces of the same interaction, called the [ 
electrowealk interaction. So there are in fact 
three fundamental interactions: 

associated with electrodynamics 
can be deduced! 

It is helpful to think of a time axis along with 
this diagram, so that time increases as we move, 
say, o the right of the diagram. Then by 
redrawing the basic vertex in any way we please, 
by bending or rotating the lines, we can depict 
various processes in electrodynamics. 
For example, we can draw the diagrams in 
Figure J1 
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(a) An electron absorbs a photon 

  

(b) A positron absorbs a photon 

  

(@) A photon materializes into an 
electron-positron pair 

  

(@) An eectron and a positron collde, 
annihilte each other and produce a photon 

Figure J15 Some examples of interaction vertices 
(here'y = photon, e~ = electron, e* = positron). 

Because the arrows on the positron are drawn 
in the opposite direction to those on the 
electron, we sometimes say that positrons travel 
backwards in time. But this is just an 
expression. The positrons, like all particles, 
move forwards in time. 4 

Notice that, at an interaction vertex, electric 
charge is conserved. That is to say, the total 
electric charge going into a vertex equals the 
total electric charge leaving the vertex. 
‘Therefore, it is not possible to have a vertex 
such as those in Figure J1.6. 

photon Clectron 

hoton electron 
Cecton o 

Figure J1.6 Two impossible vertices that do not 
conserve electric charge. 

‘The theory describing the interactions of 
electrons and positrons through the exchange 
of photons is called quantum electrodynamics 
(QED). 

Feynman diagrams 

In the 19505 the American physicist Richard P. 
Feynman (Figure J1.7) introduced a pictorial 
representation of particle interactions. These 
representations are now called Feynman 
diagrams. The idea is to use interaction vertices 
in order to build up possible physical processes. 
For example, let us see how one electron can 
scatter off another electron. The basic process is 
represented in Figure J1.8. 

  g Figure J17 Richard P. Feynman,
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Clectron 

  

photon 

" electron 

Figure J18 Feynman diagram for electron-— 
electron scattering. 

Figure J1.8 is not just a picture, however, It 
represents a very definite mathematical 
expression called the amplitude of the process 
‘The square of the amplitude gives the 
probability of the process actually taking place. 
‘We will not learn how to calculate this 
‘mathematical expression for the amplitude 
here! We will simply learn that we will assign to 
each vertex a quantity called the strength of the 
interaction. For the electromagnetic interaction, 
the basic vertex is assigned the value /dy, 
where agyy ~ 11 and is closely related to the 
charge of the electron. The amplitude of the 
diagram is then the product of the /ag for 
cach vertex that appears. 

In the electron-electron scattering process of 
Figure J1.8, there are two interaction vertices, 
and so the amplitude of the diagram is 
proportional to 

Jaim X /@i 

‘The same physical process can also take place 
through many other diagrams, e.g. those shown 
in Figure J1.9. Notice carefully that these 
diagrams are simply built out of the basic 
interaction vertex and nothing more. 

  

o 

But all the diagrams in Figure J1.9 contain four 
interaction vertices, and so the amplitude for 
these s proportional to 

Ve x e x /e x/@m 

  

afy   
Figure J1.9 Other Feynman diagrams that result 

in the same physical process as shown in 
Figure J1.8. 

Since agm i.e. a small number less than 1, 

the processes with four interaction vertices are 
Tess likely to occur. To a first approximation, it 
is sufficient to examine the diagram with two 
vertices only. If a better approximation to the 
answer is required, then diagrams with more 
and more vertices must be included. The larger 
the number of vertices, the greater the amount 
of calculation required. 
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‘The introduction of Feynman diagrams has 
made calculations of the probabilities for 
various processes much simpler and is a major 
advance in particle physics. In the words of 
Julian Schwinger (who along with Sin-tiro 
Tomonaga shared the Nobel prize in physics 
with Feynman in 1965) ‘the introduction of 
Feynman diagrams has given calculating power 
t0 the masses’. A famous example is the, 
Klein-Nishina formula for the scattering of a 
photon off an electron (the Compton effect). 
Kiein and Nishina took six months to calculate 
the details of this process in 1929. With 
Feynman diagrams this can be done in less than 
two hours by any graduate student in physics! 

  

Building Feynman diagrams 
Using the basic interaction vertex for the 
electromagnetic interaction, we can build up 
complicated processes. All we need are the 
following ingredients: 

* the basic interaction vertex; 
« lines with arrows to represent electrons and 

positrons; 
« wavy lines to represent photons. 

One such process is the scattering of light by light. 
That is, a photon scattering off another photon. 
This is a purely quantum process. It cannot be 
described classically. But with the basic vertex, we 
can draw the diagram in Figure J1.10. The particles 
are electrons or positrons. The amplitude for this 
process is afy, so it s quite rare. 

  Figure J1.10 Feynman diagram for photon-photon 
scattering. 

    Feynman diagrams for other interactions 
‘The electromagnetic interaction is a simple 
interaction because it has only one interaction 
vertex. The weak and strong (colour) 
interactions are complex because they have 
many vertices. To build Feynman diagrams for 
other interaction processes is therefore 
correspondingly more complex. 

‘The basic interaction vertices that we will 
consider for the weak interaction involve the W 
or Z boson along with two fermions (quarks or 
leptons, in fact) f, and f, (see Figure J1.11). Here 
for the W vertex f,, £, = quark or lepton, and 
for the Z vertex the incoming and outgoing 
particles are the same and f = quark or lepton. 

  

« g £ e
 

W boson 

Figure JL11 Basic i 
interaction. 

teraction vertices for the weak 

  

You do not have to remember these vertices - in 
the IBO examination they will be given to you if 
they are needed. Some examples are given in 
Figure J1.12. 

We can therefore draw the Feynman diagram 
for beta decay in which a neutron decays into a 
proton. We know that (1) we must produce an 
clectron and an electron antineutrino and (2) a 
d quark inside the neutron must turn into a u 
quark. Then we must have a diagram such as 
that in Figure ]1.13. 

We have used the weak vertex twice. In the first 
case, the d quark turns into a u quark by 
emitting a virtual W™ boson. The electric 
charge going into the vertex is — Le. The electric 
charge leaving the vertex is +Z¢ for the u quark 
and —e for the W~ The total charge leaving the 
first vertex is therefore —le, consistent with 
charge conservation. 
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W~ boson W™ boson i 

Figure J1.12 Examples of interaction vertices for 
the weak interaction. 

  

neiron proton 

Figure J1.13 Feynman diagram for beta decay. 

In the second vertex, the virtual W~ decays into 
an electron and antineutrino, again conserving 
electric charge (and lepton number, as we will 
see in Option J4). 

‘The strong (colour) interaction is also complex. 
One interaction vertex is similar to the 
electromagnetic vertex where electrons are 
replaced by quarks and the photon by gluons 
(see Figure J1.14). Notice that the flavour of the 

eluon 

quark quak 

Figure J1.14 One interaction vertex for the strong 
(colour) interaction. 

quark does not change 
in this interaction 

(unlike the case of the | 
weak interaction 
involving the W boson). 
‘Thus if the incoming 
quark is a u quark, the 
outgoing quark will be a 
was well. 

  

W boson 4 

‘The complexity of the 
strong (colour) 

interaction is that there 

are also vertices involving purely gluons such as 
those shown in Figure J1.15. We will discuss 
strong (colour) interactions in more detail when 
we learn about colour in Option J3. 

gluon. 

  

glion gluon 
Figure J115 Two other interaction vertices for the 

strong (colour) interaction. 

The range of an interaction 

Consider the diagram in Figure J1.16 in which 

two particles interact through the exchange of 
the particle shown by the wavy line. Let the 
‘mass of this particle be m. 

    
virtual pariicle 
of mass      

Figure J1.16 Estimating the range of the interaction 
between two particles.
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The fastest the virtual particle can travel is the 
speed of light c. If R is the range of the 
interaction, then the virtual particle will reach 
the second particle in a time no smaller than £. 
‘The energy that will be exchanged will be of the 
order of mc%. For the purpose of the estimate, 
taking uncertainties of order  in the time and 
md® in the energy, we then have that by the 
Heisenberg uncertainty principle: 

Rl 
X S I 

and hence the range of the interaction is 
approximately given by 

h R=~ 
rme 
  

‘This explains why the electromagnetic 
interaction (which involves the exchange of the 
‘massless photon) has a range that is infinite, 
whereas the weak interaction (which involves 
the exchange of massive W and Z bosons) will 
have a short range. In fact, since we know that 
the W boson has a mass of about 80 GeV ¢ * it 
follows that we can determine the range of the 
weak interaction: 

LN Ra—— 
dme 

6.6 x 107 e GEdlOER 

47:(%2-77‘,;'{, x1.6x m—'°)3 x 108 

0% m 

  

Q 

  

o 

1 Discuss whether it is correct that all 
electrically neutral particles are their own 
antiparticles? Give examples to support your 
answer. 

   

2 Particles are divided into fermions and 
bosons. What property of particles is used in 
order to make this classiiication? 

3 (a) State the Pauli exclusion principle. 
(b) Using this principle explain why the 

innermost shell of an atom can have at 
most two electrons. 

| 
| 
| 

    
  

4 Very large numbers of photons in a laser beam 
occupy the same energy state. Explain why 
this is not in violation of the Pauli exclusion 
principle. 

5 The idea of a particle exchanged in an 
interaction is sometimes explained in terms of 
the following picture. You stand on ice (no 
friction) and throw a heavy ball to a friend. 
Throwing the ball makes you move away. 
When your friend catches the ball, he moves 
away. This picture explains a repulsive force. 
How would you change the picture to explain 
an atractive force? 

6 (a) Describe what is meant by a Feynman 
diagram. 

(b) Draw Feynman diagrams to represent the 
electromagnetic processes (i) e + " — 
e +etand(ile” +e >y ty 

7 Use the electromagnetic vertex to draw a 
Feynman diagram for the scattering of a 
photon off an electron. 

8 Ameson has quark content ui. 
(@) State the electric charge of the meson. 
The meson is at rest and decays into 
photons. 
(b) Explain why the meson cannot decay into 

just one photon. 
The meson in fact decays into two photons. 
(c) Draw the Feynman diagram for this decay. 

9 Beta-minus decay involves the decay of a 
neutron into a proton according to the 
reaction n — p’ + e~ + b, 
(@) Describe this decay in terms of quarks. 
(b) Draw a Feynman diagram for the process. 

10 Figure J1.17 represents the beta-plus (e”) 
decay of a proton. 

— 

  

proton 

Figure J1.17 For question 10.
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(@) Identify the quarks making up the neutron. 16 The electromagnetic interaction strength is 
(b) State the name of the particle represented g = 75 and that of the strong (colour) 

by the wavy line. interaction is s = 1. Explain how these 
(©) Identify the particles denoted by X and Y numbers allow the calculation of Feynman 

in the diagram. | diagrams with the smallest possible number of 
11 Using the basic weak interaction vertex | vertices for an electromagnetic interaction, 

involving a W boson and two fermions given whereas the colour interaction must 
in Figure J1.11, draw Feynman diagrams to necessarily involve all possible Feynman 
represent the following processes: diagrams for the process. 
@) p e + ity 17 (a) Does the electric force act on quarks? 
() e + B> p + 5, (b) Does it act on neutrinos? 
(©) m* — " + v, (quark structure of positive 18 The neutron is electrically neutral. Could it 

pion is ud); possibly have electromagnetic interactions? 
(d) K~ + 5, (quark structure of negative 

19 Neutrinos are electrically neutral. How do we 

distinguish neutrinos from antineutrinos? 
20 What may be deduced about the mass of the 

graviton given that the gravitational 
interaction has infinite range? 

kaon s su). 

  

12 Using the basic weak interaction vertex 
involving a W boson and two fermions given 
in Figure J1.11, state three possible ways in 
which the W boson can degay. 

13 Using the basic weak interaction vertex 
involving a Z boson and two fermions given 
in Figure J1.11, draw Feynman diagrams to 
represent the following processes: 
@ e +e' >t 
®) e + v, e+, 
© e +e'me +el 

  

21 (a) Explain how the Heisenberg uncertainty 
principle for energy and time can be used 
10 estimate the range of an interaction by 
knowing the mass of the particle being 
exchanged. 

{b) Using your answer in (a) explain why the 
electromagnetic interaction has infinite 

  

range. 
14 Using the basic weak interaction vertex (© In ‘ie 1930s it was believed that the 

involving a Z boson and two fermions given | sirong nticléar force nvolved the 
in Figure J1.11, state three possible ways in exchange of a massive particle called the 
which the Z boson can decay. pion. Estimate the mass of this particle 

15 (a) Does the weak force act on mesons? from the known range of the strong 
(b) Does it act on baryons? nuclear interaction (i.e. about 10°"* m).



  

Detectors and accelerators 
The models of particles and their interactions would remain just models viere it not for 
the ingenuity of experimental particle physicists, who have devised ways and means to 
test them in detailed experiments. Experimenting with partice physics requires the 
acceleration of particles to very high energies and the development of sophisticated 
devices to detect the presence, and measure the propeties, of the partices produced in 
the collisions in accelerators. 

Objectives 
By the end of this chapter you should be able to: 
« appreciate the need for high energies in particle physics experiments; 
« appreciate that the resolution of tiny objects requires high energies: 
« outline the operation of the linear accelerator, the cyclotron and the 

synchrotron; 
« discuss the advantages and disadvantages of each type of accelerator; 
« understand the meaning of the term available energy; 
+ give a general description of the structure and function of a particle 

detector. 

  

The need for high energies 

‘We have seen in the previous chapter that the 
electromagnetic interaction allows for the process 

e et~ particle + antiparticle 
‘which can be represented by the Feynman. 
diagram in Figure ]2.1. We would describe this 

electron particle 

positron antiparicle 
Figure J2.1 An electron-positron pair creating a 

‘new particle-antiparticle pair out of the vacuum. 

process as an electron and a positron 
colliding, annihilating each other into a 
virtual photon, and the virtual photon then 
rematerializing into a particle-antiparticle 
pair. 

Itis very important to understand that the 
second pair s actually created out of the virtual 
photon. The pair did not exist before the 
interaction. Another way of saying the same 
thing is to say that the pair has been created 
out of the vacuum. This possibility is of 
enormous importance because it allows for the 
production of new and previously unknown 
particles. 

Assume that the electron and the positron are 
moving with the same kinetic energy in 
opposite directions when they collide and 
annihilate; To produce the particle-antiparticle 
‘pair requires energy. To begin with, the energy 
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needed is the energy of the particle and the 
antiparticle created at rest. According to 
Einstein, this energy is mc?, the rest energy, for 
each. In addition, if the particle and 
antiparticle each has kinetic energy Fy after it is 
created, it follows that the total energy F that 
must be supplied is 

E =2(mc* +Ey) 

‘The very minimum amount of energy needed is 
therefore 

E o = 2mc? 

when the particle-antiparticle pair is produced 
at rest. This energy has to come from the rest 
energy and the kinetic energy of the electron 
and the positron before the collision. 

Itis then clear that, if we wish to produce 
particles of large mass, very large amounts of 
kinetic energy are needed. In other words, the 
electron and the positron must be accelerated 
to very high kinetic energies. This requires the 
construction of appropriate machines - particle 
accelerators. 

Resolution 

A second point that must be taken into account 
is the following. Particle physics is interested in 
determining whether there is structure inside 
any one particle. How do we experimentally 
determine if the proton, say, is made out of 
smaller constituent particles? One way is to 
“throw something’ at the proton and see how 
that ‘something’ reacts. The simplest thing to 
dois to direct a photon or an electron at the 
proton. 

Let A be the wavelength of the photon or the 
de Broglie wavelength of the electron. The 
relation of A to the size of the object being 
probed (the possible constituents of the 
proton in this case) is crucial in determining 
whether or not the constituents will be 
resolved. To ‘see’ the smaller constituents 
requires a short wavelength, comparable to 

‘ the size of the constituents themselves 
| (Figure J2.2). 

Figure J22 To resolve a particle of size d requires 
a wavelength of the same order of magnitude 
asd. 

‘The long-wavelength photon continues 
| undeflected along its original path. It has not 
| seen the small objects in its path. The photon 
| on the right though has a wavelength that is 
| comparable to the size of the small objecs in 
| its path. This photon gets deflected. The 
| deflection is a sign that objects of size 

comparable to the wavelength are present. 

Since we expect the size of the constituents 
t0 be very small, we require a very small 
‘wavelength as well. But a short photon or 
de Broglie wavelength means, again, high 
energies. 

For example, a photon whose wavelength is of 
order A ~ 10~ m must have energy 

e 
X 
66 10°% x 3 x 10° 
R — 
~2x1070) 

~10%ev 

~1GeV 

E 

For an electron with de Broglie wavelength 
of order A ~ 10~ m, the corresponding kinetic 
energy is also of the same order, about 1 GeV. 

So again it s clear that particle physics has to 
deal with very high energies if it is going to be 
able either to create new heavy particles or to 
probe their inner structure. 
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Accelerators | exmmmE 
« Linacs have lower energy losses due to 

synchrotron radiation compared with 
synchrotrons (see page 735). 

‘We will examine three types of accelerators, the 
linear accelerator, the cyclotron and the 
synchrotron, Particle accelerators are called 
‘machines’ by the people who build and use 

them. T 

* Once the acceleration process stars, one 
cannot alter the collision time of the linac, 

The linear accelerator as can be done with storage rings in 
In a linear accelerator (or linac), particles are synchrotrons. 
accelerated along a straight path by electric « Avery long accelerator is required to reach 
fields. The particles move through a series of | very high energies. 
evacuated tubes as shown in Figure J2.3. 

  ‘The largest electron linear 
accelerator is the one at 
Stanford University in 
the USA and is called 
SLAC (Stanford Linear 
Accelerator). It is 3 km long 
and accelerates electrons 

Figure J23 A schematic diagram of a linear | to a total energy of 50 GeV. 
accelerator showing the accelerating tubes and | 
the alternating applied voltage. 

    

  

      

An alternating voltage is applied across the 
204 In betveen tv conseciiive fubes o that; | 
as the electrons leave a tube, they see a | 
positive voltage in the tube ahead. The | 
electrons thus accelerate every time they move ‘ 
from one tube to the next. The electron spends 
the same time in each tube, because of the | 
constant frequency of the alternating voltage | 
applied to the tubes. So as the speed of the 
electrons increases, the length of the tubes ‘ 
must increase as well. But the electrons soon ‘ 

reach a speed practically equal to the speed of 
light, and so the length of the tubes remains ‘ 
constant from then on. | 

| 

| 

In a linear accelerator, either an accelerated 
beam of particles can strike a fixed target, or 
two beams (one of particles and the other of 
antiparticles) can be accelerated along the same 
straight line from opposite ends and made to 
collide with each other. 

    Figure J24 An aerial view of the SLAC complex.
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At this energy the electrons move practically at 
the speed of light. The electrons are injected 
into the accelerator after they have been 
emitted by an electron gun, which is just a wire 
that emits electrons when it is heated. 

The cyclotron 
‘The cyclotron was invented by Ernest Lawrence at 
Berkeley in the USA in 1929, and first built in 
1930. This type of accelerator is no longer used for 
particle physics research, but it is the model upon 
which newer accelerator designs were based. 

The cyclotron consists of two holiow electrodes 
called ‘D’s (because their shape resembles the 
letter D), with a gap between them, placed in 
the uniform magnetic field between the poles 
of a cylindrical magnet (Figure J2.5). The 

  

  
  

    

  

  

        | | | | wiorm 
T magnetic 

3 T field         

  

Figure J2.5 The charged particle is emitted at the 
centre and follows a ‘spiral’ path outwards as it 
gains speed. 

  
  

particle to be accelerated starts at the centre of 
the ‘D's. A source of alternating potential 
difference is established between the two ‘D's. 
(For ease of reference, we shall call them D1 and 
D2, as in the diagram.) 

Assume that the charge of the particle is 
positive. It is projected towards D1 with an 
initial speed vo and so will follow a circular arc 
in D1 because of the magnetic force it 
experiences. After covering half a circle in D1, 
the particle will arrive at the gap. If the 
potential in D2 is negative, the particle will 
accelerate across the gap. It will then follow a 
larger circular arc in D2. The radius is larger 
because the speed has increased. The particle 
will then again reach the gap between the ° 
If now D1 is negatively charged, the particle 
will again accelerate across the gap and will 
follow an even larger circular path in D1. 

  

‘The point is then to arrange for the potential 
difference between the ‘D's to be such that the 
positively charged particle always sees a 
negative potential across the gap just as it 
arrives there. This means that the sign of the 
potential difference must change every half a 
revolution. 

The force on the particle is the magnetic force 
F =qvB, and equating this to mass times 
acceleration we get 

2 v avB=ms = 

  

As the particle is accelerated, the radius of the 
circular path increases, and the particle moves 
on a spiral’. The time to complete one 
revolution (the period) is found by using 
v = 4. Substituting this value of v in the 
formula above gives 

m 2xr 2xm r=tZl 4 T=I 
[T qB 

We therefore have the very fortunate result that 
the period of revolution is independent of the 
speed. This means that, despite the fact that the 
particle is accelerating, the period T is the same  



12 Detectors and accelerators 735 

and only depends on the mass m and charge g 
of the particle and the magnetic field B. The 
potential difference between the 'D’s must then 
change direction every half a period. Thus, the 
period of the alternating voltage source is the 
same as the period of revolution of the particle, 
ie. 2. This s called the cyclotron period 
and its inverse, #% is called the cyclotron 
frequency. 

    

The charged particle is therefore accelerated 
as it spirals in the region between the poles 
of the magnet. At some point additional 
‘magnetic fields placed at the edge of the 
‘magnetic field region will pull the charged 
particle out and direct it at a target with which 
it will collide. 

Just as the particle exits the eyclotron it is 
‘moving on a circle of radius R, the radius of 
the cyclotron itself, with the maximum 
speed it can attain, Vins,. Thus, from r = 
we find 

5 

[ C_gBR 
g8 = V=T 

  

and so the maximum kinetic energy the 
particle can have s 

1 
Kinax = 570 

R 

T om 
  

Note that the maximum kinetic energy of the 
accelerated particle does not depend on the 
magnitude of the accelerating voltage. 

Example question 
Q) EEET——— 
A cyclotron has a radius of 0.25 m and uses a 

magnetic field of strength 1.4 T. It accelerates 
protons. 
(@) Calculate the frequency with which the 

protons spiral in the cyclotron. 
(b) What is the kinetic energy of a proton as it 

leaves the cyclotron? 

  

Answer 
(@) As shown in the text, the cyclotron frequency 

isf = 2 and so 

16%107" x 1.4° 
   
=21MHz 

(b) The kinetic energy of a proton as it leaves the 
cyclotron is. 

   

  

Ko L0 
m 

(16 %107 x 1.4 x 0.25)* 
ST Ixierxior 
=939x10") 

_939x10 
T6x 100 
.87 x 10"V ~ 5.9 MeV. 

  

= Cyclotrons can be used for nuclear physics 
research as well as for biomedical stuies due 
10 their small, compact size and low cost. 

P 

« Cyclotrons can only be used for fixed target 
experiments. 

« There is a limit (o the energy they can reach 
due to limitations on the size of the magnes. 

The synchrotron 
Unlike the cyclotron, the charged particles in a 
synchrotron move along a circular path of fixed 
radius. The circular ring is  thin evacuated tube 
inside which the charged particles move. The 
charged particles moving in the ring are called 
the beam. Large magnets are placed along the 
ring in order to deflect the charged particles into 
acircular path (Figure J2.6). In between the 
‘magnets are gaps. Electric fields are established 
in the gaps so that, just as the charged particles 
emerge from the end of the magnetic field at A, 
the point B at the end of the magnet ahead is at a
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negative electric potential (we are assuming the 
charged particles are positive). The particles will 
then accelerate as they cross the gap AB (Figure 
J2.7). This acceleration takes place at every gap 
between the magnets. Obviously the electric 
potentials in the gaps must be carefully 
established by carefully timing the arrival of the 
beam at every gap - the period of the electric 
fields must be syndhronous with the beam, hence 
the name for the accelerator. This requires the 
solution of many technical problems. 

=ty 

/ \ T 
J \ 
\ o 
< 

Figure J2.6 A synchrotron ring with magnets 
along the ring to bend the particles into a 
circular path. 

  

accelerating region 

=] 
mgnet A B 
o electric field 

  

> proton beam 
  

Figure J2.7 The positively charged particles face a 
negative potential ahead and so are accelerated. 

‘The particles therefore move faster and faster 
cvery time they cross a gap and quickly reach a 
speed that is essentially the speed of light. At 
this very high speed the rest energy mc? is 
negligible compared to the kinetic energy, and 
50 the relation between total energy and 
‘momentum is E = pc [Students who have 
studied the relativity option will be able to 
derive this from E* = (pc)” + (mc’)’. When the 
‘momentum is large, we may ignore the rest 
energy to find £ = pc] Then the.expression for   

the radius R of the circular path in a magnetic 
field B, R = 2 becomes (remembering that 

  b 
‘momentum is given by p = mv). 

- v 
qBc 

It follows that, to keep the particles on a path 
of fixed radius, the magnetic field has to be 
constantly increasing as the energy of the 
particles increases. The magnets are therefore 
not permanent magnets but electromagnets, 
where, by changing the electric current 
through them, a variable magnetic field is 
obtained. In this way the particles keep gaining 
speed but are always moving on the same 
circular path along the accelerator ring. 
[The magnets are actually superconducting 
‘magnets. This means that the temperature of 
the magnets is kept very low (19 K or ~271°C) 
so that the passage of current through them 
is done without electrical resistance. This 
means a stronger magnetic field than could 
otherwise be obtained. Without the extra- 
strong magnets, the ring would have to be 
‘much bigger) 

Inside the ring the charged particles are bunched 
together. That is to say, they travel together. If 
the particles are protons, they will repel each 
other, and very many technical problems must 
be solved to keep them together (i.e. avoid having 
them move sideways, or have the particles spread 
out through the ring). This is done with specially 
designed additional magnets that affect the 
bunch much like an ordinary lens affects light, 
. bending the paths of particles the right way 
50 as to keep them bunched. 

« Synchrotrons can accelerate particles to 
very high energies and, since they use 
colliding beams, they produce very high 
available energies for the production of 
new particles. 

« The use of storage rings means that, unlike 
cyclotrons and linacs, the collisions can be 
controlled. 
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e 

  

+ The high proportion of energy lost due to 
synchrotron radiation (see later). 

+ The low probability of collisions. 

The first big synchrotrons were built in the 
1960s and could accelerate protons to 
energies of about 30 GeV. They had a ring 
diameter of about 200 m. In the early 
synchrotrons, once the beam in the ring was 
accelerated to the maximum possible energy, 
it was removed from the ring (by additional 
‘magnetic fields at the edge of the ring) and 
directed to an area where it could collide 
with a target. 

In 1961 the Austrian physicist Bruno Touschek, 
working in Italy, succeeded in making a storage 
ring in which two beams of oppositely charged 
particles were made to move in opposite 
directions in the same ring (Figure ]2.8a). The two 
beams could be made to collide at 
predetermined places along the ring and at 
specific times. Detectors placed around the 
collision area would record the particles 
produced in the collisions. Other designs use 
intersecting rings (Figure J2.8b), in which 
particles travel along two different rings that 
intersect at the collision points. In intersecting 
rings, the particles in the two rings do not have 
to be oppositely charged. 

(@) 

      

colision reas ol 
@ ® 
Figure 2.8 (a) A single storage ring and (b) 

intersecting rings. Collisions take place at 
various places along the rings. 

areas 

‘The synchrotron at CERN (the European Centre 
for Nuclear Research, near Geneva), called LEP, 
for Large Electron-Positron collider (Figure J2.9), 
had a circumference of 27 km and was 100 m 
underground. LEP accelerated electrons and 
positrons each o a total energy of 100 GeV. LEP 
had 3368 magnets around its circumference and 
272 acceleration points. LEP's greatest 
achievement was the discovery of the W and Z 
bosons and the confirmation of the standard 
model. 

LEP has now been dismantled, and a new 
‘machine, the LHC, or Large Hadron Collider, 
has been built in its place. The LHC is housed in 
the same tunnel as LEP. It is a proton-proton 
collider accelerating protons to a total energy of 
147TeV (7.0 TeV for protons in one beam and 7.0 
TeV for protons in the other). 

  Figure J2.9 (a) An aerial photograph of the CERN site and (b) the tunnel with the magnets.
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‘The beam in the LHC is expected to contain 
about 3000 bunches of particles (protons), and 
each bunch will contain about 10" protons 
When two bunches collide, however, there will 
only be about 20 collisions among the 2 x 10" or 
50 particles in the two bunches! The bunches will 
be moving around the 27 km ring at essentially 
the speed of light, so it will take only 9 X 10~s 
per revolution. The bunches will therefore cross 
each other many times every second (see 
question 17). This implies that there will be a 
total number of about 10” collisions per second. 

‘The LHC collider project at CERN is an excellent 
example of the collaboration of many scientists 
from many countries. More than 7000 scientists 
are involved in the project, and they come 
from hundreds of universities and research 

laboratories in about 85 different countries. 
‘This includes about 750 physicists and 
engineers from US universities and research 
laboratories. Many different countries, not just 
the CERN member states, are contributing 
towards the costs of this enormous programme. | 

Until the LHC becomes operational, the largest 
‘proton collider is the Tevatron, the Fermilab 
accelerator outside Chicago in the USA. It 
accelerates protons and antiprotons each to an 
energy of 900 GeV for a total available energy of 
1.8 TeV. It has a radius of 1.0 km. The top 
quark was discovered with this accelerator. Other 
smaller accelerators exist. CESR (Cornell Electron 
Storage Ring) at Cornell University, USA, is 
being used for systematic studies of the bottom 
quark. The charmed quark was discovered 
independently at SLAC and Brookhaven, both in 
the USA. Important discoveries were also made 
at DESY (Deutsches Elektronen-Synchrotron) 

outside Hamburg in Germany. 

Synchrotron radiation 
‘The following is a fact of physics: 

   

‘This radiation is called synchrotron radiation 
or bremsstrahlung. Its presence poses serious 
difficulties to the designer of a particle 
accelerator. It means that not all the energy 
that is put in to accelerating a particle 
actually goes into total energy for that 
particle. A fraction of it will be radiated away 
and so lost. A charged particle will radiate 
both when it is accelerated along a straight 
line and when it is bent into a circular path. 
More radiation is emitted in the second case, 
however, which is why more energy will be 
lost in a synchrotron than in a linear 
accelerator. Because electrons have a much 
smaller mass than protons (they differ in mass 
by a factor of about 1800), an electron has 
much higher speed than a proton of the same 
total energy. The amount of radiation emitted 
is related to the speed of the particle. Hence 
the electron, having the higher speed, loses 
more energy than the proton. Thus, in most 
synchrotrons, it s protons that are being 
accelerated and not electrons. 

  

‘Today, many particle accelerators use the 
synchrotron radiation produced during the 
operation of the accelerator for research into 
other areas of physics such as material science, 
solid-state physics, biomedical physics, etc. 

Available energy 

Recall that the objective of any particle 
accelerator is to provide particles with a high 
energy so that, when they collide, the available 
energy can be used to create heavier, previously 
unknown, particles. 

Consider first the case of a synchrotron with a 
single storage ring in which particles of rest 
mass m circulate in the ring one way and 
antiparticles also of rest mass m circulate the 
other way. Assume that the particles and 
antiparticles are both accelerated to the same 
total energy £. When a particle collides with 
its antiparticle, the entire amount of total 
energy, i.e. 2E, will be available to create new 

  

 



12 Detectors and accelerators 739 
- — 

particles. To be concrete, consider an electron 
colliding with a positron. The process is 
represented by the Feynman diagram given 
earlier in Figure J2.1. 

The total energy of the particle-antiparticle pair 
produced is 2Mc + K). where M is the rest mass 
of the particle produced and K is its kinetic energy. 
Assuming that the particle-antiparticle pair is 
produced at rest, so K is zero, then the particle of 
largest mass that can be produced is given by 

Mc® = o E 

[ M 

‘This situation is in sharp contrast with 
collisions in which the ‘target” is at rest. 
Consider a target of mass M bombarded by a 
particle of rest mass m and total energy . The 
energy that is available to create new particles 
in this case is given by the formula 

E}=2MCE + (Mc* + (me?)? 

(This formula involves subtleties of the theory of 
relativity,) £ is the energy that s available to 
create new particles in a collision. Its value is the 
same in all frames of reference. It is more simply 
calculated in a very special frame of reference, 
the centreofmass frame of reference. In this 
frame the total momentum before and after the 
interaction is zero. (Therefore this is a different 
frame of reference from the laboratory frame of 
reference.) So to calculate the minimum Ex needed 
to produce a given set of particles we must 
assume that the particles are produced at rest in 
the centrefmass frame of reference. Having 
calculated E in this way, we then use this value 
in the laboratory frame of reference, where the 
formula above relates £ to the energy F of the 
incoming particle. Notice that in the laboratory 
frame of reference the produced particles do have 
‘momentum (as they must in order to satisfy 
momentum conservation). 

As an example of all this, consider a reaction 
such as p+ 7~ — A?+ K in which a proton, 
having been accelerated to a total energy £, 
collides with a stationary pion 7~ (rest energy 

140 MeV) and produces the baryon A” (rest 
energy 1100 MeV) and the meson K’ (rest energy 
500 MeV). (These particles will be discussed in 

Option J3) What is the least energy F to which 
the proton must be accelerated in order to 
produce the A’ and the K° in this reaction? 

‘The reaction must just supply the rest energies 
of the particles. When F has its minimum value, 
the particles are produced at rest in the centre- 
ofmass frame of reference. Then £ = 1100 + 
500 = 1600 MeV. Then, from the previous 
equation, we get 

(1600)% =2 x 140E -+ (140)” + (938)° 

   which gives E = 5930 MeV. The kinetic energy 
of the proton must then be Fy = 5930 — 938 
4990 MeV. (Any apparently ‘missing’ energy is 
the kinetic energy of the products in the 
laboratory frame of reference) 

  

In most applications, we will be concerned with 
those cases where the bombarding particle and 
the target particle are the same, in which case 

E3 = 2mc*E +2(mc%)? 

Furthermore, if the bombarding particle is 
really fast, we may neglect its rest mass relative 
to its total energy, in which case we have the 
approximation 

En=2mc’E 

Example questions 
Q2 FITrsettoatr MITITIRTIE IR ST IS SRR 

The antiproton was discovered in a collision of 
1w protons, one of them at rest, according to the 
teaction p+p - p-+p+p+p. 
(a) Calculate the minimum kinetic energy to 

which the proton must be accelerated. 
(b) Compare this with the kinetic energy needed 

in an intersecting ring synchrotron. 

Answer 
(@) The minimum energy is when the four 

particles are produced at rest in the centre-of- 
mass frame of reference, and so 
Ea=4(mc) = 4 x 938 = 3752 MeV.



740 HL Option J - Particle physics 
— 

Then 

(3752)" = 2 x 938E + 2 x (938)" 

giving £ = 6566 MeV and a kinetic energy of £, = 
6566 — 938 ~ 5630 MeV. 

(b} In an intersecting ring synchrotron where each 
proton is accelerated to a total energy F, we 
would have 

26=4x938=3752 = 
E=1876 ~ 1880 MeV/    

and so the required kinetic energy of each 
proton would be 
Eu=1876 — 938 = 938 ~ 940 MeV/ 

()5 TR T RS TTS 

(@) An accelerator accelerates protons to a total 
energy of 800 GeV. The accelerated proton 
beam collides with stationary protons. 
Calculate the available energy. 

(b) The accelerator increases the total energy of 
the protons to 1200 GeV. Calculate the 
available energy now. 

Answer 
(@) The rest energy of a proton is 938 MeV = 

0.938 GeV and so we may use the last formula 
in the main text above. Then, 
Ex~V2mGE 

=v/2x0.938 x 800 

=38.7GeV 

(b) The available energy now is 
Ex~ Zx0.938 x 1200 = 47.4 GeV. 

“This example shows a major problem of collsions 
with stationary targets. The machine increased the 
total energy by 50% but this resulted in an increase: 
of available energy of only 8.74 GeV or 23%. 

O} s . 

Consider a proton-antiproton collision in which 
two mesons each of rest mass 800 MeV ¢ are 

produced. If each o the mesons is produced with 
kinetic energy 250 MeV, calculate the total energy 
of acceleration 

  

(@) the proton is stationary and the antiproton is 
accelerated;   

(b) the acceleration takes place in a single ring 
synchrotron for the proton-antiproton pair. 

Answer 
The total available energy must be 800 + 250 = 
1050 MeV for each meson for a total of 2100 MeV. 
Thus 
(@) £ = 2mcE + 2(me?)? and s0 21007 = 

2% 940F +2 x (940" = £ = 1406 MeV. 

(b) 2F = 2100 = £ = 1050 MeV. 

  

Detectors 

In a particle accelerator, particles are accelerated 
10 high energies and then collide. In the 
collision, new particles are created. There must 
be ways to detect the presence of these particles 
as well as ways to measure their properties, such 
as their electric charge. mass, velocity and 
energy. This very complex job is done by 
sophisticated machines called particle detectors. 

Particle detectors are placed around the point 
where the collision takes place (Figure ]2.10). 
‘The detectors have a layered structure (Figure 
J21) - each layer serves a specific function in 
the detection process. 

detcctors 
  

  

beam 

  

    
  

Figure ]2:10 A layer of detectors surrounds the 
collision point. 

muon calorimeter 

hadron calorimeter 
r electromagnetic calorimeter 
tracking chamber (drift chamber)   

  

  

& 

Figure J2:11 The detectors are placed around the 
collision point in a series of layers. 
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Tracking paths in the drift chamber 
Starting from the interior of the detector, we first 
find a tracking chamber whose purpose is to 
record the path of a particle produced in a 
collision. In the old days of particle physics (this 
means up to the 19705), the job of track detection 
was done by the bubble chamber. The operation 
of the bubble chamber rests on the fact that the 
boiling temperature of a liquid depends on 
pressure. The lower the pressure, the lower the 
boiling temperature. (This is why water boils at 
lower than 100 °C at the top of a high mountain.) 
‘The idea then s to keep a liquid at some pressure 
50 it s just below its boiling point. If the pressure 
s then reduced, the liquid will just begin to boil. 
If there are charged particles moving through the 
liquid as the boiling is about to start, the boiling 
will first take place along the path of the charged 
particles. These act as nucleation centres at 
‘which bubbles of vapour form. In a bubble 
chamber, the track of a charged particle is seen 
as a series of small bubbles of vapour along the 
path of the particle (Figure ]2.12). A magnetic 
field can be used to bend the tracks and a 
photograph taken. Analysis of the photograph 
gives valuable information about the particle 
causing the track. For example, the way it curves 
in the magnetic field tells the sign of the charge, 
and the radius of the path gives information 
about the momentum of the particle. 

Having been responsible for many discoveries in 
particle physics, the bubble chamber has now 
given way to its modern successors, the spark 
chamber (invented by the Japanese physicist 
s. Fukui), the wire chamber (invented by 
E. Krienen) and the proportional wire chamber 
(invented by G. Charpak). These devices perform 
the same function, ie. they locate the track of a 
charged particle but without the need for 
photographs. The information they collect may 
be digitized (for the wire and proportional wire 
chambers) and so the analysis can be performed 
with a computer, which reconstructs computer 
images of the tracks. 
‘The idea in these devices is that a charged particle 
ionizes a gas through which it passes. This means 
that fons and electrons are produced in the gas.   

Figure J2.12 Tracks of charged particles in a 
bubble chamber. 

Imagine a number of wires immersed in the gas. 
‘The wires are kept at different potentials and so 
there is a potential difference between them. The 
ions and electrons created by the charged particle 
as it moves through the gas collect at the wires. 
‘Their arrival at a particular point on a wire is 
recorded as a small current that can be accurately 
‘measured. The electrons or ions take a certain 
time to reach (to drift) to the nearest wire, and 
knowledge of this time is crucial in determining. 
the precise location where the electron or ion was 
created (that is, the position of the charged 
particle). The drift times can be measured to an 
accuracy of a few nanoseconds, and the location 
of the particle to an accuracy of a fraction of a 
millimetre. The wires are usually placed parallel 
and close to each other on a grid. Many grids are 
then placed one on top of the other. In this way 
the passage of the particle can be recorded with 
great accuracy, and a three-dimensional image of 
the track can be reconstructed from the data from 
all the wires (see Figure ]2.13).
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wiresin one layer of grid 

| path of charged 
paricle 

       

  

o layers 
of grid 

    
) 

Figure 213 (a) A charged particle moving in a 
grid of wires. (b) Computer reconstructed 
particle tracks from a drift chamber. 

  

The electromagnetic calorimeter 
‘This detector surrounds the drift chamber. 
When charged particles in a given medium 
move faster than the speed of light in that 
medium, they give off radiation, This radiation 
(called Cerenkov radiation) can be detected 
through the photoelectric effect: radiation 
causes the emission of electrons from a metallic 
surface upon which it falls. The electric current 
created is a measure of the intensity of 
radiation. The current so created is very small 
but can be amplified with photomultipliers 
(Figure ]2.14). 

  

Light falling on the metallic plate causes the 

emission of a number of electrons. These are 
accelerated to the nearest positively charged 
dynode. When it collides with the dynode, more 
electrons are released. In this way the current 
grows to a sufficiently large value so it can be 
measured. The current is proportional to the 
number of photons initially entering the 
photomultiplier. Even the arrival of a single 
photon into the photomultiplier tube can be 
detected. 

Knowledge of the intensity of the radiation 
allows determination of the speed of the charged 
particle that caused the radiation. Since the drift 
chamber offered information on the momentum 
of the particle, it follows that a determination of 
the mass of the particle is now possible. 

     ‘ 500V 300   
  

Figure J2.14 Light (radiation) falling on the 
‘photomultiplier surfaces (the dynodes) creates 
an avalanche effect of electrons. Once the 
number of the electrons increases sufficiently, 
a small current will be registered proportional 
to the intensity of the incoming radiation. 
The dynodes are kept at a positive potential, 
which keeps increasing as we move from right 
o left.
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Example question 
Q5 s ——————— 
Consider a photomultiplier tube with six 
dynodes kept at potentials from 100 V to 600 V. 
Assuming that it takes 5.0 eV 10 release one 
electron from a dynode and that one photon is 
incident on the photomultiplier tbe, estimate 
the number of electrons emitted from the sixth 
dynode. 

Answer 
“The first electron is incident on the first dynode 
with an energy of about 100 eV and so releases 
10 =20 electrons. These 20 will then be 
incident on the second dynode, also with a 
kinetic energy of 100 eV each and so will 
result in 20 x %2 = 20 = 400 electrons, and so 
on. 
The sixth dynode will thus release 20° = 6.4 X 
107 electrons. 

    

  

The hadron and muon calorimeters 
‘The remaining layers measure the energy of 
hadrons and muons. When a particle enters the 
calorimeter, collisions will create a shower of 
secondary particles. The size of the shower 
determines the energy of the original charged 
particle. Muon detectors are at the outer edge 
of the detector, as muons can penetrate all the 
inner parts of the detector without much 
interaction with them. 

1 (a) Explain why high energies are needed to 
produce particles of large mass 
“The top quark has a rest mass of about 
175 GeV 2. 

(b) Whatis the minimum energy needed for an 
electron-positron pair that collide with 
equal speed from opposite directions in 
order to produce a top quark-antiquark 
pair? 

2 Explain why high energies are necessary in 
order to resolve small sizes, 

10 

il 
12 

An electron of total energy 50 GeV behaves 
like a massless photon (ie. £ = ). 
() Calculate the de Broglie wavelength of this 

electron. 
(b) Could this electron be used to resolve: (i) a 

nucleus; (i} a nucleon? 

Which would be better suited to study the 
structure of a nucleus, a beam of alpha 
particles or a beam of protons each of 
kinetic energy 25 MeV? Explain your 
answer. 
(a) State what is meant by synchrotron radiation. 
(b) How does synchrotron radlation affect the 

operation of a synchrotron? 
(c) How does the energy lost as synchrotron 

radiation in a linear accelerator compare 
to that in a synchrotron? 

  

Suggest why protons, rather than electrons, 
are the particles normally accelerated in 
synchrotrons and why electrons, rather than 
protons, are normally accelerated in linear 
accelerators. 
Suggest why there are no particle accelerators 
that accelerate neutrons. 
(@) Why can (uniform) magnetic fields be 

used to accelerate particles? 
(b) What is the purpose of the magnetic fields 

in circular accelerators? 

Particle accelerators are built deep 
underground. For example, the CERN collider 
is about 100 m below ground level. Suggest a 
reason why this is done. 
Consider a linear accelerator where the 
altemating voltage applied to the ends of the 
tubes has a constant frequency. Explain why 
this implies that the time the accelerated 
particle spends in any one tube is constant. 
Hence explain why the tubes must be 
increasing in length as the partcle is 
accelerated and why eventually the length of 
the twbes stays constant. 

  

Outline the operation of a cyclotron. 
A proton crossing the ‘D)'s of a cyclotron faces 
a negative potential of 30 kV at the D opposit. 
How many revolutions must the proton make 
10 reach a kinetic energy of 25 MeV?



744 HL Option J - Particle physics 

13 A cyclotron has a radius of 0.20 m and uses a 

magnetic field of strength 1.2 T to accelerate 
protons. The accelerating voltage between the 
‘D'sis 35 kV. 

(@) Calculate the frequency of the voltage that 
must be applied to the ‘D 

(b) What i the kinetic energy achieved by the 
protons when they leave the cyclotron? 

(©) How many revolutions did the protons 
make before leaving the cyclotron. 

14 The answer to question 13(b) did not use the 

value of the accelerating voltage. Why is the 
kinetic energy of the protons independent of 
the voltage? What effect, if any, would a 
higher voltage have? 

15 State the role of magnets in a synchrotron. 
Why are they of variable strength? How are | 
the particles actually accelerated? 

16 Large conventional magnets can reach a 
strength of about 2 T. Superconducting 
magnets can reach 8 T. The LHC uses 
superconducting magnets and has a 
circumference of 27 km. Determine the 

circumference that the LHC would have to 

have if conventional magnets were used. 
17 Consider a synchrotron with circumference 

27 km. At any one time there are 3000 bunches 
of particles along the circumierence of the ring 
and an equal number of bunches with particles 
going the other way. Assuming that the particles 
essentially move at the speed of light, calculate: 
(@) the average distance between two 

consecuive bunches; 
(b) the average time taken for the two 

bunches to meet; 
(©) the average frequency of bunch crossings. 
(d) Assuming that every time two bunches 

cross each other there are 20 collisions, 
estimate the total number of collisions per 
second.   

18 (a) A very relativistic particle behaves as a 
particle with negligible rest mass, i.e. like 
a photon for example, and so the relation 
between total energy and momentum is 
E = pc. Use this relation to show that the 
radius of a circular orbit of this particle in 
2 magnetic field Bis given by R 

  

(b) Calculate the magnetic field that must be 
used to bend 7.0 TeV protons in the LHC, 
whose radius is 4.26 km. 

19 State and explain one advantage of a 
synchrotron over a linear accelerator. 

20 Explain why there is more available energy for 
producing new particles in a colliding beam 
experiment compared to a beam of the same 
total energy that collides with a stationary 
target. 

21 State and explain one disadvantage of 
colliding beam experiments compared to 
experiments in which a beam is directed at a 
fixed target. 

22 A proton and an antiproton at rest annihilate 
into two photons. What is the wavelength of 
each photon?, 

23 A pion may be produced in the reaction 
p+p—> p-+n+ . Assume that one proton 
is at rest and the other is moving with kinetic 
energy K before the collision. What is the 
minimum K that would allow the production 
of the pion? (The rest mass of the pion x* is 
140 MeV ) 

24 Deduce that in the reaction 

p+p > p-+p+p+P in which one of the 
initial protons s at rest, the minimum total 
energy of the moving proton required for the 
reaction 10 take place is equal to seven times 
the proton’s rest energy. 

25 Consider the reaction p +p — p+p+a°, in 
which the initial protons are approaching 
each other with the same kinetic energy from 
opposite directions. What minimurm kinetic 
energy must each proton have for the reaction 
o take place? (The rest mass of the pion  is 
135 MeV ¢ %) 

26 Calculate the minimum energy of a pion 
that collides with a stationary proton 
according to p + 7~ — £+ K (The rest 
masses are 140 MeV ¢ for the pion, 1193 
MeV ¢? for the sigma, and 498 MeV ¢~? for 
the kaon.) 

27 Outline the layered structure of particle 
detectors around collision areas in an 
accelerator. In particular, explain why the dift 
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chamber is always placed inside the 
calorimeters. 

28 What do calorimeters measure in a particle 
detector? 

29 What is the principle behind the operation of a 
bubble chamber? Describe how particle tracks 
are created and recorded in a bubble chamber. 

  

30 Outline how the tracks of charged particles 
are recorded in a wire drift chamber. 

31 State and explain two advantages of modern 
driit chambers compared to bubble chambers. 

32 Outline how the mass of a particle produced 
in a collision may be determined. 

33 Particle physics research s expensive. It uses 
resources that might otherwise go to other 
areas, for example health and social care. What 
i your position on this issue? Write an essay 
giving arguments to support your position.



  

] 
Quarks and leptons 
As we have mentioned before, there exist six types or ‘flavours of elementary partiles 
alled quarks. The idea of the quark came about s follows. By the 19605 scores of particles 
(now known to be hadions, ie. made out of quarks) had been discovered, filing long 
tables with their various properties. In 1963 Murray Gell-Mann, George 2weig and Yoval 
‘Neeman independently proposed, on purely mathematical grounds, that the hadrons and 
their properties could in fact be understood quite simply, if one made the assumption that 
these partcles had smaller constituents, called quarks by Gell-tann and aces by Zweig 

Objectives 

By the end of this chapter you should be able to: 
« outline how quarks bind to make baryons and mesons; 
« understand the quantum numbers called baryon number and lepton 

number, and that these are conserved in all interactions; 
+ appreciate the need for a new quantum number called strangeness, and 

that this is conserved in strong and electromagnetic interactions but not 
in weak interactions; 

« predict the spin of a hadron: 
« appreciate the need for a new quantum number called colour, and that 

this quantum number is conserved in all interactions; 
« understand the meaning of the term confinement; 
« state the family structure of the quarks and leptons of the standard model; 
« appreciate the significance of the Higgs particie. 

  

Hadrons - baryons and mesons | —lkl. Since GellMann's original work in the 
St s ——— | 19605, three new flavours of quarks have been 

It was originally proposed that three flavours of | needed, the charmed (c), bottom (b) and top (t) 
anew particle should exist, and these were quarks. These (c, b, t) and the original three 
named quarks by Murray Gell-Mann (Figure J3.1), (u, d, ) account for all the hadrons known today. 
who found the word in a passage in James 
Joyee's Finnegan's Wake. They were given the 
names up (u), down (d) and strange (s) quarks. The 
u quark was the lightest of the three and was 
assigned an electric charge of two-thirds that of 
the proton, i.e. 3le]. This was a radical step, 
since every known particle up to that time had 
a charge that was an integral multiple of the | 
electron charge (Millikan’s experiment). Thed | 
and s quarks were each assigned a charge of 

& The hypothesis was that hadrons could be 
‘made out of quarks in just two ways: 
* by combining three quarks, giving a baryon; 
* by combining a quark with an antiquark, 

| giving a meson. 
Note that it is only hadrons that are made 
out of quarks. Leptons and exchange 
particles are not. 

  

 



  

Figure 3.1 Murray Gell-Mann. 

Consider two well-known baryons, the proton 
and the neutron. The proton consists of two u 
quarks and one d quark (Figure J3.2a). The 
neutron is made out of one u quark and two d 
quarks (Figure J3.2b). 

@) proton, p = (wud) (b) neutron. n = (udd) 
Figure J3:2 The quark structures of (a) a proton 

and (b) a neutron. 

‘The electric charge of the proton is thus 
predicted to be 
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and that of the neutron is predicted to be 

)+ (- gr) + (+ ) 

‘\E\ —%151 +zle| =0 

      

‘which are, of course, the correct values. 

Pions are examples of mesons. The positively 
charged pion (w*meson) is made up as follows: 

  

where the bar on a particle (quark) denotes an 
antiparticle (antiquark). Thus, the positive pion 
is made out of a u quark and the antiparticle of 
the d quark (the d antiquark). 

Example question 
Q1 eERTRT=———e— 
What is the quark content of the antiparticle of 
the 7+ meson? 

Answer 

“The antiparticle of the 7+ meson (positive pion) 
is found by replacing every particle in - by i 
antiparticle. The antiparticle is therefore the 77~ 
meson (negative pion), made up as 

du) or (ud) 

    

We have so far seen the use of the up and down 
quarks in making up protons and neutrons. 
What about the strange quark? This quark does 
not participate in making up ordinary matter. 
However, particles known as kaons were 
discovered in cosmic ray experiments, and the 
strange quark is one of their ingredients. Gell- 
Mann predicted the existence of a particle made 
out of three strange quarks and could in fact 
predict its rest energy as well at 1672 MeV. The 
oomega-minus (= sss), a ‘strangeness 3" 
particle, was discovered soon afterwards (1964) at 
Brookhaven National Laboratory in New York, 
lending further support to the whole quark idea.
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Baryon number 

Baryons are assigned a quantum number 
called baryon number. The proton and neutron 
have baryon number +1, and their antiparticles 
have baryon number —1. Again, the neutron 
differs from the antineutron in that they have 
opposite baryon number. Hence, they are 
different particles. (This is equivalent to 
assigning a baryon number of +1 to all quarks 
and —! to all antiquarks. Thus mesons have 
baryon number equal to 0.) 

  

  

  

For example, you can see that baryon number is 
conserved in the following reaction: 

N4 p =S on o+ p o+ p o+ P 
B=N+E=N=E=0+B=10+B=10+B=-1    

(In this reaction, the mass on the righthand 
side is larger than that on the left. Thus, for the 
reaction to take place, the proton or neutron on 
the lefthand side must have sufficient kinetic 
energy) 

Strangeness 

Some particles discovered in cosmic ray 
experiments in the 1950s (for example, the 
negatively charged baryon %) had very 
unusual properties. One of them was that they 
decayed far too slowly compared with other 
similar particles. For example, the decay 
%~ n+ 7 has a halflife of order 10 
‘whereas the decay of the neutral sigma, 
9 A%+ y, has a halflife of order 1072, i.e. 
10 orders of magnitude shorter! For this reason 
they were called strange particles. To make 
sense of their unusual properties, it was 
hypothesized that these particles carried a new 
quantum number, strangeness. The properties of 
the strange particles could then be understood if 
it was postulated that (unlike baryon number, 
which is always conserved) strangeness is 
conserved only in electromagnetic and strong 
interactions but is violated in weak interactions. 

  

  

  

‘We now know that strangeness is due to the 
fact that the hadron contains one or more 
strange quarks. 

  

‘Table J3.1 shows a few mesons and baryons 
and the quark content and strangeness of 
cach. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Mesons. 
K ) 
K @) 
at (ud) 

= (dii) 

7 ‘mixture of (u) and (dd) 

” ‘mixture of (ui) and (dd) 

" ‘mixture of (ui), (dd) and (55) S =0 
Baryons 
¢ (uus) S5=-1 

b (dds) 

z° (uds) 

® @) 
At (uuu) 

AY (uds) 

  

Table J3.1 A few hadrons and their strangeness. 

Thus, in the decay £~ — n + 7~ strangeness 
is violated (the strangeness of £~ is ~ 1, and the 
strangeness of n+ 7~ s 0), the decay takes 
place through the weak interaction and is 
therefore slow. The decay 50 — A° + y, on the 
other hand, does not violate strangeness. The 
strangeness S of £° is — 1, and that of A® is —1, 
because both have one strange quark. The decay 
then takes place through the electromagnetic 
interaction and is therefore fast.  
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Example question 
Q2 EE32M33590090S TS TRNITIIITIITEEIEAGISFTINEET. 

Gell-Mann classified the spin- baryons made out    
of the light u, d and s quarks in the ‘eightiold way’ 
as shown in the charge-strangeness diagram in 
Figure J3.3. Identify the quark structure of the 
baryons indicated by X, Y, Z and W. (Do not try to 
answer the same question for the two centre ones — 
that s too technicall) 

  

Figure J33 The eightfold way for the spin 3 
baryons. (The horizontal lines are lines of 
constant strangeness S, and the slanted lines 
are lines of constant charge Q) 

  

Answer 
Both X and Y must have no s quarks because 
§=0.50 X = (ddu) to make sure that Q= 0, i 
Xiis the neutron. (Look back at Table J1.2 to 
vemind yourself of the charges on the quarks.) 
Similarly, Y = (uud) to have Q = +1, i.e. Y is the 
proton. Z has one strange quark since =1, 
and to make Q= ~1 we must then have 
2 = (sdd). Similarly, W = (ssd). 

    

The spin of hadrons 

‘The fact that hadrons are made out of quarks 
allows many of the properties of hadrons to be 
understood. One such property is the spin of 
hadrons. Recall that quarks are fermions with 
spin equal to }. 

Consider first a baryon, i.e. a hadron made out of 
three quarks. Figure J3.4 shows the possible   

orientations of the spins of three quarks, There are 
only two possibilities. Thus we can predict, based 
on the existence of quarks, that all baryons will 
‘have a spin of } or 3. This means that all baryons 
are fermions, This is indeed the case. For example 
the proton and the neutron both have spin }, 
‘whereas the baryon 2~ has spin } (see page 758). 

PO OPP 
tota spin 

  

  

    otalspin=3 

Figure 3.4 The spin of baryons in terms of the 
spins of the quarks. 

Note that here we examine only the intrinsic 
spin of the particle. If the quarks revolve around 
each other inside the particle, they have angular 
momentum (which is an integral multiple of 

), which gets added to the spin. We will not 
consider this ‘orbital spin here. 
Consider now mesons, which are made of one 
quark and one antiquark. Figure J3.5 shows that 
again there are only two possibilities. Hence all 
‘mesons have intrinsic spin 0 or 1. (The remark 
about orbital angular momentum also applies 
to mesons.) Hence all mesons are bosons. 

o JNO 
total pin =0 ot spin- 

Figure J3.5 The spin of mesons in terms of the 
spins of the quarks. 

Colour 
An immediate problem appears when one looks 
at a baryon such as the spin-} baryon " (sss). 
This is a particle consisting of three identical 
fermions. According to Pauli’s exclusion 
principle, such a particle cannot exist because 
the principle forbids all three of them from 

being in the same state. To avoid this problem, 
a new quantum number needed to be 
introduced that could distinguish the 
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(otherwise identical) quarks. The new quantum 
number was called colour. 

It was hypothesized that quarks carry one of 
three possible colour quantum numbers. These 
were called red, blue and green. Antiquarks 
carry anticolour, i.e. can be antired, antiblue or 
antigreen. It must be emphasized immediately 
that this quantum number has nothing to do 
with the colour of visible light! The name is 
appropriate, though, because, just as with 
visible light, the colour combination red-blue- 
green results in white, i.e.a colourless state or 
particle. In a baryon, therefore, the colours of 
the quarks are precisely red-blue-green, which 
means that the baryon itself does not have 
colour. Similarly, in a meson, the colour 
combinations red-antired, blue-antiblue and 
green-antigreen also result in no colour for the 
meson. In other words, we can say the following: 

  

- Hadrons have no colour, even though- 
quatsdo. ; 

  

      

Colour was thus introduced to solve a theoretical 

problem of the quark model, but soon afterwards 
experimental evidence was also produced 
pointing to the real existence of colour. 

Example question 
Q3 emETTEe s sstes———— 
Energy is supplied o a meson, as shown in 
Figure J3.6, and two new mesons are created. 
State the colour of the quarks indicated by X, Y 
and Z. 

areen 

Biue ® 
° v 

® 
X 

famived 

Figure 3.6 When energy is supplied to this 
‘meson in the hope of extracting a quark, a new 
meson is created instead. 

Answer 

Since mesons are hadrons, they must have 
o colour. So it follows that X = antiblue, 
Y = antigreen and Z = red. 

Gluons 

‘We saw in Option J1 that the electromagnetic 
interaction is described through the interaction 
vertex involving electrons and a photon. A 
similar interaction vertex exists for the strong 
interaction between quarks. It is represented by 
the diagram in Figure J3.7. 

  

shuon 

e 
Gk quk 

Figure J3.7 The basic strong (colour) interaction 
vertex. 

‘The quark type (flavour) does not change in 
this interaction. To this vertex we assign an 
interaction strength /. The theory of quarks 
interacting with gluons is called quantum 
chromodynamics (QCD). The word comes from 
the Greek chroma meaning ‘colour’. Unlike 
quantum electrodynamics (QED) though (see 
Option J1), there are more interaction vertices 
in QD (involving gluons only, as we stated in 
Option J1). 

In QCD the gluons then play the role that the 
photon plays in QED. The gluons are massless, 
neutral and have spin 1 just like the photon. 
Like QED, QCD is also a theory based on a 
symmetry. Theories based on symmetries are 
called gauge theories in particle physics. (The 
symmetry is that of the non-abelian group 
SU3) - those of you studying mathematics at 
higher level may appreciate this more if you do 
the option on sets, relations and groups.) 

Gluons also carry colour, but their case is 
somewhat difficult and technical. A gluon



actually carries two colour quantum numbers: 
one quantum number for colour and one for 
anticolour, Thus a gluon can be, for example, a 
red-antigreen gluon. Theoretically, there are 
nine possibilities obtained when we combine 
the three colours with the three anticolours, so 
we would expect nine gluons. However, because 
the combinations red-antired, biue-antiblue 
and green-antigreen give a colourless state, this 
‘means that the ‘ninth’ gluon is in fact a 
combination of the other eight. Thus, there 
exist only eight independent gluons: Gyg, Gyc. 
Gt Gac. Geg G and two others. The last two 
are complicated and we will not make use of 
them here (see the Supplementary material 
that follows). 

  

   

As with the electromagnetic interaction, we can 
draw the strong (colour) interaction vertex in 
various ways to represent different processes. 
Colour is conserved at the vertex. For example, 
the diagram in Figure J3.8 represents the 
absorption of a gluon by a u quark. Just 
as electric charge is conserved at the 
electromagnetic vertex, colour s conserved at 
this vertex. Thus if the incoming u quark is red 
and the outgoing u quark is blue, it must be 
that the incoming gluon must carry two types 
of colour: blue and antired. 

%mmmmfl blue-antired gluon 

———— 
blue u quark. redu quark 

  

Time 
Figure J3.8 The colour assignments of the gluon 

are dictated by colour conservation at the 
vertex. 

) 

“The remaining two gluons mentioned in the 
main text have in fact the following 
colour-anticolour assignments: RR — GG and 
RR + GG — 2BB. Obviously we cannot explain 
in this book what this means exactly. Sufice it 
1 say that quantum mechanics allows for an 
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important phenomenon called mixing: These 
gluons are mixtures of various colours. The 
same phenomenon of mixing also occurs 
within baryons and mesons, where now i 
the quark flavours that mix. For example, the 
quark content of the neutral spin-0 meson 
called 7" is in fact a mixture of dd and ug in 
equal amounts, so that 7° = dd + ui. In very 
rough words, the quark content of the 7" is ud 
half the time and dd the other half of the time. 
To make matters worse, there are also 
combinations such as 0 = dd — ud for the 
neutral pion. Obviously, all of this is beyond 
the level of this book. 

      

Example question 
Q TesssEssE ST 
A green s quark emits a gluon and becomes a 
blue quark. State the flavour of the new quark and 
the colours of the emitted gluon. 

Answer 
Gluons do not change flavour via the colour 
interaction, so the new quark is also an s quark. 
o conserve colour, the emilted gluon must carry 
green and antiblue colours. 

Confinement 

‘The quark idea introduced order, in the sense 
that the properties of many particles could now 
be understood in terms of the properties of 
quarks. The only problem was that, despite 
‘much effort, no quarks were found. But the 
quark idea persisted, at least as a mathematical 
method of classifying hadrons. Soon afterwards, 
experimental results were obtained that 
indicated that quarks were not just convenient 
mathematical tools for classifying particles but 
actual real particles themselves with definite 
‘mass, electric charge and other properties (sce 
Option J4). 

  

However, no quarks have actually been observed 
as free particles. Quarks only exist within
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hadrons. This has led to an important principle, 
that of confinement: 

  

        

Suppose that one attempts to remove a quark 
from inside a meson. The force between the 
quark and the antiquark s constant no matter 
what their separation is (Figure 3.9a). 
‘Therefore, the total energy needed to separate 
the quark from the antiquark gets larger and 
larger as the separation increases. To free the 
quark completely would require an infinite 
amount of energy, and so is impossible. If one 
insisted on providing more and more energy in 
the hope of isolating the quark, all that would 
happen would be the production of a 
‘meson-antimeson pair and not free quarks. 

‘This situation is in sharp contrast to the electric 
force between two opposite electric charges, 
which decreases as the separation between the 
charges increases (Figure J3.9b). 

quark 
(@) strong (colour)foree. 

antiquark 

positron Cectron 

(b) electric force, 
Figure J3.9 The lines of force between a quark and 

an antiquark are very different from those 
between a positive and a negative electric 
charge, leading to quark confinement.     

The interaction between nucleons 

‘We know from nuclear physics that protons and 
neutrons are tightly bound within nuclei with 
the strong nuclear force. What is the relation 
between the strong nuclear force of nuclear 
physics and the interaction between quarks and 
gluons? 

‘The strong nuclear force was observed long 
before we had any understanding of quarks and 
gluons. This force was explained by the 
Japanese physicist Hideki Yukawa in the 19305 
as an exchange of pions (and other mesons like 
the w and the p) between protons and neutrons. 
In reality, this force is what the exchange of 
gluons between quarks inside nucleons appears 
10 be to an observer (Figure ]3.10), who cannot 
see individual quarks and gluons. Figure J3.10 
shows quarks inside protons exchanging gluons. 
‘To an outside observer far away, the exchanged 
gluons appear to be mesons. 

Figure J3.10 The interaction between quarks 
appears as an exchange of mesons. 

Quarks, leptons and the 

standard model 
‘The theory of quarks and leptons is called the 
standard model of elementary particles. We 
have seen how quarks build up hadrons and 
how quarks interact through the exchange of 
gluons. We have also seen that the basic
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interaction vertices of the weak interaction 
bring leptons into the picture. The standard 
‘model (Table J3.2) has classified the quarks and 
leptons into three families (or generations). The 
electric charge, rest mass and spin of all of 
these were given earlier in Tables J1.1 and J1.2. 
It appears that each family is a copy of the one 
before, but heavier in mass overall 

First family. e u 
a 

Second family, W i 

Third family v b 

Table J32 The leptons and quarks of the standard 
‘model arranged in three families (or 
generations). 

Lepton number 
A number of decays that at first sight appear 
possible do not in fact take place. One such 
example is the following reaction, which has 
never been observed: 

W ety 

‘This is allowed by energy, charge, momentum 
and angular momentum. 

To understand these reactions, a new 
conservation law was hypothesized, that of 
lepton number conservation. The leptons of each 
family (or generation) are assigned a lepton 
number as shown in Table J3.3. Because we have 

three families, three lepton numbers are 
‘needed. So we have electron, muon and tau 
lepton numbers, L. L, and L , respectively. 

‘The antiparticles of these leptons are assigned 
the opposite lepton number. Thus the electron 
neutrino differs from the electron antineutrino 
(even though they are both electrically neutral) 
because they have opposite lepton numbers. The 
three kinds of lepton number are individually 
conserved in all reactions. -   

    

Blectron, - +1 0 0 
Hlectron neutrino, 1 0 0 
Muon, 0o 4 0 
Muon neutrino, vy 0o+ 0 
Tau, ¢ 0 o 
Tau neutrino, v 0 O] 

Table J3.3 Lepton number assignments. 

Consider, for example, the following decay of a 
muon: 

woo- e+ 

(Lu= )+ Le==1) + (Ly=1) 

  

+ o 

    ) = (le= 

In this, both electron and muon lepton 
numbers are conserved. (The tau lepton number 
is also conserved, being zero on both sides of 
the reaction.) 

‘The absence of the decay 1~ — e~ + y is then 
understood since it violates the conservation of 
both electron and muon lepton numbers. 

  

  

  

  

The Higgs particle 
‘We come finally to a discussion of this rather 
‘mysterious particle. The Higgs particle is a 
neutral, spin-0 particle that plays a crucial role in 
the standard model. Despite very many efforts, 
this particle has not yet been detected 
experimentally. From the various attempts to find 
it it s estimated that its mass is between 120 and 
200 GeV 2. This means that the LHC (Large 
Hadron Collider) at CERN has a good chance of 
finding it - unless Fermilab beats them to it.
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‘The Higgs particle is closely linked to the mystery 
of mass. What exactly is mass and how do the 
elementary particles acquire mass? In particular, 
why do the elementary particles have the mass 
that they have? The mathematical theory 
describing the electroweak interaction is one of 
symmetry. Among many other things, this 
symmetry forbids the photon and the W and Z 
bosons from having mass. The photon is indeed 
massless, so this is fine. But the W and the Z are 
massive. For years physicists searched for a way 
both to preserve the mathematical symmetry of 
the theory and at the same time to allow the W 
and the Z to have mass. The mechanism was 
found by Peter Higgs and is called the Higgs 
mechanism. (This mechanism was arrived at 
simultaneously by others as well, notably by 
F. Englert and R. Brout as well as by G. S. Guralnik, 
C.R. Hagen and T. W. B. Kibble. The main idea has 
its origins in earlier work by Philip Anderson as well 
as by Y. Nambu and G. Jona-Lasinio. As has often 
happened in the history of physics many people 
arrive at the same idea but, unfairly, only one name 
gets associated with it The price to be paid for 
achieving this was to introduce a new particle, a 
neutral, spin-0 particle, whose interactions with 
the particles of the standard model gave mass to 
the particles. This was the Higgs particle. 

'»me:wm..@s 

  

       
‘The Higgs particle is a difficult particle. It is the 
quantum of the Higgs field just as the photon is 
the quantum of the electromagnetic field. 
However, it differs from the electromagnetic 
field in one crucial way. If the universe is full 
of electromagnetic waves, the universe contains 
a certain amount of energy as a result of the 
presence of the electromagnetic fields. The 
state of minimum energy of the universe 
corresponds, as one might guess, to the state 
where the electromagnetic field is zero (Figure 
J3.11a). Zero field leads to zero energy. This is 
not the case for the Higgs field. The universe is 
permeated with the Higgs field, and has some 
energy as a result. However, the lowest possible 

value of this energy does not correspond to a 
zero value of the Higgs field (Figure J3.11b) 

encrgy 

clectromagnetic ield strength 
@ 

energy 

Higes field strength   
® 
Figure J3.11 The energy of the universe as a result 
of (a) an electromagnetic field and (b) a Higgs 

field. 

The idea of mass being acquired as a result of 
an interaction s a difficult one. But a similar 
idea also exists in classical mechanics. A ball of 
mass m that s being dragged through a fluid by 
a pulling force  will have an acceleration that 
is a bit less than £ This s because turbulence is 
created in the fluid and results in a small force 
opposing the motion and hence a smaller 

acceleration than expected. This has the same 
effect as saying that, as a result of the 
interaction of the body with the fluid, the body 
increased its mass a bit and the force F results 
in a smaller acceleration. 

  

1 Write down the quark structure of (a) the 
antineutron and (b) the antiproton, and verify 
that the charges come out correctly. 

2 Explain, in terms of quarks, what is meant by the 
terms (a) hadron, (b) meson and (c) baryon. 

3 Wiite down the quark structure of the 
antiparticle of the meson K* = (us).



4 When two quarks are interacting 
electromagnetically, which particle are they 
exchanging? 

5 What is the baryon number of the quark 
‘combination €cc? 

6 Determine whether the following reactions 
conserve or violate baryon number: 
@ pt et 4y 
) p4+p- =7t 
(@ pr4p > atHrmtntn 
A A=t txm 

7 In the reaction p+p = p +p + X, which 
baryon could X stand for? 

8 Suggest the reason that led to the introduction of 
the quantum number called strangeness. 

9 The quark content of a certain meson is (d5). 
(@) What is its charge and strangeness? 
(b) Is it its own antiparticle? 

10 A charmed D meson is made out of D = (cd). 
(@) What s its charge? 
(b) What s its strangeness? 

11 Determine whether the following reactions 
conserve strangeness: 
fa) w™+pt = K+ A 
) 7040 K+ 5 
© K>+ 
@ 7 +pt =+ E 

12 Can a meson containing one strange quark be 
its own antiparticle? 

13 The neutral meson 7, = (c¢) is its own 

antiparticle, but the neutral K? = (ds) is not. 
Explain why. 

14 (a) What is the charge and strangeness of the 
baryon A = (uds)? 

(b) Since the three quarks in this baryon have 
different flavours, Pauli's exclusion principle 
is satisfied. Does this mean that all three 
could then have the same colour? Why or 
why not? 

15 () State the numerical value of the spin of a 
quark, including its unit in the S system. 

(b) Using appropriate diagrams, explain why 
baryons are fermions and mesons are 
bosons. 
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16 A bound state of an electron and a positron is 
called positronium. (It is unstable and decays 
quickly) 
(@) State the possible spin values of positronium. 
(b) Spin is a kind of angular momentum, and 

angular momentum is conserved in all 
reactions. Linear momentur is also 
conserved in all reactions. Using your 
answer in (a), explain how positronium 
can decay into two or three photons but 
not into one. (Hint: the spin of a photon 
is1) 

17 (a) The positive pion 7+ has the quark content 
(ud) and rest mass 140 MeV ¢, Explain 
why there exists a different meson (the p* of 
rest mass 770 MeV c2) with the same quark 
content as the 7. 
The negative pion 7~ has quark content 
(do). Explain how it may be deduced that 
there exists a meson with the same quark 
content as the 7~ and rest mass 
770 MeV 2, 

(b) 

18 State and explain the reasons that made the 
introduction of the quantum number ‘colour’ 
necessary. 

19 (a) What do you understand by the term 
“confinement’in relation to quarks and 
gluons? 

(b) The Feynman diagram in Figure 13.12 shows 
the decay of a quark-antiquark pair in a 
meson into two gluons. With reference to 
your answer in (a), suggest what might 
happen to the gluons produced in this 
decay. 

quark 

gluons 

antiquark 
Figure J3.12 For question 19. 

20 Explain how (a) baryons and (b) mesons are 
“colourless’, i.e. have zero colour quantum 
numbers, whereas the quarks of which they are 
‘made do have colour.  
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21 The diagram in Figure J3.13 represents beta 
decay. 

  

/\\ Quark u quark 
Figure J3.13 For question 21. 

(@) State the name of the particle represented by 
the dashed line. 

(b) State and explain how the colour of the u 
quark compares to the colour of the d quark 
in the diagram. 

22 Ablue ¢ quark emits a virtual blue-antigreen 
gluon. What are the changes, if any, in colour | 
and flavour of the quark? 

23 Gell-Mann's ‘eightiold way’ classification of the 
spin-0 mesons (made out of the u, d and s 
quarks) i given in Figure J3.14. Identify the quark 
content of the indicated mesons. Do not concern 

yourself with the three mesons at the centre. 

s=41 X 

    

Figure J3:14 For question 23. 

24 Aneutral meson contains a u quark and a u | 
antiquark and has rest energy equal to 135 MeV. 
The meson is at rest. 
(@) Draw a Feynman diagram to represent the 

decay of this meson into two photons.   

(b) Explain why the two photons must be 
emitted in opposite directions. 

(©) Calculate the wavelength of each of the 
photons. 

Consider instead the case where the meson 
is moving in the positive x-direction, say, 
and emits a photon in the positive x.direction 
and a second photon in the negative 
x-direction. 

(d) Which of these two photons has the smaller 
wavelength? 

25 Outline how the exchange of gluons by quarks 
results in the strong nuclear force between 
nucleons. 

26 (a) The rest mass of the proton is 938 MeV ¢ 
and that of the neutron is 940 MeV ¢, 
Using the known quark contents of the 
proton and the neutron, calculate the masses 
of the u and d quarks. 

(b) Using the values you calculated in (a), 
predict the mass of the meson * (which 
is madle out of a u quark and an 
d antiquark). 

(©) The actual value of the rest mass of the 7 is 
about 140MeV ¢ . Suggest how this 
enormaus disagreement i resolved. 

27 In the reactions listed below, various neutrinos 
appear (just denoted v). In each case, identify 
the correct neulrino (v, v,. v, or the 
antiparticles of these). 
@ 7t >0 +et v 
() 7t > 70+t +v 
© tr=>x+nt+v 

@ p*+v—ntet 
@ e +vtv 

28 Do the following reactions conserve lepton 
number? 
@ p* et +a0 
) 70— e+ 
(© v = 7+, 
@ —e +5, 

29 Using the weak interaction vertices of Option J1, 
draw a Feynman diagram for the reaction 
e = v
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30 The reactions listed below are all impossible © =y 
because they violate one or more conserv: 
laws. In each case, identiiy the law that is | 
violated. 

  

A pin—pr® 
(@) e* — ut + i, + b 

M p—=>ratt+a 
(@ K* > = 45, +e* et b i i 31 Describe the significance of the Higgs particle in 
b) = > e*+y the standard model of quarks and leptons.
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Experimental evidence for 
the standard model 
This chapter describes the experimental evidence for the main features of the standard 
‘model of quarks and leptons. This consists mainly of deep inelastic scattering experiments 
and the discovery of the weak neutral currents. 

Objectives 
By the end of this chapter you should be able to: 
« state the meaning of the term deep fnelastic scattering; 
« describe and discuss the main results from deep inelastic scattering 

experiments; 
+ describe the concept of asymptotic freedom; 
+ understand what is meant by weak neutral currents. 

  

Gell-Mann’s prediction of the 

omega-minus 
    

One of the earliest predictions of the quark 
‘model that lent major support to the model 
was the prediction, based on quarks, of a new 
particle that had not yet been observed. 

As we discussed on page 749, since each quark 
has spin }, putting three of them together in a 
baryon can result in a total spin of 3 (all three 
have spin ‘up). Spin-} baryons vary in charge 
from —1 to +2 units, and their strangeness varies 
from 3 to 0. The known spin-3 baryons could 
thus be grouped in the pattern shown in Figure 
J41 according to charge Q and strangeness S. 

Each solid circle represents a baryon and all 
were detected in earlier experiments. There was 
an obvious gap at the bottom of the ‘triangle’ 
however. This was a negatively charged, spi 
baryon with strangeness 3, consisting of three 
strange quarks. Based on the pattern of the 

  

  

  

masses in this diagram, Murray Gell-Mann 
could also predict the mass of the new particle. 

The omega-minus £~ was discovered shortly 
afterwards at Brookhaven National Laboratory. 
This discovery lent major support to the idea of 
quarks. 

The direct evidence for quarks 

‘The discovery of the omega-minus was a major 
breakthrough for the quark model. But it was 
also indirect support for quarks, since no quarks 
were directly observed. 

Direct evidence for quarks appeared in the mid- 
19605 in deep inelastic scattering experiments, 
performed mainly at SLAC (the Stanford Linear 
Accelerator), in which very energetic electrons 
‘were directed towards protons and their 

scattering analysed. These experiments are 
‘modern versions of the Geiger-Marsden- 
Rutherford experiment, in which the scattering



    

  

  0= 

Figure J4.1 Classification of spin-} baryons. 

of alpha particles fired at thin gold foils was 
studied. 

  

‘The main idea of these experiments is that the 
scattered leptons behave very differently when 
they scatter off a particle with no structure than 
when the particle has structure (Figure J4.2) 

  

proton with no siructure proton with three quarks in it 
Figure J42 Scattering a high-energy electron off a 

solid proton would give different results than 
scattering off a proton with three smaller 
particles inside it. . 
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‘The Feynman diagram for a 
typical deep inelastic scattering 

of an electron off a proton is 
shown in Figure [43. It is found 
that the scattering pattern 
(scattering angles and energies of 
the leptons) is consistent with 
the existence of very small, hard 
objects inside the proton. 
Because the electrons are very 

energetic, they penetrate the 
proton volume and ‘see’ the 
individual quarks. If the energy 
of the electrons is not high 
enough, they scatter off the 
proton volume as a whole 
without ‘feeling’ what is inside 
the proton. 

   
virtal photon    

Figure 43 Feynman diagram for deep inelastic 
scattering. 

‘These experiments reach five main conclusions. 
‘The conclusions and a discussion of each 
follows below. 

Conclusion 1 There are three small 
constituent particles inside baryons and two 
inside mesons (evidence for quarks). 

These experiments can measure the probability 
that a given constituent of the proton carries a 
fraction x of the proton’s total momentum, This 
probability is known as the structure function 
of the proton and is denoted by F(x). The
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graph in Figure J44 shows this function for the | 
proton. The peak at about x = 0.3 is consistent 
with the expectation that, with three quarks 
inside the proton, each would, on average, carry 
one-third of the momentum of the proton. 

B [ 

   
00 03 06 woF 

Figure J4.4 The structure function for the proton 
‘measures the probability that a given 
constituent of the proton carries a given 
fraction x of the proton’s total momentum. 

Conclusion 2 These particles are charged, and 
their electric charge is either +4 ¢ or +2e 
(evidence for fractionally charged quarks) 

‘The electron transfers energy and momentum 

to the proton through the exchanged virtual 
photon. Because the interaction is 
electromagnetic, it follows that the strength of 
the interaction is known as the electromagnetic 
interaction strength (or coupling constant). But 
‘measurements and calculations from the 
experiments show that the amplitude is not 
exactly proportional to /iy X /i = dew a5 
one would expect if the particle inside the 
proton had a charge equal to e. It is in fact 
somewhat smaller, indicating that the charge of 
the constituent particle is less than e. Detailed 
‘measurements thus reveal that the charges of 
the quarks are either &} e or +2e. 

Conclusion 3 The particles inside the hadron 
behave essentially as free particles, i.c. they are 
loosely bound to each other (evidence for 
asymptotic freedom - see page 761). 

  

  

  
An electron penetrating the proton volume and 
scattering off an individual quark would 

bounce off differently if the quark were very 
strongly bound to its neighbouring quarks. A 
strongly bound quark would not rebound and 
the electron would then suffer a deflection at 
a large angle. The experiments show small 
deflections, which is evidence that the quark 
rebounds a lot in the presence of the incoming 
electron. This can only be because the quark is 
very loosely bound to the other quarks inside 
the hadron. This is a very important but 
somewhat technical conclusion, the full 
significance of which will be discussed in the 
next section on asymptotic freedom. 

Conclusion 4 Each of the constituent particles 
appears to come in three types (evidence for 
colour), 
Consider, again, the Feynman diagram in 
Figure J4.3 in which an incoming electron 
interacts electromagnetically with one quark 
inside a proton. Let /| be the amplitude 
corresponding to this Feynman diagram. If 
colour exists, then we must include three 
diagrams rather than the single one of Figure 
J4.3. These will be diagrams in which the 
colour of the quark interacting with the 
photon is either blue, green or red. When 
more than one Feynman diagram contributes 
to the same process, the amplitude for each 
‘must be added in order to get the total 
amplitude. This is essentially the principle of 
superposition in waves applied to quantum 
mechanics. The total amplitude will therefore 
be 34, and so larger. Indeed. the experiments 
show that the amplitude for this process is 
larger by precisely the correct factor consistent 
with three colours. 

Conclusion 5 There appear to be electrically 
neutral constituents inside hadrons (evidence 
for gluons). 

Precisely because the interaction is 
electromagnetic, it follows that the electron 
can ‘see only the charged constituents of 
the proton. These experiments allow for the 
‘measurement of the momentum of the 
particles to which the electron couples. It is 
found that the total momentum of these
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particles is less than that of the 
proton itself. It therefore follows 
that there are other constituents 
inside the proton that are 
electrically neutral. This is taken 
as evidence for the gluons. 

Asymptotic freedom 
We saw in Table J1.4 that the 
electromagnetic, weak and strong 
interactions have interaction strengths that are 
approximately apy & g, aw ~ 10 ¢ andas ~ 1. | 
‘This justifies the name 'strong’ given to the strong | 
interaction - its interaction strength is much | 
larger than those for the other two interactions. 
‘The fact that as ~ 1 poses serious difficulties. 
We saw that an interaction vertex in a Feynman 
diagram is assigned a factor of /. This means 
that, if o < 1, diagrams with many vertices have 
amuch smaller probability of occurring, and so 
it is a safe approximation to consider only the 
simplest Feynman diagram for the process (i.e. 
the one with the least number of vertices). But | 
for the strong interaction as ~ 1, and so all 
Feynman diagrams are equally important and 
likely. To calculate so many diagrams is 
impossible, and this fact delayed progress in the 
understanding of the strong interaction. 

  

The 1970s, however, saw a great advance in 

theoretical physics. It was realized that 
interaction strengths (or coupling ‘constants’) 
are in fact not constant. Rather, they depend on 
the energy that is transferred at the interaction 
vertices of a Feynman diagram. For the strong 
interaction, in particular, it was shown by the 
2004 Nobel prize winners Hugh Politzer, David 
Gross and Frank Wilzcek that the strong 
interaction strength as actually decreased as the 
energy increased (see Figure J4.5). 

  

        

virtual gluon 
virtual gluon of high energy 
of low ener 

quark S i ¥ quark 

(@) interaction strength a5 = 1 (6) interaction strength s < 1 

Figure J45 The interaction strength decreases as 
the energy transferred increases. 

This decrease of the interaction strength s 
a purely quantum phenomenon and cannot 
be explained in classical physics. In practice, 
it means that one can perform reliable 
calculations of processes involving the 
strong interaction. We owe our present 
understanding of the strong interaction to 
such calculations carried out in the 1970s 
and 1980s. Glimpses of this behavior were 
seen in the early deep inelastic scattering 
experiments mentioned above, where it was 
observed that when quarks were probed with 
high-energy particles the quarks behaved as 
almost free. 

The discovery of the 7° and 
neutral currents 

As we mentioned earlier, the electromagnetic 
and weak interactions can be unified into a 
single interaction called the electroweak 
theory. Like QCD this is also a gauge theory 
based on symmetry. (The technical symmetry 
here is the group SU(2) x U(1).) This theory, 
developed by S. Weinberg, S. Glashow and A. 
Salam in the late 1960s, faced serious 
problems, however. Calculations of Feynman 
diagrams in this theory gave infinite, and so 
meaningless, answers. It was not until the 
1970s that a spectacular breakthrough by the 
Dutch physicists G. 't Hooft and M. Veltman 
showed that the infinite answers in the Feynman 
diagrams could be eliminated and that 
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meaningful calculations could be made in this 
theory. This development inspired renewed 
theoretical and experimental work on the 
standard model. 

‘The experimental breakthrough came in 1983 
at CERN. The objective was to see evidence for 

the crucial features of the standard model, 
namely the existence of the massive W* and, 
especially, the neutral Z° bosons. 
CERN operated a proton-antiproton  clctron 
collider in which protons and 
antiprotons were allowed to collide 
after being accelerated to very high 
energies. 

‘The protons in one beam had a fositon 
total energy of about 270 GeV. The @) 
antiprotons were accelerated to the 
same energy and were moving in a second 
beam in the opposite direction to that of the 
protons. When the two beams were allowed 
to collide, a 2° was occasionally created 
The 7° immediately decayed into an 
electron-positron pair according to the 
reaction 

2> e +et 

and could be detected. 

‘The collision produced hundreds of hadrons 
that were emitted mostly along the collision 
axis. The electron-positron pair was produced 
at fairly large angles to the collision axis and 
thus could be identified. Their energy and 
momentum could be measured from the 
curvature of the circular paths in the magnetic 
field of the detector. This information allowed 
the determination of the mass of the particle 
whose decay gave rise to the e~ +e* pair. 
In this way the Z° was discovered and its. 
rest mass was measured to be about 
90 GeV ¢ 

  

The discovery of the Z° was extremely crucial. 
Only the standard model predicted neutral 
current processes. This is the technical name 
for processes mediated by a massive, neutral 
particle, the Z° (Figure J4.6). This was the most 

   

  

convincing confirmation of the validity of the 
standard model. 

In the same experiments, the charged bosons 
* were also discovered, and their rest 

mass was measured to be about 80 GeV ¢ . 

The W* were detected through decays like 
W = ¢+ v and W- — e+ 7. 

    

muonneutrino  electron qurk 

muon antineutrino positron antiquark 
® 

Figure J4.6 Two neutral current processes 
mediated by the neutral Z°. 

Qu 

  

1 What do the words deep and inelastic reier to 
in the context of deep inelastic scattering 
experiments? 

2 Outline how deep inelastic scattering 
experiments provide evidence for the 
existence of colour on quarks. 

  

3 Explain how deep inelastic scattering 

experiments with electrons can give 
information only about the electrically 
charged components of  hadron. 

4 Consider the annihilation of an 
electron-positron pair into a u quark and a u 
antiquark: e + €' - u+T 
(a) Draw the Feynman diagram for this 

process, assuming that colour does 
not exist. Call the amplitude for this 
process A 

(b) Explain why, with coloured quarks, the 
amplitude of the process s in fact 3A. 

(©) Suggest how this can be used to provide 
experimental support for colour. 

  

5 Outline what is meant by asymptotic freedom. 
What experimental evidence is there to 
support asymptatic freedom? 
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6 Unlike QCD, QED (the theory of the 
electromagnetic interaction) does not have the 
property of asymptotic freedom. What does 
this imply about the interaction strength of the 
electromagnetic interaction as the exchanged | 
energy increases? 

7 In a process known as Compton scattering, a 
photon s scattered off a proton. 
(@) Draw a diagram to show the scattering 

of a photon of energy (i) 1.0 GeV and 
(ii) 100 GeV off a proton. Explain each of 
your diagrams. 

(b) Draw a possible Feynman diagram 
representing the scattering of a photon off 
aproton. 

(c) Suggest how this process may be used o | 
provide evidence for colour. 

8 State what is meant by a neutral current 
process. Outline the discovery of the Z boson. 

9 Consider the Feynman diagrams of Figure 4.6. 
(@) In one of these diagrams it is possible to 

replace the Z boson with a photon. State 
in which one, and explain your answer. 

(b) Suggest reasons why the process represented 
by the (new) diagram with the photon is 
more likely to-occur than that represented 
by the (0ld) diagram with the Z boson. 

10 The Z boson was discovered through its decay 
into an electron-positron pair. Assuming that a 
Z boson decays from rest, calculate the total 
energy of (a) the electron and (b) the positron 

11 The Z boson was discovered in 

proton-antiproton collisions. The Z boson 
produced in these collisions decayed ino an 
electron-positron pair. Explain why it was an 
advantage that the electron-positron pair 
was produced at large angles to the 
proton-antiproton paths.



(1[I0 

  

Cosmology and strings | 
This chapter begins with the important connection between absolute temperature and 
the average kinelic energy of particles that are at equilibrium at that temperature. The: 
early universe following the Big Bang had a very high temperature, and 5o the particles 
hat wete present then had very high energies. This makes the early universe a very 
suitable place in which to apply the ideas and theories of particle physics. 

Objectives 

By the end of this chapter you should be able to: 
« state the relation between absolute temperature and the average kinetic 

energy of particles that are at equilibrium at that temperature, £\ = 3kT: 

  

  

« apply the relation between temperature and kinetic energy to a variety 
of situations in the early universe; 

+ appreciate that there is an asymmetry between matter and antimater; 
|+ outline the general idea of strin fheories and be aware that these demand 
| more dimensions than the four we observe; 

« appreciate the fact the string theories appear to provide for a quantum 
theory of gravity. 

  

gravitation G, the Boltzmann constant is 
truly one of the fundamental ‘numbers’ of 
physics. 

The Boltzmann equation 
  

One of the biggest discoveries of nineteenth- 
century physics was the connection between 
the average Kinetic energy f; of particles in 
thermal equilibrium and the absolute 
temperature (ie. temperature measured in 
Kelvin). In equation form, this is 

Shortly after the Big Bang, the temperature of 
the universe was enormous. Going back to a 
time of 10~ (perhaps the earliest we can ‘ 

| extrapolate backwards) after the Big Bang, the 
‘i temperature was of the order of 10 K. The 

Eo=3kT | temperature today as measured through the. 
2 cosmic microwave background radiation is only 

2.7 K. Boltzmann's equation, £y = 3 KT, is of 
fundamental importance in studies of 
cosmology and the early universe, because the 
equation sets the order of magnitude of the 
energy that was available at any given 
temperature as the universe cooled down 

| asit expanded. The equation is also 
| important in many other aspects of 

physics. 

which is called Boltzmann'’s equation, where k 
stands for a new constant of physics, the 
Boltzmann constant. The Boltzmann constant 
is related to the universal gas constant R and 
the Avogadro constant Ny through 

ik 138 x 102 JK'o Na~ 
Along with the speed of light ¢, Planck's 
constant h and Newton’s constant of universal  



Example questions. 
QI e ——————— 
Calculate the average kinetic energy of electrons 
107195 after the Big Bang, when the temperature 
of the universe was T = 10" K. 

Answer 

Ev=3kT 

_3x1.38x107x10° 
- 2 

=21x10") 

_21x10% 
Tiex107 

~1x10" eV 

=100 GeV 

ev 

The average kinetic energy of electrons 1015 
after the Big Bang was approximately 100 GeV. 
()2 AN M TTIT ST RS T 

The nucleus of helium-4 has a binding energy of 
about 28 MeV. Calculate the temperature at 
‘which thermal motion would break the nucleus 
apart into its constituents. 

Answer 

The energy needed to break apart the nucleus of 
helium into its constituents is 28 MeV. The average 
Kinetic energy of the molecules at a temperature T 

  

is Ev = 3 kT and so equating the two gives 

1KT = 28 MeV 

3 - T:ZXZEX\E x 1.6 x 10 K 

3x138x 108 

  

~2x10"K 

“This says that nuclei of helium could not have 
existed at temperatures of about T %2 x 10" K 
o higher. The thermal motion of its constituents 
and the energy supplied by photons would have 
broken the nucleus apart. 

‘A more accurate estimate than the one 

presented in Example question 2 gives a 
temperature closer to T = 109 K. This is the 
time of nucleosynthesis, the time when protons   
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and neutrons combined to form nuclei for the 
first time. The universe then was only a few 
minutes old. 

‘The reason our estimate is very much of an 
overestimate is because of the presence of 
particles with a range of energies. The Boltzmann 
equation gives just the average energy in a 
distribution of energies. If there are enough 
‘highenergy particles or photons around, the 
‘nuclei could not have been formed even at lower 
temperatures than our estimate, which is based 
on the average energy. Apparently this is the 
case, since the nucleosynthesis temperature is in 
fact T~ 100K, 

  

In the questions at the end of the chapter you 
will be asked to perform the order-ofmagnitude 
estimate for the decoupling temperature of the 
universe, This is the temperature when the 
‘photon energy fell below the level required to 
excite or fonize the light atoms that were 
around then (mainly hydrogen and helium). 
Unable to ionize the atoms, the photons simply 
‘move through the atoms unimpeded. At earlier 
times the higher temperature meant that the 
photons had enough energy to ionize atoms or 
10 excite electrons to higher energy levels. This 
‘meant that the photons would be absorbed. 
Thus, at the decoupling temperature, atoms 
become transparent to radiation. 

Matter and antimatter 

‘The very early universe contained almost equal 
numbers of particles and antiparticles. It is 
predicted that asymmetries in particle 
interactions then created a very small imbalance
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of matter over antimatter. There was one extra 
particle for every 10 particle-antiparticle pairs. 
Yet, today, we see matter and not antimatter. 
‘The mechanism by which the antimatter was 
destroyed leaving only matter behind (the 
matter we see today) is as follows. 

First consider what might happen when the 
temperature is very high. An electron, or some 
other charged particle, emits a virtual photon, 
which subsequently materializes into an electron- 
positron pair (Figure J5.1). Assuming that the 
energy of the virtual photon is of the same order 
of magnitude as the average Kinetic energy of 
particles at temperature T, we can estimate the 
temperature at which this process is possible. 

  

Figure J5.1 At very high temperature, an electron 
emits a virtual photon that materializes into an 
electron-positron pair. 

To produce the electron-positron pair, we 
must provide at least the rest energy of each 
particle (plus any kinetic energy they may 
have). Therefore the least amount of 
energy that has to be supplied 
2mee? = (2 x 0.511 MeV ¢~%)c* ~ 1 MeV. This 
corresponds to a temperature of about 10 K. 

  

We see therefore that, at temperatures of 10 K 
and higher, thermal motion could produce 
electron-positron pairs. Of course, the reverse 
process is always possible regardless of 
temperature. That is to say, an electron 
colliding with a positron will produce photons 
at any temperature. 

‘This implies that, at temperatures of 10 K 
and higher, electrons and positrons 

annihilated each other but at the same time 
new electron-positron pairs were created. 
There was in fact a kind of equilibrium 
between the two opposing processes. However, 
as soon as the temperature fell below 10" K, 
the production of the pairs became 
impossible (because there was not enough 
available energy) but the annihilation 
continued. Since there was originally a slightly 
higher number of particles than antiparticles, 
what remains today is matter and not 
antimatter. 

Strings 

Our discussion so far has barely mentioned 
the gravitational interaction. The good reason 
for this is that the strength of this interaction 
is so small (because of the small masses of the 
particles involved) so as to make it irrelevant 
for subatomic physics. However, at very large 
energy scales (or small distance scales) 
gravitation does finally become important 
and becomes comparable to the other 
interactions. Not only can it not be ignored 
but also it must be included as a full 
quantum theory on the same basis as the 
other interactions. 

‘The problem is that, despite massive efforts, 
nobody has succeeded in constructing a 
quantum theory of the gravitational 
interaction. Attempts to build such a theory by 
analogy with the theories of the other 
interactions have all failed. 

Faced with this problem, physicists in the 
1960s constructed a radically different theory. 
the theory of strings. This theory claims that 
the fundamental building blocks of matter are 
not elementary point particles but tiny strings. 
‘The length of the strings is assumed to be very 
small (less than 10** m), and in the original 
theories the strings could be open (i.c. have two 
ends) or closed (i.e. form a loop). The string 
theories of the 1960s went largely unnoticed 
‘mainly due to the successes of the 
conventional theories for particles and partly  



because the string theories needed extra 
dimensions! 

The ordinary world in which we live is a four- 
dimensional world - in addition to three- 
dimensional space, the fourth dimension 
referred to here is time. String theories could 
not be formulated in this four-dimensional 
world. Various versions of string theories 
require 10, 11 or 26 dimensions of space and 
time, String theories did produce something 
very new though: they could handle 
gravitation as a quantum theory! In addition, 
the old string theories had a few technical 
problems of their own and, as mentioned, 
they went largely unnoticed until the early 
1980s. 

At that time, the technical problems of the 

old strings were solved and it appeared that 
for the first time physicists had a quantum 
theory of gravity. This was supposed to be a 
theory that would replace the conventional 
theories of elementary particles such as 
the standard model. The new string theory 
required 10 dimensions. The extra six 
dimensions were ‘curled up’ into a compact, 
tiny space that was essentially unobservable. 

‘What does this mean? We will look at a simpler 
case. Two examples of two-dimensional spaces 
are shown in Figure J5.2. The first is the 
ordinary two-dimensional flat plane. A point on 
this plane is determined if we give two 
numbers, the x and y coordinates of the point. 
‘The space extends forever in both directions. It 
is an infinite space. 

  

| 0o, 
Figure J52 Two examples of two-dimensional 

spaces. 5 
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‘The second diagram also shows a two- 
dimensional space. One dimension extends 
forever, but the second dimension is curled up 
into a circle. You must imagine a circle at every 
point of the straight axis. The figure only shows 
two for clarity. Thus if a point is at P, it can 
move along one dimension or the other. If it 
moves along the straight line, it will never 
return to its starting point. On the other hand, 
if it moves along the circle (the ‘other’ 
dimension], it will eventually return to the 
starting point P. Now if the radius of the circle 
is really small, then to an observer living in this 
space, space will appear to have one dimension 
only. The second dimension is essentially 
inaccessible to the observer. 

In theories of strings, the extra dimensions are 
assumed to be curled up just like the circle in 
Figure J5.2. Because they are unobservable, 
though, it means that their size must be 
microscopically small. In theories of strings, the 
actual shape of these extra six-dimensional 
spaces is quite complex and not at all as simple 
as the example with the circle that we have 

used here. 

The great promise of strings was then two-fold. 
For one thing, it would provide, for the first 
time, a viable theory of quantum gravitation. 
For another, all the properties of the 
elementary particles would be explained in 
terms of strings. The idea was that the string 
would vibrate much like an ordinary string, and 
standing waves would be formed on the string 
like the harmonics on ordinary strings. What 
we normally call particles would then be the 
different modes of vibration of the string! 

Another greatly promising feature of strings 
was the belief that there could only be one 
possible string theory. This would be THE 
theory of the interactions in the universe. 
Unfortunately though, this ‘uniqueness’ has not 
held the test of time. There are, now, very many 
possible string theories, and only experiment 
can decide which one might describe the real 
world. There is some hope that in the new 
generation of planned experiments in particle 
accelerators predictions made by different
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string theories might be tested in order to 
eliminate theories. There is also a hope that the 
new experiments might (through the 
predictions made by the various models) give 
evidence for the existence of the extra 
dimensions. 

1 (a) State the energy of an electron in the 
ground state of the hydrogen atom. 

(b) Using the Boltzmann equation, justify the 
assumption that collisions between 
hydrogen atoms are elastic. How realistic 
do you guess your answer to be? 

2 The universe became transparent to radiation 
when photons could pass through the lightest 
atoms (ie. hydrogen and helium) without 
exciting electrons to energy states above the 
ground state. 
(@) Assuming an energy gap between the 

ground state and the first excited state of 
about 10 eV, calculate the temperature at 
which the photons ‘decoupled from 
matter according o the simple model 
based on the Boltzmann equation. 

(b) Discuss why your estimate is an 
overestimate. 

3 The time of decoupling (see previous 
question) is taken as the time at which the 
cosmic microwave background radiation 
originated. 
(@) Discuss the meaning of this statement. 
(b) The temperature then was about 3000 K 

and the age of the universe about 300000 
years. Calculate the peak wavelength of 
the cosmic microwave background 
radiation using Wien's law (see Option E). 

4 The present temperature of the cosmic 
microwave background radiation is about 3 K. 
(a) Estimate the average energy of phatons at 

this temperature. 
(b) Estimate the energy of photons whose 

wavelength is the same as the peak 
wavelength of the black-body spectrum at 
this temperature, and compare the energy   10 

1 

corresponding to this with your estimate 
from (a). 

(©) The wavelengths used in microwave ovens 
are comparable to those of the cosmic 
microwave background radation photons. 
Since their energy is so small, how can the 
oven warm up food? 

@) State what is meant by the term decoupling. 
(b) What do you understand by the statement 

that the universe becomes transparent to 
photons? 

Avirtual photon can produce a pair of W* 
bosons, 
(@) Draw a Feynman diagram for this 

process. 
(b) Estimate the temperature at which the pair 

can be produced at rest. 
(©) A pair of moving W bosons can in fact be 

produced at temperatures lower than your 
estimate in (b). Explain this observation. 

Suppose that a galaxy contained large 
amounts of antimatter. Discuss what might be 
observed if such a galaxy collided with a 
galaxy made of matter. 
The early universe contained almost equal 
numbers of particles and antiparticles. Outline 
the mechanism by which matter dominates 
antimatter in the universe today. 
AULEP, the old CERN collider, protons and 
antiprotons each of energy 270 GeV collided 
head-on. 
(a) State the value of the available energy. 
(b) Calculate the temperature that corresponds 

10 this energy. 
(c) Hence, explain the statement that the 

collider is ‘reproducing the early universe’. 

  

State the main reason why it has not been 
possible to construct a quantum theory of the 
gravitational interaction on the same ground 
as for the other interactions. 
It was stated in the text that a time of 

approximately 104" s is perhaps the earliest 
we can extrapolate backwards in time. 
Suggest a reason why you think this might be 
s0. [Hint: Construct a quantity with units of 
time from the physical constants c (the speed  
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of light), G (Newton’s constant of universal 13 What is the main reason for the excitement 
gravitation) and h (the Planck constant).] about string theory? 

12 Discuss the main features of string theories. In 14 String theories exist in dimensions higher than 
what ways are they diferent from four. Outline why the extra dimensions are not 
conventional theories of particles? directly observable.



    

Physics and the theory 
of knowledge (TOK) 
This is 2 brief introduction to the role of physics in the context of the theory of knowledge 
(10K) class, which al 18 students must take. We will begin with a very short discussion 
of the developments and changes that have taken place in the theories used to explain 
phenomena in three areas of physics: the motion of the planets; gas pressure; and the 
nature of ight. We will then take a closer look at the nature of theories and why they 
need to change. 

‘Those who choose to study the history and 
development of physics will find that in ancient 
times the prevailing model of the solar system 
was a geocentric one. In the Ptolemaic system, 
the earth was at the centre of the solar system 
and all other celestial bodies orbited it. The 
practising scientists of the time embraced this 
model and used it for many purposes. When 
observations began to accumulate showing 
disagreement with the model, Prolemy, among 
others, modified the model to make it fit the 
new observations. One such famous alteration 
was the introduction of epicycles. Originally, 
planets were supposed to move in perfect circles 
around the earth. With epicycles, the planets 
now had to complete smaller circles at the same 
time as they completed the large circular orbit 
around the earth. When even newer 
observations showed yet more deviations from 
the model, more epicycles were introduced 
with the express purpose of making the model 
again fit the data. Eventually, more than 50 
epicycles were needed to account for the 
motion of the five known planets, the sun and 
the moon, resulting in an extremely 
complicated and cumbersome model. 
Interestingly, this model lasted for 1400 years 
before it was replaced (through the efforts of 
Copernicus, Kepler and Newton) by the modern 
heliocentric system. The planets orbit the sun 
in elliptical orbits according to well-defined 

  

physical principles summarized in Newton's 
laws of mechanics and gravitation. 

A few centuries later, experimenters looking 
into the properties of gases realized that the 
pressure of a gas increased as its volume was 
slowly compressed. Robert Boyle (one of the gas 
laws bears his name) thought that a gas consists 
of tiny springs. When the gas is compressed, the 
springs are also compressed and the tension of 
these springs is what gives rise to the pressure 
of the gas. Newton thought instead that the gas 
consists of tiny particles between which a force 
of repulsion exists. The force was hypothesized 
by Newton to be inversely proportional to their 
separation. Thus, when the gas was compressed, 
the repulsive forces between the molecules 
‘grew larger, giving rise to the pressure of the 
gas. Bernoulli, on the other hand, did not find 
the need o introduce forces between the 
molecules. The gas, he said, consisted of an 
extremely large number of particles that moved 
about and constantly collided with each other 

and the container walls. It was the momentum 
exchanged in the collisions that was 

responsible for the pressure as far as Bernoulli 
was concerned. Boyle's model is an unnatural 

model. Why should a gas consist of something 
as artificial as a spring? Newton’s idea is much 
more reasonable, but it requires the 
introduction of a new force. What is the origin 
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of the force and where else is it operating? 
Bernoulli’s model is by far the simplest. It 
requires nothing new. just the application of 
the laws of mechanics to a very large number of 
‘material particles making up the gas. 

By the end of the nineteenth century, a very 
large amount of data had been collected 
indicating that, when light fell on certain 
metallic surfaces, negative charges (electrons) 
were emitted from the surface. The puzzling 
thing about those observations was that, 
despite every expectation, increasing the 
intensity of light did not result in any increase 
in the energy of the emitted electrons. The 
puzzling features of the many experiments on 
this effect (the photoelectric effect) were 
explained by Albert Einstein in 1905. He 

proposed a revolutionary theory in which light 
should be viewed as a stream of massless 

particles and not as a wave, as had been the 
practice since the time of Christiaan Huygens. 
The theory of light as a wave could not account 
for its behaviour in the photoelectric effect and 
thus that theory had to be abandoned in favour 

of a better theory. If the new theory were 
correct, it should be in a position to predict 
new phenomena; phenomena that would not be 
possible within the old theory. Indeed, 
Einstein’s theory of photons (the particles of 
light) predicted that, when light of very short 
wavelength hit electrons, the light would 
bounce off the electrons with an increased 

wavelength. Soon afterwards, Arthur Compton 
observed this scattering of light off electrons in 
precise agreement with the new theory of light 
as photons. 

We may extract a number of observations from 
the previous three paragraphs, which may help 
us in our discussion. Knowledge in physics 
accumulates when observations of physical 
phenomena must be explained. To explain 
these phenomena, a model s constructed. The 
model is a set of rules, usually accompanied by 
aset of pictures, describing how a few basic 
ingredients are supposed to work so that the 
phenomena are explained at some level. In 

Prolemy’s model of the solar system, the 
ingredients were the earth, the sun and the 
planets, and his rules stated that these objects 
moved in circular paths around the earth. This 
model could explain some rough features of the 
observations about the motion of celestial 
bodies. When the observations did not exactly 
agree with Ptolemy’s predictions based on 
circular orbits, epicycles were introduced. There 
was 10 other reason to introduce the epicycles 
other than to make the model fit the data. 
Epicycles were ad hoc statements made to save a 
model. Fourteen centuries later, Kepler, using 
‘much more accurate data than was available to 
Prolemy, deduced that planets move in elliptical 
orbits around the sun. His model was a better 
model than Ptolemy’s. For one thing, it was 
simpler. It agreed with observations very well 
and could explain things that Ptolemy’s model 
could not, such as why the brightness of the 
planets varies at different times of the year. 
Kepler could state that planets covered equal 
areas in equal times and could calculate the 
time of revolution of a planet around the sun if 
he knew the distance between the planet and 
the sun. Prolemy’s model could not even handle 
these questions let alone answer them, but even 
Kepler could not explain why the planets moved 
in elliptical paths. To answer such a detailed 
question more knowledge was required: this 
was supplied by Newton, who realized that the 
key behind it all was a force of attraction 
between the sun and the planets - the force of 
gravity. Newton thus made a new and simpler 
‘model whose premise was a force of attraction 
between any two masses, not just those of 
celestial bodies. It could be shown that all the 

observations that Kepler had made were simple 
consequences of the law of gravitation and the 
laws of mechanics. 

The development of the models of the motion 
of the planets from Ptolemy to Newton was not 
a gradual evolution, with a few details of the 
original model changing as it was refined into 
a better one, It involved an abrupt and 
fundamental change - a change in paradigm 
and, as philosopher Thomas Kuhn says, a
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‘scientific revolution'. Newton’s ideas about the 
motion of the planets were a fundamental and 
different reconsideration of the entire problem, 
not an attempt to fix some of the original 
model’s flaws, 

The signs that the original model was wrong were 
many and obvious. First because observations did 
not agree with the model and second because the 
model was getting too complicated, too 
cumbersome and too ad hoc. Newton's model was 
simpler, more elegant, more general and agreed 
with the data. Newton’s model passed many tests. 
Detailed predictions based on the model were 

found to be true by observation. By the early part 
of the nineteenth century, anomalies (i.. 
deviations from Newtonian behaviour) were 
observed in the motion of the planet Uranus. 
“The astronomers J.C. Adams in England and 
U.Le Verrier in France assumed that an unknown 
planet was affecting the orbit of Uranus. By 
applying Newton's law of gravitation, the two 
independently showed that the anomalies in the 
Uranus orbit could be explained by the presence 
of this planet. Calculations showed the position 
of the planet and the very night Le Verrier's letter 
arrived at the Berlin observatory the planet 
Neptune was discovered exactly where Le Verrier 
said it should be. More detailed calculations, 

however, showed that the effect of Neptune 
explained most, but not all, of the anomaly in the 
Uranus orbit. More work again showed that a 
smaller planet was responsible for that bit of the 
anomaly. After several decades of intensive 
search, the planet Pluto was discovered at the 
edge of the solar system. (Pluto has recently been 
downgraded to a ‘dwarf planet’) Newtonian 
‘gravitation was triumphant. These were 
tremendous successes for physics and showed the 
universality of physical laws ~ they could be 
applied anywhere not just on earth, Even though 
many other disciplines have tried to imitate and 
copy the methods of physics (with varying 
success), no other discipline has been able to 
produce the universality of its laws. 

At about the same time as Adams and Le Verrier 
were discovering new planets, more anomalies   

were observed, this time in the motion of the 
planet Mercury. Did this imply that Newton's 
theory was wrong or would it imply more 
incredible discoveries within the theory? The 
problem was that Mercury’s orbit was not 
exactly a closed ellipse. Within the Newtonian 
model attempts were made to account for this 
anomaly. Mercury’s orbit is influenced not only 
by the sun but also by the other planets. The 
orbit would be a perfect ellipse if the sun and 
only the sun influenced Mercury. Taking into 
account the effects of the other planets almost 
eliminated the anomaly. That is, one could 
understand the observed orbit of Mercury and 
its deviations from a perfect ellipse in terms of 
the Newtonian model itself. The model did not 
have to change - it could account for the new 
phenomena without the need to change the 
model in any way and without the need for new 
assumptions. The paradigm held. 

Note that we said that the Newtonian model 
almost accounted for the anomaly, about 92% of 
it to be precise. The remaining 8% proved 
disastrous for the Newtonian model of 
gravitation. Countless experiments had 
confirmed the Newtonian theory. As 
philosopher Karl Popper stresses, however, no 
number of successful experiments (no matter 
how large the number) can convince us that a 

theory is right. But just one experiment is 
enough to falsify the theory. In the case of 
Mercury’s orbit, the 8% that could not be 
accounted for were to lead in 1915 into another 
change of paradigm: the fall of Newtonian 
gravitation and the introduction of Einstein’s 

general theory of relativity. But models do not 
change so easily and not before all ways to 
resolve the problem within the model are 
exhausted. Was there no way out of the 
problem with Mercury’s orbit within the 
Newtonian theory? There was if one assumed 
that the shape of the sun was not exactly 
spherical and hence its gravitational field was 
not exactly an inverse square field. The shape of 
the sun could not then be measured 
sufficiently accurately, however, to settle the 
question. Diehards of the Newtonian theory  
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could thus claim not to be worried about 

Mercury and could also hope that one day 
Mercury’s abnormalities could be settled by a 
few details within the Newtonian theory itself. 
But as soon as Einstein convincingly 
demonstrated the solution to Mercury's 
problems within the new theory (general 
relativity), new areas were discovered where the 
Newtonian theory had not been tested before. 
General relativity predicted that light would 
bend as it went past a very massive object (such 
as the sun). Newtonian gravity predicted a 
deflection also but of the wrong magnitude. 
Experiments in 1919 favoured relativity. The 
physics of very dense stars demanded relativity 
and not Newtonian gravity for their correct 
description. Even the Newtonian die-hards 
would have to concede defeat (and the issue of 
the precise shape of the sun became a minor 
detail concerning only the experts on the shape 
of the suni). 

‘The story of the second example mentioned 
at the beginning of this chapter (the ideas 
behind the pressure of a gas) is not as dramatic 
as that of the motion of the planets, but it 
shares many of the same features. Bernoulli's 
ideas are simpler, more elegant, more general 
and more natural (even though we could debate 
for a long time what exactly more ‘elegant’ or 
“natural’ or even ‘simpler’ really means). 

‘The third example mentioned (the 
photoelectric effect) also has a fascinating 
story. Einstein’s explanation of the 
photoelectric effect is another scientific 
revolution. The wave theory of light cannot 
account for this effect and a particle view of 
light had to be introduced that does explain it. 
But here things are a bit stranger. The ‘old" 
paradigm (light as a wave) cannot just be 
thrown away because the ‘new’ paradigm (light 
as particles) cannot explain everything by 
itself. The introduction of photons revealed the 
particle nature of light, but in other 
experiments light most definitely exhibited a 
‘wave nature. Soon it was to be discovered that 
electrons, protons and neutrons, which are 
normally thought to be particles, behave in 

certain situations like waves. A stream of 

electrons directed at a crystal diffracts (ie. 
suffers the most tell-tale wave phenomenon of 
all). The sharp distinction between particles 
and waves of the nineteenth century gave rise 
to the duality of matter and waves. Everyday 
language, based on our limited experience with 
the microscopic world, fails to provide an 
adequate description of objects that sometimes 
behave like particles and sometimes like waves. 

Our sense of ‘reality’, which in the nineteenth 
century conveniently classified objects as 
particles or waves, had to give way to the new 
reality of duality and the corresponding loss of 
determinism that the uncertainty principle 
introduced. 

In the preceding pages, we have conveyed the 
prejudice that exists among physicists who 
believe that the main virtues of a theory are 
that it be simple and elegant and the belief 
that, ultimately, nature will be described by 
such a theory. It s this prejudice, and much 
less the adherence to the conventional 
‘scientific method", that is the guiding 
principle in the discovery of new knowledge 
about the natural world. Whether this 
prejudice is correct and whether nature will be 
described in such a way, only time will tell. 

  

1 An ichthyologist wants to study the fish in a 
lake. She catches the fish using a net with a 
spacing between the net threads of about 
5 cm. She observes that she never catches fish 
of length smaller than 5 cm and so deduces 
that o fish of length less than 5 cm live in 
that lake. What can you say to this claim? 

2 Procrustes was a thug living outside ancient 
Athens who stopped travellers and made them 
lie in a bed by the road. If they were 100 short 
for the bed he stretched them uniil they fitted 
just ight. 1f they were t0o tall he cut off their 
legs so they again would fit. In what sense 
(other than the obvious!) is this story a parable 
of unethical scientific practice? 
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3 Astudent says that physics is just one wrong 
theory aiter the other. We start by learning 
Newton'’s laws of mechanics only to find out 
later that these are wrong and have to be 
replaced by Einstein's theory of relativity. 
Similarly, Rutherford’s model of the atom is 
replaced by the Bohr model, which in turn is 
replaced by Schrodinger's theory. Wite a 
response o this student. 

4 An experiment can overthrow a theory but 
can never completely confirm a theory. 
Discuss this statement using specific situations 
in physics. 

5 Traditionally much of the new knowledge in 
basic physics has come from experiments with 
high-energy accelerators that have been able 
0 probe matter at ever smaller scales. To 
investigate matter at even smaller distances 
requires accelerators that are far 100 big and 
far 100 costly ever to have a chance of being 
built. What does that imply about the future of 
fundamental physics? 

6 A professional astrologer says: ‘Physicists are 
simply prejudiced. There is so much unknown 
stuff out there, so how do they know that 
there isn't something to astrology?” What do 
you think? 

7 Newton would not have been able 1o apply his 
theory of gravitation to the motion of the 
planets had he not developed a branch of 
mathematics called calculus. How close s the 
relationship between physics and mathematics? 
Does physics need mathematics or could we 
arrive at the same level of knowledge of the 
physical world without it? How has physics 
influenced the development of mathematics? 

8 Practically every area of mathematics, 
including such highly esoteric fields as 
number theory, has eventually found an 
application in physics. I this a sign that 
knowledge in mathematics is essentially 
governed by the need to understand the 
physical world around ust 

  

9 Mathematicians of the nineteenth century 
developed theories of geometry that follow 
different rules from those of the ordinary 
Euclidean geometry taught at school. Where 

10 

1n 

12 

13 

14 

15 

17 

18 

in physics are the ideas on non-Euclidean 
geomelry used? Were these geomelries 
developed to solve problems of the physical 
world? 
Physics tries to find the ultimate laws that 
govern the behaviour of the physical world. Is 
there any evidence that ultimate laws exist? 
Discuss whether and to what degree the 
methods used in the acquisition of knowledge 
in physics can be used in other disciplines as 
well. Discuss in particular biology and 
economics. 
Many people use the second law of 
thermodynamics to explain phenomena that 
do not fall in the realm of physics, such as 
economics, the stock market, etc. Is this 
justified? 
Astudent says: ‘Chemistry is part of physics. If 
you know physics you automatically know 
chemistry.” Do you agree? 
Astudent says: ‘The underlying laws of 
biology are basically those of physics. When 
we discover those laws, biology will become 
a part of physics.” Do you agree? 
The wave-particle duality of moder quantum 
theory introduces via the uncertainty principle 
alack of determinism. Wite an essay 
discussing determinism and the loss of it in 
moderm physics. What impact, if any, has 
modern physics had on the issue of free will 
and choice of an individual? 
We are aware of three space dimensions but 
no more. How can we talk about higher 
dimensions when we cannot even visualize 

them? 

Astudent says ‘| got a 7 on my physics higher 
level exam and | still don't know what mass or 
electric charge really are!’If the student takes a 
three-year university course in physics will she 
know what mass and electric charge really are? 

  

Electric and magnetic field lines are useful 
concepts when thinking about electric and 
magneic fields, yet they do not exist. How 
exactly are these concepts useful and how do 
they influence the way we think about electric 
and magnetic fields? 

 



19 We have a picture in our minds when we 
speak of electrons and that picture often 
influences the way we think about electrons 
Most people see a tiny round ball when they 
think of an electron. Richard Feynman sees ‘a 
vector and a ¥ written somewhere, sort of 

mixed with it somehow, and an amplitude all 
mixed up with Xs ... a mathematical 
expression wrapped into and around, in a 
vague way, around the object’. Do you know 
of any examples where a particular 
isualization of an object or process has been 

instrumental in the understanding of that 
object or process? 

    

20 ).R. Oppenheimer, the physicist in charge of the 
Manhattan project that developed the American 
nuclear bomb during the Second World War, 
said after the completion of the project that 
“physicists have known sin’. What did he mean? 
Do you agree that knowledge that can prove 
dangerous should be contained? Can 
knowledge be contained and if so, by whom? 
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21 At the time of Kepler, five planets were 
known (excluding the earth) — Mercury, 
Venus, Mars, Jupiter and Saturn. In his book 
Mysterium cosmographicum Kepler suggests 
that only five planets could exist because 
there are only five Platonic solids. Find out 
what a Platonic solid is. Kepler then went on 
10 say that the orbit radius of each of the five 
planets was proportional to the radius of the 
sphere in which the Platonic solid was 
inscribed. (He assumed that each Platonic 
solid was fitted into the next in the same 
order as the planets.) What do you think of 
this theory? How scier it s 
obviously false since there are more than 
five planets, but if only five planets did exist, 
what would its merits be then? Steven 
Weinberg says of Kepler's idea that where he 
went wrong was not in the kind of 
conjectures he made but in assigning 100 
much importance to the planets. What does 
Weinberg mean? 

  

   

 





  

Physical constants 
The values quoted here are those usually used in calculations and problems. Fewer 
significant digits are often used in the text, The constants are known with a much better 
precision than the number of significant digits quoted fere implies. 

Atomic mass unit 
Avogadro constant 

Boltzmann constant 
Coulomb’s law constant 
Electric permittivity 
Gravitational constant 
Magnetic permeability 
Magnitude of electronic charge 
Mass of the electron 
Mass of the neutron 
Mass of the proton 
Planck constant 
Speed of light in a vacuum 
Stefan-Boltzmann constant 
Universal gas constant 

A few unit conversions 

Tu 
N; 

k=t 
' 
T 
& 
G 

   

  

  

1,661 x 1077 kg = 931.5MeV c* 

6.02 x 107 mol ™ 
38 x 1075 JK-T 

.99 10°Nm? €2 

  

8.85x 10"?N-""m=2C* 

.67 % 10-1 Nkg™> m? 
o =47 X 107 TmA™ 
e=160x10-"C 
me=9.11x 10" kg=549 x 10~ u=0.511 MeV¢ 2 

40 MeV 2 

673 % 1077 kg=1.007 276 u=938 MeVc > 

h=6. 

3.00x 10°ms! 

    

o= 

      

6753 1077 kg=1.008 665 u 

3% 1045 

.67 x 10~ Wm2 K 
R=831Jmol' K- 

  

  

  

  

  

  

  

  

  

  

astronomical unit 1AU=150x10" m 
atmosphere Talm = 1.01 x 10° Nor 
degree 1= gprad 
electronvolt TeV=160%107") 
Kilowatt-hour TRVh =560 x 10°] 
Tight year Tly =946 x 107 m. 
parsec Tpc=>526y, 
radian Trad = 5 
 



  

              

Masses of elements and 
selected isotopes 
Table A2.1 gives atomic masses, including the masses of electrons, in the neutral atom. 
The masses are averaged over the isotopes of each element. In the case of unstable 
elements, numbers in brackets indicate the approximate mass of the most abundant 
isotope of the element in question. The masses are expressed in atomic mass units, u. 
Table A2.2 gives the atomic masses of a few selected isotopes. 

‘Table A2.1 Atomic numbers and atomic masses of the elements. 

    

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

1 Hydrogen, H 10080 30 7n 6537 
2 Helium, He 40026 3 Gallium, Ga w72 
3 Lithium, 1i 6941 2 Germanium, Ge 7259 
4 Beryllium, Be 501218 3 Arenic, As 921 
5 Boron. B 1081 3 Selenium, Se 7896 
6 Carbon, C 12000000 35 Bromine, Br 7991 
7 trogen., N 14007 3 Krypton, Kr 8550 
s Oxygen.0 15999 37 Rubidium, Rb 85467 
o Fluorine, F 15998 38 Strontium, 57 762 

10 Neon, Ne 20180 35 Yurium, Y 58906 
I Sodium, Na 22999 0 onium, 2r 91224 
2 Magnesium, Mg 231 o Niobium, Nb 92906 
B Aluminium, Al 26981 2 ‘Molybdenum, Mo 9591 
) Silicon, St 25086 ) Technetium, Tc (99 

15 Phosphorus, P 30974 W Ruthenium, Ru 10107 
16 Sulphur,S 32,066 5 Rnodium, R 102506 
7 Chlorine, C1 35459 46 Palladium, P 10642 
18 ‘Argon. Ar 3998 W Silver, Ag 107568 

19 Potassium, K 0102 8 Cadmium, G 11240 
E) Calcium, Ca 0078 o Indium, In T8z 

2 Scandium, Sc 44956 0 Tin, S0 11869 
2 Titanium, 10 790 st Antimony. Sb 2175 
z Vanadium, V 0942 5 Tellurium, Te 12760 
2 Chromium, Cr 5199 5 Todine, 1 126904 
25 Manganese, Mn 54938 54 Xenon, Xe 13130 
% ron, e 5847 55 Caesium, Cs 13291 
77 Cobalt.Co 58933 56 Barium, Ba 15734 
) Nickel, Ni 5871 57 Lanthanum, La 13891 
2 ‘Copper, Gu T em 58 Cerium, Ce 11012 
   



Appendix 2 Masses of elements and selected isotopes 779 
- O 

‘Table A21 (continued) 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

5 Praseodymium, Pr 140907 ® Lea. P 2072 
® Neodymium, N Wi 5 Bismuth, B 208550 
o Promethium, P 9 34 Polonium, Po ) 
@ Samarium, S 1504 5 e AL @) 
& Europium, Eu 1520 5 Radon. R ) 
o Gadolinium, Gd w5725 w7 Francium, fr o) 
& Terbium, T 15852 5 Radium, Ra @) 
& Dysprosium, Dy 16250 W “Actinium, Ac ) 
o Folmium, Ho 16493 % Thorium, Th ) 
) Erbium, bt e 0 Protactinium, P2 @ 
® Thulium, Tm 16593 =2 Uranium, U %) 
70 Ytterbium, Yb 173.04 9 Neptunium, Np (239) 

£ Lutetium, Lu 174.97 9% Plutonium, Pu (239) 

7 Hafiium, A 7839 o Americium. Am [2E) 
7 Tantalum, T4 15095 % Curium, Cm (15) 
™ Tungsten, W w385 7 Berkelium. Bk ) 
s Rhenium, Re 1862 % Californium, CT 249) 

76 Osmium, Os 1902 9 Einsteinium, Es 254) 

77 Iridium, | 1922 100 Fermium, Fm (253) 

7 Platinum, P 19509 w01 Mendelevium, Md @55) 
7 Gold, Au 19697 02 Nobelium, No ) 
[ Mercury, g 2059 03 Lwrencium, It 7 
a “Thallium, T 20437 

‘Table A22 Atomic masses of a few selected isotopes.   

  

  

  

  

  

  

  

  

  

  

  

  

1 Hydrogen, H 1007825 7 Nitrogen4 14003 074 
1 Deuterium, D 204102 7 Nitrogen15 15000 109 
1 Tritium, T 3016 049 s Oxygents 15994915 
2 Helium3 3016029 s Oxygent? 16999 131 
2 Heliumt 4002603 s Oxygents 17999 160 
3 Lithiums G015 121 19 Potassium39 38963708 
3 Lithium? 7016 003 9 Potassiun40 39.964 000 
[ Berylliums s012182 % Uranium232 232097 14 
s Boron10 10012937 52 Uranium 235 235003925 
s Boron 1t 11009305 2 Uranium236 236045 563 
6 Carbon 12 12000000 o2 Uranium 238 238,050 786 
o Carbon13 13003 355 o2 Uranium239 239054 291 
. Carbont4 14003242
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Astronomical data 

e S L 

  

sun 199X10% 696X - - 
Moon 735 X 10% 174X10° 38410 273 days 
Mercury 330X 10%  244X100 579X 107 85.0days 
Venus 187X 107 605%10° 108X 10" 2247 days 
Earth 598X 10" 638 X100 150 10" 3653 days 

Mars 642X107 340100 228X10" 6870 days 
Jupiter 190X 107 69Ix10 _ 778x 10" 86y 
Sawn 569X 1% 603100 143X 10" wa2yr 
Uranus 866X 109 236x10° _ 288%10° 837557 
Neptune 103X 10%  248X100 450 X 10° 1637 yr 

Pluto” 15X 10% 15X 592 2480yr 

Luminosity of the sun L=39X10%W 
Distance to nearest star (Proxima Centauri) 4 X 10 m approx. 43 Iy) 
Diameter of the Milky Way 10° m (approx. 100 000 y) 
Mass of the Milky Way 4% 10% kg 
Distance to nearest galaxy (Andromeda) 2 % 10 m (approx. 23 million ly) 
*Pluto has recently been downgraded into a new category of ‘dwarf planet’ (see Option E, 
Astrophysics). 

 



APPENDIXE 

Some important 
mathematical results 
In physics problems, the following are useful. 

  

x 1 *a¥ x4y a -y a @ =a L _a @ 
loga=x=10"=a Iha=x=e' =a 

a b) = Ina + Y In@b) =Ina +nb  In(§) =lna 

In@)=xna InM=0 =1 

sin2x = 2sinx cosx 
cos2x=2cos’x — cos?x - sin”x 

  

The quadratic equation ax® +bx +¢ = 0 has 

two roots given by 

—b = Vh—4ac 
2a 

  

In approximations, the binomial theorem 

  

A +x)"=1+nx+ 

nm—Hn-2) ; =D 

  

is extremely useful. Here ~1 <x < 1 and n can 
be any real number, not necessarily integer. 

Also very useful are the approximations 
5 

Sinx ~x — 

  

and 
X2 

cosxm 1= 4o 

valid when x in radians s small. 

From geometry, we must know the following 
expressions for lengths, areas and volumes. 

g - 

Circumference of a circle of radius R 27R 

    

Area of a circle of radius R 
Surface area of a sphere of radius R ank? 
Volume of a sphere of radius R up 
Volume of a cylinder of base radius K 

and height h xR 

The length of an arc of a circle of radius R that 
subtends an angle @ at the centre of the circle is 
s = R6. In this formula the angle must be 
expressed in radians. An angle of 27 radians is 
equivalent to an angle of 360", so 

360" 
T radian = = 2 =573
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Nobel prize winners in physics 
No awards were made in years not listed. 

2006: The prize was awarded jointly to 
John C. Mather and George F. Smoot (both 
USA) for their discovery of the blackbody 
form and anisotropy of the cosmic microwave 
background radiation. 

2005: Half the prize was awarded to Roy J. Glauber 
(USA) for his contribution to the quantum theory 
of optical coherence, and the other half was 
awarded jointly to John L. Hall (USA) and Theodor 
W. Hansch (Germany) for their contributions to 
the development of laser-based precision 
spectroscopy, including the optical frequency 
comb technique. 

2004: The prize was awarded jointly to D. J. 
Gross, H.D. Politzer and F. Wilczek (all USA) for 
their discovery of asymptotic freedom in 
quantum chromodynamics. 

2003: The prize was awarded jointly to Alexe 
Abrikosov (Russia and USA), Vitaly Ginzburg 
(Russia) and Anthony Leggett (UK and USA) for 
pioneering contributions to the theory of 
superconductors and superfluids. 

2002: Half the prize was awarded jointly to 
Raymond Davis r (USA) and Masatoshi Koshiba 
(japan), and the other half was awarded to 
Riccardo Gianconi (USA) for pioneering 
contributions to astrophysics, particularly for 
the detection of cosmic neutrinos. 

  

2001: The prize was awarded jointly to Eric 
Cornell (USA), Wolfgang Ketterle (Germany) and 
Carl Wieman (USA] for the achievement of 
Bose-Finstein condensation in dilute alkali 
gases and for early fundamental studies of the 
properties of the condensates. 

  

2000 Half the prize was awarded jointly fo 
Zhores 1. Alferov (Russia) and Herbert Kroemer 
(USA) for developing semiconductor 

heterostructures used in high-speed and opto- 
electronics, and the other half was awarded to 
Jack St. Clair Kilby (USA) for his part in the 
invention of the integrated circuit 

1999: The prize was awarded jointly to Gerardus 
“t Hooft and Martinus J. G. Veltman (both 
Netherlands) for elucidating the quantum 
structure of electroweak interactions in physics. 

1998: The prize was awarded jointly to Robert B. 
Laughlin (USA), Horst L. Stormer (Germany) and 
Daniel C. Tsui (USA) for their discovery of a new 

form of quantum fluid with fractionally 
charged excitations. 

1997: The prize was awarded jointly to Steven 
Chu (USA), Claude Cohen-Tannoudji (France) and 
‘William D. Phillips (USA) for development of 
methods to cool and trap atoms with laser light. 

1996: The prize was awarded jointly to David M. 
Lee, Douglas D. Osheroff and Robert C, 
Richardson (all USA) for their discovery of 
superfluidity in heliums3. 

1995: The prize was awarded for pioneering 
experimental contributions to lepton physics, 
with half to Martin L. Perl (USA) for the 
discovery of the tau lepton, and the other half 
10 Frederick Reines (USA) for the detection of 
the neutrino. 

1994: The prize was awarded jointly o Bertram 
N. Brockhouse (Canada) and Clifford G. Shull 
(USA) for pioneering contributions to the 
development of neutron scattering techniques 
for studies of condensed matter: Brockhouse for 
the development of neutron spectroscopy, and 
Shull for the development of the neutron 
diffraction technique. 

1993: The prize was awarded jointly to Russell 
A. Hulse and Joseph H. Taylor Jr (both USA) for 
the discovery of a new type of pulsar - a
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discovery that has opened up new possibilities 
for the study of gravitation. 

1992: Georges Charpak (France) for his 
invention and development of particle 
detectors, in particular the multiwire 
proportional chamber. 

1991: PierreGilles de Gennes (France) for 
discovering that methods developed for 
studying order phenomena in simple systems 
can be generalized to more complex forms of 
matter, in particular to liquid crystals and 
polymers. 

1990: The prize was awarded jointly to Jerome I. 
Friedman, Henry W. Kendall (both USA) and 
Richard E. Taylor (Canada) for their pioneering 
investigations concerning deep inelastic 
scattering of electrons on protons and bound 
neutrons, which have been of essential 
importance for the development of the quark 
model in particle physics. 

1989: Half of the prize was awarded to Norman 
F. Ramsey (USA) for the invention of the 
separated oscillatory fields method and its use 
in the hydrogen maser and other atomic 
clocks, and the other half was awarded jointly 
to Hans G. Dehmelt (USA) and Wolfgang Paul 
(Germany) for the development of the ion trap 
technique. 

1988: The prize was awarded jointly to Leon M. 
Lederman, Melvin Schwartz and Jack 
Steinberger (all USA) for the neutrino beam 
method and the demonstration of the doublet 
structure of the leptons through the discovery 
of the muon neutrino. 

  

1987: The prize was awarded jointly to . Georg 
Bednorz (Germany) and K. Alexander Miiller 
(Switzerland) for their important breakthrough 
in the discovery of superconductivity in ceramic 
materials. 

1986: Half of the prize was awarded to Ernst 
Ruska (Germany) for his fundamental work in 
electron optics and for the design of the first 
electron microscope, and the other half was 
awarded jointly to Gerd Binnig (Germany) and 

Heinrich Rohrer (Switzerland) for their design 
of the scanning tunnelling microscope. 

1985: Klaus von Klitzing (Germany) for the 
discovery of the quantized Hall effect. 

1984: The prize was awarded jointly to Carlo 
Rubbia (Italy) and Simon van der Meer 
(Netherlands) for their decisive contributions to 
the large project that led to the discovery of the 
field particles W and Z, communicators of the 
‘weak interaction. 

1983: The prize was divided equally between 
Subrahmanyan Chandrasekhar (USA) for his 
theoretical studies of the physical processes of 
importance to the structure and evolution of 
the stars, and William A. Fowler (USA) for his 
theoretical and experimental studies of the 
nuclear reactions of importance in the formation 
of the chemical elements in the universe. 

1982: Kenneth G. Wilson (USA) for his theory for 
critical phenomena in connection with phase 
transitions. 

1981: Half the prize was awarded jointly to 
Nicolaas Bloembergen and Arthur L Schawlow 
(both USA) for their contribution to the 
development of laser spectroscopy, and the other 
half was awarded to Kai M. Siegbahn (Sweden) 
for his contribution to the development of high- 
resolution electron spectroscopy. 

1980: The prize was divided equally between 

James W. Cronin and Val L. Fitch (both USA) for 
the discovery of violations of fundamental 
symmetry principles in the decay of neutral 
Kmesons. 

1979: The prize was divided equally between 
Sheldon L. Glashow (USA). Abdus Salam (Pakistan) 
and Steven Weinberg (USA) for their contributions 
to the theory of the unified weak and 
electromagnetic interaction between elementary 
particles, including, among other things, the 
prediction of the weak neutral current. 

1978: Half the prize was awarded to Pyotr 
Leonidovich Kapitsa (USSR) for his basic 
inventions and discoveries in the area of
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low-temperature physics, and the other half was 
divided equally between Arno A. Penzias and 
Robert W. Wilson (both USA) for their discovery 
of cosmic microwave background radiation. 

1977: The prize was divided equally between 
Philip W. Anderson (USA). Sir Nevill E. Mott (UK) 
and John H. van Veck (USA) for their 
fundamental theoretical investigations of the 
electronic structure of magnetic and disordered 
systems. | 

1976: The prize was divided equally between | 
Burton Richter and Samuel C. C. Ting (both | 
USA) for their pioneering work in the discovery 
of a heavy elementary particle of a new kind. 

1975: The prize was awarded jointly to Aage 
Boh, Ben Mottelson (both Denmarkq and James | 
Rainwater (USA) for the discovery of the 
connection between collective motion and 
particle motion in atomic nuclei, and the 
development of the theory of the structure of 
the atomic nucleus based on this connection. 

1974: The prize was awarded jointly to Sir Martin 
Ryle and Antony Hewish (both UK) for their 
pioneering research in radio astrophysics: Ryle 
for his observations and inventions. in particular 

of the aperture synthesis technique, and Hewish | 
for his decisive role in the discovery of pulsars. 

  

1973: Half the prize was equally shared between 
Leo Esaki (Japan) and Ivar Giaever (USA) for 
their experimental discoveries regarding 
tunnelling phenomena in semiconductors and 
superconductors, respectively, and the other 
‘half was awarded to Brian D. Josephson (UK) for 
his theoretical predictions of the properties of a 
supercurrent through a tunnel barrier, in 
particular those phenomena that are generally 
known as the Josephson effects. 

1972: The prize was awarded jointly to John 
Bardeen, Leon N. Cooper and J. Robert 
Schrieffer (all USA) for their jointly developed 
theory of superconductivity, usually called the 
BCS theory. 

1971: Dennis Gabor (UK) for his invention and 
development of the holographic method. 

1970: The prize was divided equally between 
Hannes Alfvén (Sweden) for fundamental work 
and discoveries in magneto-hydrodynamics with 
fruitful applications in different parts of 
plasma physics, and Louis Néel (France) for 
fundamental work and discoveries concerning 
antiferromagnetism and ferromagnetism, 
which have led to important applications in 
solid state physics. 

1969: Murray Gell-Mann (USA) for his 
contributions and discoveries concerning the 
classification of elementary particles and their 
interactions. 

1968: Luis W. Alvarez (USA) for his decisive 
contributions to elementary particle physics, in 
particular the discovery of a large number of 
resonance states, made possible through his 
development of the technique of using a 
hydrogen bubble chamber and data analysis. 

1967: Hans Albrecht Bethe (USA) for his 
contributions to the theory of nuclear 
reactions, especially his discoveries concerning 
energy production in stars. 

1966: Alfred Kastler (France) for the discovery 
and development of optical methods for 
studying hertzian resonances in atoms. 

1965: The prize was awarded jointly to Sin-tiro 
Tomonaga (japan), Julian Schwinger and Richard 
P. Feynman (both USA) for their fundamental 
work in quantum electrodynamics, with far- 
reaching consequences for the physics of 
elementary particles. 

1964: Half the prize was awarded to Charles H. 
‘Townes (USA) and the other half was awarded 
jointly to Nicolay Gennadiyevich Basov and 
Aleksandr Mikhailovich Prokhorov (both USSR) 
for fundamental work in the field of quantum 
clectronics, which has led to the construction 

of oscillators and amplifiers based on the 
maser-laser principle. 

1963: Half the prize was awarded to Eugene P. 
‘Wigner (USA) for his contributions to the theory 
of the atomic nucleus and the elementary 
particles, particularly through the discovery
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and application of fundamental symmetry 
principles, and the other half was awarded 
jointly to Maria Goeppert:Mayer (USA) and J. 
Hans D. Jensen (Germany) for their discoveries 
concerning nuclear shell structure. 

1962: Lev Davidovich Landau (USSR) for his 
pioneering theories for condensed matter, 
especially liquid helium. 

1961: The prize was divided equally between 
Robert Hofstadter (USA] for his pioneering 
studies of electron scattering in atomic nuclei 
and for his thereby achieved discoveries 
concerning the structure of the nucleons, and 
Rudolf Ludwig Méssbauer (Germany) for his 
researches concerning the resonance 
absorption of gamma radiation and his 
discovery in this connection of the effect 
which bears his name. 

1960: Donald A. Glaser (USA) for the invention 
of the bubble chamber. 

1959: The prize was awarded jointly to Emilio 
Gino Segre and Owen Chamberlain (both USA) 

for their discovery of the antiproton. 

1958: The prize was awarded jointly to Pavel 
Alekseyevich Cherenkov, Il Mikhailovich 
Frank and Igor Yevgenyevich Tamm (all USSR) 
for the discovery and the interpretation of the 
Cherenkov effect. 

1957: The prize was awarded jointly to Chen 
Ning Yang and TsungDao Lee (both China) for 
their penetrating investigation of the so-called 
parity laws, which has led to important 
discoveries regarding the elementary particles. 

1956: The prize was awarded jointly, one-third 
cach, to William Shockley, John Bardeen and 
Walter Houser Brattain (all USA) for their 
researches on semiconductors and their 
discovery of the transistor effect. 

1955: The prize was divided equally between 

‘Willis Eugene Lamb (USA) for his discoveries 
concerning the fine structure of the hydrogen 
spectrum and Polykarp Kusch (USA) for his 
precision determination of the magnetic 
moment of the electron. 

1954: The prize was divided equally between 
Max Born (UK) for his fundamental research in 
quantum mechanics, especially for his statistical 
interpretation of the wavefunction, and Walther 
Bothe (Germany) for the coincidence method 
and his discoveries made using this method. 

1953: Frits (Frederik) Zernike (Netherlands) for 
his demonstration of the phase contrast 
method, especially for his invention of the 
phase contrast microscope. 

1952: The prize was awarded jointly to Felix 
Bloch and Edward Mills Purcell (both USA) for 
their development of new methods for nuclear 
magnetic precision measurements and 
discoveries made using these methods. 

1951: The prize was awarded jointly to Sir John 
Douglas Cockcroft (UK) and Ernest Thomas 
Sinton Walton (Ireland) for their pioneering 
work on the transmutation of atomic nuclei by 
artificially accelerated atomic particles. 

1950: Cecil Frank Powell (UK) for his 
development of the photographic method of 
studying nuclear processes and his discoveries 
regarding mesons made with this method. 

1949: Hideki Yukawa (Japan) for his prediction 
of the existence of mesons on the basis of 
theoretical work on nuclear forces. 

1948: Lord Patrick Maynard Stuart Blackett (UK) 
for his development of the Wilson cloud chamber 
‘method, and his discoveries using this method in 
the fields of nuclear physics and cosmic radiation. 

1947: Sir Edward Victor Appleton (UK) for his 
investigations of the physics of the upper 
atmosphere, especially for the discovery of the 
socalled Appleton layer. 

1946: Percy Williams Bridgman (USA) for the 
invention of an apparatus to produce extremely 
high pressures, and for the discoveries he made 
using this apparatus in the field of high- 
pressure physics. 

1945: Wolfgang Pauli (Austria) for the discovery 
of the exclusion principle, also called the Pauli 
principle.
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1944: Isidor Isaac Rabi (USA) for his resonance 
method for recording the magnetic properties 

of atomic nuclei. 

1943: Otto Stern (USA) for his contribution to 
the development of the molecular ray method 
and his discovery of the magnetic moment of 
the proton. 

1939: Ernest Orlando Lawrence (USA) for the 
invention and development of the cyclotron 
and for results obtained with it, especially with 
regard to artificial radioactive elements. 

1938: Enrico Fermi (Italy) for his demonstrations 
of the existence of new radioactive elements 
produced by neutron irradiation, and for his 
related discovery of nuclear reactions brought 
about by slow neutrons. 

1937: The prize was awarded jointly to Clinton 
Joseph Davisson (USA) and Sir George Paget 
“Thomson (UK) for their experimental discovery 
of the diffraction of electrons by crystals. 

  

1936: The prize was divided equally between 
Victor Franz Hess (Austria) for his discovery of 
cosmic radiation, and Carl David Anderson 
(USA) for his discovery of the positron. 

1935: Sir James Chadwick (UK) for the discovery 
of the neutron. 

1933: The prize was awarded jointly to Erwin 
Schrodinger (Austria) and Paul Adrien Maurice 
Dirac (UK) for the discovery of new productive 
forms of atomic theory. 

1932: Werner Heisenberg (Germany) for the 
creation of quantum mechanics, the 
application of which has, among other things, 
led to the discovery of the allotropic forms of 
hydrogen. 

  

1930: Sir Chandrasekhara Venkata Raman (India) 

for his work on the scattering of light and for 
the discovery of the effect named after him. 

1929: Prince Louis-Victor de Broglie (France) for 
his discovery of the wave nature of electrons. 

  

1928: Sir Owen Willans Richardson (UK) for his 
work on the thermionic phenomenon, and 

especially for the discovery of the law named 
after him. 

1927: The prize was divided equally between 
Arthur H. Compton (USA) for his discovery of 
the effect named after him, and Charles 
‘Thomson Rees Wilson (USA) for his method of 
making the paths of electrically charged 
particles visible by condensation of vapour. 

1926: Jean B. Perrin (France) for his work on the 
discontinuous structure of matter, and 
especially for his discovery of sedimentation 
equilibrium. 

1925: The prize was awarded jointly to James 
Franck and Gustav Hertz (Germany) for their 
discovery of the laws governing the impact of 
an electron upon an atom. 

  

1924: Karl Manne Georg Siegbahn (Sweden) for 
his discoveries and research in the field of Xray 
spectroscopy. 

1923: Robert Andrews Millikan (USA) for his 
work on the elementary charge of electricity 
and on the photoelectric effect. 

1922: Niels Bohr (Denmark) for his services in 
the investigation of the structure of atoms and 
of the radiation emanating from them. 

1921: Albert Einstein (Germany) for his services 
10 theoretical physics, and especially for his 
discovery of the law of the photoelectric effect. 

1920: Charles Edouard Guillaume (Switzerland) 
in recognition of the service he has rendered to 
precision measurements in physics by his 
discovery of anomalies in nickel-steel alloys. 

1919: Johannes Stark (Germany) for his 

discovery of the Doppler effect in canal rays and 
the splitting of spectral lines in electric fields. 

1918: Max Karl Ernst Ludwig Planck (Germany) 
in recognition of the services he rendered to the 
advancement of physics by his discovery of 
energy quanta. 

1917 Charles Glover Barkla (UK) for his 
discovery of the characteristic Rontgen 
radiation of the elements.



Appendix 5 Nobel prize winners in physics 787 
- — 

1915: The prize was awarded jointly to Sir 
William Henry Bragg and Sir William Lawrence 
Bragg (both UK) for their services in the analysis 
of crystal structure by means of Xays. 

1914: Max von Laue (Germany) for his discovery 

of the diffraction of Xrays by crystals 

1913: Heike Kamerlingh-Onnes (Netherlands) 
for his investigations on the properties of 
matter at low temperatures, which led, among 
other things, to the production of liquid 
helium. 

1912: Nils Gustaf Dalén (Sweden) for his 
invention of automatic regulators for use in 
conjunction with gas accumulators for 
illuminating lighthouses and buoys. 

1911: Wilhelm Wien (Germany) for his 
discoveries regarding the laws governing the 
radiation of heat. 

1910: Johannes Diderik van der Waals 
(Netherlands) for his work on the equation of 
state for gases and liquids. 

1909: The prize was awarded jointly to Guglielmo 
Marconi (Italy) and Carl Ferdinand Braun 
(Germany) in recognition of their contributions 
10 the development of wireless telegraphy. 

1908: Gabriel Lippmann (France) for his method 
of reproducing colours photographically based 
on the phenomenon of interference. 

1907: Albert Abraham Michelson (USA) for his 
optical precision instruments and the 

spectroscopic and metrological investigations 
carried out with their aid. 

1906: Sir Joseph John Thomson (UK) in 
recognition of the great merits of his 
theoretical and experimental investigations on 
the conduction of electricity by gases. 

1905: Philipp Eduard Anton Lenard 
(Netherlands) for his work on cathode rays. 

1904: Lord John William Strutt Rayleigh (UK) for 
his investigations of the densities of the most 
important gases and for his discovery of argon 
in connection with these studies. 

1903: Half the prize was awarded to A. Henri 
Becquerel (France) in recognition of the 
extraordinary services he has rendered by his 
discovery of spontancous radioactivity, and 
the other half was awarded jointly to Pierre 
and Marie Curie (France) in recognition of the 
extraordinary services they rendered by their 
joint researches on the radiation phenomena 
discovered by Henri Becquerel 

1902: The prize was awarded jointly to Hendrik 
A. Lorentz and Pieter Zeeman (both 
Netherlands) in recognition of the 
extraordinary service they rendered by their 
researches into the influence of magnetism 
upon radiation phenomena. 

1901: Wilhelm K. Rontgen (Germany) in 
recognition of the extraordinary services he 
rendered by the discovery of the remarkable 
rays subsequently named after him.



Answers to questions 

1 Physics and physical 

measurement 

Chapter 1.1 
Many of the calculations in the problems of this 
chapter have been performed without a 
calculator and are estimates. Your answers may 
differ, 

133x10%s, 

3.6 x 107, 

3.3 x 10%, 

6.4 x 10", 

2.6 x 107, 

2x10". 

6.7 % 10", 

1.0 x 10% 

9 20%107. 
10 3 x 107, 

1145107 kgm™'. 
12 8.3 min, 

13 16 000 (assuming a 4000 kg elephant). 
14 Assume a 200 m* house with 100 m* on each 

floor (10 10). Take the height of a floor to be 
3 m. Divide each floor into four rooms. The 
wall area is thus 10 x 3 x 6 x 2 = 360 m*. 
Subtract about 80 m* for windows and doors 
and we are left with 280 m of wall area. 
Assuming a brick of size 20 cm x 5 cm, ie. of 
area 107" m, gives as the number of bricks 
2.8 % 10%. No corridors etc. have been taken 
into account. 

15 (a) 5.356 x 107" m; (b) 1.2 x 10" m; 

(©) 3.4 %107 m. 

16 (a) 4.834 x 10° ); (b) 2.23 x 1072 ); 

(©) 3.64 x10'" 
17 (@) 4.76 x 10 5; (b) 2.4 x 102 5; 

(© 85%107s. 

S
N
 e 
e
 

   

      

18 1.792 x 10°ms" 
19 (a) 4% 107" J; (b) 54 eV. 
20 22 % 10 m’. 
21 8.4x 107 m. 
22 3215 
25 (a) 200 g; (b) 2 kg (©) 400 g. 
26 100 000 years. 
27 5% 107kgm". 
28 About 0.7. 
29 2 x10% 
30 2x 107N, 
31 4x 0% 

  

    

_ 250 
50 

(b) 280 x 1.90 ~ 3 x 2 

     
  

6 

o H12x480 _3x10"x5x10° © R 2l il 
160 15%10° 

15 5 =Ex10°=10 

(@ 8:99X10°x 7 x 10 x 7 x 10~ 

  

@ 10 
10% 10° x 5% 107 x 5 x 10 
T s U 
25 x 1 
T 

  

~3x107; 

(@ 66X 107" x 6 x 10* 
(6.4 %1007 

  

Chapter 1.2 
1 No. 
2 Systematic. 
3 The line of best fit intersects the vertical axis 

at about 4mA, which is within the uncertainty



in the current. A line within the error bars can 
certainly be madle to pass through the origin. 

4 The line o best fit intersects the vertical axis 
atabout 10mA, which is outside the 
uncertainty in current. A line within the error 
bars can be made (o pass through the origin. 

5 The line of best fit intersects at 12 mA. The 

extreme line within the error bars intersects at 
6mA. So no line can be made to go through 
the origin for this data. A systematic error of 
about 12 mA s required. 

6 24ms % 30ms’. 

Chapter 1.3 
1 16.atm. 
2 Increases by a factor of 4. 
32 
4 4 times as large. 
5 (a) 4; (b) increased by a factor of 2 
6 Increase by a factor of 9. 
7 By afactor of 4. 
8 Decreased by a factor of 16. 
9 16. 

10 283 yr. 
11 (a) 1.00 m; (b) 0.7 Hz; (c) 0.30 m. 

12 (a) 1/a against 1/b; (b) intercept equals 1/1. 
13 (@) A straight line through the origin; (b) a 

straight line intersecting the temperature axis 
at-273. 

14 R2, 

15 A straight line through the origin, with slope ma. 
16 (a) From the negative o the vertical intercept; 

(b) from the slope; (c) they are parallel. 

Chapter 1.4 
1 See Figure Al 

  Figure Al 
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3 (a) A+ B: magnitude = 18.2, direction 
49.7°; (b) A — B: magnitude = 9.2, direction 

—11.87 () A — 2B: magnitude = 12.4, 
direction = ~52.0". 

4 779 kmat 345, 
5 (a) 5.7 cmat 2257 (b) 201 km at =527 

(©) 5 mat-90% (d) 8N at 0.0°, 
6 (a) A: magnitude 3.61, direction 56.3°; 

(b) B: magnitude 5.39, direction 1127 

(©) A+ B: magnitude 8.00, direction 90°; 
(d) A— B: magnitude 4.47, direction —26.6°; 
(e) 24— B: magnitude 6.08, direction 9.46". 

7 € =(~4.00,1.00). 

    
    

  

  

8(2,6. 
9 Magnitude 14.1 ms™", direction south-west 

(225°), 
10 Ap=v2-V3p=052p. 

@) (6 = x50 = i (0) (v = 3,y = 
© VX5 

  

12 (@) 8ms' at0.0; (b) 5.66ms™' at 1357 
(©) 5.66ms~" at 45", Itis the sum of the 
answers to (a) and (b). 

13 () 704ms " in magnitude; (b) zero. 
14 (@) (~7.66,643); (b) (819, ~5.74); (0) (375, 

~9.27); (d) (7.43, ~6.69); (&) (~5.00, ~8.66). 
15 C has magnitude 6.00 and direction 270° to 

the positive x-axis. 
16 (a) 25.1 N at 36.2° to the positive x-axis; 

(b) 23.4 N at 65.2° to the positive x-axis; 
(©) 25.0 N at direction 3.13° to the positive 

xeaxis. 

   

  

Chapter 1.5 
1 Circle. 
2 Sphere. 

K‘ 
2 
(@ 55V; (b) 695 () R=2MQ. 
v=02(1 - e, 

34. 
2 

Logarithm of y against x* 
Sum = 180 + 8 N; difference = 60 £ 8 N. 

10 (a) 20 03; (b) 85+ 13;(0) 22 (d) 100+ 
6:(e) 254 7.5 

N F=@+2)x10N. 
12 (1.8 0.4) x 10'kgm™. 

   

c
e
N
o
w
s
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13 (a) 182 e (b) 154 1 cm. | 1217950 229ms 
14 (@) (65 0.1) x 107 cm?; | 1303245 

(b) (4.9 + 0.1) x 10* cm® | 14 -1sms 
15 Area = 37 4+ 3 cm?; perimeter = 26 % 1 cm. 15 (@) 127 ms~; (b) 1.1 
16 Increases by V2. 16 25m. 
17 1%. 17 @ 20ms! 
18 1.7%. 18 20ms2, 

  

  

2 Mechanics 

Chapter 2.1 
1 
2 
3 

12 

167ms". 
15 km h 
(@ 1.67 km s (b) 1.2 km h" at 34" east of 
south, 
See Figure A2, 

Figure A2, 

(@) 88 m; (b) 68 m; (c) speed = 
velocity = 5.0 ms . 
(@ 30 km; (b) 60 km. 
(@) vt; (b) dV'N. 
(@) =130 km h~'; (b) 130 km h-! 
@ —2ms;(b) —5ms 
Bms tothe right. 
@ 175ms; (b) 60 ms'. 

  

33ms; 

(a) Speed = 4.0m s '; (b) velocity = 0 m s~ 

Chapter 2.2 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

kil 

30ms 
60.0ms". 
405, 
126 m. 
~16ms, 
8.0s. 
305 
278 ms 
() 220 m; (b) 200 m; (c) 20 m; (d) less. 
(@ 1.25 () 3.65 () 21.6m; (d) 9.0ms™; 
(&) 28.8m. 
(@) 4.325;(b) 33.2m s (c) 60 n 

     

  

Figure A3. 

Figure Ad. 

    

19 See Figure A3, 

20 See Figure Ad. 

21 See Figure AS. 
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L 
22 See Figure A6. 2 

| 
| 

@ 5 i is ¥ 
Figure A9. 

,/‘ 
0 05 15 2 26 See Figure A10. 

figure AG. 

23 See Figure A7. 

o 1 2 3 4 i 

Figure A10. 

27 See Figure A11. 

Figure A7, dm 
« 

24 See Figure AB. 0 

T s o 
Figure A11. 

28 See Figure A12. 

4 . L | " 3 3 
T % 
Figure AS. 

  
25 See Figure A9. Figure A12.
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29 See Figure A13. 

  

Figure A13. 

30 5.05. 
31 (a) Negative; (b} zero; () positive; (d) positive. 
32 Make graphs of displacement against time; the 

graphs must cross. 
35 (a) 3.2 m from top of cliff; (b) 3.56'5; 

(© =27.6ms™'; (d) 414 m; (e) average 
speed = 11.6 m s”'; average velocity = 
—9.83ms . 

36 (a) 60 m; (b) 40m s~ 
37 (a) 70 m; (b) 10.7 s from the start. 

(©) See Figure Al4. 

vim sl 
0 

  

Figure Al4. 

  

38 (@) 115ms™; (b) 660 m; () ~60.5m s 

Chapter 2.3 
1 See Figure A15. 

  
igure A15. 

T 

| 

w ; % 1 

us 

w 

2 See Figure AT6. 
® 

  

Figure A16. 

3 See Figure A17. 

Figure A17, 

4 See Figure A18. 

@ 
Figure A18. 

5 See Figure A19. 

  
T 

r I 

w 
Figure A19. 

6 They are the same. 
7 143N, 

8 See Figure A20. 

w



9 See Figure A21. 

  

        

  

  

  

                    

r 

O - 
T dw 

Figure A21. 

10 See Figure A22. 

T 
@ ® 

& 

w WeR W= eightof 
= weight of lock clevator   

Figure A22. 

Chapter 2.4 
1 (@) 30 N to the right; (b) 6 N to the right; 

(©) 8N tothe left; (@) 15 N to the right; 
(e) 10 N down; (1) 20 N up. 

2 28 Nup. 
3 7.6 Nat 56" 
4 The weight cannot be balanced. 
5 (a) Top; (b) bottom. 
6 557 Nat162. 
7 489N, 
8 

  

50N; T, =707 N; T, 
11 202 Nand 47.1 N, 
12 1343 N, 
13 (a) 25 980 N; (b) 25 585 N. 

14 sing = . M 

    

  

18 X" FReose” 

Chapter 2.5 
1 (@) Decreasing mass; (b) increasing mass. 
20425ms 2, 
3 1.00ms . 
47mstand3ms* 

Answers to questions 793 
e 

5 (a) mg; (b) mg; (<) mg — ma; (d) O; the man is 
hit by the ceiling. 

6 {a) mg; (b) mg; (c) greater than mg; (d) less 
than mg; (e) mg. 

8 96 N. 

10 210N, 

11 They experience the same force. 
12 800 N. 

13 Apart from weights and vertical reaction 
forces we have: 16 N left on the 2 kg as a 
reaction from the 3 kg mass; 16 N right on the 
3 kg as a reaction from the 2 kg and 10 N left 
as a reaction from the 5 kg mass; 10 N right 
on the 5 kg as a reaction from the 3 kg mass. 

14 100 N 

15 200 N. 

16 On the 10 kg mass: weight 100 N down, 
reaction from botiom block 100 N up. On the 
20 kg mass: weight 200 N down, reaction 
from top block of 100 N down and so 
reaction of 300 N up from table. 

17 On the 10 kg mass: weight 100 N down, external 
force of 50 N down, reaction from bottom block 
150 N up. On the 20 kg mass: weight 200 N 
down, reaction from top block of 150 N down 

350 N up from table. 

    

5ms 
20 () 15 N; (b) yes. 
21 40N, 
22 3ms~, 
23 20N; 2ms, 
24 (a) 40 N (b) 56 N; (c) 60 N in (a) and 84 N 

in (b). 

Chapter 2.6 
1 6.00N. 

(@) ~0.900 N's; (b) 7.20 N. 
Zero, 
7.00ms" 
1.04m. 
(@) 1.41 N s away from the wall. 

7 (@) =5.00N's; (b) ~25.0 N. 
10 () Yes; (b) no. 
11 (b) The order of magnitude is about 10" m. 
12 (a) 96 N's; (b) 32ms~'; () ~32m s 
13 500 kg. 
14 7.0 ms" 1o the right. 
15 0.46 m ' in the direction of the 1200 kg car. 
16 5.05 Nsat 563 

e
 
w
n
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17 
18 
19 

20 
2 

A737ms B 6SOms ! 
@ 2ms'. 

(a) 50 kg (b) 15ms~; (c) 0.85; (d) 0.80m 

(note that the net impulse is exactly 200 N ). 
(b) 20.3 N. 

@ 25ms?b) 125ms () 1 ms™; 

() 188ms . 

  

23 (@) 0.83ms 5 (b) 0.77ms " 
24 (a) 15; (b) about 50 N's; (c) about 50 N. 

Chapter 2.7 
112x10° 
2 -77). 
33.5x10°). 
4 (a) Work done by weight and reaction force is 

c
x
u
o
w
 

10 
n 
12 

zero, Work done by F is 240 ] and by friction 
is-168 ). 
(c) The kinetic energy increases by 72.0 ). 
(@) ~1900 J; (b) +1900 J; (c) zero. 
73N 
0.16). 
049ms . 
(@) 89ms 
ms 
775ms 118 ms 
2N, 
245ms ;235 ms . 

  

3ms i (b) B.Oms ;102 

Ef 

s000 
6000, 
000 
2000 

£ 

5000 
600 
4000 

2000F 

Figure A24. 

13 (a) See Figure A23; (b) 66 J; () 8.1 m s 

N 

    

ol   

    

Figure A23. 

14 See Figure A24 (below). 
15 305 W. 
16 3240 N, 
17 (@) 021 ms". 
18 (a) 60 W; (b) 0.75; (c) 250 s. 
19 Fovi, 
20 3750 N, 
21 (a) The potential energy the mass has at the top 

is converted into kinetic energy. As the mass 
lands, all s potential energy has been 
converted 1o kinetic energy. (b) Some of the 
initial potential energy has been converted to, 
Kinetic energy. The kinetic energy remains 

£ 

8000 
6000 
4000 
2000 
e eum WM w0 w0 w w0 

B 

000 
6000 
4000 

2000   s | T s 

 



constant during the fall. The remaining 
potential energy decreases as the mass falls 
and gets conveted into themal energy. As the 
mass lands, all the inital potential energy gets 
converted into thermal energy (and perhaps a 
bit of sound energy and deiormation energy 
during impact with the ground). (c) The kinetic 
energy remains constant. The potential energy is 
increasing at a constant rate equal to the rate at 
which the pulling force does work. 

23 (a) 2900 N; (b) 5.8 kW; (c) 500 N; 

(d) 2.0 kw; (@) 700 N. 

24 27.4). 

25 13.5). 

26 (a) 242ms7'; (b) 93%. 

27 577 ms™". 

28 See Figure A25. 

s00° 

    

   

o0 
inetic 

  

a0 
0 potenial 

+ dm o o0 0 W 
3 

800 

60 Kinetic 
a0 
20 potential 

+ s o 1 2 34 
Figure A25. 

30 Light 1o heavy 
31 (a) T = mgsing; (b) W= mgdsind; 

  

(©) W= —mgdsin6; (d) zero; (e) zero. 
32 307 N. 

33 () 1.36 m 574 0.51 ms™. (c) The ratio       
of the accelerations is the ratio of the 
forces (i.e. 2.67). The ratio of the average 
speeds when squared becomes 2.62. 
“This suggests that the force is 
proportional to speed squared; 

Answers to questions 795 
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(d) 218 m; 135 m; 
() 3.8 % 10°); 8.5 x 10°). 

34 (a) 200N m™". 
35 (@) 155ms 5 (b) 164ms; 

(d) See Figure A26. 

wim sl 

15 
125 
0 
75 

5 
25 

i 

  

0 
Figure A26. 

  

36 (b) 38 400 N on both; (c) 4800 N's; 
() the force would be larger but the 

impulse would be the same; 
(e) 4000 J; the final kinetic energy 

is 10 000 ). 

38 The 8.0 kg mass moves at 5.45 m s™'; other 
rebounds at 4.55 ms ', 

39 The 6.0 kg ball moves at 4 m s ' and the 
4.0 kg ball rebounds at 1 m s°'. Collisions 
take place at the vertices of a regular 
pentagon inscribed in the circle; the initial 
position of the 6.0 kg mass is a vertex of this 
pentagon. 

  

v M 
2gme M 

41 (@) 50 m; (b) 90 m; () 15 s from start; 
(d) See Figure A27. 

  40 (@ 

  

vims-! 
20 
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42 

43 

(e) See Figure A28, 

En 

  

0 2 50 75 
Figure A28. 

00 125 150 175 

(0 from 5 s on; () 22.5 W; (h) 45 W. 

(b) The arrow is equivalent to a vector drawn 
from the tip of f, 1o the tip of p. Itis equal in 
magnitude 10 f,. 
(a) (i) 2.00 m s7'; (ii) 0.840 N; (i) 1.20 m s™2, 

upwards; (iv) 0.698 m; (v) 2.01 m s~ after 
falling 0.366 m. (b) See Figure A29. 

  

v s 

20 

15 

10 

05 

o oi 0z 03 o4 05 06 of ™" 
Figure A29. 

Chapter 2.8 
1 (a) 7.20 m s north-west; (b) 8.0 m s, 
2 (@) 10N; (b) 2.83 ms™'; () 0.80 m. 
3 214 pm. 
5 (@) 299 kms ' (b) 5.95x 10 ms 

(©) 356 x 10* N. 
6 (a) 5.07 575 (b) 0.81 Hz. 
7108 x 107 ms 
8 84.49 min. 
9 @ 30ms;(b) 1342ms". 
0 3.6 10%N. 
1002169 ms?,0.097°. 

m 
13 (a) 594 N; 523 N (b) 3.16m s '; () 23.7° 

  

15 
16 
17 
18 
19 

Chapter 2.9 
1 

2 
3 
4 
5 
6 
7 
8 
9 

1 
2 
3 
4 

s
N
o
w
 

10 

12 
13 
14 
15 

16 

17 

18 
19 

21 
2 

1278.13°; B: 5 m s~ at 261.87°. 
(a) 48.99 ms™'; (b) 1800 N; () 30 m s~%. 
@ 6.3 ms™; (b) 20ms~; (d) 150N, 
32x10°ms. 
About 12. 
482 

(@) 1.99 x 10 N; (b) 4.17 x 10° N; 
(0 1.0x 107N, 

(a) Zero; b) zero; (c) ™ (a) R 
1/81. 

1/2. 

3. 

Twice as large. 
0.9. 

Pig=0;Q:g=141x10"Nkg~". 
To the lefi. 

Gm(m + M) 
4R 

  

Chapter 2.10 
(@) 5.0 cm; (b) 200 ms™'. 

1.02m. 
(@) 0.77 5 (b) 9.22m 

(@ 2.0s;(b) 128 ms™"; ) ~51.37; 

(d) 21.5m s at -68.2°. 

1.48 m. 

5.66ms . 

316.2m. 

L/2. 

7.59 m. 

See Figure A30 (opposite page). 
0.33 m. 

53.2° below the horizontal 
See Figure A31 (opposite page). 
See Figure A32 (opposite page). 
Unfortunately the monkey gets hit (assuming 
the bullet can get that far). 
(@ 10ms~'; (b) the weight, vertically down 
(c) See Figure A33 (page 798). 
@ v, =30ms™", v, =20ms™'; (b) 34 

(© g=20ms"; (d) horizontal arow for 
velocity, vertical for acceleration; (e) range and 
maximun height half as large, as shown in in 
Figure A34 (page 798). 
18ms' at 58 

40m s at 70 below the horizontal. 
(b) Speed s less and angle s greater. 
0.45 m. 

36" at34ms . 
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—— 

yin |9 The normal reaction force from the spacecraft 
04— | floor s zero. 

$ : | 11 The work required to move the mass on 
18 2 s | which the force is acting from r = a to r = b, 

. + | 122 1.5 % 10%kg; () 3.2 x 10°ms 
o | (d) 6.0 x 10" ; (e) 2.4 x 10 ms~". 

13 (a) 9:1;(b) 3.6 x 10°ms". 

. = t 14 -5.29 % 10", 
Lx 15 (a) B; (b) A; () A. 

w | 173 
[ S 10 15 20 | 2 

Figure A33. M _ 5 32kms 
2R 

i 22 (@) 2. 
s 

24 b) V= —@. 

el b b i 
‘ 25 (c) About 4. 

3 l T 26 (c) 3.1 x 10°m. 

| | | Gm 
2 i T ‘ 27 @ F= AR? T =78h; 

1 | (@) 1.7 x 107y~ (2)6 x 10° yr. 
1 E } 29 (a) g=9.6 N kg™'; (b) g =0: (c) 9.0. 

sm 
0 0 20 by . 
Figure A%4, 3 Thermal properties of matter 

Chapter 2.1 Chapter 3.1 
3 (a) Noj (b) 300 K; () 4 x 10" J. 
4 () 3.72 % 10 m'; (b) 3.04 x 107 m’; 

(©) 1.22 % 10" 
5 (a) 4.5 x 10"kg; (b) 6.0 x 10%m™". 
6 (@) 1.0 % 10 kg; (b) 84 x 10" m". 

3 7.61km s '; 94.6 min. 
4 About 35 870 km (i about 42 250 km from 

the earth’s centre). 
5 () =7.63 % 10%J; (b) —1.04 x 10° kg 

© 1019 ms". 
6 See Figure A35. Chapter 3.2 

25130k KL 
Eya12x100 1 3 (a) 118 x 10°K; (b) 87.4 min. 

i 4731°C 
5 32.2k kg '; 13.3 min. 
6358 
7 
8 

  

    

  

373 x 10°). 
16.4%. 

9 83.6 min. 
10 () 2.2 100 (b) 3.3 x 10°); () 4.2 x 10*). 
nang 
12 94.8°C. 

Figure A35. 13 2880 kg 'K 
14 42000 kg 'K 

7 (@) =125 % 1071kg ' (b) ~6.25 x 10"). 15 (a) 0.015 kg; (b) 0.012 . 
8 Orbit 1 s not possible, orbit 2 is. 16 () 2.76 x 10 (b) 6 x 107 Ks™". 
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e 

18 0C. [ 7 @ -0742% 
19 0935, | seosik 
20 Increases by a factor of 2. 9 —12.25 )K" 

10 (a) See Figure A37. 
Chapter 3.3 

12411 
16.0 atm. e B 
033L. 
By a factor of 8. 
146 % 10" Pa. 

  

  

    8798 
10.1 min. 

See Figure A36.   c
u
o
 

G 
W
 

  

Figure A37. 

(b) 750 K; (¢) +0.91 K) (for both); 
(d) (i) —0.61kj; (i) —0.91 Kj; i) 1.5 k) out. 

4 Oscillations and waves 

  

   
    

      

Chapter 4.1 
8 (a) 5.0 mm; (b) —3.7 mm; (c) 0.99 5; 

i (d) +£4.0 mm. 

TeAts: 9 (a) 8.0 cos(28.0); 

9 (a) AUB, 1200 K; at C, 600 K; at D, 150 K; ®) y=-47cm, 
(b) AtB. 3.6 x 10°ms™ 

10 10 atm. 1ams’; 12 x 10°ms? 
11 (a) 1.0 x 10" Pa; (b) 1.2 x 10%; 11 (a) 520 Hz; (c) 6.0 mm; (d) 1.0 m; (e) 4.2 mm. 

{c) 73x10 2 m’. 12 A, right and long; B, right and shorter; 

12 56 0.045m C, zero; D, leit and shortest. 
13 (a) 7.24 x 107 (b) 8.36 x 10; (c) 358.5K. 13 @a=10x10'ms? 

     

  

14 (@) 1.74 atm; (b) 15.35 mol. (B v=21ms"; (c) F=25 x 10'N. 
15 1.04 x 107 Pa. 14 (@) 0.51 cm; (b) twice the amplitud 
16 (a) 0.030; (b) 1.81 x 10%; () 0.87 g, (©) 026 sin(5 0 
17 (@) 2239 L; (b) 0179 kgm ; (c) 1.43kgm . 15 See Figure A38. 
18 (a) Helium: 3.72 x 107 m’; water: 2.99 x 

10 m’; wranium: 2.1 x 107 m'; a5 
(b) 3.34 10 m; 3.10 x 10" m; 
277 %10 m, 

19 1.35kgm . 

Chapter 3.4 
1 6500 | removed from gas. slem 
2 (@) 380); () 370K, [ > 
3 2189K. 

4 (a) 2.4 x 10° J; (b) 900 K; (c) 3.6 x 10° J; 1 
(A 60 % 10°).   5 (a) 2493 J; (b) 6.67 x 10° Pa; (c) 2493 ); 
(d) 800 K. Figure A38.
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16 (b)1.65; () v=0.40 m s”; 
(d) F=0.24 N; (e) £=0.012 ) 

17 (a) 9.94 mm; (b) 2.35 N. 
18 () 70 kg; (b) 7.1 m. 

  

19 (a) mass = M(%) ; (b)force = GMm 

  

(d) period = 21 
0 same. 

L 
20 (0 2m| 7= 

24 () A=0360m, f=1.08 Hz, T=0924s; 
(b) 5.39 J; (c) 4.74 ), 0.650 ). 

25 () 0.57 . 
26 () 27.0m; (b) 34.2 m s (1) 3.285; () 17.7 m. 
29 (a) Yes, the ratio is 0.61; (b) 37% 

(€) 85 minutes; 

  

  

  

    (d) rwA?. 

(b) x = (47 mf*L(k - 4 mf?). 

Chapter 4.2 
3 (@) 1.29 m; (b) 1.32 x 10* m.. 

5253 ms . 

6 (a) 2 =333 m; (b) the same. 

7@v 0ms™;(b) T=15s; 

f=0.667 Hz; () A=45m; A=12cm. 

(@) 7= 0.66 m; (b) & =2.98 m. 
9 316ms . 

2400 m; % = 0,050 m; number of waves | 
=30. | 

12 From left to right: down, down, up. 
13 From left o right: up, up, down. 
14 See Figure A39, 

      

® 

      Figure A39. 

15 (@) 0.6 cm; (b) 40 m; () 5.0 m s 
(d) 1.25 Hz; () no. 

16 See Figure A40. 

SRR 
=TT T 
Figure A40. 

  

  

  

    

17 See Figure Ad1 

=} attion cnrsen 
Figure Ad1. 

Chapter 4.3 
1 See Figure A42. 

__ M 
Figure A42. 

2 See Figure A43 

I 
Figure A43. 

3 See Figure Ad4 (opposite page). 
4 See Figure A45 (opposite page). 
5 (a) 22.9 (b) 189 x 10° ms™; 

(© 43%107 m, 
6 (a) 1.0x 107 (b) 6 x 10°. 
7 1.06 cm. 
8 See Figure Ad6 (opposite page). 

10 130 
11 See Figure A47 (opposite page). 
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. 

Tem | Lem Tuni I 
e | [2umis 

™ I — 2 em 
= 
tem 

Figure Ad4. 

12 dem | dem 
1 

03 
06, | 
04 | =15ms 
02| i 

0 i 2 3 W [ r=2ms dem dem 
Figure A45. —] 

=25ms 0em  2em | 

r=3ms 

2em 

Figure Ad6. 

r=ims 
Chapter 4.4 Fom 

1 See Figure 4.2 on page 239. 
2 See Figure 4.1 on page 238. Figure A47. 
3 Reflection and diffraction of sound. Absence of 

these for light. By using a mirror at the corer. 
4 8.0m. 

5 400 m. 

6 0.83 m. 

7 (a) The path difference is two wavelengths, so 
the observer hears a loud sound because of 
constructive interference. (b) The path 
difference is one and a half wavelengths, so 

  

  

  

  

    
  
    

  

    

  

  
      
    

the observer hears no sound because of 
destructive interference. 

8 See Figure 4.10 on page 241. 

Chapter 4.5 
1 The car receives a higher frequency because it 

is approaching. The car now acts as a source.
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— 

Since the source is approaching, the 
frequency received will be even higher. 

2 Itis approaching. 
4 570 Hz. 
5 440 Hz. 
6 490 Hz. 
7 670 Hz. 
8 7ms . 
9 ams" 

10 489.3 10 511.2 Hz. 
13 (0 () v=036ms 
14 43.8 GHz. 
15 (a) Single frequency, first higher then lower 

than 500 Hz. 
(b) Above 500 Hz to above 1000 Hz, 
followed by below 500 Hz to below 1000 Hz. 
(©) From 20 kHz to below 20 kHz, followed 
by above 20 kHz to 20 kHz. 

16 (b)3.69 x 107 ms" and 7.99 x 10°ms™. 
17 (a) See Figure A48, 

  

integsity 

(b) See Figure A49. 

iz 
850 

870 

860 

850 

840 

80   0s 20 - 

  

Figure A49.   

(©) See Figure ASO. 

SHz 

70 

850 

$30 
820 
810 
800 s 

3 ¥ 

Figure AS0. 

18 (@) 32ms7; (b) () 0.64 m, 
19 (b) 9.3 x 10°ms™ 

   

Chapter 4.6 
7 354 Hz. 

8 0.500. 

9 548 Hz. 

10 (@) 225 Hz; (b) 1.47 m. 
12 0.81 m; 1.35m. 

13 (a) 321 ms™'; (b) 1.4 cm. 

14 (@) 275 m; (b) n=5and 
15 (a) 0.12 kHz; (b) 12 m. 

  

    

  

16 (b) v=018ms". 

18 (b) 8.0m; 

(€) 7, y = 5.0 cos(45xt + x) = -5.0 cos(45x1) 

19 The frequency is = 1_3;’ 194 Hz. 

The maximum kinetic energy is 
1 10 

= g MA 1 =57 x 1077 

20 @r=40m; 
Acos(2nft + 1) = -2.0 cos(60mt), 
Acos(2mf) = 2.0 cos(60rt); 

      

   
    

0 

(ii) % 

(©) (i) P: Vinax 
(i) Q: Vinax = 038 m 57",  



Chapter 4.7 
1389 
2 50cm. 
3 (a) 1.5562; (b) 13 maxima. See Figure AS1. 

  

4 1.746 cm; microwave. 

Chapter 4.8 
1 Noj can resolve 3.6 cm. 
2 115 km. 
3 (@) 1.5 x 10~ rad; (b) 58 k. 
4 (@) 3.4 x 107 rad; (b) cannot resolve, 

a53.4 x 107 > 4.1 x 10 rad. 
5 3.3 x 10 < 0.088 rad, 0 seen as extended 

object. 
625 % 10" m. 
7 (a) 2.8 x 107 rad. 

Chapter 4.9 
4 (b) 82%. 
6k 
7 4 
8 128 additional polarizers. 

10 45° 
1 21% 
12 (b) Yes, £; (c) no light transmitted. 
13 (b) 54.5% (c) 35.5°. 
14 (@) 53.1% (b) 36.9°. 

5 Electricity and magnetism 

Chapter 5.1 
3 -2 
4 () 29N; (b) 7.2N. 

  

Answers to questions 803 
B 

5 90N o the right. 
6 (a) 3.22 cm from the left charge; (b) unstable. 
7 73 N at 225° to the horizontal. 
8 29.9 N north-east. 

9 (a) 8.0 x 1077 G; (b) 5.0 x 10" electronic 

charges. 
11 (a) 2 x 10%; (b) 10 N. (c) One assumption is 

that the body consists entirely of water, but 
a more significant assumption is the use of 
Coulomiys law for bodies which are fairly 
close 1o each other and are not point 
charges. (d) The net charge of a person is 
zero because of the protons that have been 
neglected in this estimate. This leads to 
zero force. 

Chapter 5.2 
4 (a) B.OX 107 N; (b) 8.0 x 107 N; 

(©) 8.0x 107 N; (d) 4.8 x 107 ] 
5 1.60 x 107 N left; 1.76 x 10" m s~ 
6 6ONC. 
7 3.84 x 10° N C-' 1o the right. 
8 5.7 x 10° N.C™' at 3.2° below the horizontal. 
9 (a) 500 J; (b) 1000 J; (c) 500 J. 

10 (a) 5.93 x 10° ms~'; (b) 1.38 x 10° ms™". 
11170 N.C-' at 137.4° 1o the horizontal for each. 
12 (a) Zero; (b) zero; (c) 1.60 x 10° NC; 

() 9.0x10°NC'. 
13 () Positive; (b) E = "; (d) period is the same. 
14 @E=o0 

(b) The net force takes the particle back 
towards its equilibrium position. 

(c) In general no, but if the displacement i very 
small, then they are approximately SHM. 

(d) No oscillations will take place. 

((l-‘:;"m‘;’) 
(c) There will be SHM oscillations with 

amplitude A and period T = 3,/ 

        

    15 @) F=      

  

Chapter 5.3 
2 (a) 255 % 10° V; (b) £ =0, 
3 (@) 5225 (b) zero. 
4 15 kv 
536%107). 
6 1.44 %107 ). 
7593 x10°ms.
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8 (a) 11.8 N at 75.4° below the horizontal; 
) 51 x10°V; 
(© 51 %10 ). 

9 (a) 3.875 x 10-" m; (b) zero; 
(©1.24x 10" Nm. 

10 (a) 0.84C (small sphere) and 1.2 uC; 
(b) 637 x 10 C m* (small sphere) and 

4.24 X107 Cm™% (c) 7.2 x 10° N C” 
(small sphere) and 4.8 x 10° N C- 

12 (@) 030 x 107 J; (b) ~0.30 x 107 }; 
(© ~0.60x 107 ). 

13 (@) =719 V; (b) ~1.6x 107" C. 
14 (2) 2 vertically down; 

(b) 2o horizontally to the left. 
15 5525 up. 
16 (d) 2. 
17 w=2%2 —14x107 

  

  

  

  

    

Chapter 5.4 
5 Decreases by a factor of 4. 
6 5.9 % 10% m™, 

7 43%x107°ms’ 

8 (a) 3.6 x 10* C; (b) 2.2 x 10% electrons. 

9 (@ Yes 
10 14V, 

11 No. 

12 12Q. 

131479 
14 40Q. 

15 (a) 8V for the 42 resistor and 12 V for the 
6 resistor; (b) 16V; 16 V; 4 V. 

16 (a) See Figure AS2 
(b) 8.5V 

      

v 3sv 

17 (@) 0.27 A; (b) 0.136 A, (©) 15 W, 
18 (a) 4033, (b) 57 cm. 

  

19 (a) 0.1 kW h; (b) 3.6 x 10°). 
20 Cost is the same. 

Chapter 5.5 
1279;124Q;1.0Q. 

38.75Q. 

209, 
0012, 1009 
R/4. 
See Figure A53. c

w
a
w
n
 

  

  

  
  

      

  

                  

11 
1 

28V 92v []o2v 
1384 o092a Joasa 

T 
2v,1A 

T 2v, 2v, 
2v. 0sA]  0sA 1A 

Figure AS3. 

7 200 
8 The same. 
9 (a) 5.45 Aand 2.27 A; (b) 1.7 kW h. 

10 See Figure AS4. 

  

  

  
  

    
  

oA oaA 

0044 0014 
08Al 

3 er=096 W 
004A pom 

Figure A54, 

11 (a) 9.09 A; (b) 24.29; (c) 315 5; (d) $0.0175. 
12 (@) 0.14 Aand 0.17 A; (b) Costs more at 

220 V by a factor of 4. 
13 No. 
14 No. 
15 () 30ke; (b) 0.20 mA.  



16 The power in the lamp will increase by a 
factor of 2.4. 

17 (a) 4.4 kW; (b) 19 min. 

18 6.48 V. 

19 185W; 148 W, 

20 293. 

21 (a) 4 V; (b) 40 mA; (©) 6V, 30 mA. 
2 50A 
23 (a) 1594 W; (b) 598 ). 
24 (a) Aand B are the same, C is brighter by a 

factor of 4; (b) the same; (c) A goes out, C 
stays the same. 

25 (a) 0.5V (3 k), 1.0V; (b) 0.25 V. 

26 See Figure AS5. 

gl stope=—r 
vertical inercept = emf. 

  

Figure A5, 

27 R(1+v3) 
28 6.0A. 

29 (a) Same; (b) 1 times as bright. 
30 209. 

31 () P; (b) 2P; () ; (d) 
3212V, 

33 6.0V. 

34 @12 b2V, 

3528V, 

36 (@) 16 V; (b) 3.25 Q. 

37 (a) 4.2 A; (b) 1.1 A 

38 The brightness of A will decrease and that of B 
will increase. 

39 (a) 40 2; (b) 5.5 V. 

40 (2) 4.0 V; (b) 20 2; (1) 1.6 V; (d) 0.080 A. 
41 (2 2.00 V; (b) 2.06 V. 

  

Chapter 5.6 
2 (a) Binto page; (b) F into page; (c) B out of 

page; (d) force zero; (e) force zero. 
3 5.4 10° Tinto page. 

Answers to questions 805 
——— 

4 P:3.75 x 10* T out of page; 
R: 2,67 x 10 T into page. 

6 (a) Force down; (b) force right. 
7 () Into page; (b) zero; (c) force up. 
8 No. 
9 Out of page; out of page; left; left. 

10 3.0 x 107 N up. 
11 (a) AB: F = 0,02 N iinto page; BC: F = 

CD: F= 0.02 N out of page; DA: 
(b) net force = 0. 

12 270 m. 
13 P: out of page; Q: into page. 
14 (a) 8.0 cm from 2 A wire, in between wires; 

(b) 40.0 cm above 2 A wire. 
15 (a) 0.012 T into page; (b) yes; 

(©) no. 
16 (a) No; (b) yes, it will rotate counter- 

clockwise. 
17 225N, 
18 Will attract. 
19 See Figure AS6. 

  

zero; 

   

    

20 f=3 
21 (b) 2.71 cm; () 7.62 x 10° per second; 

(@) 7.5x10° ms; (e) 0.098 m. 
22596 %10 5. 
23 2.67uT up. 
24 2.86 % 10~ T at 28" o the horizontal. 
25 28.28)N m™' at 225° with the positive 

x ais. 
2 B =1 
28 @ 6= (s ) 

)8 = 2 (s - 7). 
29 (d) 1.40 x 10 per second; 

(e) 3.84 x 107" . 
30 0.05Nm~', left. 

31 (a) Out of paper; (b) left. 
32 (@ 1;(b) 4. 
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Chapter 5.7 
1 See Figure AS7. 

emiV 

  
0 2 4 6 8 10 dmes 

Figure AS7. 

2 See Figure AS8. 

emiV 
  

  

  7 
Figure ASS. 

3 (a) See Figure A59. 

flux/ Wb 
”   

  

        
  

0 4 8 
Figure A59. 

12 timers 

4 Counter-clockwise. 
5 (a) Clockwise, then zero, then counter- 

clockwise; (b) counter-clockwise, then 
zero, then clockwise. 

6 (a) Counter-clockwise, then zero, then 
clockwise; (b) clockwise, then zero, then 
counter-clockwise.   

7 (a) Force is upward; (b) force is upward. 
8 Right end is positive. 
9 (a) Clockwise; (b) counter-clockwise. 

10 0.0592 V. 
12 It will move to the right. 
13 Part A: (a) flux = BA cost; (b) emi = BLvcos0; 

(©) counter-clockwise as we look down on the 
loop from above; (d) F w2, horizontal 

  

o the right; (e) v; = 7552 

  

Part B: the dependence of velocity on time is 
V= i) _ (-   Ll (). As time 
gets large the velocity approaches the value 
found in (e). 

14 (@) Clockwise, /= Bav/R where v is the 
speed of the loop; 

(b) acceleration = g — Ba*v/(mR) 
15 (a) Points on the rim; (c) clockwise looking at 

the diagram. 

Chapter 5.8 
1 (a) 88 V; 50 Hz; (b) 10.5 A, 

(@ 23.4%; (b) 15%. 
008251 
49 x10° V. 
(@) 30%; (b) 1.2%. 
(@ 2A;(b) 5V; (c) 15;(d) see Figure AGO. N
 

s 

W 
0 

0 

0 

20 

a 05 1 15 2 
Figure AG0. 

8 (b) The graph for flux is the same as Figure 
8.12 on page 366. (a) and (c) The emf has 
double the amplitude at the high speed but 
the dependence on angle is otherwise the 
same. See Figure A61 (opposite page). Note 
that no numbers have been put on the emf 
axis as we do not know the rate of rotation.  



Answers to questions 807 
  

        

    

    

  

— 

ent © 9 17.59 MeV. 
10 8.9 10" yr. 
1117.5 MeV. 

anglerad | Chapter 6.4 
1 () 7.24 x 10" Hz. 
2 (b) 0.671 V. 
3.(b) 1.6 % 10 A; () 0.20 €V; (d) 2.1 eV; 

| (€ 3.2x 10 A, 
Figure A61. 4 (b) 27%107 m. 

5 (b) 3.90 eV, 
6 (a) 16 mi 
7 (@) 5.0 x 10" Hz; (b) 2.08 eV; 

6 Atomic and nuclear physics (c) 1.25 eV; (d) the graph is parallel to the 
_ original graph. 

8 (a) 265 x 10 
Chapter 6.1 9 (b) 1071 ms 

1 (@) 2.29 x 10" kg m™*; (b) 2.9 x 10" times 10 (b) VB~ 2.83; (c) 7.6 x 10™" m. 
larger; (c) 14.3 km. | 1 bI=1swWmt e =30 x 100w s 

6 0;2;20; 128. (d) There are fewer photons incident on the 
7 24el. surface per second and so fewer electrons 

12 E=axi0, are emitted. 
* (e) One assumption is that, at both 

Chapter 6.2 wavelengths, the same percentage of 
1 Plot d against - photons incident on the surface cause 
2 Plot In against x. emission of electrons. 
305 mg. 
48h 
5 He. Chapter 6.5 
7 3.6 x 10" (alpha to electron). 3 15eVorideV. 
8 H o et i, +He. 4 (b) (i) No excitation; (i) 4; (i) 6. 
9 HC— e+ b+ "N, 5 (b) 1.51 eV, 

10 1581 = e +7, + 8y + 22Po. 6 (a) 914 10" m; (b) 2.19 x 10° m s~ 
11 Py T+ U, 7 (a) 2.03 x 10° m; (b) 6.66 x 10°"° m. 
12 JX > 25e+ o+ X, 9 (@) 2 x 107 m; (b) 4 x 10° MeV. 

13 ENa > Set v+ ENe. 10 See Figure AG2. 
15 2.88 MeV. 

Chapter 6.3 
1 545.3 MeV; 8.79 MeV.               

2 8.029 MeV; 12.37 MeV. 

  

3 0.783 MeV. 
4 (a) 244 x 107" m; (b) gamma ray. 
5 3.65 MeV. 
6 (c) 179.4 MeV. 11 (b)8.3 x 10" m. 
7 (a) Seven electrons; (b) 207.8 MeV. 13 0%107 rad 
8 183.8 MeV. d 15 (a) Top diagram; (b) bottom diagram.
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Chapter 6.6 17 (a) \Zym", 

166x10ms'. 
18 6.5 m". 

2 See Figure A63. 19 3.6h. 
20 (a) 339 K; (b) 800 W; (c) 0.40. 

21 36 x 10" ). 

energy 

Figure AG3. 

3 (a) 3.0 x 10° NC'; (b) 0.083 m; ) 0.091 m. 
6 (a) 0231 5°'; (b) () 4.78 x 107'; 

i) 3.79 x 107 (i) 3.01 x 107, 
7 (@) 0.5; (b) 0.875; (c) 0.5, 
8 3.66 x 10" Bq. 
9 110 x 10° Bq. 

10 420 x 10" 
1 38x10" 
12 411 %10 yr. 
13 (b) About 7.2 min. 
14 (@) 0.75; (b) 0.95; (0) 1.50. 
18 (a) 1.5 % 10 m; (b) 4000 N; (c) 2304 N; 

(d) 186 x 10 N; (e) 1.24 x 10%. 
20 (2) Ra > %iRa +3y; (b) 1.83 x 10-"'m. 

  

7 Energy, power and climate 

change 

Chapter 7.1 
3 (b)7.4 x 10° ) kg 

4 (a) ()5 % 10°J; (i) 140 kwh; 
b) 1.6 x 10 ). 
(@) 2.5%. 
(@) 1.0 x 10° W; (b) 2.4 x 10°W; 
(©1.2 x 107 kgs™, 

7 63 km. 
8 7.2 x 10° kg day ™. 

10 (a) 185 MeV or 2.96 x 10" J; () 6.77 x 10" ! 
11 (a) 8.20 x 107 ) kg™'; (b) 2.7 x 10°kg. 

12 (@)3.9 x 10757; (b) 1.5 x 107 kg s 
  

) 0.140 MWh. 

- 

  
       

22 (a) Increases by a factor of 4. 
(b) Increases by a factor of 8. 
(€) Increases by a factor of 32. 

24 2.0 kW. 
25 43m. 
26 2.0 x 10°W. 
29 (6)5.9 x 1°W; () 1.7 m. 
32 (a) 14 kg () 31°C; (0 4.3 x 10° ) K 

(@ 7.5 x 10 Ks; (0 3.9 hrs. 

Chapter 7.2 
1 (c) 1.8, 

2 (b) 0.6. 

3 278K 

4@ Tx 

  

   ) 1.4 K 
vd 

5 24Wm 
7 (@) (4.5 £ 0.1) x 10°K. 

(b) Similar curve that is overall higher with 
peak shifted to the leit. 

9 (b) 0.29; (c) 250 W m™; (d) 258 K. 
10 () 172 b (b) 45 x 107 K73 ()4 x 107 

(a bit more than a year) 
11 (@) T 263 K; Ta % 217 K. 

1-a\5 1 
12 (a»m(~ )4,(m1 —u(— 

(i) (1 flz); 

o ( 

13 (b) 10, 
20 (@) 0.27. 

    

=oT*, giving t = 0.63. 

  

23 Approximately 2 K increase in temperature. 
29 (a) 3.3 x 10'J; (b) no. 
30 09m. 
31 2 % 10°km’, 

8 Digital technology 
chapter 8.1 

1 (@ 11; (b) 1010; (c) 10010; (d) 11111, 

2 () 6; (b) 12; (c) 5; (d) 30. 
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4 The completed table is as follows: () See Figure AG6. 

   
Figure A66. 

10 

For the final part, join up the diagrams in the 6 Approximately 7 km (ignoring the hole at the 
last column in one long chain, to give the centre). 
complete digital signal; see Figure A64. 7 42 Mbytes. 

    

  

Figure A64. 
8 847 Mbytes. 

5@ 9 (c)170 nm. 
10 @1.0 x 107 em s™; (b) 1.21 cm. 

e il dgatsian| 
s SOOI I/ Chapter 8.2 

3001 S 1 290 pC. 
o010 2 2 20A 
0000 T 0 3 (a) 2.0 x 10°; (b) 5 bits; () 6.7 x 10%, 
0010 E 2 4345107, 
1000 7 535 pm. 
110 1 ‘; f/; 
1 [=meey 15 T N‘o- 

(b) See Figure AGS. 17 (@) 9.6 x 107 m?57; (b) 6.2 x 10 m? 57! 

  

e rmn._ rre o] 

Figure A65.
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18 () 3.6 ms. 
19 79 pV. 
21 1.4 x 10% 

Option A: 

phenomena 

Option A1 

  

10 (@) 1.1 x 107 mm; (b) 6 = 4.6 x 10° rad; 
(c) & =4.5x10" rad. 

12 See Figure A1.7 on page 476. 
14 () Blue; (b) red. 
16 (a) Green; (b) blue. 

17 Blue. 
18 Yellow and cyan. 
19 (a) White; (b} black. 

Options A2-A6 
See questions and answers in cross referenced 
chapters. 

Option B: Quantum physics 

Options B1 and B2 
See questions and answers in cross-referenced 
chapers. 

Option C: Digital technology 

Options C1-C4 
See questions and answers in cross-referenced 
chapters. 

Option D: Relativity and particle 
physisc 

Options D1-D5 
See questions and answers in cross-referenced 
chapters 

  

Option Astrophysics 

Option E1 
3 Do an order-of-magnitude calculation without 

calculator: mass of a helium nucleus 

  

4% 1.6 x 107 kg = 6 x 10 kg. The radius 
of hefium nucleus is 1.2 x 10'% x 4'/'m so 
the volume is about 
£(1.2x 107 x4'7) m 

( RAx15x4x 100w 
the density of the nucleus is 

| =3x 10" 
43x10°m 
6 1000 
8 Jupiter 

10 1.5 10" m. 
| 11 9om. 

14 29.7kms"! 
15 1.9 % 107 kg. 
16 250 km s™'; 2,48 x 10" kg (mass enclosed 

within a radius of 28 000 ly). 

Option E2 
117X 107w, 
252%10°Wm, 

26x10'ly. 
(@) 256 times; (b) 1/16. 
30. 
@ 26; (b) 1.5, 

@By Eoon. 
R 

In 834 

912 
18 2.34 % 10 kg and 2.80 x 10° kg, 
19 (@) 3.37 x 10" m; (b) 2.95 x 10 kg; 

(€) 1.70 x 10 kg; 1.25 x 10° kg. 

  

    

  

N 
o
w
e
w
 

    

3 (c) See Figure AG7. 

S didgeeny u.ueml disgram 

oo Q\ 

/\n.m diagram 

Toaith o carth 

e 

Figure AG7. 

fourth dingram  
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24 14, ‘ Option E5 
26 () T=7250 K; (b) about 5 t0 8 times that of 2 137 % 107 kg, 

the sun (by looking at the HR diagram). s 

Option E3 
3351 pe. 
4 0.30 arcseconds. 
5 (a) 149.3 pc; (b) 257 solar radhi. 
6 The distance to the star is 40 pc. Hence the 

star appears dimmer than a magnitude 0.8; its 
apparent magnitude is thus greater than 0.8. 

7 (@) 4pe. 
8 6.3 times. 
9 Capella by a factor of 2.75. 

10 (a) Star A; (b) star A because it appears 
brighter even though it is further away. 

11 (a) They both have the same luminosity; 
(b) star B appears brighter because it is closer. 

13 6.3 x 10" ly (used a luminosity of 1000 solar 
luminosities). 

14237 x 107 Wm?; 2,57, 
15 (@) 1.0 % 10 Wm; (b) 0.38. 
16 1.8 x 10° ly (used a luminosity of 3500 solar 

luminosities). 
17 (@) 263 pc; (b) 4.13; () 17 pe. 

  

Option E4 
2 About 6. 
3 Expansion of the universe; helium abundance; 

cosmic background radiation. 
4 (a) Evidence for the Big Bang; 

() the same. 
5 (a) Will approach absolute zero; 

(b) will reach minimum and then begin to 
increase. 

6 Al of space was a point at the time of the Big 
Bang 

8 Open means that the universe is expanding 
forever. Closed means that it will recollapse. 
The surface of a sphere is finite but has no 
boundary. The surface of a sheet of paper is 
finite and has a boundary. 

10 The galaxies are not moving into empty space. 
Space is being created in between them. 

14 Just above 4000 K. 

15 (b) Same black-body spectrum curve with a 
peak that is shifted to the right (longer 
wavelengths). 

  

4 The 1 solar mass star. The heavier the star, the 
faster evolution proceeds. 

6 Elements heavier than iron cannot be 
produced in the core. 

8 Most O type stars would have evolved past 
the supemova stage. 

9 No. Elements crucial for life would not have 
been produced. 

11 (a) 7.36 MeV; (b) 7.92 MeV. 

12 Larger nuclear charge leads to larger 
repulsion. 

17 22x10°K. 

18 34 
26 (a) 2 x 10° yr. (b) Implies quasar active life 

must be very short. 

Option E6 
5 6.94 Mpc. 
7 (@) 1.2 x 10° ms7'; 16.53 Mpc; 

(b) 1.5 x 10" m s™'; 208.3 Mpx 
(€) 2.2 % 107 ms™'; 308 Mpc; 

    

) 6.1 x 10" ms™'; 847.2 Mpc. 

8 (a) 4167 Mpc; (b) they are unobservable. 

(©) No, this speed is due to the expanding 
space between the galaxies. It cannot be used 
10 send a signal. 

9 (a) 0.178; (b) 533 x 10" ms™'; 

(©) 741 Mpe. 
10 1.96 billion years. 
13 () R= Roexplc(t - t)]. 

19 7x 10 kgm"s". 
20 Small time means small 0. The replacement 

by hyperbolic functions means that 
the scale factor increases forever. The 
parameter k is related to the curvature of 
space. 

Option F: Communications 

Option F1 
1 () 1000 Hz; (b) 1050 Hz; (c) 5000 Hz. 
4 (a) 3995 kHz, 4000 kHz and 4005 kHz.
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(b) See Figure AG8. 4. 
5 32. 

ampliude 6 0,625 mV. 
1 12 (c) (i) See Figure A70. 

wv 

60 50 . . 
0 
30 
20 
io e s, 

3995 4000 4005 feeny! % o . 4 8 
igure A70. Figure AGS. i gus 

[ (i) It is impossible to reconstruct the signal. 
§ SeeFippe A6, 14 See Figure A71. 

amplitde m 

Figure A71. 

15 001 100 001 111 100 101 100. 

16 The completed table is as follows: 

—— L frequenecy/Hz ° 70 m (o] 
Figure 4GS, o1 & 110 

0z 67 110 
03 64 10 

7 9.0 kHz. 

B (2) 6 kHz; (b) 19.8 kiHz, 19.8 kHz, 40 kHz. 
10 (a) 120 kHz; (b) 10 kHz; (c) 0.6 mV. 
14 (a) About 20. 
15 (@) 10 kHz; () 1 kHz; (©) B~ 5; 

(d) bandwidth ~ 12 kHz. 
16 (a) 6.25; (b) 174 kHz. 

Option F2 
1 (@) 111; (b) 10011; (c) 1000011, 
2 (a)9; (b) 29; () 21. 
3 (a)5; () 6; () 7.   

  

04 
05 
06 
07 
08 
09 
10 

59 
52 
45 
36 
25 
13 
00 

101 
101 
100 
ot 
o1 
01 
000 

For the final part, join up the diagrams in the 
last column in one long chain, to give the 
complete digital signal; see Figure A72.  



17 @ 

1 5 
1001 
o1 3 
o001 
o101 
1010 
R [ | Rk 

AT [ e | R B % %F (b) See Figure A73. 

Answers to questions 813 
] 

19 (@) 40 kbit '3 (b) 25 ps. 
20 (a) 1.41 Mbit s°'; (b) 0.709 ps. 
21 0.25 ms. 
26 (a) 125-16 = 109ps; (b) 6 more; (c) decrease. 

| option F3 
| 1207 x10*ms. 

3 76.7°. 

4 Larger than 1.74. 
5 Smaller than 29.1°. 

9 (a)1.97 x 10°ms'; 

| (b) 40.5 s and 40.9 ps. 
I 16 10 dB. 

   

  

[ LSRN Sy S (e | 0 8 jy Sy B 

Figure A73. 
(c) See Figure A74. 17 G+ G 
signal 18 -1.58 dB. 

19 (8.7 x 107 dB km". 
% 20 0.13 km 
1 | 21200 

10 ‘ 22 1.0. 
8 | 232148 
6 | 24 as0mw. 
4 
2 [ Option F4 
6 gt dhoasting: | g ta: 6.0 dB km; (b) 30 dB; 
Figure A74, ©) 0.6 nW. 

2 0 i ; 18508 Figste ATS. 10 (:2'1:1 mn‘u km, (i) 6800 k; 
signal 5 

  
11 (a) 24% (b) 2700 km; (c) 13 min. 

Option F5 
1@ 15V (b)12V; (0 -80V; 
A-15V. 

2 (b) -90pV to +90pV. 
3 200. 
5 (a) Re=0and R = o0; (b) G =1; (c) see next 

problem. 
6 @30V (b)20V;(©30V. 
9 (@) 0V; (6) 16 nA; () 8.0 mV. 

|10 (@) 3.0 V; (b) decrease by 9.0 V.   
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12 (a) -8.0 V; (b) see Figure A76. 

wv 

80 

0 b time 

80 

Figure A76. 

Option F6 
3 44nWm 
6 (a) 64 kbit 
7 About 20. 

    

Option 

Option G1 
1 @) 50ps. 
2 314 x10°ms. 

: 53.99°, deviation = 23.99 
blue: 54.63, deviation = 24.63. 

10 (@) 0.30 W m™?; (b) 640 W m 
11 (b)1.27 % 107 rad; (c) 650 m. 

Electromagnetic waves 

   

  

Option G2 
6 6.0 cm. 

8 (@) v=20 cm; I = —2 cm; (b) image is at 
infinity; () v=—10 cm; K = 4 cm. 

9 v=8.0 cm, real, inverted, image height 
7.5 cm. 

10 v= 24 cm, virtual, upright, image height 
16 em. 

12 (b) 10.1 cm + 0.3 cm. 

14 (a) v=60 cm, real, inverted, 3 times larger. 
15 (a) 430 cm and 70 cm. (b) The distance 

430 cm results in the larger image. 
16 3.75 cm from right lens. 
17 (a) 2 cm to the left of L; (b) —1.2; 

(c) inverted. 

18 (@) 18.4 cm to the left of L; (b) 0.55; 
(©) upright. 

19 2.8 x 10 times more. 

20 (a) 7.14 cm; (b) 10 cm; (c) 0.160 rad. 

22 0.02 mm. - 

  

   

23 125, 
24 (b) 18,5 cm. 
25 () 4; (b) 0.104 rad. 
26 () 22.3; (b) 70 cm. 
27 22m. 

Option G3 
10=3 
2033m. 
3 85mm, 
8 (a) 3.86 mm in air; (b) 2.91 mm in water 
9 105m. 

10 (@ 13.4 km; (b) 714 km. 
1 d=292 
12 See Figure A77. 

   

        S S 0 0 2 S0 75 
Figure A77. 

0 

13 30 
15 (a) 4.14 x 107 m; 4.25 % 107 m; (b) 0.462". 
16 (a) 0.0 13.89°; 28.69°; 46.05°; 73.74°. 

() n= 

  

Option G4 
1(b)1.85x 10" m. 
2 ()10 x10°ms™; (<) 7.2 x 10" Hz. 
4 (@ 3.0 % 107" m; (b) 796 W. 
7 41%and 8.2° 
8 
9 

2.80 x 107 m. 
(@) 25.4% (b) 1.1 x 107 m. 

10 () () d—?, (i) #fi. 

Option G5 
2 0.123 pm. 
3 103.4 nm. 
5 The separation will increase. 
6 6 x 107 rad.  



Option H: Special and general 

relativity 

Option H1 
3 Aix=0 459 m; (0) x=2.65 m. 
6 Assuming the coil is at rest and the magnet 

moving gives exactly identical results. 
10 (a) Both open 9 s later; (b) the rear door will 

open first. 

  

Option H2 
1 (a) 11.5 min; (b) 11.5 min. 
2 () 1.6 107 5; (b) 45.6 m. 
3 (a) 503 yr; (b) 5.0 yr older. 
43.205. 
5@ 3ysb) 6yr 3y 
63203 m. 
7 (@) 8.0 years; (b) 6.0 years; (c) 72 years; 

(d) 48 years. 
8 (a) 0.359¢; (b) 28 m; () 30 m. 
9 Qs clock is slow. 

10 () 8.42 x 10° 5; (b) 3.67 x 10 5. 
11 (@) 0.385¢: (b) ~0.385¢. 
12 (a) 0.946¢: (b) ~0.946¢. 
13 0915¢ 
14 0.172¢. 

Option H3 
19394 MeV. 

0.995¢. 
0.738c. 
(@) 1.31 MeV; (b) 0921c. 
1600 MeV. 
13.9GV. 
It increase: 
(@) 7.02 % 107s; (b) 2.19 x 10°*s 
28%10° ms™ 
(@ 2h; () 6hi () 6 h. 
3h 

2 
3 
4 
5 
6 
7 
8 
9 

10 
n 

n H4 

1 (a) 0511 MeV; (b) (i) 1.88 x 10 ms™'; 
(i) 0.99999987c. 
0.9959¢. 2 

3 4595 MeVc . 
4 
5 

  

117 MeV. 
366 x 107" kgms™'. 

Answers to questions 815 
e 

6 124.9 MeV., 
7178107 kg, 
8 (a) 0.999 999 999 987 ; 

(b) 0.999956¢. 
9 0.979. 

10 2412 V. 
11 5711 MeV. 
12 (a) 0.079 MeV; (b) 0.66 MeV; (c) 3.11 MeV. 
13 (a) 5.0 GeV; (b) 0.987c. 
14 (b) 835; (c) 1.37; (d) 1 
15 () 0.628¢; (b) 558.5 MeV. 
16 (c) 2.5 MeV. 
17 () 4.2 %107 m, 
18 0.122 MeV; 0.59¢. 
199 
20 10 kg, 
21 (a) p=ymv; (b) E = ymc. 

    

Option H5 
2 In the direction of acceleration. 

Bends toward the right. 
@) Yes; (b) yes. 
3.27 Hz. 
233 % 10" Hz. 
(@) 500 nm; (b) 1.25's; (c) 1.25 ms. 
“The acceleration there is larger and so by the 
equivalence principle it finds itself in a larger 
gravitational field. 

120510 kgm™. 
12 2.96 x 10 m. 

1 T 
21 Adistance of r = { R, from the centre. 

24 (b) 7.4 x 10" m; (d) 133 x 107°s; 
(e) 2.3 x 10" Hz. 

26M 167G M’ 

S
e
m
u
n
w
 

  25 () =5 () =75 (d) entropy. 
26 (a) Ray twrns around and falls into the black 

hole. 
(b) Ray bends towards the observer. 

Option I: Biomedical physics 

Option I1 
1314 %10 W, 
2 7977 dB. 
3 74 dB.
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4316 | (ii) See Figure A79. 
5 10. | 
6 3.16 x 105 W2, 
7 1.58 x 1070 W2, 

Option 12 
1 (@) 4 mm and 6 mm; (b) the one with 

HVT = 6 mm has the larger energy. 
(@ 0.139 mm'; (b) 11.5 mm. 7 See Figure ASO. 
12.6 mm. 
0794, v 
1.40. 
@ 112 kW m?; 
(b) 0.396 kw m~. 

7 5350 cm’. | 
8 031 mm. 

  

Figure A79. 

  

   

c
w
a
w
w
 

  

Figure AS0. 
Option 13 

1140). 
2 467 | 
3 (a) 10 Gy of alpha particles; (b) they do the 

same damage. 

8 (a) Q = 0; (b) violates momentum 
conservation; (c) see Figure AB1. 

4 166. 

5 (a) 0.4 mGy; (b) 0.3 m); v 
(©) 3.75 x 10" | 

6 15 mSv (assuming a constant activity in the — 
30 min interval — justified since 30 min is @ v 
short compared with the half-life). Figure A1 

7 2.8 mSv. 

8 (a) 1.07 x 10°* Wm% (b) 2.4 x 107" J; 9 (@d—ute +i; 
(©) 2,47 uGy; (d) 247 uSv. (b) see Figure AB2. 

Option J: Particle physics w< 

Option J1 1K > 

6 (b) (i) See Figure A78. Figure A82. 

10 @) u—d+e +ve; b)WY 
(€) positron and electron neutrino. 

11 (a) See Figure AB3, 

     Figure A78. . Figure AS3,  



(b) See Figure AB4. 

12 W = u+d(— hadrons); 
W= o> e 0 W i+ 

13 (a) See Figure A87. 

      

  

Answers to questions 817 
e — 

(b) See Figure ABS. 

  

" ' 
Figure ASS. 

(c) See Figure AB9. 

  

Figure AS9. 

14 Foreample Z > e +e'; 
ZowpthZo Tt 

21 (c) The order of magnitude is 100 MeV ¢, 

Option J2 
1 (b) Total of 350 GeV. 
3 () 2.5 x 1077 m; (b) i) yes, (i) no. 
4 Protons, because they have a de Broglie 

wavelength comparable to the nuclear 
diameter. 

12 417. 
13 (@) 1.8 x 107 Hz; (b) 2.75 MeV; () 79. 
16 108 k. 
17 (@ 4.5m; (b) 7.5 x 1075;(c) 1.3 x 10° Hz; 

(A 27 x 10°. 
18 (b)34T. 
2213 %10 m. 
23 1233 MeV. 
25 67.5 MeV. 
26 1045 MeV.
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Option )3 
1 @) n=udd, Q 

   ©p 
3 s, 
51 
6 (a) Violated; (b) conserved; (c) conserved; 

(d) violated. 
7 None. 
9 (@ Q 

10 @ Q=1,5=0. 
11 (a) Conserved; (b) conserved; (c) violated; 

(d) violated. 
12 No. 
14 (a) Q=0, S=-1. 
15 (2) 5.28 x 107 ) 5. 
16 (@ 0or1 
21 (a) W (b) same colour. 
22 Colour changes to green; flavour stays the 

same. 
23 X=5, Y=di, Z=ud W= 
24 (a) See Figure A90. 

  

ad, Q= 

  

  

   

  

    

photons. 

Figure A90. 

(©1.8x 107 m. 
26 (a) m =312 MeVc?, my =314 MeV ¢7; 

(b) 626 MeV ¢, 
27 (a) v ; ) vy 0) 3 () 043 (@) B and v,. 
28 (a) No; (bl no; (c) yes; (d) yes. 

29 See Figure A91. 

  

  

30 (a) Electron lepton number. 

(b) Flectron and muon lepton number. 
() Electric charge. (d) Baryon number. 
(e) Energy and muon lepton number. 
(@) Baryon number and electric charge. 

Option J4 
4 (a) See Figure A92. 

  

Figure A92. 

(b) There are separate diagrams for each quark 
colour, and so the total amplitude is 3A. 

Option J5 
1 (@) The order of magnitude s 10 eV. 

(b) The temperature at which the average 
energy is about 10 eV is 8 x 10° K, and so 
collisions are unlikely to force electrons to 
make transitions within atoms. The 
collisions are therefore elastic 

2 (@8 x 10K, 
3 (h)9.7 x 107 m. 
4 (2)3.9 x 10%eV; (b) 13 x 10% eV, 

i.e. comparable. 
6 (a) See Figure A93. 

    

Figure A93. 

(b) 107 K. 
9 (a) 540 GeV; (b) 4 x 10" K.  



  
    

    

    

  

Glossary of selected terms, 
definitions and laws 

For examination purposes note that, i you use a formula in place 
of a word defintion, the symbols in the formula must all be 
explained. 

Measurement g 
Accuracy Measurements have accuracy if the systematic 

error is small. 
Frame of reference A set of rulers and synchronized 

locks (at rest with respect to one another) that are used 
by observers who are at rest in the frame o describe the 
‘motion of an object. 

Fundamental units The kilogram, metre, second, kelvin, 
‘mole, ampere and candela. All other units are 
combinations of these and are called derived unifs. 

Precision Measurements have precision if the random 
erroris small. 

Random error An error due to inexperience of the 
observer and the difficulty of reading instruments. It 
‘can be reduced by repeated measurements. 

Scalar A physical quantity with magnitude only (e.g. mass). 
Systematic error An error due to incorrectly calibrated 

instruments - it is the same for all data poiats and 
‘cannot be reduced by repeated measurements. 

Vector A physical quantity with magnitude and direction 
(e force). 

Mechanics 
Acceleration The rate of change with time of the velocity 

vector. It s a vector. Its magnitude is given by the 
‘gradient of a graph of velocity versus time. 

Centrifugal force There is no such thing, Students 
exroneously include such a force to point away from the 
centre of a circular path. But the body is not in 
equilibrium and o 1o such force is needed. 

  

Centripetal acceleration The acceleration due to.a 
changing velocity direction. It points toward the centre 
tiha et s e 

Centripetal force The name of any force or resultant of 
individual forces that points toward the centre of a 
circular path. 

Displacement The distance in a given direction from a 
fixed origin. It s a vector. 

Efficiency The ratio of useful output work (or power) to 
input work (or power). 

Energy conservation Energy cannot be destroyed or 
ereated. It can be transformed from one form into 
another. The mechanical energy of a system (kinetic plus 
gravitational potential plus elastic potential energy) 
stays the same in the absence of dissipative (frictional) 
forces. 

‘Fquipotential surface The set of points that have the 
same gravitational potential. 

Escape speed The minimum speed an object must have 
(at the surface of a planet) so that it can move an 
+ 2GM infinite distance away, v = /= 

Gravitational field strength ‘The gravitational force 
experienced by a point test particle of unit mass. The 
field strength due to a spherical or point mass M is 

  

  

Gravitational potential The work done in bringing 2 
point test particle of unit mass from infinity to a point 
in a gravitational field. In the gravitational field of a 

spherical or point mass M, the potential is 

  

Itis a scalar. 
Gravitational potential energy difference In mechanics, 

the work that must be done in order to raise a mass m 
by a vertical distance A%. It is given by AF; = mgah. 

Gravitational potential energy of two point masses The 
work done in moving two point masses M and m, which 
are initially infinitely far apart, untl they are separated 

GMm. 
  bya distance r; it is given by E X 

Hooke's law The tension in a spring is proportional to its 
extension and opposite oit: F = —kx, 

Impulse The total change in the momentum of a system as 
A result of a force acting oh . Its magnitude s given by 
the area under a force versus Hime graphi. It is a vector. 

Law of gravitation There i an attractive force between 
any two point masses, given by F 
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  their separation. I s directed along the line joining the 

Momentum conservation If the net external force on 2 
system is zero, the total momentum of the system stays 
the same. 

Newton's first law If the net external force on a system is 
7ero, the system remains at rest or moves with constant 
velocity. 

Newton's second law The net force on a body equals the 
9 i @ 

calculus. When the mass is constant this reduces to 
Foe = ma. (For time intervals that are not 

rate of change of the body’s momentum, F 
  

S ap infinitesimally small Frqy = 2 s the average net force 
on the body during the time interval &t) 

Newton's third law If body A exerts a force on body B, 
then body B will exert an equal and opposite force on 
body A. 

Orbit The path of an object when under the influence of 
just the force of gravitation. 

‘/W 
T 

Power The rate at which work is being performed, 
P =S by eisasatar ar 

  Orbital speed The speed of a body in orbit, ¥   

Translational equilibrium The state of a system where 
the net external force s zero. 

Velocity The rate of change with time of the displacement 
vector. It is a vector. It is the gradient of a graph of 
displacement versus time. 

‘Weight The force of gravitation on a body. In this book, 
weight will refer to the gravitational force on a small 
body due to a large body such as a planet or a star. 

‘Work The product of the force times the distance moved 
by its point of application in the direction of the force. 
Itis given by the area under the graph of force versus 
distance. Itis a scalar. 

‘Work done in a gravitational field The work done in 
moving a mass m from one point to another in a 
gravitational field is W = mAV. It is independent of the 
path followed. 

  

‘Work-Kinetic energy relation The net work done on a 
body (ic. the work of the net force or the sum of the 
work done by individual forces) equals the change in 
Kinetic energy of the body: that is, Wae, = AB, 

Thermal physics 
Adiabatic A thermodynamic process in which no thermal 

encrgy i exchanged. 
Avogadro constant The number of molecules in one mole 
of a substance. It equals Ny = 6.02 X 107, 

Boyle-Mariotte law At constant temperature, a fixed 
quantity of an ideal gas obeys pV’ = constant or 
equivalently pi Vi = po V. 

Entropy Ameasure of the disorder of a thermodynamic 
system. It s proportional to the natural logarithm of the 
‘umber of microscopic ways a given macroscopic state 

of the system can be realized: § - KinN. 
First law of thermodynamics The thermal energy Q. 

supplied to a system equals the change in internal 
energy, AU, plus any work done, W. That i, 
Q=aU+W. 

Heat capacity (thermal capacity) The energy needed fora 
body to undergo a unit increase in temperature. 

Ideal gas A gas with no intermolecular forces that obeys 
the ideal gas law, PV = nRT (temperature in kelvin), at 
all temperatures, pressures and volumes. 

  

Internal energy The total kinetic and potential energy 
of the molecules of a substance. By potential energy we 
understand the energy due to intermolecular 
forces. 

Irreversible process A process in which the entropy 
increases. Natural processes are irreversible. 

Isothermal A thermodynamic process in which the 
temperature stays the same. 

Pressure The force normal to an area per unit area. 
Pressure-temperature law At constant volume, a fixed 

  uantity ot n dea s dbs £ = consan o 
& 
T Reversbie process An sl procss n whic he 

tropy sy he e 
ey B = 2 ipesturea ot 

Second law of thermodynamics The entropy of an 
isolated system (a system on which no work is being 
done from the outside) never decreases. 

Specific heat capacity The energy needed for a unit mass 
to undergo a unit increase in temperature. 

Specific latent heat of fusionjvaporization The energy 
required to meltjvaporize a unit mass at constant 
temperature. 

  

Temperature A measure of the average 
the molecules of a substance. 

tic energy of 

bk A ok e 
o s g s .t 
ottt = % empesare i, 

‘Work The work done by an ideal gas equals the area 
‘under the graph of pressure versus volume. For constant 

| pressure it equals I¥ = PAV. The net work done in a 
cyclic process is the area of the loop in a pressure versus 
volume graph.      



Waves 
Amplitude The maximum displacement of  wave. The 

square of the amplitude is proportional to the energy 
carried by the wave (per unit lengthjarea of the 
wavefont, for waves in twolthree dimensions). 

Brewster angle (polarization angle) The angle of 
incidence for which the reflected light is 100% plane- 
polarized parallel o the reflecting surface. 

Brewsers e The Boevses age by hen by o = 
2 when light from a medium with refrctive index 

| 
ny is incident on a medium with refractive index 1 

Coherent Two sources of identical waves are said to be 
coherent if there s a constant phase difference between 
them. Two sources must be coherent for interference fo. 
be observed. (Coherence implies that the frequencies of 
the sources are the same.) 

Critical damping Damping in a system such that, when 
displaced from equilibrium, the system returns to 
equilibrium in as short a time as possible without 
performing oscillations. 

Damped oscillations Oscillations under the action of a 
resistive force. 

Diffraction A phenomenon shown by all waves. It is the 
spreading of a wave as it passes through an aperture or 
past an obstacle. It is substantial only when the size of 
the aperture or abstacle is comparable to the 
wavelength. The minima of singleslt diffraction occur 
at angles 0 given by bsing = nA, where b is the aperture 
size. 

Doppler effect The frequency received by an observer is 
different from that emitted if there is relative motion 
between the receiver and the source of the waves. 

Electromagnetic waves Transverse waves that travel with 
the speed of light and can propagate in a vacuum. They 
range from shortwavelength gamma rays to long- 
wavelength radio waves. The wavelengths of the visible 
spectrum range from blue light at about 400nm to red 
light at 750nm, 

Forced oscillations Oscillations of a system under the 
action of an external (periodic) force. 

Frequency The number of full waves emitted per unit 
time. 

Huygens' principle Every point on a wavefront acts as a 
source of secondary spherical wavefronts called 
wavelets. The next wavefront is tangent to all the 
Secondary wavelets. It explains reflection and refraction 
and (partly) diffraction. 

Interference When two similar coherent waves meet, the 
resulting wave will have a large (maximum) amplitude if 
the waves meet crest 10 crest constructiv interference) or 
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zero (minimum) amplitude if the waves meet crest to 
trough (destructive interference). 

Longitudinal wave A wave in which the displacement is 
‘parallel o the direction of energy transfer of the wave. 
Sound is a longitudinal wave. 

Malus's law For polarized light incident on a polarizer. 
the transmitted intensity is | = Jycos® 0 where o is the 
incident intensity and 0 is the angle between the 
polarizer axis and the dircction of the incident electric 
e e g o ety 

    

intensityis 2 2 
Optical anmky ‘The property of a substance in which the 

plane of polarization of an electromagnetic wave rotates 
as the wave propagates in the substance. 

Overdamping Damping in a system that experiences a 
large resistive force, so that the system returns to its 
equilibrium position in a long time without performing 
oscillations. 

Path difference The difference in distance from each 
of two sources to the observer. If the path difference is 

a whole number of wavelengths, . then constructive 
interference takes place. Ifthe path difference is an 
odd number of halfwavelengths, (1-+ 4, interference 
is destructive. 

  

Period The time to create a full wave. 

Polarization A property of transverse waves where the 
displacement of the wave stays along the same plane. 

Ray Aline at right angles to a wavefront, indicating the 
direction of energy transfer of a wave. 

Rayleigh criterion Two distinet sources are said t© be fust 
resoved if the first minimun of the diffraction pattern 
of one source coincides with the central maximum of 
the diffraction pattern of the second source. 

Refractive index (index of refraction) The ratio of the 
speed of light in a vacuum to the speed of light in a 
given medium. 

Resolution The ability of an instrument to see two 
distinct sources as distinct. 

Resonance A system that has a natural oscllation 
frequency fo s said to be in resonance when the 
external periodic force acting on the system also has 
frequency equal to fo. This results in largeamplitude 
oscillations. 

Simpie harmonic motion (SHM) The oscillatory 
motion of a system in which (1) there is a fixed 
equilibrium position and (2) the acceleration of the 
system s proportional to and opposite to the 
displacement away from the fixed equilibrium 
position:a = —ax. The period is T = 2 and s 
independent of the amplitude.
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Snell's law The angles of incidence and refraction are 
related to the wave speeds in the two media through 
singy inéy 2 0% where the angles are defined to be G 
those between the rays and the normal o the surface 
(or equivalently between the wavefronts and the 
surface).For light, this can be written n; sind; = 1 sinés 
where the refractive indices of the two media are 
m. 

  

Standing wave A wave formed by the superposition of two 
identical travelling waves moving in opposite directions. 
Astanding wave does not transfer energy. 

Superposition When two waves meet, the resulting 
displacement is the sum of the individual 
displacements. 

Transverse wave A wave in which the displacement is 
‘normal to the direction of energy transfer of the wave. 
Electromagnetic waves are transverse waves. 

Travelling wave A wave that transfers energy. 
Underdamping Damping in a system that experiences a 

small resistive force, so that the system oscillates with 
decreasing amplitude. 

‘Wave speed The speed at which energy is transferred by 
the wave, v = /3. 

  

‘Wavefront. A surfuce at right angles to the direction of 
energy transfer of the wave consisting of points in 
phase. 

‘Wavelength The length of a full wave (the distance 
between consecutive crests]. It is the distance travelled 
in one period. 

Electricity and magnetism 
Coulomb's Law There s an clectric force berween two 

a0, point charges given by F = k™;-%, where ris their   

  

separation. The law also holds for two spherical charges, 
far apart, in which case r s the centre-to-centre 
separation. The force is attractive for unlike charges and 
repulsive for like charges. 

Current The amount of charge per unit time that passes 
through the crosssectional area of a conductor. 

Electric field The electric force per unit charge 
experienced by a positive test charge. It is a vector. A 
point or spherical charge @ produces an electric field of 

191 e eectric fied i zeo nsidea 

  

‘magnitude £ 
conductor. 

Flectric potential The work per unit charge performed in 
bringing a positive test charge from infinity to a given 
point in an electric field. It s a scalar. A point or 
spherical charge  produces an electric potential 

a   ¥ = k- The electric potential is constant inside a 
conductor and equals its value at the surface. 

Electric power The rate at which electrical energy is 
dissipated in a conductor, given by P = V1 = RI* 

Flectron volt The work done in moving a charge of ¢ = 
16X 10 C through a potential difference of 1 volt. It 
equals 1V =16 10", 

Emf The work per unit charge done in moving a positive 
test charge across the terminals of a battery. When the 
battery sends out a current I into a circuit, the quantity 
£1is the total power dissipated in the circuit where & is 
the emf. 

Equipotential surface A surface where the potential is 
constant. 

Faraday's law The induced emf s in a loop is the rate of 
change with time of the magnetic flux linkage through 

a0 
A 

Lenzs law The direction of the induced current is such 
as o oppose the change that created it 

the loop:& = N 

Magnetic field strength The magnetic feld is a field that 
exerts a force on moving charges. The magnetic field 
strength Bis a vector.Its magnitude s given by the force 
on a unit charge moving at right angles t0 the field with 
unit velocity. The direction of B s at right angles to the 
force it exerts. The derived SI unit of magnetic field 
strength is the tesla: 1T = 1NC™ (ms ™). 
Magnetic fields are produced by currents and magnets. 
‘The magnetic field strength due to a long straight wire 

NI I 
is B = o and inside a solenoid B = o~ 2ar 

Magnetic flux linkage The product of the magnetic field 
strength, the area of a loop. the number of turns of wire 
in the loop and the cosine of the angle between the area 
normal and B; that is, & = NBA cos6. It is a scalar. 

Magnetic force A moving charged particle or a current in 
a magnetic field will experience a force F = qvB sind or 
F = BIL sin6. The force is always at right angles to the 
velocity or the current. 

  

Ohms law The current in a conductor at constant 
temperature is proportional to the voltage across it. 

Path in an electric field The path of a charged particle in 
a uniform electric ield s (1)a parabola or (2) a straight 
line if the particle moves along a straight feld line. 

Path in a magnetic field The path of a charged particle in 
a uniform magnetic field is (1) a circle if the particle 
‘moves at right angles to the field or (2) a helix or (3) a 
straight line if the particle moves along a straight field 

m 
98" 

Potential difference (between two points) The work done 
in moving a unit charge from one point to the other: 

  line. The radivus of the circular path is R 
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Resistance The ratio of voltage across a conductor 10 the. 
v current through it R = ¥ 

Rms current The squate root of the average of the squre 
of the current. For sinusoidally varying currents it 
equals the peak current divided by +2. 

Rms voltage The square root ofthe average ofthe square 
of the voltage. For sinusoidally varying voltages it equals 
the pesk voltage divided by +Z. 

Atomic and nuclear physics 
Actvity The number of decays per second of 3 

radioactive sample. The aciviy aftr time tis 
A== 2o (1) ity v 
becquere (1 B = 1 decay per second). The activity is 
A = AN, where N is the number of radioactive nuclei in 
the sample. 

Alpha particle A helium-4 nucleus emitted in the 
radioactive decay of certain nuclei (alpha decay). 

Atomic number The number of protons in a nucleus. 
(This s also known as proton number,) 

Atomicjnuclear transitions When an electron makes a 
transition to a lower atomic state, a photon is emitted 
‘whose energy cquals the difference in energy of the 
levels involved, hf = AE . The same is true when a 
nucleus makes a nuclear transition between nuclear 
energy levels. The photon in that case is a gamma ray 
‘photon. 

  

Beta particle An electron or positron emitted in the 
radioactive decay of certain nuclei (beta decay). 

Binding energy The minimum energy required to 
separate a nucleus into free, unbound nucleons, 

  

Critical frequency (threshold frequency) The lowest 
frequency of incident electromagnetic radiation that 
results in electrons being emitted from a metal. It is a 
property of the metal. 

De Broglie wavelength To any particle of momentum 
h_h here corresponds a wavelength 3 = - = my esp g == 

Particles can show wavelike behaviour such as difffaction 
and interference when directed at a crystal. There s 3 
probabilty wave whose amplitude at a specific place gives 
the probability of finding the particle there. 

  

Decay constant The probability of decay per unit time of a 
given nucleus, It i related to halflife through 
ATz =2, 

  

Gamma ray A shortavavelength photon emitted in the 
radioactive decay of certain nuclei (gamma decay). 

Halflife The time after which the activity of a radioactive 
sample decreases by a factor of two. 

  

Isotopes Nuclei with the same atomic number but 
different mass number (due to a different number of 
neutrons). 

Mass defect The difference between the mass of a 
| nucleus and the sum of the masses of its component 

nucleons. 
Mass number The number of nucleons in a nucleus. 
Neutrino A low-mass, neutral, very weakly interacting 

| particle. Postulated by W. Pauli to explain why the 
energy of electrons in beta decay is not discrete. With 
only two particles produced, momentum conservation 
demands that the two move oppositely and so cach has 
a fixed share of the available kinetic energy. With three 
particles, there is a range of energies for the electron, as 
is observed in experiments, 

Nuclear fission The splitting of a large nucleus (heavier 
than nickel) into two smaller ones plus neutrons, 
radiation and energy. 

Nuclear fusion The joining of two light nuclei lighter 
than nickel) into a larger nucleus plus radiation and 
energy. 

  

Nucleon A proton or a neutron making up a nucleus, 
Photoelectric effect The emission of electrons from a 

‘metallic surface when electromagnetic radiation is 
incident on the surface. The maximum emitted electron 
energy is Fy = if — ¢, where ¢ is the work function of 
the surface. The intensity of the radiation does not 
affect the electron kinetic energy, only the number of 
electrons emitted per second. 

  

  

Photon A zerorestmass neutral particle, the quantum of 
electromagnetic radiation. The energy of a photon is 

wp Lt 
T 

Radioactive decay law The rate of decay is proportional to 
the number of radioactive nucel present, 4N e N, 

o dt 

(5) " 
Rutherford (Geiger-Marsden) experiment An experiment 

in which alpha particles were directed at a thin foil of 
gold. Most went through only slightly deflected but a 
few were turned back, indicating the existence of a tiny, 
‘massive, positive charge inside the atom: the atomic 
nucleus. 

E =hf and its momentum   

     leading to N = Noe™ 

Rutherford model An early atomic model in which 
electrons orbit the nucleus like planets around the sun 

Schrodinger theory The modern quantum theory of 
atoms and molecules. It applies o many-electron atoms 
and assigns a wavefunction to an electron. The square of 
the absolute value of the wavefunction is a probability 
density function: that gives the probability of finding the 
electron at each point in space. Unlike the Bohr theory. 
it predicts the relative intensities of spectral lines and is  
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consistent with Heisenberg’s uncertainty principle. Like 
Bohir's theory it predicts energy levels for the electrons. 

Strong nuclear force The attractive force between 
nucleons in a nucleus that keeps them together and 
overcomes the electrical force of repulsion between the 
protons. The force has very short range. 

Uncertainty principle A fundamental principle of physics 
that states that it is impossible to measure 
simultaneously the momentum and the position of a 
el e pebe it s 

i e o Tt e 
uncertain is the other. Also applies to measurements of 
oy o A 
ks e Te o i i 

the nucleus that is responsible for beta decay. 
‘Work function The minimum energy required to eject an 

electron from a metal. 

Environmental physics 
Albedo The raio of the intensity of radiation scattered 

and reflccted from an object t theintensity of ncident 
radiation, 
ko A byt sy s 1. 
Conticn e xpaon. Tt s 

St e e i ¢ <AL A7 
Energy degradation The fact that energy, while 

conserved, becomes less useful for the purpose of 
performing mechanical work. 

Energy density The amount of energy that can be 
obtained from a unit mass of a fuel, 

Enhanced greenhouse effect Additional warming 
of the earth caused by increased quanites of 
greenhouse gases, The increase in the greenhouse 
gas concentrations is mainly due to human 
activity. 

Feedback mechanism A cause creates an effect that in 
turn affects the cause, which in turn affects the effect 
etc. An example ofposiive feedback i the melting of 
glaciers and polar ice due to increases in global 
temperatre. This reduces the albedo of the Earth, o 
lesssolar energy s reflected, . more energy is 
absorbed, leading to further increases in temperature, 
‘more ice melting etc. 

     

Greenhouse effect The warming of the earth caused by 
certain gases (greenhouse gases)in the earth's atmosphere. 
‘The earth's surface radiates back some of the energy 
incident on it, and part of this energy is absorbed by the 
greenhouse gases, which then re-radiate this energy 
back to the carth's surface. 

Intensity of radiation The power received per unit area of 
the detector. It is measured in W m . 

Moderator The part of a nuclear reactor where neutrons 
are slowed down through collisions with atoms of the 
moderator material (such as graphite or water). 

Stefan-Boltzmann law The power radiated by a body of 
surface area A and surface temperature T is given by 
P = cAT". The constant o is the Stefan-Boltzmann 
constant. The emissivity ¢ depends on the nature of the 
surface. The case ¢ = 1 corresponds to black bodies. 

Surface heat capacity The amount of thermal energy 
required for a unit surface area to undergo a unit 
increase in temperature. 

Digital technology 
Analogue signal A continuous signal varying between two 

extreme values that is proportional to the physical 
mechanism that created i. 

Capacitance The amount of charge that can be stored on a 
body per unit electric potential, 

Charged coupled device (CCD) A device where incident 
light from an object causes the build-up of electric 
charge in individual pixels producing an image of the 
abject. The amount of charge is proportional to the 
intensity of the light. 

Digital signal A coded signal that can have one of two 
values (0 or 1), 

Magnification For a CCD, the ratio of image to object 
length. 

Quantum efficiency The ratio of the number of electrons 
emitted to the number of incident photons on a pixel. 

Option A Sight and wave phenomena 
Seealso under Waves. 
Accommodation The ability of the eye 1o change its focal 

length. 
Colour addition The process by which primary colours in 

different proportions are mixed to produce other 
colours. 

Colour subtraction Light passing through a filter will 
have a colour component removed (subtracted). For 
example, white light passing through a yellow flter will 
have blue light subtracted, so that the transmiltted light 
is @ mixture of red and green (.. yellow). 

Cone cells Cells on the retina that are sensitive t0 light of 
different wavelengths and are responsible for colour 

Depth of vision The range of distances within which an 
bject can be scen acceptably clearly.  
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Photopic vision Vision in which the main detectors of the 
incident light are cone cells. 

Primary colours Three colours which, when added in 
various proportions, can produce (almost) all possible 
colours. They are usually taken to be red, green and blue 
‘but other choices for primaries are possible. 

Rod cells Cells on the retina sensitive to light, especially 
of low intensity. 

Scotopic vision Vision in which the main detectors of the 
incident light are rod cells. 

Option B Quantum and nuclear physics 
ee material under Abomicand naclar physics. 

Option C Digital technology 
Sec under Digital technology and Opton . 

Option D Relativity and particle physics 
SeeOptions H and |. 

Option E Astrophysics 
Absolute magnitude The apparent magnitude a star 

would have i observed from  distance of 10 pe. 
Apparent brightness The received energy per second per 

unit area of detector. It equals b = 7. Its units are b 
nd? 

  W   

Apparent magnitude A measure of brightness of a star as 
seen from earth in a relative system of classification. 
‘The higher the numerical value of apparent magnitude, 
the dimmer the star. An increase in apparent magnitude 
by 1 unit implies a decrease in apparent brightness by a 
factor of ¥/100 = 2.51 

Big Bang model The theory according to which space, 
time, matter and energy were all created at a singular 
‘point some 13 to 14 billion years ago. 

Binary star system Two stars orbiting a common centre. 
Cepheid variable A star whose luminosity changes 

‘periodically due to contractions and expansions of its 
surface, There i a definite relationship between the 
period of variation of the luminosity and the peak 
Iuminosity. Thus, knowledge of the period gives the 
peak luminosity L which, together with the known peak 
apparent brightness b, gives the distance d through 

L b= 
Chandrasekhar limit The largest mass a white dwarf can 

have. It is about 1.4 solar masses. 

  

Cosmic microwave background radiation (CMB) The CMB 
is electromagnetic radiation in the.microwave region 

  

that fills the universe. It has a blackbody spectrum 
corresponding o a temperature of about 27 K. It is the 
remnant of the high temperatures at the time of the Big 
Bang and provides onc of the strongest pieces of 
evidence in favour of the Big Bang model. 

Critical density In classical cosmology, the density . of 
the universe for which the expansion continues forever 
at a slowing rate and stops after an infinite amount of 
time. It separates a universe that will expand forever (an 
open universe, p < p,) from one that will recollapse (a 
closed universe, p > ). A universe with a density equal 
to the critical density is called flat 

Dark matter Matter that is too cold to radiate, and so 
‘cannot be seen. It has been invoked to solve the puzzle 
of the missing mass of the universe. As much as 90% of 
the mass of the universe may be in the form of dark 
matter. 

HR (Hertzsprung-Russell) diagram A plot of stars 
according to luminosity (vertical axis) versus 
temperature (horizontal axis, temperature increasing to 
the left), or absolute magnitude versus spectral class. 

Hubble constant The slope of a graph of galaxy speed 
versus distance. 

Hubble time The inverse of the Hubble constant, giving 
an estimate for the age of the universe. 

Hubble's law Distant galaxies are moving away from carth 
with a speed v that is proportional to their distance d 
from earth; that is, = Hd, where H is the Hubble 
constant. 

  

Luminosity The amount of energy radiated by a star per 
second, ie. the power radiated by the star. Luminosity 
depends on the surface temperature T and surface area 
Aof the star, and is given by L = AT *. The constant o 
is the Stefan-Boltzmann constant 
(@=567%107 Wm 2 K) 

  

  

  

Magnitude-distance relation The equation relating a 
star's apparent magnitude m to its absolute magnitude 
PR —— 

e e o 
Mass-luminosity relation The relation between the 

Iuminosity and the mass of a main sequence star, 
L o M", where s between 3 and 4. It can be used to 
explain why massive stars spend little time on the main 
sequence. 

Neutron star An end stage in the evolution of high-mass 
stars. A collapsed star composed almost entirely of 
neutrons whose degeneracy pressure balances the 
inward pressure due to gravity. It is very dense and 
often has a very strong magnetic field and rotates (see 
pulsars).
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Olbers’ paradox The night sky would be bright i there: 
were an infinite number of stars in an eternal universe. 
In fact (1) there is a finite number of stars and (2) they 
will not live forever, so the night sky is dark. 

Oppenheimer-Volkoff limit The largest mass a neutron 
star can have. It is about 2-3 solar masses. The 
uncertainty in this limit comes from the fact that the 
equation of state of the matter inside a neutron star is 
ot precisely known. 

Parallax method A method for measuring the distances to 
‘earby stars that relies on the fact that a star appears 
displaced relative to the background of distant stars 
when viewed from two different positions in space. 
Satellites i orbit outside the earth’s atmosphere can 
measure distances up to almost 1000 pe in this way. 

Planetary nebula The ejection of mass from an exploding 
red giant star. 

Pulsars Rotating neutron stars emitting radio waves 

Spectral class A classifcation of tars according to surface 
temperature and colour. The classes are OBAFGKM, with 
O being hot and blue, and M cool and red. Our sun is 
class G star (yellow-orange at 6000 K) 

Spectroscopic parallax A method for measuring the 
distance 1o a mainsequence tar It consists of 
determining the stars surface temperature (oF spectral 
class) from s spectrum using the Wien displacement 
law. Using this,its luminosity L (or absolute magnitude 
M) can be estimated from the HR diagra. Its apparent 
brightness b can be measured, allowing the 

L 
Fnd? 

Stellar evolution The evolution of a star from its birth 1o 
its life on the main sequence, then (o it lfe s a red 
giant or supergiant, and finally to its death. The way the 
star diesis determined by its mass. If the star s not oo 
‘massive (under 10 solar masses), a planetary nebula 
ejects most of the mass of the star and leaves behind 
dense, hot core (a whit dwarf) of maximum mass 1.4 
solar masses (the Chandrasckhar limit). Ifthe star is more 
‘massive, a supernova cjects most of the star's mass, 
leaving behind a nevtron star of maximum mass about 
3 solar masses (the Opperietmer-Volkoffimis. If the star 
s even more massive, it ends up as & black hole. 

  

determination of the distance d, through 

  

Supernova The ejection of mass from an exploding 
supergiant sta. 

‘White dwarf An end stage in the evolution of low-mass 
stars. It is a stable star in which the degeneracy 
pressure of electrons balances the inward pressure due 
o gravity. 

‘Wien displacement law The wavelength at which most of 
the energy from a star is emitted is related to surface 
temperature through AT = 2.90 X 10 K m, which 
implies that the higher the temperature, the lower the   

‘wavelength at which most of the energy is emitted. The 
peak wavelength determines the colour of the star; thus 
there s a connection between the colour and the 
surface temperature of the star. 

Option F Communications 
Amplitude modulation The process in which a carrier 

‘wave’s amplitude is changed according to the 
information signal (oflower frequency than the carricr. 

Analogue signal A continuous signal varying between two 
‘extreme values that is proportional to the physical 
‘mechanism that created it 

Analogue to digital converter (ADC) A device that 
‘converts an analogue signal to a digital signal 

Attenuation The process in which the power of a signal 
gets reduced during transmission through a medium. 

Bandwidth In communications, bandwidth is the 
difference between the highest and lowes frequencies 
carried by a signal or the range of frequencies 2 
particular transmission line can transmit. 

Binary number A number expressed in base 2, .. a 
Sequence of 0 and 1's. 

Bit rate In the transmission of a digital signal in which 
the bits are transmitted one after the other, bit rate is 
the number of bits that get transmitted per second. 

Channel An information pathway within a medium (such 
s a wire pair, coaxial cable, optic fibre or the 
atmosphere). 

Crossalk Interference between channels due to radiation 
emitted by one and picked up by the other. 

Demodulator The device in a receiver where the 
information carried by a modulated wave is extracted 
and the carrier rejected. 

Digital signal A coded signal that can have one of two 
values. 

Digital to analogue converter (DAC) A device that 
converts a digital signal to an analogue signal. 

Dispersion The phenomenon in which the speed of a 
wave depends on wavelength. 

Frequency modulation The process in which the carrier 
wave's (high frequency is changed according to the 
information signal (of lower frequency). 

Geosynchronous (Geostationary) satellte A satelite over 
the equator with a period equal to 24 hours. The orbit 
radius i about 42 000 kn. 

Monomode fibre A smalldiameter optic fibre in which 
light follows only one path, eliminating dispersion. 

Multimode fibre A largediameter optic fibre in which 
light follows many paths.  
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Multiplexing The process in which many users can use 
the same transmission medium. 

Nyquist's theorem The sampling frequency must be at 
least twice the (highest) frequency in the information 
signal being sampled to allow for reconstruction of the 
signal from the sampled values. 

Operational amplifier An integrated circuit that amplifies 
the difference between its input voltages. By feeding part 

of the output back to the input (in a feedback circui 
can be used to perform mathematical operations such as 
adding or comparing voltages. 

  

Polar satellite A satellite in low orbit (at a height of a few 
hundred kilometres) that passes over the poles of the 
earth. 

Power spectrum The graph of amplitudesquared versus 
frequency of a signal. 

Quantization error The difference between consecutive 
quantization levels of a sampled signal. When an 
analogue signal varies from a minimum value of m to a 
‘maximum value of M, and rvbit words are used to 

M-m digitize it, the quantity g is known as the     
quantization error of the digitization process. 

Quantization levels The discrete values an analogue 
signal can take when sampled. With nbit words used in 
the sampling, the number of quantization levels is 2°. 

Schmitt trigger A device that may used o regenerate 
corrupted digital signal 

Sidebands Additional frequencies generated when a 
carrier wave is modulated. 

[ 
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where Puign, Pisc are the powers of the signal and 
noise respectively. It is measured in decibels 

  Signal to noise ratio (SNR) The quantity 10l0g 

‘Time division multiplexing The process in which the 
available bandwidth of a transmission medium is shared 
by many users at different times. 

Option G Electromagnetic waves 
Angular magnification The ratio o the angle subtended 

at the eye by the image to the angle subtended at the eye 
by the objec 

Bragg scattering Scattering of Xrays by a crystal. The 
‘maxima in the intensity of the scattered Xrays appear at 
angles 0 obeying the Bragg equation 24 sind = n. where 

s the inter-atomic distance of the crystal atoms. 
Chromatic aberration A lens defect due to the fact that 

rays of different wavelength (colour) have slightly 
different focal points. 

  

persion The phenomenon in which the speed of a 
‘wave depends on the wavelength. - 

Far point The largest distance at which the eye can focus, 
comfortably. 

Focal length The distance of the focal point of a lens from 
the centre of the lens. 

Focal point (For converging lenses) the point on the 
‘principal axis through which a ray parallel to the 

principal axis passes through after refraction in the lens. 
Laser Monochromatic light produced in a laser tube that 

s exceptionally coherent. 
Minimum Xray wavelength The lowest wavelength 

he 
o 

  

emitted when Xrays are produced. It is given by 
where V is the accelerating voltage. 

Near point The shortest distance at which the eye can 
focus comfortably without straining. 

  

Population inversion The situation where there are more 
atoms in an excited state of an atom than in the ground 
state. 

Power of a lens The inverse of the focal length of a lens. It 
s measured in dioptres. 

Real image An image formed by refracted (or reflected) 
rays of light. 

Spherical aberration A lens defect due to the fact that, of 
incident rays parallel to the principal axis, only those 
cose to the principal axis refract through the focal point. 

Stimulated emission Emission of photons in an atomic 
transition that is induced as a result of photons incident 
on the atom. The incident photon energy is the same as 
the energy of the emitted photon. 

Twoslit interference (Young’s slits) The maxima are 

    

given by d sind = . The separation of two consecutive 
‘maxima on a screen a distance D away from the slits is 

D 
“d 

Virtual image An image formed by extensions of 
refracted/reflected rays of light. 

Xeray spectrum The variation with Xray wavelength of 
the intensity of Xrays produced when electrons strike 
target material. The spectrum consists of (1) the 
continuous part formed from rapidly decelerated 
electrons as they are brought to rest by collisions with 
target atoms and (2) the characteristic part consisting of 
peaks in intensity. 

Option H Relativity 
Bending of light Light bends' near  massive body. In 

reality, light follows a space-time geodesic, which has 
been curved by the massive body. 

Black hole A singularity of space-time. A point of infinite. 
density and curvature. A black hole creates severe. 
bending of the space-time around it.
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Eddington's experiment The observation of a change in 
the apparent position of a star in the sky when rays 
from the star passed close 1o the sun on their way to 
Earth. It provides evidence that the sun curves the space 
around it, changing the paths of the rays. There is some 
controversy about the accuracy of Eddington's results. 
(The experiment has since been repeated many times, 
always supporting general relativity) 

Equivalence principle It s impossible to distinguish 
between gravitational and inertial .. acceleration) 
effects. Acceleration can make gravity appear (e g when 
an elevator accelerates upward you feel heavier) as well 

as disappear (e, in free fall o in orbit you feel 
weightless). 

Event horizon An imaginary surface around a black hole 
‘on which the escape speed is equal to the speed of light, 
Nothing taking place within the event horizon can be 
communicated or transferred to the outside. 

Frame of reference A set of rulers and synchronized 
clocks at every point in space (and at rest with respect to 
each other) that are used by observers who are at rest in 
the frame to record the positions and times of events. 

1 Gamma factor (Lorentz factor) The quantity y 

  

Gamma is always bigger than 1, but becomes 
appreciably bigger than 1 only for speeds larger than 
0.5c. Given y, the speed can be found from 

  

General relativity According to Einstein’s theory of 
‘general relativity, mass and energy bend space-time. The 
‘geometry of space-time determines the motion of light 
‘and particles in the space-time. 

Geodesic The curve of least length between two points in 
a curved space-time. In a ‘flat (Euclidean) space it is a 
straight line. Light and bodies on which no forces act 
move on geodesics. 

Gravitational lensing Rays of light from a distant object 
‘passing near a very massive body will bend, creating 
‘multiple images of the object. 

Gravitational redshift The frequency of clectromagnetic 
radiation observed fr from a massive body s less than 

" ihe fequency messured near the body, %1 = 21 
Gravitational time dilation The time between two cvents 

neara black hole is shorter than the time between the 
same two events measured by an observer far from the 
black hole. 

    

Hafele-Keating experiment An experiment in which 
clocks taken on board a fastmoving plane differed 
from similar clocks let behind when they were 
returned and compared. This provides evidence for 
time dilation. .   

Inertial observer An observer who s not accelerating, 

  

Kinetic energy The quantity Ey = (y — Dimoc”. It is the 

total energy of a particle minus it rest energy. (it is 
approximately equal to i = mv? only for speeds that 
are small compared to.¢) 

  

Length contraction The length of an object that moves 
‘with respect to an observer is measured by that observer. 

£rOPereng®h oy the length in the 
v     

Michelson-Morley experiment An experiment designed 
to measure the speed of the earth relative to the ether. 
No such velocity was measured - and this led to the 
abandonment of the ether idea. 

Momentum-energy relation The relation 
E2 = e’ + P between total energy and momentum. 
It allows the definition of momentum for particles of 
2ero rest mass (lke the photon). 

  

Muon decay experiments According to Galilean relativity, 
muons created in the upper atmosphere (through 
cosmic ray calisions) should not arrive on the surface of 
the earth because their lfetime is short and they would 
have decayed. According t0 special elativity, however, 
observers on the earth measure a much longer lifetime, 
because the muons move fast with respeet to the earth. 
The fact that muons are detected on the earth's surface 
therefore provides evidence for time dilation. 

Newtonian limit At low speeds, results of relativity and 
those of Newtonian mechanics agree. 

Postulates of special relativity (1) The speed of light in a 
vacuum is the same for all inertial observers. (2) The 
1aws of physics are the same for all inertial observers. 

Pound-Rebka experiment An experiment in which 2 
photon, directed at the earth's surface from a certain 
height, was observed to have a higher frequency 
on the surface than at the point of emission. It 
verifies gravitational redshift (actually gravitational 
blueshify). 

Proper length The length of an object in its rest frame. It 
s the greatest length measured by any inertial observer. 

Proper time interval ‘The time interval between two 
events at the same point in space. It is the shortest time 
interval between the events measured by any inertial 
observer. 

  Rest energy The mi 
particle, E = myc”. 

imum energy needed t create a 

Rest frame The frame of reference in which a given object 
isatrest. 

Rest mass The mass of an object in its rest frame. 
Schwarzschild radius The radius at which a spherical, 

‘nonrotating star becomes a black hole. Nothing can  
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escape from the star if its distance from the centre is 
less than this radius. 

Simultaneity Two events taking place at diffrent points 
in space and at the same time, i . simultaneously. 
according to some observer, will not be simultaneous 
according to any other observer in relative motion with 
respect to the first observer. However, two events 
happening at the same point in space and which 
are simultancous according to some observer 
will be simultaneous for all other observers as 
well. 

Space-time The continuum of four dimensions (three of 
space and one of time) of the universe in which we live. 
In general relativity, the geometry of space-time is 
determined by the mass and energy in the space-time. In 
turn the geometry of space-ime determines the motion 

of objects in the spacetime. 
“Time difation The time interval between any two events is 

shortest in the frame of reference in which the two 
events occur at the same point in space. In any other 
frame, ime interval = y x proper time nterval. 

‘Total energy The rest energy plus all other forms of 
energy (e.g kinetic energy) that a body may have, 
E = ymoc?. 

Velocity addition If frame A has velocity u with respect to 
frame B and frame B a velocity v with respect to frame 

utv . then the velociy of A with respect to Cis {5 

  

Option | Medical physics 
Ascan A sequence of ultrasound pulses reflected from 

various organ boundaries along a straight line. The time 
betuween pulses can be used to determine the separation 
of the boundaries. 

Absorbed dose The amount of radiation energy absorbed 
per unit mass. The derived unit of absorbed dose is the 
ray (1Gy = 1] kg™ 

Attenuation coefficient The constant j appearing in 
" The inverse of  gives the distance at which 
il intensity is reduced to fo/.    

Bscan A twodimensional ultrasound image formed by the 
superposition of many A scans. 

Biological halfife The time needed for the activity in the 
body to be reduced to half by natural bodily functions 
that physically remove the isotope from the body. 

Computed tomography (CT) A method for obtaining an 
Xeray image by combining many images taken from 
different angles (using a computer, producing a two- 
dimensional image. 

Conduction deafness Loss of hearing due to damage o 
the middle ear that prevents the transmission of sound 
to the cochlea. 

  

  

Contrast medium A material (of high atomic number) 
that a patient swallows in order to obtain better 
contrast in the Xray image of soft tissue. 

Dose equivalent The product of absorbed dose times the 
quality factor for the radiation involved. It is measured 
in sieverts (1 5v = 1 kg ™). 

Effective halfiife The time needed for the activty in the 
body to be reduced to half taking into account both the 
decay of the isotope as well as its removal by natural 
bodily functions. 

Exposure The amount of electric charge per unit mass, 
produced in a body due to ionizing radiation. 

Frequency response The variation (with frequency) of the 
ear's esponse o sounds of a given intensity but 
different frequencies. Sounds of the same intensity but 
different frequenciesare not n general perceived to be 
equally loud. 

Frequency separation The process in which sound is 
analysed according to the different frequency 
components it contains. It takes place in the basilar 
‘membrane in the cochlea 

Half-value thickness (HVT) The distance that must be 
raversed for the inital intensity of radiation to be 
attenuated (reduced) to half. It is related to the 
attenuation coefficient 1 through xyz21c = n2. 

Impedance The product of the density of a material times 
the speed of sound in the material, Z = pv. 

Intensity Power received per unit area of detector, For a 

  

i s W A SR T 
Intensity level A measure of loudness, in B, given by 

I 1L = 1010g 5y where the intensityis expressed in 
  W 

MRI (magnetic resonance imaging) A scanning technique 
using the phenomenon of nuclear magnetic resonance 
to obtain images of superior quality. 

PET (positron emission tomography) Imaging that uses 
the photons emitted in electron-positron annihilation. 
The positrons are emitted from radioactive material that 
the patient i injected with. 

Quality factor A dimensionless factor that takes into 
‘account the fact that different radiations have different 
effects even when they deposit the same energy in a body. 

Radiopharmaceutical A radioactive compound that a 
patient i injected with, which accumulates in a selected 
organ so that the functions of the organ can be 
monitored. 

Sensory nerve deafness A hearing defect resulting from 
damaged nerve cells and neural pathways.
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intensity of sound and I = 10 (10”2 Wm™ is a 
reference intensity. 

Threshold of hearing The lowest intensity of sound that 
s just audible. It depends on frequency. 

Ultrasound Sound of frequency higher than about 20 kiz 
(the upper limit the human ear is sensitive to). 

Option | Particle physics 
Antiparticle Corresponding to each type of elementary 

particle there is an antiparticle with same mass but 
opposite charge and all other quantum numbers. 

Asymptotic freedom The strength of the strong 
interaction decreases as the energy exchanged increases. 
‘This makes quarks appear as free particles when they 
are probed with high energy. 

Available energy The energy required to produce new 
particles in a collision. 

Baryon number Baryons and their antiparticles are 
assigned a quantum number called baryon number. 
Baryons have baryon number +1 and antibaryons have 
baryon number —1. Baryon number is conserved in all 
interactions. 

Baryons Hadrons made out of three quarks. 
Boson A particle with a spin that is an integral multiple 

  

Bubble chamber A chamber in which the path of a 
charged particle is made visible through vapour bubbles 
forming along the path. 

Colour A quantum number assigned to quarks and 
‘gluons. There are three types of colour. Colour is 
conserved in all interactions. 

Confinement The property of quarks and gluons that 
forbids isolated quarks and gluons to be observed. It is 
equivalent to saying that all observed particles have no 
net colour. 

Conservation laws At the elementary particle level, 
energy, momentum, electric charge, baryon number, 
lepton number and colour are always conserved in all 
interactions. 

Cyelotron A circular accelerator in which charged 
particles follow spiral paths with increasing energy. The 
charged particles are accelerated by an alternating 
porential difference every half a revolution. 

  

  

Deep inelastic scattering The interaction of leptons with 
hadrons in which large amounts of energy and 
‘momentum are transferred to the hadron. The 
scattering is called ‘deep’ because the large energies 

involved allow the hadron to be probed at small 
distances It is inelastic because new hadrons are 
produced in the interaction. 

Eightfold way An arrangement of the hadrons into 
patterns that show eightfold symmetry. It led M. Gell- 
Mann to propose the quark model 

Electromagnetic interaction One of the fundamental 
interactions. It acts on all particles that have electric 
charge and is mediated by photons. 

Equipartition of energy The average kinetic energy of 
5 

particles at absolute temperature T s £y = 5T where 

  

ks Boltzmann’s constant. 
Exchange particles Interactions between particles can be 

‘understood at a microscopic level as the exchange of 
virtual particles between the particles that interact. 
Exchange particles are the ‘messengers’ of the 
interaction. They are bosons. 

  

Extra dimensions String theories are formulated in more 
dimensions than the usual three for space and one for 
time (usually 10 or 11). The extra dimensions are 
supposed to be curled up in tiny spaces and are 
unobservable. 

Fermion A particle with a spin that is a halFintegral 
a1 hatis (4 3) - 

Feynman diagram A pictorial representation of an 
interaction. Each diagram has an associated amplitude 
representing the probability fo the process 1o occur If 
an interaction is represented by more than one 
Feynman diagram the amplitude for the process is the 
sum of the individual amplitudes from each diagram. 
(This i just the principle of superposition.) 

  

o i multple of . 

Gluons The exchange particles of the colour (strong) 
interaction. There are eight of them. They carry one 
colour and one anticolour. 

Gravitation One of the fundamental interactions 
It acts on all particles that have mass and is mediated 
by gravitons. The lack of a quantum theory of 
sravitation has led to the development of string. 
theories. 

Hadrons Particles made out of quarks. There are two 
types. baryons and mesons. 

Heisenberg uncertainty principle A fundamental 
principle of physics that states that it is impossible to 
measure simultaneously the momentum and the 
position of a particle with infinite precision: that is, 
acop = 1 e et s e more 
precise the measurement of one variable becomes, the 
more uncertain is the other. It also applies to 

h 
an 
  measurements of energy and time, AF A > 

 



Glossary of selected terms, definitions and laws 831 
- e e 

Higes particle A crucial element of the standard model. 
Iis interactions with other particles give mass to the 
particles. The Higgs particle has not yet been discovered 
(as of August 2007) but rumours are circulating that 
evidence for it has been seen. 

Interaction vertex A Feynman diagram representing the 
fundamental interaction in a theory. 

Lepton number Leptons and their antiparticles are assigned 
a quantum number called lepton number. There are 
separate lepton numbers for each family. e. an electron, 
‘muon and tau lepton number. These are separately 
conserved in all interactions. Leptons have lepton number 
1 and antileptons have lepton number — 

  

Leptons Electrons, muons, taus, their respective neutrinos 
and their antiparticles. 

Linear accelerator (linac) An accelerator in which 
particles are accelerated along a straight line. 

Meson A hadron made out of one quark and one 
antiquark. 

Neutral current The exchange of a Z° boson. This is 
similar to the exchange of a photon, but the large mass 
of the 2° means that Z° exchanges (i, neutral current 
processes) are rare and have short range. Only the 
standard model predicts neutral current processes. 

Pauli exclusion principle It is impossible for two fermions 
with identical quantum numbers to occupy the sime 
quantum state. 

Strangeness A quantum number assigned to hadrons. 
‘There s one negative unit of strangeness for every 
strange quark in the hadron. It is conserved in strong 
and electromagnetic interactions but not in weak. 
interactions. 

String theories Theories according to which the 
fundamental building blocks of matter are one- 
dimensional extended objects called strings. String 
theories require many dimensions in which to be 
formulated. The extra dimensions are curled up into 
‘small’ unobservable space. 

Quarks Six different types of particles that make up. 
hadrons. The six flavours of quarks are up, down. 

strange, charm, bottom and top. They have fractional 

charges, ey = % el and Q= el 

  

Spln A quanum property related 1o angular momentum 
there i o clasca equivalent, but It can b thovght 
ofas due o rotaton about a partice’ own xi). The 
pin s an integral o hafintegral multpleof the 
quanity &. 

  

Strong interaction Another name for the colour 
interaction, mediated by gluons. It acts only on quarks 
and gluons (that s, particles with colour). 

Synchrotron A circular accelerator of fixed radius, in 
which two beams of particles travelling in opposite 
directions are accelerated and then allowed to collide. 

Vacuum In classical physics the vacuum is space without 
‘any matter or energy. In quantum physics the vacuum is 
a complicated thing containing, among other things. 
virtual particle-antiparticle pairs. This means that, if 
energy is supplied, the particle-antiparticle pair may 
materialize (out of the vacuun’) in a process called pair 
creation. 

  

Virtual particle An intermediate particle in a Feynman 
diagram. It may violate energy conservation for times 
short enough that it is unobservable. 

  

W* bosons Charged particles with large mass that (along 
‘with the 7°) are exchange particles of the weak 
interaction. 

‘Weak interaction One of the fundamental interactions. 
It acts on quarks (and therefore also on hadrons) and 
leptons. 

‘Wire chamber A chamber used to record the path of a 
charged particle by recording the time taken for 
electrons and fons created by the charged particle to 
collect at the wires. The information collected in this 
way can be digitized so that a computer can perform the 
analysis. 

Z¥boson A neutral paricle with large mass that (along. 
with the W bosons)is an exchange partile of the 
weak interaction. It can be thought of as a heavy 
Photon.
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capacitor 463 
carrer wave, 545 
cassettes, 460 
Cavendish, 1., 281, 285 
cellular exchange, 5967 
Celstus seal, 158 
centrifugal force, 123 
centripetal acceleration, 119-22 
centripetal forces, 122-3 
Cepheid star. 501, 511-12. 
cepheid variabl, 490 
Cerentko radiation, 742 
Chandrasekhar, 5., 526 

Chandrasekhar limit, 526, 528 
channels of communication, 574-53 
chargecoupled device, 4645, 495-6 
chromatic lens aberrations. 620 
circular motion, 119-26 
closed universe, 517 518 
<ol 419 
coaxial cables, 575, 578 
cochlea, 691, 696-7 
cochlear implan, 698 
coefficient of volume expansion, 447 
coherence, 627-8 
collsions, twodimensional, 95 
colour, 475-8 
of quarks, 749-50. 
colour addition, 476-7 
colour blindness, 76 
colour subtraction, 477-8. 
comet, 490 
compact disks, 458-9 
complex sounds, 692-3 
compound microscope, 615 
Compton. A 771 
‘Compton effect, 393, 702 
‘conduction deafness, 697, 695 
conductors, 280-1 
conservation 
of energy. 104-7, 138 
of momentum, 91-5 

constelation, 490 
constructive interference, 242, 624, 625, 

641 
contrast medium, 703 
Copernicus, 142 
copper wires, 574, 578 
cosmic background radiation. 516 
cosmological principle. 514 
coulomb (0) 280, 344 
Coulomb's law, 285, 777 
crest of wave, 222 
crtical angle, 562 
critical density, 518-19 
aitical frequency, 391 
CTscan, 704-5 
cyclotron, 734-5 

daily insolation, 425 
damping. 207-8 
dark energy. 519-20 
dark matter, 490,519 
DC motor, 363 
de Broglie’s wavelength, 394 
decay activiy, 377-8 
decay constant, 412 
decay rate, 377-8 
decay series, 377   

 



decibel scale, 694 
deep inelastic scattering, 758-9 
deforestation, 449 
degradation of energy, 193, 415-16 
demodulator, 551 
depth ofvision, 4734 
destructive interference, 242, 262, 624, 625 
diffraction, 23840, 259-60 

electron, 394 
muldplesit, 629-30 
singleslit, 261-5 

diffraction grating. 631 
digital signals, 455-8 

‘advantages of, 558-9 
bit rate, 5547 
regeneration, 5902 
transmission and reception, 557-8 

digitalstorage, 461 
dipole moment, 300 
disordered energy. 189 
dispersion, 232, 565-7, 601-3 
displacement, 38~42, 219, 220 
displacement antinode, 254 
displacement node, 254 
displacement-time graph, 54,221 
distance, 38 
distance of losest approach, 407-8 
Doppler effect, 244-50 

light, 247 
sound, 2446 

dose equivalent, 713, 714 
dosimetry, 712-15 
drag force, 63 
drift chamber, 741-2 
DVDs, 459-60 

ear, 690-3 
efficiency, 110 
Einstein, A, 142, 391, 644, 672, 677, 771 
Finstein's mass-energy formula, 3812 
elasic limit, 67 
elastic potential eneryy. 204-7 
electric charge, 2808, 720 
electric cicuit, 318-35 
electric current, 310-12 

‘magneic force on, 338-9 
electic field, 289-92,299-300, 305-6 
electic force, 281 
electrc permittivity, 777 
electrc potential, 292, 300, 301, 302-3, 

3056 
electric potential energy, 300-1 
clectric power, 314-15. 
electric resisance, 312-13 
clectricity 

costof, 316 
and gravitation, 306-7 

electricity production, 417 
electromagnetic calorimeter, 742 
electromagnetic induction, 350-5 
electromagnetic interaction, 724 
electromagnetic spectrum, 599, 600 
lectromagnetic wave, 216, 277-8, 289-92. 

599-603 
electron, 280 

‘mass of, 777 
a5 3 wave, 3945 

electron in 3 box model, 399-400 
clectron capture, 409-10 

electronics, 584-05 
electronvolt, 295 
electroscope, 281-2 
electrostatic experiments, 264 
electrostati induction, 282-4 
electrostaics. 290 
clectroweak interaction, 5, 724 
electroweak theory, 761 
clementary particles, 718-20 
elements, masses of, 778-9 
emf, 31820 

induced, 351, 361 
motional, 351,356 
see also backem. 

emission spectrum, 370, 398-9 
endoscope, 467-8 
energy, 672-3 

conservation of, 1047, 138 
internal, 1834 
released in decay, 3824 

energy balance, 437-8 
energy degradation, 193, 41516 
energy density. 418 
energy level, 369-70, 401 

nuclear, 410-11 
energy sources, 417-18 
entropy: 190-1 
epicycle, 770,771 
cquation of tate, 178-9 
equilibrium, 70-1 

thermal, 1645 
equipotential surfaces, 149-51, 304-5 
equivalence principle, 677-50 
errors. propagation o, 33-6. 
errors of measurement, 8-11 
escape velociy, 145-6 
ether, 648 
evaporation, 168-9 
event horizon, 684-5 
exchange partiles, 719,720, 723-5 
excited sate, 369 
exponential decay curve, 31-2 
exponential function, 31 
exposure, o radiation, 715 
external forces, 108 
eye, structure of, 472°3 

  

far point, of eye, 474, 617 
Faraday, M., 284 
Faraday's disc, 356-7 
Faraday's law, 351-4 
Fermi, E. 409 
fermions, 721 
Feynman diagrams, 725-8, 759 
flatuniverse. 518 
flavour, of quarks, 720 
Tloppy disks, 160 
uoroscopy. 704 
focal length, 473, 608 
focal point, 473,608 
force, 6378 

conservative, 102 
contact, 65 
rictional, 667, 107-8 
nuclear, 371-2 

  

berween two current carrying wires, 
3434 

foreed oscillations, 208-9 
fossil fucls, 418-20 
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Fourier analysis, 693 
fovea, 473 
fractional uncertainty, 33, 34 
frames of reference, 42-4, 70, 645-7, 678 
Franklin, B 284 
freebody diagrams, 67 
free electrons, 674-5. 
frequency. 200,219, 546 
frequency modulation (M), 48-50 
frequency response, 695-6 
riction, charging by, 281 
ictionil orce, 66-7, 107-8 
fundamental interactions, 5 

salactic motion, 536 
salaxy, 490 

clusters of, 490 
ellptical 534, 535 
irregular, 534, 535 
spiral, 533-4, 535 
types of, 5335 

Galilean relativity, 647 
Galilean transformation, 646 
Galileo, G, 69,598 
amma decay. 376-7 
gamma ray, 374,376, 601, 700 
8 

deal, 74-82 
pressure of, 170 
er and Marsden's experiment, 367-8 

Geiger-Maler tbe. 375 
GellMann. M., 746 

Gell Mann's prediction of the omega- 
minus, 758 

general relativity, 677-89 
tests of, 680-2 
theory of, 6523 
time dilation, 685-6 

geolesics, 683 
seosynchronous satelltes, 578-80 
slobal warming, 444-6, 41850 
suon, 719, 750-1 
radedindex fibre, 566 
graphs, 15-17.54 

interpreting, 17-18 
for uniform motion, 44-5. 

sravitation 
clectricity and. 306-7 
Newton's law, 127-9 

gravitational fild, motion in, 142-62 
graviationsl field strength, 129-30 
praviationsl frequency shift, 681 
ravitational interaction. 724 
graviational mass, 679 
gravitational potential, 143 
sravitational potential energy, 102-3, 

1435 
grasiton, 719 
ravity 

acceleration due o, 49-50 
work done by, 101-2 

greenhouse effct, 43541 
greenhouse gases, 439, 440, 41, 445 
Sround state, 369 

  

  

hadron, 746-7, 748 
of, 749 

hadron calorimeer, 743 
Hafele-Keating experiment, 655 
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hallife, 377,378, 716 
halfvalue thickness, 701-2 
hard disks, 460-1 
harmonic wave, 18, 219-24, 545 
hearing defects, 697-3 
hearing threshold, 695 
heat capacity, 163 
heat energy. 159-60 
heat engine, 191-2 
Heisenbers, W, 722 
Heisenberg uncertainty principle 402-4, 

723 
hertz (H2), 200 
Hertzsprung-Russell diagram, 499-500 
Higgs particle, 719, 753-4 
high energies, 731-2 
Hooke's law, 67 
Hubble, E, 533 
Hubble classification, 5335 
Hubble's constant, 515, 537 
Hubble's . 518, 537-9 
Huygens' principle, 234-5, 239,261 
hydroelctric power. 425-6 

  

ice. meling o, 447 
idcal g, 7482 
impedance, 692 

impule, 85-91 
d plane. 123 

index ofrefracrion, 232 
nduction 

charging by 281-2 
lectromagnetic, 350-0 
cictrostati, 2834 
i, 70 

inertial frames of refrence, 7, 645,646 
inertia s, 679 
intrared radiaion. 600 
insolation. 425 
instantaneous acceleration, 48 
inlators, 281 
interactions, 729-5, 7239 
itercept,uncertinies n, 35-6. 
merference, 240-2 
Torlight. 626 
multipiesi, 629-30 
twosource, 624-5, 624-9 

imternal enery, 160, 1834 
interstellar medium, 150 
inverting amplife, 556-7 
fonization. 373,375, 715 
1C. 430 

isobaic process, 186 
isochoric process, 186 

hermal proces, 187 
isoope, 371,79 

  

  

  

  

Jeans criterion, 521 
joule 0. 3. 100 

Kaluza, T. 307 
Ko, 747 
Kelvin (6,3 
Kelvin scale, 177 
Kepler' Laws, 142, 146, 145, 487 
ilogram (kg 3 
Kinetic energy, 103-4, 672 

and momentum, 110-12 
Kinetic riction, 66 

Kinetic theary of gases, 169-70 
Klein, 0,307 
Kyoto protocol, 449-50 

Iaser, 603-5 
east time problem, 112 
Length contraction, 657-9 
lens aberrations, 620 
lenses, 607-16 

converging, 607-12 
diverging, 612-14 
principle axis of, 607 

Lenz's aw, 354-6 
LEP (lrge electron-positron collider), 

7 
epton, 719, 720 
lepton number, 753 
LHC (large hadron collider), 737-8 
light, 216, 598-606 

bending of, 680-1 
perception of, 478 
scattering of, 602 
speed of, 598-9 
visible, 600-1 

lightdependent resistor (LDR), 327-8 
lght detection system, 569-70 
light year, 489 
line of best fit, 12 

linear accelerator, 733-4 
linear attenuation coefficient, 701 
linear momentum, §7-08 
liquid erystal displays (LCDS), 2775 
ogarithmic functions, 31-3 
logarithmic plot, 32-3 
longitudinal wave, 217 
Toudness 695-6 
loudspeaker, 551 
195, 460 
Iuminosiy, 495-6 

MAGHOS, 519 
‘magnetic field lines, 337-8 
magnetic fields 

direction of, 336-7 
motion of charges in. 340-1 
wire moving in, 350-1 

‘magnetic flux, 351-3 
magnetic flux linkag 
magnetic force 

on a current, 338-9 
on a moving charge, 339-40 
work done and, 341 

magnetic permeability of acuum, 341, 777 
magnetic resonance imaging (MRI. 705-6 
‘magnification 

angular, 617-18 
of a CCD, 467 
linear, 611 

‘magnitude of electronic charge. 777 
main sequence star, 490, 500 
Malus's law, 272-3 
mass, 64, 128 
mass defect, 381-4 
mass-luminosity elation, 522-3 
mass number, 370 
mass spectrometer, 371, 408 
mass-spring system, 196-200 
‘material dispersion, 565 
‘mathematical resuls, 781 

3    

matter, 540-1, 765-6 
atomic model of, 160-1 

‘mechanical energy. 107, 108 
mechanical wave, 216 
medical imaging. 700-11 
melting ofice, 447 
meson, 719 
metre (m). 3 
Michelson-Morley experiment, 667-5 
microscope, 618-19 
microwave, 577, 578, 600 
Milky Way galaxy, 533 
mobile phone system, 5967 
modal dispersion. 565 
modulation, 544-6. 
modulation indes, 349, 550 
mole (mol). 3 
‘momentum, 87-9, 671 

angular, 1234 
conservation of, 91-5 
kinetic cnergy and, 110-12 

‘motion 
of charges in magnetic feld, 340-1 
with constant acceleration, 48-62 
in gravitational field, 142-62 
parsbolic, 132-4. 
period of, 145 
projectle, 132-41 
of the stars, 91-2 
uniform, 41, 44-5 

‘moving charge, magnetic force on, 
339-40 

MRL 7056 
‘multipleslit diffraction, 629-30 
‘multiplicative changes, 14-15 
muon. 719 
‘muon calorimeter, 743 
muon decay, 6667 

  

near point, of eye, 474, 617 
neutral currents, 761-2 
neutrino, 409,719 
neutron, mass of, 777 
neutron sar, 490, 527 
Newton, L, 770,771, 772 
Newton's st Law, 69-75 
Newton's law of gravitation, 127-9, 306, 

77 
Newton's second law, 77-83 
Newton's static universe, S15-16. 
Newton's thirdlaw, 83-4 
node. 251, 254 
noise, 570 
noninverting amplifier 555-9 
nonrenewable energy sources, 417 
normal reaction forces, 65, 363 
nova, 490, 527 
Puclear energy leve, 410-11 
nuclear fission, 385 
nuclear force, 371-2 
nuclear fusion, 385-6, 422-3, 495 
nuclear power, 20-3 
nuclear reactions, 384-5 
nuclear reactor, 420-2 
nuclear structure, 370-1 
nucleon, 370,371, 752 
nucleosynthesis, 521-5, 540, 765 
nuclide, 370 
Nyquist frequency. 556  



Ohm'slaw, 312 
Olbers’ paradax, 514-16. 
omegaminus, 747,758 
open universe, 517,518 
operational amplifer, 584-7, 589-90 
Oppenheimer-Volkoff limit. 527, 528 

575,578 

  

‘multimode, 565,566 
optical activiy, 275-6 
optical instruments, 617-19. 
orbital moion, 146-9 
orbital speed, 147 
orlered energy, 189 
organ of Cort, 691,697 
Orsted, H.C, 336, 341 
Orsted's discovery. 341-2 
oscilating water column. 420 
oscilltions, 195-6, 207-9 

parabolic motion, 132-4 
parallax, 5067 

spectroscopie, 510-11 
parallel circuits, 321-3 
parallel lms, 610-1 
parallel plates, 304 
parsec. 507 
particle in a bowl, 200-1 
particle accelerators, 733-8 
particle detectors, 740-3 
particles, 718-20 
Pauli, W, 409 
Pauli exclusion principle, 721-2 
‘pendulum, 201-2 
perfect conductor. 312 
period. 195, 198, 222 
period of motion, 148 
PET scan, 706-7 
phase change, 640 
phase difference. 198, 627, 640 
phase of motion, 198 
photoclectric effet, 389-95, 771, 773 
photogate, 55 
photomultipliers. 742 
photon, 370, 391, 3954, 6745, 719 
photon absorption, 441-2 
photopic vision, 474-5 
photovoltaic cels, £23-4 
physical constants, 777 
physical halflife, 716 
plezoelecticit, 209,708 
pion. 719,747 
pitch. 696 
pixels 464, 465, 466 
Planck, M, 391 
Planck time, 539 
Planck's constant, 391, 777 
planetary motion, 683 
planctary nebula, 190 
plutonium production, 421 

‘polar orbi sateltes, 580-2 
polarization. 271-2, 292-3 

practical applications of, 276-8 
by reflection, 274-5 

polarizers, 2734 
positron, 720 
positron emission tomography. 706-7 
potential difference, 293-4. 314 
potential divider. 327 

  

  

  

potential drop, 314 
poteatial energy. 102-3, 143-5 
Pound-Rebka experiment., 681-2 
power, 108-10, 361-3 
power spectrum, 545, 550 
power transmission, 365 
precision. 11 
pressure, 170, 174 
pressure-temperature law, 177-8. 
primary colours, 476, 
problem ofleas tme, 112 
projectile motion, 132-41 

‘and ai resistance forces, 138-9 
arbitrary launch, 134-8 
horizontal launch, 1324 

‘proper ength, 658 
proper time interval, 654 
proportional wire chamber, 741 
proton, mass of. 777 
proton-proton cycle, 494, 522 
protostar, 521-2 
Puolemy, 142,770,771 
pulsar. 490,529 
pulse amplitude modulated signal (PAM). 

57 
pulses, eflection of, 230 

quality factorof radiation. 713 
quantization error, 455 
quantzation leves. 453 
Quantum chromodynamics, 750 
Quantum efficency. 466 quantum elecrodynamics 725 
Quancum numbers, 720 
Qark. 718,719,720, 746,747, 758-61 
quark confinement, 7512 
quasars, 490,529-30 
radiation, 7002 

biological effects of, 712-15 
detecting, 375 
in medicine, 712-17 

radiation sickness, 714 
radiation therapy, 716-17 
radio communication, 544-53 
radio wave, 5767, 600 
radioactive decay equations, 3767 
radioactive decay v, 377-8. 41112 
radioactvity, 373-9 
radioisotopes, 709-10 
Fandom errors, 8, 9-10. 
ray. 224 
Rayleigh criterion. 267-9. 
reading errors, -9 
red dwarf, 490 
red giant. 190. 500 
redshif, 536, 681 
reflection, 234-5, 

Taw of, 2312 
polarization by, 274-5. 

of pulses. 230 
refracting telescope, 619 
reftaction, 232, 235-6. 
regeneration of digital signals. 571 
relaive velocity, 434 
relaivitic energy. 6636 
relativistic mechanics. 671-6 
renewable energy sources. 417 
resistors, 314 

resolution, 267-70, 467, 732 
resonance, 209, 255 

rest energy. 663 
reversibiliy, 189-91 

RE amplifier, 551 
rms current, 362-3 
Rutherford's atomic model, 3¢ 

  

sampling frequency. 456 
sampling rate, 456 
Sankey diagram, 415, 416 
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satellte communications, 578-82 
scalars, 21 
scattering experiments, 407-8 
Schmitt rigger, 571, 590-2 
Schonberg-Chandrasekhar limit, 523 
Sclrodinger theory, 400-1 
Schvearzschild radius, 527, 684-5 
Scotopie vision, 474-5 
Sealevel, 4478 
second (5.3 
secondary colours, 476 
Segre plot, 375 
semilogarithiic plot. 31-2 
semiconductor, 251 
sensor, 327-8 
sensory nerve deafhess, 697 
seris ciruit, 320-1 
Shannon-Nyqui 

5% 
Stsystem, 3-5 
Stunits, 3,673-4 
signaltonoise ratio, 570 
signal wave, 545 
significant digis, 11-12 

  sampling theorem, 

simple harmonic motion, 195-215. 
energy in, 204-7 
Kinematics o, 196-204 

simultaneity. 650 
sine curves. 18 
single current loop, 338, 342 
skip distance, 577 
sk wave. 577 
stipring commutator, 363 
siope. uncertainties in, 35-6 
siope ofa sraight line. 12-15 
small distances. measuring, 642 
Saells v, 32 
solar constant, 424- 
sotar power, 423-5. 
solar radiation, 436-8 
solar system. 467-9 
solenoid. 337,342-3 

  

7 

solution concentrations, measuring, 277 
sound 

intensity of, 693-5 
speed of, 255 

sound interference, 625 
sound wave, 216-17 
spacetime, 682 
space wave, 577 
spark chamber, 741 
special relativity 648-50, 663 

effects of, 652-62 
evidence for, 6667 
principle of. 648-50 

specific attenation. 569 
specific heat capacity. 163- 
specific latent heat, 165-6 

  

70 

1678
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specific latent heat of fusion, 165. 166, 
168 

specific latent heat of vaporization. 165, 
166, 168 

spectra, 369-70, 515, 550 
atomic, 398-9 
electromagnetic, 599, 600 
stella, 498-9 

spectrometer, 398 
spectroscopic paralax, 500, 510-11 
speech recognition. 698 
speed, 39-40 

measuring, 54-6 
speed of light, 232, 598- 

777 
speed of sound, 234, 255 
spherical lens aberrations, 620 
spin, 721-2 
standard mode, 752-3, 758-63 
standing wave, 2514 
stars 

binary. 151-2 
chemical composition, 198-9 
energy source of, 494-5 
evolution of, 521-32 

  

evolutionary paths and stelar processes, 
5259 

‘magnetic felds, 199 
‘motion of, 491-2 
nuclear fusion in, 386 
radial velocity, 499 
rotation, 499 
surface temperature, 498 
types of, 500-3 

states of matter, 1657 
satic friction, 66 
Stefan-Boltzmann constant, 777 
Stefan-Boltzmann law, 434-5 
sella cluster 490 
stellar spectra, 498-9 
stepindex fibre, 366 
strange particle, 748-9 
strange quark. 747 
stress analyss, 276 
strings, 76-8 
stroboscope. 35 
strong nuclear force, 371 
superconductors, 312 
supernova, 490,527 
superposition. principle of, 228-30 
surface heat capacity, 443 
surface wave, 576 
synchrotron, 735-8 
synchrotron radiation, 738 
systematic errors, 8, 10-11 
systems. 184 

647-8, 69,679, 

tangential acceleration, 121 
@, 719 
telescope, 619 
temperature, 155-9 
tension, 64-5 
terminal velocity, 81 
testa (), 341 
theory of knowledse, 770-5 
thermal energy. 160 
thermal equilibrium, 159, 164-5, 
thermodynamic system, 184 
thermodynamics, 183-94. 

firstlaw, 1878 
second law, 188-93 

thermometer, 158-9 
thin air wedges, 641-2 
thinilm intesference. 640-3 
thin lens equation. 611 
threshold frequency, 391 
tickertape, 55 
time dilation, 652-7 

in general relativiy, 685-6 
symmetry of, 655-6 
twin parados. 656-7 

time, slowing of, 680 
time division multiplexing (TDM), 558 
total internal reflction, 562-3 
transformer, 363-5 
transmission of lectromagnetic radation. 

602-3 
transmittance curves, 442-3 
transmutation of nitrogen, 384 
transverse wave, 217 
traveling wave, 218-24 
trough, of wave, 222 
tuning circuit, 351 
fwin parador, 636-7 
fwosit interference experiment, 626-9 

ultrasound, 707-9 
ultraviolet radiation, 601 
uncertainties in the slope and intercept. 

356 
uncertainty principle, 4024, 722-3 
unified atomic mass unit, 380 
unit conversions, 777 
units 6734 
universal gas constant, 777 
universe 
development of, 517-18 
evolution of, 539-41 
expanding, 516 
mass density of, 519-20 

see lso closed, flat, open universe 
upthrust, 65-6 
uranitm mining, 422 

  

variable stars, 501 
vectors, 21-2 

addition of, 22-3,27-8 
components of, 25-6. 
muldiplication by a scalar 22 
reconstruction of, 26-7 
subtraction of, 24 

welocites, addition of,659-61 
velocity, 40-2, 56-7 

in circular motion, 120 
escape, 156 
relative, 434 
terminal, 81 

velocity-time graph, 16.51. 55 
virtual object, 614-15 
virtual paricle, 723 
vison, depth of, 4734 
woltmeter, 326 
Solume-temperature law, 1767 

  

  

W boson, 719,729 
wave,216-17, 2312 
wave motion, 216-27 
wave power, 428-9 
seave pulses, 218 
wavefront, 24-5 
wavefunction, 400 
wavelength, 219, 222 
weak nuclear force, 372 
Weber-Fechner law, 694 
weight, 64 
weightlessness, 148-9 
white dwarf, 490, 501 
Wien's law, 436,497 
WIMS, 519 
wind power, 127-5 
wire chamber, 741 
wire pair, 575, 578 
worl 

done by a force, 99-102 
done on o by a gas. 185-7 
done by gravity 101-2 
done in holding something sil. 

102 
and magnetic forces, 341 

work-kinetic energy relation, 103-4 

Serays, 468, 601 
aiffraction, 635-8 
in imaging, 702-4 
production o, 634-5 

Young's experiment, 263, 395, 
6267 

Zbosons, 719, 761-2  



Physical constants 
The values quoted here are those usually used in calculations and problems. Fewer 
significant digits are often used in the text. The constants are known with a much better 
precision than the number of significant digits quoted here implies. 

  

  

Atomic mass unit Tu=1.661 x 10-7 kg = 931.5MeV ¢ 2 
Avogadro constant Na = 6.02 x 10% mol ™" 

Boltzmann constant k=138x 10K 
Coulomb’s law constant =899 X 10°NmC? 
Electric permittivity £ =885% 102N m2C 
Gravitational constant =667 x 107" Nkg™* m? 

Magnetic permeability o =47 x 107 TmA™ 
Magnitude of electronic charge e = 1.60 x 10-"C 
Mass of the electron me=9.11x 107 kg =549 x 10~ u=0.511 MV~ 

   
008 665 u=940 MeVc~? 

673 % 10?7 kg=1.007 276 u=938 MeV ¢~ 

  

Mass of the neutron 
Mass of the proton 
Planck constant h=663x10%)s 
Speed of light in a vacuum €=3.00x10°ms"" 

Stefan-Boltzmann constant o =5.67 x 107 Wm-2K~* 
Universal gas constant R =831Jmol 'K 

A few unit conversions 
  

astronomical unit TAU=150 x 10" m 
         
  

     
  

  

  

atmosphere Valm = 1.01 x 10°Nm- = 101 kPa 
degree v rad 
electronvolt Tev=160x10-7) 
kilowatt-hour TRWh =360 x 10°) 

light year Tly=946x 10" m 
parsec 26ly 

    

  

radian 
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(for first examinations in May 2009), including all the options at 
both Standard Level and Higher Level. It features a chapter on 
the role of physics in the context of the Theory of Knowledge 
(TOK) course, along with many discussion questions for TOK. 
The student-friendly design makes this comprehensive book easy 
to use and the accessible language ensures that the material is 
also suitable for students whose first language is not English. 

   

The division of this book into chapters and sections usually follows 
the organisation of the syllabus. However, since the sections are 
reasonably independent of each other, alternative teaching 
sequences may be used. Each chapter opens with a list of learning 
objectives that are directly related to the syllabus. The questions 
at the end of each chapter have been expanded and answers to 
those involving calculation, plus some others, have been supplied 
at the back of the book. Worked examples throughout the text 
highlight important results, laws, definitions and formulae, and 
provide students with the necessary skills to solve problems. = 

i Thalia Al Features include: P ezsi tatsbuchhandlung 
& answers to the end-of-chapter question: Koy} ang 
® supplementary material for specifictopi . . . ", ». emyscs sof Tue 1 
® glossary of key terms. e s Gosznes |, 520 90 { 

31832 ha0d s mentita © 
The author has been teaching physics for oy, wati: 218647 / FEremsert 

T T e 

      

      Il 
o 780521708203 20/0 

  

  

Isgh 678-0-521-70820-3 

    
9 780521 7Dazmm>


	Physics
	Contents
	Preface
	Part 1 Core and AHL
	Cap 1
	C1. 1 The realm of Physics
	C1.2 Uncertainties and errors
	C1.3 Mathematical and graphical techniques
	C1.4 Vectors and scalars
	C1.5 Graphical analysis and uncertainties

	Cap 2
	C2.1 kinematic and concepts
	C2.2 Motion with constant acceleration
	C2.3 the concept of force
	C2.4 Newton`s first law
	C2.5 Newton`s second and third law
	C2.6 Linear momentum
	C2.7 Work, energy and power
	C2.8 Circular motion
	C2.9 The law of gravitation
	C2.10 Projectile motion
	C2.11 Motion in a gravitational field

	Cap 3
	C3.1 Thermal concepts
	C3.2 Thermal properties
	C3.3 Ideal gases
	C3.4 Thermodynamics

	Cap 4
	C4.1 Simple harmonic motion
	C4.2 Travelling-wave characteristics
	C4.3 Wave phenomena I: Reflection and refraction
	C4.4 Wave phenomena II: difraction and interference
	C4.5 The doppler effect
	C4.6 Standing waves
	C4.7 Difraction
	C4.8 Resolution
	C4.9 Polirization

	Cap5
	C5.1 Electric charge
	C5.2 Electric field and electric potential
	C5.3 Electric field and electric potetial
	C5.4 Electric current and electric resistance
	C5.5 Electirc circuits
	C5.6 Magnetic fields
	C5.7 Electromagnetic induction
	C5.8 Alternating current

	Cap 6
	C6.1 The atom and its nucleus
	C6.2 Radioactivity
	C6.3 Nuclear reactions
	C6.4 Interaction of matter with energy
	C6.5 Quantum theory and the uncertaintly principle
	C6.6 Nuclear physics

	Cap 7
	C7.1 Energy degradation and power generation
	C7.2 The greenhouse effect and global warming

	Cap 8
	C8.1 Analogue and digital signals
	C8.2 Digital imaging with charge-couple devices


	Part 2 Options
	Opcion A
	OA1 The eye and sight
	OA2 The doopler effect
	OA3 Standing waves
	OA4 Diffraction
	OA5 Resolution
	OA6 Polirization

	Opcion B
	OB1 Quantum physics
	OB2 Nuclear physics

	Opcion C
	OC1 Analogue and digital signals
	OC2 Data capture and imaging using CCDs
	OC3 Electronics
	OC4 The mobile phone system

	Opcion D
	OD1 Introduction to relativity
	OD2 Concepts and postulates of special relativity
	OD3 Relativistic kinematics
	OD4 Particles and interanctions
	OD5 Quarks

	Opcion E
	OE1 Introduction to the universe
	OE2 Stellar radiation
	OE3 Stellar objects
	OE4 Cosmology
	OE5 Stellar evolution
	OE6 Galaxies

	Opcion F
	OF1 Radio communication
	OF2 Analogue and digital signals
	OF3 Optic fibre transmission
	OF4 Channels of communication
	OF5 Electronics
	OF6 The mobile phone system

	Opcion G
	OG1 Light
	OG2 Optical instruments
	OG3 Interference and diffraction
	OG4 X-rays
	OG5 Thin-film interference

	Opcion H
	OH1 The principle of special relativity
	OH2 The effect of special relativity
	OH3 Consecuences of and evidence for special relativity
	OH4 Relativity mechanics
	OH5 General relativity

	Opcion I
	OI1 The functioning of the ear
	OI2 Medical imaging
	OI3 Radiation in medicine

	Opcion J
	OJ1 Particle and interactions
	OJ2 Detector and accelerators
	OJ3 Quarks and leptons
	OJ4 Experimental evidence for the standard model
	OJ5 Cosmology and strings


	TOK Physics and the theory of knowledge
	Apendix
	Appendix 1 Physical constant
	Appemdix 2 Masses of element and selected isotopes
	Appendix 2 Astronomical data
	Appendix 4 Some important mathematical results
	Appendix 5 Nobel prize winners in physics

	Answers
	Glossary
	Index
	Physical constants

